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Summary

Cayley submanifolds are naturally arising volume minimising submanifolds of Spin(7)-
manifolds. In the special case that the ambient manifold is a four-dimensional Calabi—
Yau manifold, a Cayley submanifold might be a complex surface, a special Lagrangian
submanifold or neither. In this thesis, we study the deformation theory of Cayley

submanifolds from two different perspectives.

Firstly, we seek special Lagrangian submanifolds by deforming a Lagrangian sub-
manifold in the direction given by its mean curvature vector. It is expected that a
Lagrangian submanifold evolved under Lagrangian mean curvature flow will develop
singular points in finite time. We will prove that if a compact Lagrangian submani-
fold of C™ develops finitely many singular points under Lagrangian mean curvature
flow, each asymptotic to a non-area-minimising pair of transversely intersecting La-
grangian planes, then the flow can be continued (in a weak sense) smoothly beyond

the formation of these singularities.

Secondly, motivated by the question of whether a complex surface can be deformed
into a Cayley submanifold that is not complex, we study deformations of compact
and conically singular Cayley submanifolds and complex surfaces. We will show that
the expected dimension of the moduli space of Cayley deformations of a compact or
conically singular Cayley submanifold is given by the index of a linear elliptic partial
differential operator. In particular, we will prove directly that complex and Cayley

deformations of a compact or conically singular complex surface are the same.
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Chapter 1

Preliminaries

The theory of calibrated geometry was proposed by Harvey and Lawson [15] in 1982.
It can be deduced from Wirtinger’s inequality that complex submanifolds of a Kéahler
manifold are homologically volume minimising. Given a manifold with a calibration,
this manifold can have calibrated submanifolds which by definition satisty a Wirtinger-
type inequality, and as a result are volume minimising in their homology class. Cali-
brated submanifolds exist naturally in manifolds with special holonomy, which are of

special interest to physicists working in certain branches of string theory.

We will be interested in three particular related types of calibrated submanifolds in
this thesis: Cayley submanifolds, which are four-dimensional submanifolds of mani-
folds with holonomy contained in Spin(7), two-dimensional complex surfaces inside
manifolds with holonomy contained in SU(4), which in this thesis are four-dimensional
Calabi—Yau manifolds and minimal Lagrangian submanifolds of Calabi—Yau manifolds
known as special Lagrangian submanifolds. Since SU(4) C Spin(7), Cayley submani-
folds can exist in four-dimensional Calabi—Yau manifolds. In fact, a two-dimensional
complex surface and a real four-dimensional special Lagrangian submanifold are Cay-
ley submanifolds, however a Cayley submanifold may be neither complex nor special

Lagrangian in general.
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In this thesis, we will consider two different methods for finding examples of cali-
brated submanifolds. Firstly, in Chapter [2] we talk about finding special Lagrangian
submanifolds of a Calabi—Yau manifold by flowing a Lagrangian submanifold of the
Calabi-Yau under mean curvature flow. Despite Lagrangian mean curvature flow
having several nice properties, it is known that finite time singularities of the flow are
unavoidable. We will present a joint work of the author with Tom Begley which says
that a smooth solution to Lagrangian mean curvature flow exists for short time when

the initial condition is a Lagrangian submanifold with a certain type of singularity.

The second method that we will consider for finding examples of calibrated subman-
ifolds is by studying their deformation theory. Since a lot of work has already been
done on the deformation theory of special Lagrangian submanifolds, we will focus on

the deformation theory of Cayley submanifolds and complex surfaces in this thesis.

Given a calibrated submanifold Y of a manifold X, we can deform Y as a submanifold
of X. An interesting question to ask is whether we can characterise the deformations
of Y that are themselves calibrated submanifolds of X. The first study of the deforma-
tion theory of calibrated submanifolds can be attributed to Kodaira [31], who, some
twenty years before the conception of calibrated geometry, studied complex defor-
mations of compact complex submanifolds of complex manifolds using methods from
algebraic geometry. Analogues of Kodaira’s result for certain other examples of com-
pact calibrated submanifolds were proved by McLean [43], this time using methods
from differential geometry. Roughly, these results say that if an obstruction space van-
ishes, then the moduli space of calibrated deformations of Y in X is locally isomorphic

to the kernel of a linear partial differential operator.

A question that we will be aiming to answer in this thesis is the following.
Question 1. Given a two-dimensional complex submanifold N of a four-dimensional
Calabi—Yau manifold M, are the complex and Cayley deformations of N in M the

same?

When N is compact, one may deduce somewhat indirectly from the work of Harvey



and Lawson that the answer to Question [1| is yes. In Chapter [3| of this thesis, we
will give an argument in the style of McLean on the complex and Cayley deformation
theory of a compact complex surface in a Calabi—Yau four-fold, which will enable us to
see directly that the answer to Question [1|is yes. In fact, we will see that the expected
dimension of the moduli space of Cayley deformations of N in M can be identified

with the index of the operator
40" : C®( ) (N) @ A"’N @ 1,7 (N)) = C®(A"'N @ v, (N)), (1.0.1)

whereas the dimension of the moduli space of complex deformations of N in M is

isomorphic to the kernels of

d: C=(, ) (N)) = C(A*'N @ 1,7 (N)), (1.0.2)
" C®(A"2N @ 1,)(N)) = C°(A"'N @ ;7 (N)), (1.0.3)

which are in fact isomorphic to one another. Therefore, Cayley and complex deforma-
tions of the compact complex surface N are the same because the images of ([1.0.2))
and ({1.0.3) are orthogonal on a compact manifold.

Having answered Question [I| when N is compact, we would like to compare Cayley
and complex deformations of a noncompact complex surface N in a Calabi-Yau man-
ifold M. This adds an extra layer of difficulty to the deformation problem, which
is almost entirely due to the failure of elliptic operators to be Fredholm on even the
simplest of noncompact manifolds. In Chapter |4 we will review the results of Lock-
hart and McOwen [35] on Fredholm theory for elliptic operators on manifolds with a
cylindrical end. These results can be applied to elliptic operators on manifolds with
conical singularities N, whose nonsingular part N is a noncompact manifold. This
involves introducing weighted norms on spaces of sections, which, roughly speaking,
force sections and their derivatives to decay at a rate proportional to a power u of
their distance from the singular point. As an example, we will see that if N is a

two-dimensional complex submanifold of a Calabi-Yau four-fold M then for u € R\D,
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where D is a discrete set of ‘bad weights’, the elliptic operator

O0+0 LY, (i) (N)@ AN @ v (N) = LY (A" N @ (N),  (1.0.4)

is Fredholm. Moreover, we can write down a formula for how the index of ([1.0.4)

changes as p varies.

In Chapter [5] we will consider Cayley deformations of a conically singular Cayley
submanifold Y inside a manifold X with holonomy Spin(7), and complex and Cayley
deformations of a conically singular complex surface NV inside a Calabi-Yau four-fold
M. Since we are restricted by the Fredholm theory we have available to us for elliptic
operators on Y and N, we will consider deformations of Y and N that are themselves
conically singular. This time, the expected dimension of the moduli space of conically
singular Cayley deformations of N in M is equal to the index of (for a certain
value of p) whereas the moduli space of conically singular complex deformations of N

in M is isomorphic to the kernels of

0: CX (1 (N)) = C2 (AN ®@ vy (N)), (1.0.5)
9" CX(A"N @1, (N)) = C2 (AN @ v (N)), (1.0.6)

where C7°(E) denotes smooth sections ¢ of a vector bundle £ with |[V/o(z)| pro-
portional to the (u — j)th power of the distance between z and the singular point &
when x is close to z. It can again be shown that the images of and are
orthogonal for the values of 1 that we consider, and so the answer to Question [1] is

again yes when N is conically singular.

In Chapter [6] we will perform some calculations. We first characterise the set D
for which the operator is not Fredholm. The set D can be described by an
eigenvalue problem for certain operators on the complex link of a complex cone. We will
apply the Atiyah—Patodi-Singer index theorem [3] to the operator on a conically
singular manifold, which will allow us to give an expression for the index of
in terms of topological invariants of N and the set D. In particular, we will calculate

the n-invariant for the operator ((1.0.1)) acting on some two-dimensional complex cones
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in C*. We will apply the analysis of Chapter [5| to two-dimensional complex cones in
C*. We will consider conical Cayley and complex deformations of these cones, which
is equivalent to deforming the links of these cones as associative submanifolds of S7,
a problem studied by Kawai [30]. In particular, we will see explicitly that the answer

to Question [1}is ‘not necessarily’, by taking N to be a complex cone.

1.1 Introduction

This chapter is dedicated to preliminary information that we will require to study the
problems described above. It is intended to be an introduction to the fundamental
concepts in this thesis for the unfamiliar, or as a point of reference for definitions taken
to be standard in Chapters 2] [3| [ 5] and [6] for the more experienced reader. In Section
1.1.1} we will define notation taken to be standard throughout the rest of this thesis.

Section focusses on Calabi-Yau manifolds. In Section [1.2.2] we will discuss the
possible holonomy groups of a manifold, with an emphasis on the special holonomy
groups. In particular, we will define Spin(7)-manifolds and state some facts about
them which will be useful in the sequel. We will introduce calibrations in Section[1.2.3

before going into more detail about special Lagrangian and Cayley submanifolds in

Sections [1.2.4] and [1.2.5| respectively.

1.1.1 Notation and conventions

Before we begin we will explain the notation in this thesis that is taken to be standard

throughout.

Euclidean space

We denote by B,(z) the open ball of radius r in Euclidean space. We denote by

A(r, R) := Bg(0)\B,(0) the annulus centred at zero.
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The k-dimensional Hausdorff measure will be denoted by H*.

Manifolds

Manifolds will not have a boundary unless clearly stated. Submanifolds will be embed-
ded. When talking about the dimension of a complex manifold, we mean the complex

dimension unless otherwise stated.

By a cone in R™ we mean a subspace C' of R" so that for any A > 0 and any x € C
we have that Az € C. Define the link of C' to be L := C N S" L

Complex projective space of dimension n will be denoted CP™.

We will denote the second fundamental form of a submanifold by A, and the mean

curvature vector by H.

Smooth functions M — R will be denoted by C*°(M), with C*(M) denoting k-times

differentiable functions M — R with continuous kth derivative.

Vector bundles

Let X be a real manifold. We will denote by AP.X the vector bundle whose fibre at
x € X is APTr X, the exterior algebra of the cotangent space to X at x. The vector
bundle 72X = TX®* @ T* X% denotes the bundle of (s, ¢)-tensors on X. The positive

and negative spinor bundles over X will be denoted by S, and S_ respectively.

If Y is a submanifold of X then vx(Y') denotes the normal bundle of Y in X. The
conormal bundle of Y in X is denoted by v%(Y). The normal space to Y at y € Y
will be denoted by v, (Y') or v, x(Y') if there is possible ambiguity about the ambient

space.

Let (M, J) be a complex manifold. Write TM @ C =T "M & T M and T*M @ C =
T*OM @ T*9' M for the decomposition of the complexified (co)tangent space to X

into ¢ and —: eigenspaces of the complex structure J respectively. Write APIM =
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APTONM @ AT 0N . If dimeM = m write K,y := A™°M for the canonical bundle
of M.

Let N be a complex submanifold of M. Then vy (N)® C = 1,7 (N) @ 3 (N)
and v5,(N) ® C = vi’(N) @ v**(N) under the decomposition of the complexified
(co)normal bundle of N in M into the i and —i eigenspaces of J respectively. Call

;37 (N) the holomorphic normal bundle of N in M.

We will denote by Oc¢pr(—1) the tautological line bundle over CP™ and its dual bundle
by Ocpn(1). If k > 0 then Ocpn(k) := Ocpn(1)®* and if k < 0 then Ocpn(k) =
Ocpn(—1)®7%. The bundle Ocpx(0) is the trivial line bundle over CP™.

Sections

Let F' be a vector bundle over a manifold X. Denote by C*°(F') the smooth sections
of F and by C§°(F') smooth sections of F' with compact support. If U C F is an open
set in F', define

C*U) :={o € C®(F)|o(x) €U for all z € X}.

Denote by Q29(F') the bundle of F-valued (p, ¢)-forms. If " has an inner product and

a connection V, we can define a norm on sections of F' by
k
lollex = 3" sup [ Vo],
=0 zeX
For 1 < p < oo and k € N denote by L7 (F') the Sobolev space with norm

k 1/p
o llpk = (Z/ IViglP VOIX) .
j=0 7 X

Say that o € L, (F) if o € Ly(F) for all smooth functions ¢ on X with compact

support.
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Differential operators

Say that a bounded linear operator
A: X =Y,

between Banach spaces is Fredholm if it has finite-dimensional kernel and cokernel
(Coker A := Y/Im A) and closed image. The cokernel of a Fredholm operator A is
isomorphic to the kernel of its adjoint A* : Y* — X*. Define the index of A to be

ind A = dim Ker A — dim CokerA = dim Ker A — dim Ker A*.

If X is a compact manifold and A is a linear elliptic differential operator
A:C™(F) — C™(Fy),
for vector bundles Fi, F5 over X, then we take
ind A := dim Ker A — dim Ker A", (1.1.1)

where

A* O (Fy) — C™(F),

is the formal adjoint of A. If A acts on sections of complex vector bundles, we can
take the real or complex dimension in ((1.1.1)) and refer to the real or complex index
of A.

Cohomology groups

If V is a complex variety and S is a sheaf on V denote by H7(X,S) the jth sheaf

cohomology group of S.

If M is a complex manifold and F' is a holomorphic vector bundle over M denote by

HY9(M, F) the cohomology of the complex

LA ocri e Y S oo @ F) S oo (At i @ ) D L
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Operations

Let X be a manifold. If « € C*°(A?X) and v € C®(TX), write voa = a(v, -,..., -).
Suppose X has a metric g. We denote by xx : APX — A" PX the Hodge star on X,
where n = dim X. Denote the musical isomorphisms on X by b : TX — T*X and

EiT*X 5 TX.

1.2 Preliminaries

Here we will give some background results that will be useful in this thesis. References
are given for specific results, however there are some general references that the ma-
terial is based on. Joyce’s book [25] is an excellent reference for anyone interested in
studying manifolds with special holonomy and calibrated submanifolds and is highly
recommended for the reader who would like to fill in the gaps of what is written subse-
quently. Huybrechts’ book [I7] on complex geometry is again highly recommended for
those less familiar with complex geometry, as is Griffiths and Harris’s classic textbook

[14] on algebraic geometry.

1.2.1 Calabi—Yau manifolds

Let (M, J,w) be a compact Kéhler manifold with complex structure J and K&ahler
form w. The Kéhler form defines a cohomology class on M, [w], called the Kdhler
class. A natural question that arises when considering cohomology classes is whether
there is a ‘preferred’ representative of each class. For example, the Hodge theorem
[21, Thm 1.1.4] tells us that each de Rham cohomology class on a compact oriented

manifold has a unique harmonic representative.

The question of whether the Kéhler class on a manifold (M, J, w) has a preferred rep-
resentative was studied by Calabi [10]. He conjectured that if the underlying complex

manifold (M, J) satisfies a certain topological condition, then there exists w' € [w]
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that induces a Ricci-flat metric on M, and proved that if such an w’ exists, then it is
unique. The proof of the so-called Calabi conjecture was completed by Yau [58] some
twenty years later, resulting in the following theorem, referred to by some authors as
Yau’s theorem.

Theorem 1.2.1 (Calabi-Yau). Let M be a compact Kdihler manifold with complex
structure J and Kdhler form w' and suppose that M satisfies ¢y(M) = 0, where ¢y (M)
is the first Chern class of M. Then there exists a unique Ricci-flat Kdhler metric w

satisfying [W'] = [w].

Motivated by Theorem [1.2.1) we make the following definition.

Definition 1.2.1. We say that a compact Kahler manifold M of complex dimension
m is a Calabi—Yau manifold if the canonical bundle of M, K;; := A™°M is holomor-
phically trivial, that is, if there exists an (m, 0)-form « that satisfies «(z) # 0 for all
x € M and da = 0.

Remark. A Calabi-Yau manifold M in the sense of Definition satisfies ¢; (M) =
0, and so we can apply the Calabi—Yau theorem to M. However, a Kahler
manifold X satisfying ¢;(X) = 0 is not, in general, a Calabi-Yau manifold in the

sense of Definition [[L.2.1]

Later, when we have a Calabi—Yau manifold M we will require a particular choice
of nonvanishing holomorphic section of Kj;. Let M be a Calabi-Yau manifold with

Ricci-flat metric w. Notice that any nonvanishing section o of K, satisfies

%L = YoaAa, (1.2.1)
for some ¢, : M — (0, 00), where m = dimcM . The following result about Ricci-flat
Kahler manifolds will allow us to deduce that if « is holomorphic then ), is constant.
Proposition 1.2.2 ([25, Prop.7.1.5]). Suppose X is a compact Kihler Ricci-flat man-
ifold, and let & be a smooth (p,0)-form on X. Then V& = 0 iff dé = 0 iff 9¢ = 0,

where V is the Levi-Civita connection of the metric on X.

Suppose that « in Equation ({1.2.1]) is holomorphic. Proposition ensures that o
is parallel. Differentiating both sides of Equation ([1.2.1)) with respect to V allows us
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to deduce that

where we note that dw = 0 implies that Vw = 0 on a Hermitian manifold [25] Prop
5.4.2]. The following definition allows us to choose a particular holomorphic section
of Ky by taking v, in Equation to be a particular choice of constant. This
choice of constant will be important in Section [1.2.3]

Definition 1.2.2. Let M™ be a Calabi—Yau manifold with Ricci-flat Kahler metric

w. We say that a holomorphic nowhere vanishing section {2 of K, satisfying

Y- (%) (—1)mm=D/2Q A T, (1.2.2)
is a holomorphic volume form of M. A holomorphic volume form on a Calabi—Yau

manifold is unique up to multiplication by a unit complex number.

We will end this section with some examples of Calabi—Yau manifolds.

Example. A model example of a Calabi—Yau manifold is C™ with the Euclidean
metric and standard complex structure. This is clearly not a compact Kahler manifold,
however our reason for asking for compactness in Definition is so that we may
apply the Calabi—Yau theorem to find a Ricci-flat Kéhler metric on the manifold.
The Euclidean metric is flat, and so already Ricci-flat, so we do not require the Calabi—

Yau theorem here.

Define the Euclidean Kéhler form wy € C*°(A"'C™) and the Euclidean holomorphic

volume form Qy € C=(A™C™) to be
Wo :%(dzl/\dél—l—---+dzmAd2m), (1.2.3)
Qo =dzi AN+ ANdzp,.

It is easy to check that ) is a holomorphic volume form of C™ in the sense of Definition

11.2.2)

Given a point x € M, a Calabi—Yau manifold of dimension m with Ricci-flat Kahler

form w and holomorphic volume form €2 we can choose a neighbourhood V' of x and
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a biholomorphism x : U C C™ — V C M such that x(0) = = and
X'w = wy+ O(|z]%), (1.2.4)

where wy is as in by [14, pg 107]. Notice that with this choice of coordinates,
using Equation ([1.2.2)
X(QAAQ) = iQmi%g; +O0(|2]*) = Qo A Qo + O(|2]%),
where )y was defined in and so we must also have that in these coordinates,
Q= e?Qq + O(]2]?), (1.2.5)

where 6 is constant. We can always choose a holomorphic volume form on M so that
0 =0.

Example. The compact manifold CP™ with the Fubini-Study metric [I7, Ex 3.1.9
i)] is a Kéhler manifold. Tt is well known that a smooth hypersurface M of degree
m+1in CP™ has trivial canonical bundle [I7, Cor 2.4.9]. Since M is also Kéahler with
respect to the metric induced by the Fubini—Study metric, Definition tells us
that M is a Calabi-Yau manifold. Note that although the Calabi-Yau theorem [1.2.1
says that a Ricci-flat Kahler metric exists on M, it is very hard to find an explicit
expression for this metric (even though we know what cohomology class it lies in).
Finding an explicit expression for the Ricci-flat metric on a Calabi—Yau manifold is a

difficult problem in general.

1.2.2  Spin(7)-manifolds

So-called Spin(7)-manifolds are of interest because of their unusual, or exceptional
holonomy. We will therefore introduce the Riemannian holonomy group of a Rieman-

nian manifold. The overview given here is based on the material in [25] §2.2].

Let (X, g) be a Riemannian manifold of dimension n and denote by V the Levi-Civita

connection of g. Consider a loop 7 in X based at x € X, that is, a piecewise smooth
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map [0, 1] — X with v(0) = (1) = z. Given vy € T, X we can find a unique section
v of T X defined along ~ satisfying

and v(0) = vg. This defines a map
P, T,X — T,X,
with P, (vg) = v(7(1)). Consider the set
H,={P,: T, X - T,X|vis aloop in X based at z}. (1.2.6)

It can be shown that (H,,o) is a subgroup of Gl(n,R) and moreover that (H,,o)
and (H, o) are the same subgroup of Gi(n,R) up to conjugation, and so we can
write H = H,. We will call the group (H,o) the Riemannian holonomy group of
(X,g) denoted Hol(g). It can be shown that on a simply connected manifold, the

Riemannian holonomy group is a connected Lie subgroup of Gi(n,R).

The Riemannian holonomy group of a metric allows us to deduce properties of the
manifold. For example, if the Riemannian holonomy group of (X, g) is contained in
U(n/2), then (X, g) is Kéhler. The possible Riemannian holonomy groups of a simply
connected manifold (X, g) of dimension n which is nonsymmetric and irreducible were
characterised by Berger [6, Thm 3], who showed that Hol(g) must be equal to one of
the following groups:

(i) SO(n),
(i) U(m) in SO(2m) (n = 2m),
(iii) SU(m) in SO(2m) (n = 2m),
(iv) Sp(m) in SO(4m) (n = 4m),
(v) Sp(m)Sp(1) in SO(4m) (n = 4m),

(vi) G in SO(7) (n=71),
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(vii) Spin(7) in SO(8) (n = 8).

Around the time that this result was proved, examples of metrics with holonomy
groups given by (i)-(v) were already well-known — for example as we mentioned above
a Kéhler manifold (X, g) has Hol(g) C U(m), whereas a Calabi-Yau manifold (X, g)
has Hol(g) € SU(m) (yielding yet another possible way of defining a Calabi-Yau
manifold — this is actually equivalent [25, Prop 7.1.4] to Definition[1.2.1]). However, the
inclusion of the groups Gy and Spin(7) on this list was initially considered anomalous
(Berger’s original list included the group Spin(9) in SO(16). It was later shown that
metrics with holonomy Spin(9) are symmetric), and metrics with holonomy equal to
Go and Spin(7) were not expected to exist. It was discovered, however, some thirty
years later by Bryant [9] that such metrics did indeed exist, with explicit examples
constructed soon after by Bryant and Salamon [§]. Finally, examples of metrics with
holonomy G5 and Spin(7) on compact manifolds were constructed by Joyce, who gives

a succinct overview of how this is done in his book [25, Ch 11].

Manifolds with Riemannian holonomy equal to G5 or Spin(7) are known as manifolds
with exceptional holonomy. Their discovery has attracted the attention of physicists,
who are interested in manifolds with special holonomy (that is, holonomy G, Spin(7)
or SU(n)) as models in certain branches of string theory such as M-theory. In particu-
lar, physicists would like mathematicians to come up with more examples of manifolds
with holonomy G5 and Spin(7) with certain additional properties, for example isolated

conical singularities, to support their theories.

We will now give the definition of a Spin(7)-manifold that we will use throughout this
exposition. One can perhaps infer from the overview above that a Spin(7)-manifold
might be a manifold with a metric whose holonomy group is equal to Spin(7), however,
this is not the only way to define a Spin(7)-manifold. The following definition has been
chosen because of the context in which we will need Spin(7)-manifolds, not because
we are interested in these manifolds themselves, but in naturally occurring volume

minimising submanifolds of these manifolds (which we will discuss in Sections
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and later). The following definition is based on the one given in Joyce’s book
25, Defn 11.4.2].
Definition 1.2.3. Let (z1,...,zg) be coordinates on R® with the Euclidean metric

go = dx3 + - - - + dz?. Define a four-form on R® by

Dy :=dx 1934 — dx1256 — dx 1278 — dx1357 + dT1368 — dT1458 — dT1467

—dx3s58 — dTozer + dToas7 — dTou6s — dT3456 — dT3a7s + dTse7s, (1-2-7)

where dx;jp = dx; A\ dx; A\ dxg N day.

Let M be an eight-dimensional oriented manifold. Define for each p € M the subset
A,M C AT » M to be those four-forms ® for which there exists an oriented isomor-
phism 7, M — R® identifying ® and @ given in (1.2.7)), and define the vector bundle
ADM to be the vector bundle with fibre A, M.

A four-form ® on M satisfying ®|, € A, M for all p € M defines a metric g on M, using
the fact that each tangent space to M is identified with R® with the Euclidean metric.
We call (@, g) a Spin(7)-structure on M. Let V denote the Levi-Civita connection of
g. Say that (®, g) is a torsion-free Spin(7)-structure on M if V& = 0.

We say that (M, ®,qg) is a Spin(7)-manifold if M is an eight-dimensional oriented
manifold and (®, g) is a torsion-free Spin(7)-structure on M.

Remark. We may actually use ®q to define the group Spin(7) by taking it to be the
subgroup of GI(8,R) that preserves ®q in the sense that A € Spin(7) if, and only if,

Oy (Ax, Ay, Az, Aw) = Oy(z,y, 2, w),

for all z,y, z,w € R®.

The link between Definition and manifolds with holonomy contained in Spin(7)
is made rigorous in the following proposition. It is taken from Joyce’s book [25, Prop
11.4.3].

Proposition 1.2.3. Let M be an oriented eight-dimensional manifold and (®,g) a

Spin(7)-structure on M. Then the following are equivalent:
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(i) (®,g) is torsion-free,

(i) Hol(g) C Spin(7),

(iii) VO =0 on M, where V is the Levi-Civita connection of g, and

(v) d® =0 on M.

Metrics with holonomy contained in Spin(7) are Ricci-flat [25, Prop 11.4.5], so we can
deduce that a Spin(7)-manifold is Ricci-flat.

Since the holonomy group of a Spin(7)-manifold is contained in Spin(7), and not
necessarily equal to Spin(7), we are allowed to have the following special example of
a Spin(7)-manifold.

Example. We will consider the special type of Spin(7)-manifold frequently in this
exposition which is a four-dimensional Calabi-Yau manifold (note that SU(4) C
Spin(7)). Let M be a four-dimensional Calabi-Yau manifold as in Definition [I.2.1]
with Ricci-flat Kahler metric w. Choose a holomorphic volume form €2 so that in local

coordinates on M

w=uw+0(z]*, Q= +0(z%,

where wy and €2y were defined in ([1.2.3]), as we described in (|1.2.4)-(1.2.5)).

Consider the naturally occurring four-form on M given by
1
b = 5w/\w+Re Q.
Then given any p € M we can choose coordinates so that

1
(I)|p = 5&]0/\WO+R6 Qo. (128)

Identifying C* with R® using (21, 22, 23, 24) = (21 + 125, To + ixg, T3 + P27, T4 + ixg) and

comparing Equations (1.2.7) and (1.2.8), it follows that ® defines a Spin(7)-structure
on M. Clearly d® = 0 and therefore by Proposition [1.2.3] (M,w, ) is a Spin(7)-

manifold.
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Properties of Spin(7)-manifolds

A Spin(7)-structure on a manifold M induces a natural three-fold cross product on
TM. The following lemma follows from [29, Lem 4.4.2].
Lemma 1.2.4. Let M® be an oriented manifold with Spin(7)-structure (®,g). Then

there is a natural alternating, trilinear map
k:TMXxXTMxTM — TM,
called the triple cross product on M defined by
(z,y,2z,w) = gz, Ky, z,w)),
satisfying
|k(y, z,w)| = |y Az Awl.

Remark. In general, an m-fold cross product on an n-dimensional Riemannian man-

ifold (X, g) is an alternating, m-linear map from m copies of TX to TX. It must

satisfy
|v1 X+ o XU = o1 A A v,
glvr X . vy, v) =0, i=1,...,m,
for all vector fields vq,...,v,, on X. Lemma [1.2.4] ensures that the map x is a cross

product in this sense.

We can decompose bundles of forms on Spin(7)-manifolds into irreducible represen-
tations of Spin(7). The vector bundle A2 defined below will appear frequently in this
exposition, making its first appearance in Section [1.2.5] The following proposition can
be found in Joyce’s book [25, Prop 11.4.4].

Proposition 1.2.5. Let M be a Spin(7)-manifold. Then the bundles of two-forms
and self-dual four-forms on M admit the following decompositions into irreducible

representations of Spin(7):
A*M =2 A2 A3,

AiM = A% @ AZ% EB A;l?’
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where AL M denotes the self-dual four-forms on M and AF denotes the irreducible

representation of Spin(7) on k-forms of dimension [.

Further, there is a canonical isomorphism A% = AL.
Remark. Given an orthonormal frame for M {ey,...,eg} with coframe {e',..., e},
we can explicitly define A2 and A7. The following expressions are taken from [51, Thm

9.5] and [29, Eqn 4.17] respectively. We have that

A2 ={e"Nel — (ea(e;a®)) |1 <i<j <8}, (1.2.9)

At = {aijei A (eja®) — ofjej A (eia®) | auje’ Ael € A2}, (1.2.10)

where we use the summation convention in ([1.2.10)).

1.2.3 Calibrated submanifolds

It was first noticed by Federer [12] that complex submanifolds of Kéhler manifolds
are volume minimising in their homology class. We can see this from Wirtinger’s
inequality for Kéhler manifolds [17, Ex 1.2.9]: Let (X,w) be a Kéhler manifold of

complex dimension n. Then for any oriented real 2p-dimensional submanifold Y of X,

wP

p:

< voly, (1.2.11)
Y

with equality if, and only if, Y is a complex submanifold of X. So we see that if
Y is a p-dimensional compact complex submanifold of (X,w) and Y’ is any real 2p-

dimensional submanifold of X homologous to Y, then

wP wP
Vol(Y):/voly:/ —:/ — g/ voly: = vol(Y”), (1.2.12)
Y Y p! / p! /

by Wirtinger’s inequality (1.2.11f). Further, equality holds in ((1.2.12) if, and only if,

Y’ is a complex submanifold of X too.

Harvey and Lawson [I5] exploited the property (1.2.11)) that makes a complex sub-

manifold homologically mass minimising in making the following definition.
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Definition 1.2.4. Let (X, g) be a Riemannian manifold and let a be a p-form on X.

If da = 0 and, for any x € X and any oriented p-dimensional subspace V C T, X,
aly < voly,
then we say that « is a calibration on X.

We say that an oriented p-dimensional submanifold Y of X is a calibrated submanifold
of X if a]y = voly.
Example. Let (X,w) be a Kéhler manifold of complex dimension n. Then for any
integer 1 < p < n it follows from Wirtinger’s inequality that

WP

pl’

is a calibration on X, and the calibrated submanifolds of X are the complex p-

submanifolds of X.

Replacing the complex submanifold calibration in Equation by an arbitrary
calibration leads us straight to the following result.

Proposition 1.2.6 ([15, 1.4 Thm 4.2]). Let X be a Riemannian manifold with cal-
ibration « and let Y be a compact a-calibrated submanifold. Let Y' be any other

compact submanifold of X homologous to Y. Then

/VOly S/ VOIY/,
Y Y’

with equality if, and only if, Y is also a-calibrated.

1.2.4 Special Lagrangian submanifolds

We will now define the first type of calibrated submanifold that will be studied in this
thesis.
Definition 1.2.5. Let M be a Calabi—Yau manifold with Ricci-flat Kahler metric w

and holomorphic volume form 2. Then

e Re Q,



20 CHAPTER 1. PRELIMINARIES

for any constant 6 € [0, 27) is a calibration on M. The calibrated submanifolds of M
in this case are called special Lagrangian submanifolds of M with phase 6.
Remark. Our choice of constant relating w and €2 in Definition was made to

ensure that Re € is a calibration.

Harvey and Lawson found the following equivalent condition for a real m-dimensional
submanifold of a Calabi—Yau manifold (of dimension m) to be special Lagrangian.

Proposition 1.2.7 ([15, Cor III.1.11]). A real m-dimensional submanifold L of an
m-dimensional Calabi—Yau manifold (M,w, Q) is a special Lagrangian submanifold of

M with phase 0 if, and only if,

w|p =0,

and

Im(e™*Q)|, = (cos@Im Q — sinfd Re Q)| = 0.

In particular, this confirms that a special Lagrangian submanifold is indeed a La-

grangian submanifold.

1.2.5 Cayley submanifolds

We will now introduce the protagonist of this thesis. Recall the material of Section
[1.2.2] where we talked about manifolds with special holonomy and, in particular,
Spin(7)-manifolds. Taking Definition to be our definition of a Spin(7)-manifold
(and supposing (correctly) that there exists a similar definition of a G-manifold) shows
us that manifolds with exceptional holonomy are examples of manifolds equipped with
a naturally arising calibration.

Definition 1.2.6. Let (X, ®,g) be a Spin(7)-manifold. Then & is a calibration on
X, called the Cayley calibration, and submanifolds of X calibrated by & are called
Cayley submanifolds of X.

Remark. We saw in Section [1.2.2] that a four-dimensional Calabi—Yau manifold M is
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a Spin(7)-manifold, and in this case the Cayley calibration is given by
1
® =Re Q+ oW Aw,

where w is the Ricci-flat Kahler metric and €2 is the holomorphic volume form on M.
From this expression it can be seen that complex surfaces (calibrated by %w Aw) and
special Lagrangian submanifolds (with phase zero, calibrated by Re Q) of M are both
examples of Cayley submanifolds. We are particularly interested in the relationship
between two-dimensional complex submanifolds and Cayley submanifolds that are not
complex submanifolds inside a four-dimensional Calabi-Yau manifold in Chapters

of this thesis.

It is easy to see then that Cayley submanifolds exist by taking any two-dimensional
complex submanifold of a degree six hypersurface in CP®. It is interesting to note that
Cayley submanifolds exist that are not complex or special Lagrangian submanifolds
of a Calabi-Yau four-fold. These can be linear subspaces of R®, but more interesting
Cayley submanifolds of R® were constructed by Lotay [36]. Joyce [21] has constructed
Cayley submanifolds of compact Spin(7)-manifolds.

Properties of Cayley submanifolds

Let (M, g,®) be a Spin(7)-manifold. We can identify the tangent space to M at any
point with O, the octonions or Cayley numbers. This is because the automorphism
group of O is Spin(7). In Calibrated geometries [15], the theory of Cayley submanifolds
unfolds mainly in terms of linear subspaces of . The following characterisation of
Cayley subspaces of O is particularly interesting.

Proposition 1.2.8 ([15, IV.1.C Cor 1.29]). Let ¢ be an oriented four-dimensional
linear subspace of Q. Then C is a Cayley subspace of O if, and only if, for any basis
{u,v,w,z} of ¢

Im (uxvxwxz)=0,

where u X v X w X x 15 a four-fold cross product naturally arising on Q.
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We can interpret the four-fold octonian cross product as a AZ-valued four-form on
a Spin(7)-manifold. The next result, which can be considered as a generalisation of
Proposition , allows us to characterise Cayley submanifolds of a Spin(7)-manifold
(X,®,¢9) in terms of a four-form that vanishes exactly when restricted to a Cayley
submanifold of X.

Proposition 1.2.9 ([51, Lem 10.3]). Let X be a real eight-dimensional manifold with
Spin(7)-structure (®, g). Let k denote the triple cross product on X induced by ® given
in Lemma[I.2.]] LetY be an oriented real four-dimensional submanifold of X. Then
Y is a Cayley submanifold of X if, and only if, T|y =0, where 7 € C°(A*X ® A2) is
defined by, for any vector fields x,u,v,w on X

1
T(, u, v, w) = 2 (77 (K (u, v, w)’ A z’) — mr(k(v, w, z)” Au)

+m7(k(w, x, u)b A vb) — m7(k(x, u, U)b A wb)) )

where 77 : A2X — A2 is the projection map given by w7 (2’ \y’) = L(2" Ay +®(z,y, -, )

and b denotes the musical isomorphism TX — T*X.

Moreover, if x,u,v,w are orthogonal then

(@, u, v, w) = 77 (k(u, v, w)" A ).

If {e!,...,€e®} is an orthonormal coframe for T*X so that

B —e!234 _ 1256 _ 1278 (1357 , 1368 _ 1458 _ 1467

2358 _ 2367 4 2457 _ 2468 _ 3456 _ 3478 | 5678

Y

then 7 takes the form

T :(61358 + 61367 o e1457 4 61468

1
_ 2357 | 2368 _ 2458 _ 62467) ® 5(612 4t 56 _ 878)

(128 1267 | (1456 | 1478

1(613 e T 668)

4.¢2356 | (2378 _ 3458 _ 63467) ® 5
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+(61257 _ 1268 _ 1356 _ 1378

1
12456 | (2478 | 3457 _ 63468) ® 5(614 1e2 _ B8
(1238 1247 | 1346 _ 1678

1

2345 | 2578 _ 3568 | 4567 15, 2, 37 48
—e= e — e L PN @ —(e” + e e’ + )

2
(127 4 1248 _ (1345 4 (1578

_ 2346 4 2678 _
2
(1236 | 1245 | 1348 1568

1

2T | 2567 | 3678 _ 64578) ® _(617 1 e _

2
+(_€1235 _pl246 _ 1347 | 1567

1
2By 2568 4 3578 | (4678) _(618 — ¥ 4 3 B,

2

This expression looks fairly nasty, however we can equivalently write this as

1

T=1 Z (e A (e;a®) — €' A(eja®)) @ mr(e" Ael),

i<je{1,...,8}

which is slightly less intimidating.

3567 _ 64568) ® 1(616 _e® 38 647)

23

(1.2.13)

(1.2.14)
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Chapter 2

Lagrangian mean curvature flow

Much of what follows in this thesis is on deformation theory of Cayley submanifolds
with a particular emphasis on complex surfaces inside Calabi-Yau four-folds. As we
have seen, the other subclass of Cayley submanifolds in Calabi—Yau four-folds is special
Lagrangian submanifolds. The deformation theory of special Lagrangian submanifolds
has been studied extensively, firstly by McLean [43, §3] who studied deformations of
compact special Lagrangians, and later by Joyce [22], who in a five paper series studied
the deformation theory of compact special Lagrangians with isolated conical singular-
ities, asymptotically conical special Lagrangians, as well as related problems such as
desingularisation. The Cayley deformations of special Lagrangians were studied by
Ohst [48], §5.4]. In this chapter, we will discuss a different method for finding special
Lagrangian submanifolds and present a joint work of the author with Tom Begley on

Lagrangian mean curvature flow [5].

2.1 Introduction

An important open question in the theory of special Lagrangian submanifolds is

whether given a homology or Hamiltonian isotopy class in a suitable ambient mani-

25
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fold (Calabi-Yau, Kéhler-Einstein or symplectic) there exists a special (or minimal)
Lagrangian representative of that class. This problem, whilst reasonably simple to
state, is very subtle and fraught with difficulty. For example, Schoen—Wolfson [52]
studied a constrained minimisation problem for the area functional, minimising over
Lagrangian submanifolds of a four-dimensional symplectic manifold in a given homol-
ogy class. They found that such a minimiser exists, but is not guaranteed to be a
minimal surface (that is, a special Lagrangian) or even smooth. Later, Wolfson [57]
went on to explicitly construct a Lagrangian sphere inside a K3-surface whose homol-
ogy class has a Lagrangian representative with least volume, but that isn’t a special
Lagrangian, and moreover the minimiser among all submanifolds in this homology

class is not Lagrangian.

A different approach to studying this problem is to evolve a Lagrangian submanifold
under mean curvature flow in the hope of reaching a special Lagrangian. In this
chapter, we will give a brief review of mean curvature flow in Section before
describing some of the special properties of Lagrangian mean curvature flow in Section
2.2.1] In Section we will talk about singularities of mean curvature flow and
describe two special types of solution to Lagrangian mean curvature flow. In Section
we will motivate and present the following theorem (Theorem [2.3.1)).

Theorem. Suppose that L. C C™ is a compact Lagrangian submanifold of C™, satis-
fying some additional properties, with finitely many singularities each asymptotic to a
pair of transversally intersecting planes which is not area minimising. Then we can

find a solution to mean curvature flow starting from L which exists for time T > 0.

The first step towards proving this theorem is to construct a family of compact smooth
Lagrangian submanifolds L* by removing a neighbourhood of the singular point of L
and carefully gluing in something smooth. This construction is presented in detail in
Section [2.3.1] A solution to Lagrangian mean curvature flow with initial condition L?
exists for short time T, and so as long as inf,~o 7T, > 0, we can apply a compactness

result to find a limiting flow which exists for short time, which is what we require.



2.2. MEAN CURVATURE FLOW 27

We will give an overview of this part of the proof in Section followed by some

concluding remarks in Section [2.3.3]

2.2 Mean curvature flow

Given an m-dimensional manifold M and an embedding Fyy : M — R™** we say that
M evolves under mean curvature flow if there exist a 7' > 0 and a family of immersions

F:M x[0,T) — R™P* satisfying

OF _,

E(p, t) = H(p,t), (2.2.1)

F(-,0) = Fy(-), (2.2.2)

where H (p, t) is the mean curvature vector of the immersed submanifold M; := F(M,t)
at the point z(p,t) = F(p,t). In what follows, we will frequently denote F(p,t) by
x, suppressing the arguments where there is no chance of ambiguity. It is hoped that
if the flow exists for all time (i.e., 7" = oo) then M; will converge (as t — o) to a
stationary submanifold of R™* (i.e., with H = 0), and that this submanifold is a
minimal submanifold. 1t is well known that if M is a closed manifold then the initial

value problem ([2.2.1))—(2.2.2) has a unique solution up to time 7' € (0,00]. This is

known as short-time existence for mean curvature flow.

There are several important tools for studying properties of mean curvature flow,
which we will introduce here. We will abuse notation slightly by omitting the family
of immersions F(-,t) and say that a family (M;)o<t<7 is a mean curvature flow if
there exists a family of immersions F' with F'(My,t) = M, satisfying —.

Definition 2.2.1. For any (zg,t;) € R™"* xR define the backwards heat kernel P(zo,to)

to be
1

- |z — 950’2
p(wo,to)(l',t) = (47T(t0 _ t))m/Z exp (—m) , (223)

for x € R™* and t < t,.
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A simple, yet important result in mean curvature flow is the monotonicity formula
proved by Huisken [I6, Thm 3.1].

Theorem 2.2.1 (Monotonicity formula). Let (M;)o<i<t, be a mean curvature flow.
Then

a
dt /o,

2
p(fﬂo,to)<x7t) dH™(x). (2.2.4)

= (zo— iU)L

2ty —t)

Plaoto (1) dH™ () = — /

M
Definition 2.2.2. Let (M;)o<t<r be a mean curvature flow. Then for 0 < t; < T,
0 < r < +/tg and any zg € R™"* we define the Gaussian density ratio centred at
(zo,t0) and at scale r by

O(xo, to,r) ::/ P(woto) (T to — 7"2) dH™ (),
M 2

to—r

1 |z — 202 "
- /M (47r2)m/2 P (_ 4r? " ().
t07r2

Define the Gaussian density to be
@(l’o, t()) = ll\rj(l) @(270, to, 7").
Theorem 2.2.7] tells us that this limit exists.

It is known that ©(xg,ty) = 1 if, and only if, (x¢,to) is a regular point of the flow.
The following local regularity theorem of White [56] says that it is enough to show
that the Gaussian density ratios are close to one in a ball to find a priori estimates on
the curvature of the manifolds in the flow inside a smaller ball.

Theorem 2.2.2 (Local regularity). Let (M;)o<i<r be a mean curvature flow and let
T > 0. There are constants eo(m, k) > 0 and Co(m, k,T) < 0o such that if OM;N By, =
0 fort e [0,7?) and

O(x,t,p) <1+ e,

for p < TV/t, 2 € By, (20),t € [0,7?), then
Co
Al(z,t) < —,
[Al(z, ) < 7

for x € My N B.(xg),t € [0,7%), where A(z,t) is the second fundamental form of M,

at the point x.
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Finally, we state what it means for two manifolds to be e-close in C1.

Definition 2.2.3. Let U C R™** be an open set and let ¥ and L be two m-dimensional
submanifolds of R™** that are defined in U. We say that ¥ and L are 1-close in
Cl(W) for any W C U with dist(W,9U) > 1 if for all z € W we have that B;(z)NX
and Bj(xz) N L can be written as graphs v and v over the same m-dimensional plane
with ||u — v][1o < 1. We say that 3 and L are e-close in W if after rescaling by a
factor of 1/¢, 2 and L are 1-close in e 'W for any W with dist(e " 'W, e 10U) > 1.

2.2.1 Lagrangian mean curvature flow

Suppose that (L;)o<i<r is a mean curvature flow in C™ with L a Lagrangian subman-
ifold of C™. It was shown by Smoczyk [53, Thm 1.9] that L; remains a Lagrangian
submanifold of C™ for all ¢t € [0, 7). (In fact this result holds as long as the ambient

manifold is Kéhler—Einstein.) This is known as Lagrangian mean curvature flow.

We will now gather some useful preliminaries specific to Lagrangian mean curvature
flow.
Definition 2.2.4. Let L be a Lagrangian submanifold of a Calabi—Yau manifold and

let €2 be a holomorphic volume form on M. Then
Q|L = €i9LVOlL, (225)

where 6 is a multi-valued function on L called the Lagrangian angle of L. 1f 6 : L —
R is a well-defined function, then we call L zero-Maslov or graded.

Remark. A zero-Maslov Lagrangian remains zero-Maslov under mean curvature flow

[53, Thm 2.9].

We have the following remarkable relationship between the Lagrangian angle and the

mean curvature vector on a Lagrangian submanifold (see [55, Lem 2.1] for a proof)
H=Jv0y, (2.2.6)

where J is the complex structure of the ambient manifold. Since a special Lagrangian

has constant Lagrangian angle, this tells us that stationary Lagrangians are special
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Lagrangians and therefore minimal. Since a special Lagrangian is zero-Maslov, and
the property of being zero-Maslov is preserved along the flow, if we hope to evolve a
Lagrangian under mean curvature flow to a special Lagrangian, we should take the
initial Lagrangian itself to be zero-Maslov.

Definition 2.2.5. Consider C™ with coordinates (x1,...Tm, Y1, ..., Ym) and complex

structure Jy acting as follows

0 0 0 0
o (a—xj) “ay (a—y) = on,

with the standard Kéhler form wy and holomorphic volume form €2y. Define the

Liouwville form on C™ to be

A= Z.I'jdyj — yjdmj' (227)

j=1

Notice that dA = 2wy. Say that a Lagrangian submanifold L of C™ is exact if \|j =
dfr, where G, € C*(L).
Remark. Since A is a closed one-form on any Lagrangian L, it follows that all

Lagrangian submanifolds of C™ are locally exact.

2.2.2 A special type of solution to mean curvature flow

We are motivated in this chapter by the occurrence of singularities in mean curvature
flow.

Definition 2.2.6. Say that a mean curvature flow (M;)o<i<r has a finite time sin-
gularity at time ¢t = T if the flow cannot be smoothly extended to T + € for any
e> 0.

Remark. It is well known that if the maximal existence time T of a mean curvature
flow (M;)o<t<r is finite then

limsup sup |A(z,t)|> = oo,
t—T ZL‘GMt
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where A(z,t) is the second fundamental form of M; at x (see [54, Prop 3.11] for more
details). So gaining a priori control of the curvature is an important tool for showing

existence of a mean curvature flow.

In this section we will introduce two special types of solution to mean curvature flow.
Definition 2.2.7. Call an m-dimensional manifold ¥’ in R™** a self-shrinker if its

mean curvature vector satisfies the elliptic equation
H(z) = —a*, (2.2.8)

where z € ¥ C R™*. In this case, (X})_soct<o With 3} := /=2t% is a homothetically
shrinking solution to mean curvature flow.

Remark. Self-shrinkers model the formation of certain types of singularity in mean
curvature flow. However, there are no nontrivial zero-Maslov Lagrangian self-shrinkers
in C™ [46], Cor 3.5(i)].

Definition 2.2.8. An m-dimensional manifold ¥ in R™** is a self-expander if its

mean curvature vector satisfies the elliptic equation
H(z) =zt (2.2.9)

where 2 € ¥ C R™**. In this case, (X;)o<i<o0, Where X, := v/2tY is a homothetically
expanding solution to mean curvature flow.

Remark. It is known [46, Cor 3.5 ii)] that if (L;);~0 is an exact, smooth, zero-Maslov
Lagrangian mean curvature flow with area ratios bounded below such that L., con-
verges in the sense of varifolds to a cone Ly as ¢; — 0, then L is a self-expander. Thus
we can think of self-expanders as providing us with a solution to Lagrangian mean

curvature flow starting from a cone.

To prove Theorem [2.3.1 we seek a solution to Lagrangian mean curvature flow for
a Lagrangian with singular points asymptotic to a particular cone. As a result, we
are interested in self-expanders that are asymptotic to this cone. Such a family of

Lagrangian self-expanders has been constructed explicitly by Joyce—Lee—Tsui.
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Theorem 2.2.3 ([27, Thms C, D]). Let P, and P, be transversally intersecting La-
grangian planes in C™ so that neither P, + P, or P, — P, are area minimising.
Then there exists an exact, zero-Maslov, Lagrangian self-expander Y with bounded

Lagrangian angle so that \/2tY converges to Py + Py in the sense of varifolds ast — 0.

A result fundamental to the proof of Theorem is the uniqueness of the self-
expander given in Theorem [2.2.3] The following result was proved by Lotay—Neves
when the ambient manifold is C? [40, Thm B] using analytic techniques. The result
was proved by Imagi—Joyce—Oliveira dos Santos [19, Thm 1.2] in C™ for m > 2 using
Fukaya categories.

Theorem 2.2.4 ([40, Thm BJ,[19, Thm 1.2]). Let P, and P, be a pair of transversally
intersecting Lagrangian planes in C™ such that neither Py + P, or P, — P, are area

minimising. Suppose that X' is a zero-Maslov self-expander asymptotic to P; + Ps.

Then X' =X, where ¥ is the self-expander constructed in the proof of Theorem [2.2.5,

2.3 Singularities of LM CF

We have now covered the preliminaries required to state the main theorem of this
chapter, Theorem below, as well as discuss the highlights of the proof. We will

first discuss some results on Lagrangian mean curvature flow that motivate this result.

We first note that when the initial condition for Lagrangian mean curvature flow is
zero-Maslov, the structure of finite time singularities that develop under the flow is rel-
atively well understood. It was shown by Neves |45, Thm A] that if a Lagrangian mean
curvature flow beginning from a zero-Maslov Lagrangian with bounded Lagrangian an-
gle develops a finite time singularity, then the singular point must be asymptotic to a
finite union of special Lagrangian cones. Recall that special Lagrangian cones in C?

are intersecting planes.

A later result of Neves [47, Thm 6.1] indicates that finite time singularities of La-

grangian mean curvature flow are unavoidable. Specifically, he showed that if M is a
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two-dimensional Calabi-Yau manifold and ¥ is an embedded Lagrangian, then there
is a Lagrangian L in the same Hamiltonian isotopy class as ¥ that develops a finite
time singularity when evolved under Lagrangian mean curvature flow. Noting that the
Hamiltonian isotopy class of a zero-Maslov Lagrangian is preserved by mean curvature
flow, this means that even if a Hamiltonian isotopy class contains a special Lagrangian,
it is likely that under Lagrangian mean curvature flow, a Lagrangian in this class will
develop singularities before converging to the special Lagrangian. Therefore in order
for the theory to progress, new techniques must be developed in order to continue the

flow beyond the occurrence of singularities.

It was conjectured by Joyce [26] Prob 3.14] that if the singularities developed by the
flow were of a certain form then one would be able to continue the flow uniquely
in some weak sense beyond the singular time. The following result of the author in
collaboration with Tom Begley [5, Thm 6.1] is a proof of the existence part of the
aforementioned conjecture.

Theorem 2.3.1. Suppose that L C C™ is a compact zero-Maslov Lagrangian subman-
ifold of C™ with a finite number of singularities, each of which is asymptotic to a pair
of transversally intersecting planes Py + Py where neither P, + Py, nor P, — Py are area
minimising. Then there exist T > 0 and a Lagrangian mean curvature flow (Lg)o<i<r
such that as t (0, Ly = L as varifolds and in C}3. away from the singularities.
Remark. While it has been assumed the singular Lagrangian L lies inside Euclidean
space, the local nature of the analysis used to prove the result means that this result
can quite easily be generalised to a singular Lagrangian inside a Calabi—Yau manifold.
The assumption on the structure of the singular points of L may seem somewhat
restrictive, however, as stated above, we know that singularities developed by the flow
must be asymptotic to a finite union of special Lagrangian cones, and such a union in

C? is a union of Lagrangian planes.

The proof of this result is very similar to the proof of an analogous result for network

flows of Ilmanen—Neves—Schulze [18, Thm 1.1]. The idea is very simple. We construct
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a family of smooth compact Lagrangians L* for 0 < s < ¢ by desingularising L. We
will discuss how this is done in detail in Section 2.3.1]below. Then standard short time
existence for mean curvature flow yields for each s a mean curvature flow (LJ)o<i<r,
for some time Ty > 0. We will show that infs.o7T; = Ty > 0, and so we may apply
a compactness result that allows us to pass to a subsequential limit (in s) of flows,
where the limiting flow (L;)o<i<7, will be smooth and exist for time 0 < ¢ < Ty. To
do this we need to be able to control the Gaussian density ratios of the manifolds L

uniformly in ¢ and s. We will give an overview of this part of the proof in Section

232

2.3.1 Construction of the approximating family

We consider a Lagrangian submanifold L of C™ with a singularity at the origin which is
asymptotic to the pair of planes P considered in Theorem [2.3.1 We will approximate
L by gluing in the unique self-expander ¥ of Theorem [2.2.3| which is asymptotic to P
at smaller and smaller scales in place of the singularity.

Proposition 2.3.2. Let L be an exact, zero-Maslov Lagrangian submanifold of C™
with a singular point at the origin asymptotic to the pair of planes P described in
Theorem [2.3.1 Let & denote the unique zero-Maslov self-expander asymptotic to P.
Then there exists a family (L*)o<s<c of smooth compact zero-Maslov Lagrangians, exact

in the ball B4(0) satisfying the following conditions.

(H1) The area ratios are uniformly bounded, i.e. there exists a constant Dy such that

H™(L*N B, (z)) < Dyr™  V¥r >0, Vs € (0,c], Vr.

(H2) There is a constant Dy such that for every s and x € L* N B4(0)
0° ()] +18° ()] < Dafl2f* + 1),

where 0° and (5° are, respectively, the Lagrangian angle of L* and a primitive for

the Liouwville form on L°.
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(H3)

For any a € (0,1), the rescaled manifolds L* := (25)~"/?L* converge in CJ to

loc

Y. Moreover the second fundamental form of L* is bounded uniformly in s and

without loss of generality we can assume that

lim(6° + 3°) = 0

s—0

locally on L*. (Note that L® is exact in the ball By5-1/2(0) so we can make

sense of B° in the limit.)

The connected components of P (0 A(rgv/s,4) are in one to one correspondence
with the connected components of L¥ N A(rov/s,4), and each component can be

parametrised as a graph over the corresponding plane P,
L* N A(rov/s,3) C {x +us(z)|xz € PN A(rgy/s,3)} C L* N A(rov/s, 4),

where the function u, : PN A(rogy/s,3) — Pt is normal to P and satisfies the

estimate
[us()] + ] [Vary ()] + | PV 20, ()] < Dy (Jal? 4+ v/2se 02

where V denotes the covariant derivative on P, and b > 0.

Proof. Since L is conically singular we may write L N B4(0) as a graph over P N By(0)

(possibly rescaling L so that this is the case). We may further apply the Lagrangian

neighbourhood theorem (its extension to cones was proved by Joyce, [23, Thm 4.3)),

so that we may identify L N B4(0) with the graph of a one-form v on P. Recall that

the manifold corresponding to the graph of such a one-form is Lagrangian if and only

if the one-form is closed.

Moreover, since we have assumed that L is exact inside B,4(0), there exists u € C*° (PN

B4(0)) such that du = . Since we know that v must decay quadratically, we can

choose a primitive for v which has cubic decay, i.e.,

|VEu(x)| < Clz)*~*, (2.3.1)
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We saw in Theorems [2.2.3| and [2.2.4] that there exists a unique, smooth zero-Maslov

self-expander asymptotic to P. We may also identify the self-expander outside a
ball of radius ry with the graph of a one-form over P and, since a zero-Maslov class
Lagrangian self-expander is globally exact, there exists a function v € C*°(P\B,,(0))
such that the self-expander is described by the exact one-form ¢ = dv on P\B,,(0).
Further, Lotay and Neves proved that [40, Thm 3.1]

lv]lcx P\ 5, 0)) < Ce " for all r > ry. (2.3.2)

We will glue &, := +/2s¥ into the initial condition L to resolve the singularity. Our
new manifold, L®, will be the rescaled self-expander ¥° inside B,  4;(0), the mani-

fold L outside B4(0) and will smoothly interpolate between the two on the annulus

A(TQ\/%, 4)

To do this, we will glue together the primitives of the one-forms corresponding to these
manifolds, before taking the exterior derivative. This gives us a one-form that will
describe L* on the annulus A(rgy/2s,4), which ensures L* is still Lagrangian and is
exact in B4(0). We will then show that this family satisfies the properties (H1)-(H4).

Let ¢ : R, — [0,1] be a smooth function satisfying ¢ = 1 on [0,1] and ¢ = 0 on

[2,00). Consider the one-form given by, for r9v/2s < |z| <4,0< s < ¢
s(2) = dwy(z) = d [80(8_1/4|$|)25U($/\/2_3) + (1 =p(sz))ul@) |, (2.3.3)

where we have that rgv/2s < s¥/4 < 254 < 4 holds for all s < ¢. Notice that in
particular we must have ¢ < 1. Then 7,(z) = 9,(2) := V2s1(x/+/2s), the one-form
corresponding to the rescaled self-expander ¥, for |z| < s/4 and v, = 7 for |z| > 2s'/4.
Notice that since v, is exact, it is closed and therefore its graph corresponds to an

exact Lagrangian.
We define the smooth exact Lagrangian L® by
e I°NB, s5(0)=%,NB, /0),

o L°N A(rov2s,4) =graph 1,
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e L5\ B4(0) = L\B4(0).
We will now show that L* satisfies (H1)-(H4).

For (H1), notice that both the self-expander and the initial condition individually

satisfy (H1), and so for the rescaled self-expander, we have that for all =

H" (2, N Br(x)) = H"((V2s5) N Br(w)) = (25)"*H" (2 N B, ys5(2))
< (25)"2D, (%)n = D\R".

Since L® interpolates between ¥ and L on a compact region, L® satisfies (H1).

We see that (H2) is satisfied because the Lagrangian angle of the initial condition L
and the self-expander X are bounded, as is that of the rescaled self-expander ¢ by the
evolution equation [5 Lem 3.1(i)] and the maximum principle, since the Lagrangian
angle of P is locally constant. When we interpolate between the two, we may consider
the formula for the Lagrangian angle of a Lagrangian graph, as seen in [I1], pg 5]. This
tells us that a Lagrangian graph in C" (over R") given by (21, ..., Zp, u1 (), ..., un(x)),

where v : R" — R, u; := %, has Lagrangian angle

0= Z arctan \;,

where the \;’s are the eigenvalues of the Hessian of u. Since the eigenvalues of the
Hessian of u are some nonlinear function of the second derivatives of u, if the C? norm
of u is small we have that the Lagrangian angle of the graph is close to that of the
Lagrangian angle of the plane that u is a graph over. So we can uniformly bound the
Lagrangian angle of the graph. Since in our case, the Lagrangian angle of v, is given
by the sum of arctangents of the eigenvalues of the Hessian of the function wy, and, as
we will show when we prove (H4), the C? norm of wy is small, this means that we can
uniformly bound the Lagrangian angle of the graph ~,, and so the Lagrangian angle

of L®.

On the initial condition, since A = Jz, we have that df;, = \|; = (Jz)T. Therefore, 87

is bounded quadratically, and so is the primitive for the Liouville form of L*\ B,1/4(0).
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On the self-expander, applying the maximum principle to the evolution equation for 6}
[5, Lem 3.1(i)], we have (s (the primitive of A|x,) is bounded by fp, and so |5%(z)| <
1Bp(z)] < Clx|? for |x| < s/%. So it remains to check this still holds where we
interpolate. We perform a calculation similar to that in the proof of [5, Lem 3.1(ii)].

We have that, for L{ the manifold described by the graph of the one-form tdw;,

L = d(JVw, o\

d
E)\’Li =: ‘CJVUJS)‘ Lf) + vas—‘d)\|Lf

Since d\ = w and JVw,w = dw, and possibly adding constant to ; dependent on s

and ¢, we have that
dp;
dt

= —2w; + (x, Vwy)

L$s

where df3; is equal to the restriction of the Liouville form X to graph of tv,. Integrating,
we find that

1
BS — /BP — 2’{1}8 +/ (I,sz> L3 dt,
0

where [p is the primitive for A on P. Now, w, is bounded independently of s by
D(1 + |z|?), using (2.3.1) and (2.3.2)), as is (z, Vw,), using Cauchy-Schwarz and the
estimates (2.3.1)) and (2.3.2]) so we find that 5° is bounded independently of s on the

annulus A(s'/4,2s'/4). Therefore, we have that

6°(2)] + 18° ()| < De(lz* +1).

and so (H2) is satisfied.

To show that (H3) is satisfied, recall that we define L*® as L° N B, /;(0) = X, N
B,,35(0), L\ B4(0) = L\ B4(0) and we interpolate smoothly between the two, which
exactly happens when s%/* < |z| < 2s'/%. Therefore when we rescale by 1/v/2s, we

have that L* N B,,(0) = X. So it remains to check convergence outside this ball.

On the annulus rp < |z| < 4/ V2s, L* is identified with the graph of the following

one-form

Fu(w) = d | (s al)o(x) + (1 - s0(31/4|$|))lb(2—\/i_sx)



2.3. SINGULARITIES OF LMCF 39
From this expression, noticing that

3/2,.3
u(v/2sz) §C<2S) x N
2s 2s
we see that as s — 0, 75 — dv = 1, the one-form whose graph is identified with 3.
This says that, outside B,,(0), L* — ¥ as s — 0 smoothly. Therefore we actually

. 1
have stronger than the required C,); convergence.

Finally, we check that the second fundamental form of L® is uniformly bounded in
s. We have that the second fundamental form of ¥ must be bounded, and if A
is the second fundamental form of L, rescaling L by 1/4/2s means that the second
fundamental form scales by v/2s. Since v/2s < 1, we can uniformly bound both second
fundamental forms so that L*, which is a combination of both ¥ and 1 /\/2sL, has

second fundamental form uniformly bounded in s.

To see (H4), first notice that since we can write L* N A(rov/2s,4) as a graph over
P N A(rgv/2s,4), we have that L*® has the same number of connected components as
P in the annulus A(rgv/2s,4).

We now must estimate 7,. Firstly, note that we have
V*(u(/V29))] < [(25)7(VF0)(2/V25)| < C(25)7H2e7 1/, (2.3.4)

where we have used ([2.3.2)).

We will need different estimates on 2sV2v(z/v/2s) and 2sV3v(z/+/2s), which we find
as follows.
C\/% Ed o blel?/2s
|z /25
V2s —blz[2/2s Ed —blz|2/2s - V/2s —blz[2/2s
C——e=t —e€ < (O-—c¢ ,
kd V2s ]
where b = b/2 and C = Ce '/2/v/b, since the function y — ye "/ is bounded
independently of y (by e=/2/4/b) on R, and so C'is independent of s.

125V20(z/V/2s)| < Ce ol /2 =

(2.3.5)
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A similar calculation, this time noticing the uniform boundedness of the function

y — ye /2 for y > 0 we can show that

v —b|:c| /28
|z !

where we make C' (which remains independent of s) larger if necessary and b smaller

125V30(2/v/2s)| < C~— (2.3.6)

(which does not affect the previous estimates).

We have, using the definition in ,
sl = V| = [ (574 al)25% 02/ v/28) + (574 |2])25V [v(w/v/25)]
sV (s 2 ul@) + (1 — (s~ a])) Va(e)],
and, using that s3/* = \/ss'/* < /s since s < 1, and imply that
|75| < \/2_Sce—b|w\2/25+\/2_SC€—b|w\2/2s+C|x|3—1 +C|x|2
<C [\/%e—‘"x""/?s + |x|2] , (2.3.7)
where we have made C' larger.

Now consider
Vsl = [VPws| = " (s a])25" oz /V25) 4+ ¢ (s a|)4s* "V v(2/v/25)]
+ (s )25V [o(x/V/28)] — 572" (574 ] Ju(x)
— 2574 (57 &) Vu(e) + (1 = (s a]) VPu(x)]

Using that on the support of go’ and " we have (s < 1) /s < s'/* < /2v/2s/|z|, and

applying the estimates and -

Vrl=e (g \g g) RS a7 [oP o L
(V25
=¢ \y/_\ P e (2.3.8)

Finally, performing a similar computation to those above and combining ([2.3.4)), (2.3.5))
and ([2.3.6) we find that

v 2s —b|a:| /2s +1

TP

V2| < C (2.3.9)
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Combining (2.3.7)), (2.3.8) and (2.3.9), we have that
|’78| _'_ ‘x|’V75’ + ’x‘2’V278| S D3 (|x’2 + ’/28€7b|x|2/25) ,

where Dj is a constant independent of s. Therefore (H4) is satisfied. O

2.3.2 Overview of the proof of Theorem [2.3.1

Having proved the existence of the approximating family (L*)p<s<. in Proposition
2.3.2, we will now give an overview of the main ideas needed to complete the proof
of Theorem [2.3.1] The following theorem, a rescaled version of [5, Thm 5.1], gives
uniform control over a modified version of the Gaussian density ratios. From this
result, the proof of Theorem essentially follows from the local regularity theorem
Theorem 2.3.3. Let (L®)o<s<. be the family of compact Lagrangians satisfying (H1)—
(H4) constructed in Proposition [2.3.4  Denote by (L{)o<i<t, the smooth solution to
Lagrangian mean curvature flow with initial condition L®. Let ¢g > 0. Then there

exist So, 09 and T depending on Dy, Dy, D3, ¥ and o so that if
t < 8,2 <71 ands < s,

then
65 (wo,7) < 1+ e, (2.3.10)

or all zo with |zo| < (2(s+t))"Y2. Here
J

1

—|z—x0|? /472 m
—(47rr2)m/26 dH™ (),

&3 (20, 7) = / Doy (@ —1%) dH™ () = /

s s
t t

are the Gaussian density ratios for the rescaled manifolds
L

V2(s+ 1)

The properties (H1)—-(H4) of the family L® allow us to obtain estimates of the form

L =

(2.3.10) everywhere. The most interesting part of the proof is showing that these
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estimates hold uniformly for s < sy and ¢ < dy and z( in some compact set K. We will
sketch this part of the proof. We first require the following stability result [5, Thm
4.2].

Theorem 2.3.4. Fix R,r,7 > 0, a,eg < 1, and C, M < oo. Let ¥ be the unique
smooth zero-Maslov Lagrangian self-expander asymptotic to Py + Py given by The-
orem M Then for all € > 0 there exists R > R,n,v > 0 each dependent on
€o, 6,7, R, 7,a, C; M and P, + P, such that if L is a smooth Lagrangian submanifold

which is zero-Maslov in B;(0) and

(i) |A] <M on LN Bj(0),

(ii) [, paoy(y, —r?)dH™ < 1+ € for allz and 0 <r < T,
() [rnp, o H = P dH™ <,

(iv) The connected components of LN A(r, R) are in one to one correspondence with

the connected components of (P, + Py) N A(r, R) and

2
dist(x, P) < v+ Cexp (—%) :

for allz € LN A(r, R);
then L is e-close to ¥ in C*(Bx(0)) in the sense of Definition .

This theorem is proved by contradiction. If Theorem does not hold then we can
negate it to construct a sequence of Lagrangians (L?), none of which are e-close to
¥, satisfying properties which force a subsequence of (L?) to converge to a smooth
self-expander L* asymptotic to P, + P». By the uniqueness theorem [2.2.4] we must

have that L* = 3, which is a contradiction.

The second result that we require is the following monotonicity result, see [5, Lem 5.7]
for this result in full generality.

Lemma 2.3.5. Let a > 1,7 > 0 and R > 0. Then there exists 6 > 0 such that if
s <T <6, then

1 /aT/ . Lo
- H— o 2anm™dt <.
(a—=1)T Jr LsNBR(0) | |
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Lemma follows roughly from the evolution equations for the Lagrangian angle

and primitive for the Liouville form [5, Lem 3.1] and the monotonicity formula [2.2.1

Sketch proof of Theorem[2.3.3 Let 7 > 0 be a carefully chosen real number and let
K be a compact set. Since each L° is a compact Lagrangian, standard short time

existence for Lagrangian mean curvature flow tells us that
Ty :=sup{T | ©i(x,7) <1+ e Vr’ <7t <T 29 € K} >0,

for each s > 0.

Fix € > 0, and let R, v and 7 be as in Theorem Choose a > 1. An application
of Lemma with a, R and n yields a 6 > 0. It is claimed that T, > ¢ for all s > 0.

Suppose not, that is, T, < 9 for some s; > 0. Let T'= Ty, /a. Then we may deduce
from Lemma that there exists t; € (T, /a, Ts,) with

/ |H — 22 dH™ < 1.
ifllﬂBR(O)

So Li' satisfies condition (iii) of Theorem . Further, by definition of T,,, L}
must satisfy hypothesis (ii) of Theorem With some extra work because of the
rescaling, we may deduce that f}fll satisfies hypothesis (i) of Theorem from the
local regularity theorem m Finally, from condition (H4) and a little work it can
be deduced that L' satisfies hypothesis (iv) of Theorem m

So Theorem tells us that f)fo is close in C*(B3(0)) to the self-expander 3.
However, this gives us control over the Gaussian density ratios for a time interval

exceeding T, (see [5, Lem 8.2]), a contradiction. O

2.3.3 Concluding remarks

While Theorem brings us a step closer to a method for extending Lagrangian

mean curvature flow beyond a finite time singularity, there are still several issues that
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need to be overcome before this result can be made more general. For instance, while
Theorem [2.3.1] establishes existence for Lagrangian mean curvature flow, it remains to

see whether this solution is unique.

Moreover, the method used to prove Theorem [2.3.1| may be somewhat restrictive. Say
that we wanted to prove short-time existence for Lagrangian mean curvature flow start-
ing from any compact conically singular zero-Maslov Lagrangian, i.e., a Lagrangian
with a singular point asymptotic to a cone C. In order to establish short-time exis-
tence for Lagrangian mean curvature flow starting from such a Lagrangian using the
method described in this chapter, one requires the existence of a unique self-expander
asymptotic to C'. This may be a lot to ask, and so it could be beneficial to seek an

alternative method to prove Theorem that is more robust.



Chapter 3

Deformation theory of compact

Cayley submanifolds

In this chapter, we consider Cayley deformations of compact Cayley submanifolds. We
will pay special attention to the case where the ambient manifold is a four-dimensional
Calabi-Yau manifold and the Cayley submanifold is a two-dimensional complex sub-

manifold.

3.1 Introduction

Consider a complex surface N inside a Calabi—Yau four-fold M. As we have seen, N is
not only a complex submanifold of M, but also a Cayley submanifold of M. A natural
question to ask is whether we can deform N as a Cayley submanifold into a Cayley
submanifold N’ of M that is not a complex submanifold of M. We can actually see
from the work of Harvey and Lawson [I5] that this is not possible when N is compact.
Recall the result of Harvey and Lawson quoted in Proposition Let N be as
above and let N’ be a Cayley deformation of N. Then N’ is certainly homologous to

N, and since calibrated submanifolds are volume minimising in their homology class,

45



46 CHAPTER 3. COMPACT DEFORMATIONS

/VOIN:/ voly.
N !

But then Proposition tells us that N’ must also be a complex submanifold.

we must have that

The ultimate aim of this chapter is to recover this result directly and to understand

geometrically why this is the case.

We begin this chapter with a literature review of some important works relevant to this
problem. In particular, we will state Kodaira’s theorem on the deformation the-
ory of compact complex submanifolds and McLean’s theorem [3.1.3[on the deformation

theory of compact Cayley submanifolds.

In Section we give a proof of Theorem [3.2.6] stated below, on Cayley deformations
of a compact Cayley submanifold inside a Spin(7)-manifold.

Theorem. Let (X, g, ®) be a Spin(7)-manifold and let Y be a compact Cayley sub-
manifold of X. Let D denote the first order elliptic operator defined in . Then
there exist a smooth manifold K, which is an open neighbourhood of 0 in Ker D, and
a smooth map gs : Ky — Ker D* with g2(0) = 0 so that an open neighbourhood of Y
in the moduli space of Cayley deformations of Y in X is homeomorphic to an open

neighbourhood of 0 in Ker g,.

Moreover, the expected dimension of the moduli space of Cayley deformations of Y in

X is given by

ind D := dim Ker D — dim Ker D*,
where
D*: C*(FE) — C*(vx(Y)),

is the formal adjoint of D. If Ker D* = {0} then the moduli space of Cayley deforma-

tions of Y in X is a smooth manifold near'Y of dimension

dim Ker D.
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This theorem is proved by following a method developed by McLean [43] for studying

the deformations theory of compact calibrated submanifolds.

In Section we will consider Cayley deformations of a compact complex surface N
in a Calabi—Yau four-fold M. We may apply the results of Section to N, however
since N is a complex surface we can exploit its complex structure to identify ‘small’
Cayley deformations of N with the kernel of a geometrically (and holomorphically)
natural first order elliptic operator. Once we have made this identification, it will not
be difficult to deduce the next main result of the chapter, Theorem |3.3.4!

Theorem. Let N be a two-dimensional compact complex submanifold of a Calabi—
Yau four-fold M. Then the expected (real) dimension of the moduli space of Cayley

deformations of N in M is equal to the (complez) index of the operator
D+ 0" : C®( ) (N) ® A"’°N @ 1,7 (N)) = C(A*’N @ v, (N)).
Moreover, if the kernel of
D40 : C°(A"'N @ 1P (N)) = C®()(N) & A2N @ v, (N)),

is {0} then the moduli space of Cayley deformations of N in M is a smooth manifold

near N of dimension

dim Ker 0 + 0" : C* (1, (N) ® AN @ v, (N)) = C®(A*'N @ v, (N)).

This will allow us to deduce an expression for the expected dimension of this moduli

space in terms of topological invariants on N in Theorem |3.3.5|

In Section we will compare complex and Cayley deformations of N by applying a
McLean-style argument to characterise the complex deformations of N in M. Recall
that in Proposition we defined a differential form 7 on a Spin(7)-manifold that
vanishes if, and only if restricted to a Cayley submanifold. Section will be
dedicated to finding a differential form, o, say, on a Calabi—Yau manifold that vanishes
if, and only if, it is restricted to a two-dimensional complex submanifold of that Calabi—

Yau. This will allow us to identify complex deformations of a compact complex surface
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in a Calabi—Yau manifold with the kernel of a nonlinear operator. In Section [3.4.2
we will study the properties of this operator. The section will culminate in the proof
of Theorem B.4.7

Theorem. Let N be a compact complex surface inside a four-dimensional Calabi—
Yau manifold M. Then the moduli space of Cayley deformations of N in M near N
15 1somorphic to the moduli space of complex deformations of N in M, which near N

s a smooth manifold of dimension
dimcKer 0 + dimcKer 0* = 2dimcKer 0,
where

0: C=();' (N)) = C=(A™N @ vy (N)),
0" : C*(A"*N @ 1) (N)) = C(A"'N @ v, (N)).

Finally, in Section we will compute the index of the operator 9 4+ 0* for a family

of examples.

3.1.1 Literature review

The problem that we study in the subsequent chapters of thesis, in various forms,
can be broadly stated as follows. Let M be a four-dimensional Calabi—Yau manifold
with two-dimensional complex submanifold N. As we noted in Section [I.2.5] N is
also a Cayley submanifold of M. We can deform N as a real submanifold of M to
some other submanifold N’. We would like to know when N’ is still complex, and
whether N’ can still be Cayley but no longer complex. In this section, we will discuss
two works that are related to this problem. The first, in Section [3.1.1], is Kodaira’s
theory of the deformation of compact complex submanifolds. The second, in Section
is McLean’s study of the deformation of compact Cayley submanifolds inside a
Spin(7)-manifold.
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Kodaira’s deformation theory of complex submanifolds

The deformation theory of the canonical example of a calibrated submanifold, complex
submanifolds, was studied using techniques from algebraic geometry by Kodaira [31].
We will later be deforming complex submanifolds of a Calabi—Yau manifold, although
our approach will be very different. It will be interesting to compare the results of

these different approaches, and so we will quote Kodaira’s theorem here.

Write H*(N, VJI\QO(N )) for the kth sheaf cohomology group of the sheaf of holomorphic
sections of the holomorphic normal bundle of a complex submanifold N of a complex
manifold M. Define the moduli space of complex deformations of N in M to be the
set of complex submanifolds N’ of M so that there exists a diffeomorphism N — N’
isotopic to the identity.

Theorem 3.1.1 (Kodaira [31, Main Thm|). Let M be a complex manifold with com-
pact complex submanifold N. If H'(N, 1/]1\&0(]\/)) =0, then the moduli space of complex
deformations of N is isomorphic to H'(N,v,7(N)).

Remark. In the context of Theorem we call HO(N, v, (N)) the infinitesimal

complex deformations of N, and H'(N,v,;(N)) the obstruction space.

Dolbeault’s theorem [14, pg 45] allows us to identify the infinitesimal complex defor-
mations of a compact complex submanifold N in M with the Dolbeault cohomology
group Hg’O(N, ;7 (N)) and the obstruction space with Hg’l(N, v, (N)). Since N is
compact we may deduce from the Hodge decomposition theorem [I7, Thm 4.1.13] the
following corollary to Kodaira’s theorem.

Corollary 3.1.2. Let M be a complex manifold with compact complex submanifold
N. Then the space of infinitesimal complex deformations of N is isomorphic to the

kernel of the operator

d: C®()(N)) = C(A"' N @ v, (N)).
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McLean’s deformation theory of compact Cayley submanifolds

In the mid-nineties, McLean [43] proved analogous results to Kodaira’s theorem [3.1.1]
for the compact calibrated submanifolds that arise naturally in G5- and Spin(7)-
manifolds, including compact Cayley submanifolds of a Spin(7)-manifold. We quote
his main result about compact Cayley submanifolds of Spin(7)-manifolds here.

Theorem 3.1.3 ([43, Thm 6-3]). LetY be a compact Cayley submanifold of a Spin(7)-
manifold X and suppose that Y admits a spin structure. There exists a rank two
complex vector bundle A overY so that moduli space of Cayley deformations of Y in

X is isomorphic to the kernel of the twisted Dirac operator
D:C®S, ®A) = C®(S_® A), (3.1.1)

as long as the kernel of the formal adjoint to (3.1.1)) vanishes.

The method developed by McLean to prove this result is one that we will utilise

extensively in this chapter.

3.2 Deformation theory of compact Cayley sub-

manifolds inside Spin(7)-manifolds

To prove McLean’s result Theorem [3.1.3] one identifies deformations of a compact

Cayley submanifold with the zero set of a nonlinear partial differential operator
F:C®S ®A) = C®S_®A),

which has linear part
D:C®S,y®A) — C®(S_® A),

the twisted Dirac operator. In this section, following McLean’s approach for proving
Theorem [3.1.3] we will prove a more general version of McLean’s result, Theorem

3.2.0, Theorem is more general in the sense that it is not assumed that the



3.2. DEFORMATIONS OF COMPACT CAYLEY SUBMANIFOLDS o1

compact Cayley submanifold being deformed has a spin structure, and moreover gives
an expression for the expected dimension of the moduli space of Cayley deformations
of a compact Cayley submanifold Y inside a Spin(7)-manifold X, defined formally
in Definition below, in terms of the index of a first order elliptic differential
operator. In Proposition [3.2.3, we prove a result that we can consider isomorphic to
Theorem [3.1.3|in the following sense. We will identify Cayley deformations of Y with

the kernel of a nonlinear partial differential operator
F:C®vx(Y)®C) - C*(FE®C),

taking complexified normal vector fields to complexified sections of some rank four

vector bundle E, which has linear part described by the elliptic operator
D:C*¥uvx(Y)®C) — C*(E®C).

If Y admits a spin structure, then we have that

C®(vx(Y)®C) —2— C>(E @ C)

| |

0=(S, ® A) — L 0=(S_ ® A)

commutes, with a similar commutative diagram for D and ID.

The proof of Theorem has been split into three main steps. Firstly, in Section
[3.2.T)we describe how to identify deformations of Y with normal vector fields on Y. The
main result of this section will be Proposition [3.2.2] identifying Cayley deformations
of Y with the kernel of a nonlinear partial differential operator F'. In Section [3.2.2
we will study the operator F. In particular, we compute the linear part of F' in
Proposition [3.2.3] Finally, in Section the proof of Theorem |3.2.6| is completed
by applying the Banach space implicit function theorem to F'. This step relies on the

observation that an elliptic operator on a compact manifold is Fredholm.
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3.2.1 Deformations as normal vector fields

Let X be a manifold with a submanifold Y. We say that Y’ is a deformation of Y in
X if there exists a smooth family of embeddings ¢, : Y — X such that ¢(o(Y) =Y and
u(lY)=Y".

Definition 3.2.1. Let (X, g, ®) be a Spin(7)-manifold, and let Y be a Cayley sub-
manifold of X. Define the moduli space of Cayley deformations of Y, Mcay(Y'), to be
the set of deformations Y’ of Y that are Cayley submanifolds of (X, g, ®).

The aim of this section is to study properties of M.y (Y) when Y is compact. To do
this, we will identify nearby deformations of Y with small normal vector fields on Y.
For this we require the tubular neighbourhood theorem. A proof of this result can be
found in [33, IV, Thm 5.1].

Theorem 3.2.1 (Tubular neighbourhood theorem). Let X be a Riemannian man-
ifold and Y be a closed embedded submanifold of X. Then there exists an open set
V C vx(Y) containing the zero section and an open set Y C T C X such that the

exponential map

exply : V =T,

is a diffeomorphism.

Remark. Given a normal vector field v on Y taking values in V', we define Y, :=
exp,(Y) € T C X. Then Y, is a deformation of Y. We will denote by exp, the
diffeomorphism Y — Y,. Conversely, given another submanifold Y’ of X so that

Y" C T, we can use the inverse of exp |y to define a normal vector field on Y.

Recall the alternative characterisation of Cayley submanifold given by Proposition

1.2.9. A submanifold Y’ of a Spin(7)-manifold is Cayley if, and only if,
T |yl = 0,

where 7 is the A%-valued four-form defined in Proposition [1.2.9, We will use this

characterisation to construct a partial differential operator acting on normal vector
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fields on a compact Cayley submanifold Y whose kernel will be precisely the normal
vector fields on Y that yield Cayley deformations of Y.

Proposition 3.2.2. Let (X, g,®) be a Spin(7)-manifold with compact Cayley sub-
manifold Y. Use the notation of the tubular neighbourhood theorem|3.2.1. The moduli
space of Cayley deformations of Y in X is isomorphic near Y to the kernel of the

following partial differential operator
F:C®V)—= C™®FE),
v = m(xy expi(Tly,)), (3.2.1)
where T is defined in Proposition[1.2.9 and
Ay =AY 8 E, (3.2.2)

with 7 : A2|ly — E the projection map.

Proof. First note that we take smooth normal vector fields on Y to ensure that the
deformation corresponding to v, Y,, is a smooth manifold. Then Y, is Cayley if,
and only if, 7|y, = 0. Since exp, is a diffcomorphism, 7|y, = 0 if, and only if,
expi(7ly,) = 0, if, and only if %y exp? 7|y, = 0. Finally, since 7, v and exp, are smooth,
we see that xy exp’ 7|y, € C®(A%]y). It remains to show that m(xy exp’7ly,) = 0

implies that *y exp} 7|y, = 0. For this we will employ a local argument.

Choose y € Y. Then T, X |y = T,Y ®v,(Y). Choose an orthonormal basis {eq, ..., es}
for T, X |y so that

T,Y = span{ey, €3, €3, €4}

Let Y’ be a small deformation of Y, and denote by f the diffeomorphism ¥ — Y.
Then T, X is naturally isometric to T, X. Denote an orthonormal basis of T, X by

{€),...,eL} where e; maps to €; under this isometry. We have that
Tf(y)yl = Span{vla V9, U3, /04}7

where, without loss of generality since Y’ is a small deformation of Y we may take

8

1 i/

vj=¢;+ g As€;
i=5
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To prove the proposition we will suppose that

and show that

7T<Tf(y) (vla V2, U3, U4)) — 07

Tf(y) (U17 V2, Vs, U4) =

0.

Equation ({3.2.3) gives us the following four equations

MAN XM= g AN -

P q° T
6,7,8

— Z Epar AL —

5,6,8

A=A = A XD AN —

P q° T
5,7,8

= A

5,6,7

AAN =X =M= G AN -

p°q° T
5,6,8

+ Z Epar AN

6,7,8

A= A2 AE = XD e AN —

P q° T
5,6,7

+ Z Epgr NN —

5,7,8

D e A

5,7,8

Z Epar AN

5,6,7

D e AL

6,7,8

) A AN

5,6,8

D e AN

5,6,7

+ Z Epar AAZN?

5,7,8

D e AN

5,6,8

D e MAIAE =

6,7,8

(3.2.3)

(3.2.4)

(3.2.5)

where €, is skew-symmetric in p,q,r and €,, = 1 when p < ¢ < r. Notice that

if )\é» is a linear term, then there will be cubic terms of the form j:,\é,\gl,\f’ where

{l,m,n} €{1,2,3,4}\{i} and {p,q,r} € {5,6,7,8}\{j}.

Using your favourite equation solving software, we can solve for A}, A\, AL and A,

which gives us four very complicated expressions which we will not give here. To show
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that Equation (3.2.4) is satisfied, it remains to show that

D G EAM ) (AN =X =0,

{i’j}:{597}7{678} {i7j}:{677}7{578}
T e = YT (AN M) =0,
{ivj}:{576}7{778} {ivj}:{578}7{677}
S G =N = > (AN M) =0,
{ivj}:{5v6}v{778} {ivj}:{5v7}v{678}
where €;; = —€j; and €75 = €63 = €56 = €67 = €78 = €53 = 1. Substituting in the values

of A}, A\, AL and A} we found when we solved Equations (3.2.5)), these three equations
vanish. Therefore, 77, (v1,v2,v3,v4) = 0 if, and only if, 7 o 75, (v1, v2, v3,v4) = 0.
Since y € Y and Y’ were arbitrary, it follows that the kernel of 7 (xy expZ(7ly,)) and

*y expi(T|y,) are the same. O

Remark. Harvey and Lawson proved that the kernel of sy exp}(7|y,) is the same
as the kernel of 7(xy exp’(7|y,)) [15, IV.2.C Thm 2.20] in a significantly more clever
way. For an arbitrary linear subspace of the octonions Q written as H @ f(H) where
f:H — H is a linear map between the quaternions, they showed that H & f(H) is
Cayley four plane of O if, and only if, H & g(H) is, where g : H — H takes a simpler
form. Applying a similar analysis to that in Proposition phrased in terms of
cross products on the octonions, they were left with much simpler looking equations
than , which they could solve explicitly by hand. However, their proof was
only valid when detf # 1, a condition that the ‘brute force’ approach used above has

removed.

3.2.2 Properties of the partial differential operator I

Proposition tells us that to study the moduli space of Cayley deformations of
Y in the Spin(7)-manifold X we must study the kernel of the operator F' (3.2.1]).
Linearising the operator F’ will tell us which normal vector fields on Y are Cayley

deformations to first order. We can think of this as the Zariski tangent space to

Meay(Y) at V.
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Proposition 3.2.3. Let (X,g,P) be a Spin(7)-manifold and let Y be a compact
Cayley submanifold of X. Let {e1,es,e3,e4} be a frame for TY with dual coframe
{e!,e?,e®,et}. Denote by F the operator (3.2.1)). Then the linearisation of F at zero

1 giwen by the elliptic operator
D:C*®wx(Y)) — C*(F),

v > mr(e’ A (Vi) (3.2.6)

i=1

where E is the rank four vector subbundle of A2|y in Equation (3.2.2), V* : TY ®
vx(Y) — vx(Y) denotes the connection on vx(Y) induced by the Levi-Civita con-

nection of X and m; denotes the projection of two-forms onto A2 as in Proposition
.23
Remark. We call the vector fields in the kernel of D infinitesimal Cayley deformations

of Y in X.

Proof. First note that the operator (3.2.6) is elliptic: its symbol is given by the map

T*Y @ vx(Y) = E,

ER@v > mr(E AV,

which for each nonzero ¢ surjects, and therefore the operator D is elliptic. (Note here
that we can explicitly define E in the given frame for Y as the span of 7;(e! A e7) for

j=5,...,8)

To see that ([3.2.6)) is the linearisation of the operator F' in Equation (3.2.1]), we make

an explicit computation. By definition, we have that
d
dF|o(v) = %F(tv)hzo =*L,T|y,
by definition of the Lie derivative. We have that

*‘C’UT|Y = (ﬁvT)('fl, 62763764)7
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where {ej, es, €3, €4} is an orthonormal frame for TY with voly (eq, e, e3,e4) = 1, and
so we may apply a formula linking the Lie derivative to the Levi-Civita connection

such as [20, Eqn (4.3.26)] to find that

(cUT)(el) €2, €3, 64) = (VUT)(GI) €2, €3, 64) + T<velvv €2, €3, 64)
+ 7-(617 Ve2'U, €3, 64) + 7-(617 €2, v63'U7 64) + 7(61, €2, €3, V64U),
= (Vy7)(e1, €2, e3,e4) + T(Ve, v, €2, €3, 4)

- T(Vezva €1, €3, 64) + T(V€3U, €1, €2, 64) - T(v84va €1, €2, 63),

since 7 is a differential form. We can write the Levi-Civita connection on T'X|y as
V = VT + V+, where V7 is the projection of V onto 7*Y ® TY and V* is the
projection of V onto T*Y ® vx(Y'). Then

T(ng, e;,ex, er) =0,
for all {i,7,k,1} = {1,2,3,4} (since Y is Cayley), and therefore we have that

(L,7)(e1, €2, €3,e4) = (VoT)(e1, €2, €3,€4) + T(V 0, €2, €3, €4)

- T(Vesza €1, €3, 64) + T(Vei»va €1, €2, 64) - T(Vilv, €1, €2, 63)'

Recalling the triple cross product s defined in Lemma [1.2.4) we can calculate that,

since voly = e! Ae2 Ae? Ael,

k(e e, e3) = —ey, K(e1, e, e4) = €3,

R(61763764) = —¢€g, ’{(6276&64) = é1.

Therefore by definition of 7 (see Proposition [1.2.9)) we have that

(L,7)(e1,e2,e3,e4) = (Vo) (e1, €2, €3, €4) + mr (et A (lev)b) + (2 A (V;v)b)

+ (e A (VEV)) + mr(e* A (VED)). (3.2.7)
It remains to deal with the term

(V’UT> (617 €2, €3, 64)-
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We saw in ((1.2.14]) that we can write, extending {ej, ..., e4} to an orthonormal frame
{e1,...,es} for TM|y

T=7 Z (e A (e;a®) — e A(eju®)) @mr(e’ Ae).
We calculate that

Vo(e? A(eia®) @ (e Ae?)) = (Ve ) A (6,0P) @ m7(e A ed)
+ el AVy(eia®) @ mr(el Ael)

+ el A (e;a®) @ Vy(mr(e' Ae?)). (3.2.8)

The terms in V,7 of the form
(e A (e;a®) — €' A(eja®)) @ Vy(mr(e’ Ae)),

will clearly vanish when evaluated at eq,eq, €3, €4 since this is a frame for a Cayley

submanifold.

Using a formula for the Levi-Civita connection of a differential form such as [20, Eqn
(4.3.23)] we see that
Vv(ei_l (I)) = (Vvei)_l d + € VW(I)

Since the Spin(7)-structure is torsion free, V,® = 0, and so by Equation ([3.2.8)) we

are left with terms in V,7 of the form
(Vo) A (e;a®) + el A (Vye)2®) @ mr(e' Aed).
That is,

1 ; j
Vir=7 > (Vi) Al ®) + A (Vie)a®

i<je{l,...,8}

— (Voe') A(eja®@) — €' A (Vye;) o @] @ (e’ Ae).
But we can gather V,7 into a sum of terms of the form

((Voe!) A (60 ®) — €' A (Vye;)a®) @ mr(e’ A é),



3.2. DEFORMATIONS OF COMPACT CAYLEY SUBMANIFOLDS 29

which vanish when evaluated on the Cayley frame ey, es, €3, e4 since (Vuej)b = V,el =
vre®, for some k € {1,...,8} and functions vj. Therefore V,7 = 0 and so the propo-

sition follows from Equation ([3.2.7)). O]

3.2.3 The moduli space of Cayley deformations

In order to prove Theorem [3.2.6| on the expected dimension of the moduli space of
Cayley deformations of a compact Cayley submanifold we must first prove that we can
extend the operator to a smooth map of Banach spaces. The argument we use
to prove Lemma is reasonably standard, and is based on the arguments in [24]
Prop 2.10] and [37, Prop 6.9]. The proof is presented here in the hope that a similar,
but more complicated, result in Chapter [5| for conically singular Cayley submanifolds
will be easier to follow.

Lemma 3.2.4. Let (X, g,®) be a Spin(7)-manifold and let Y be a compact Cayley
submanifold of X . Let F' be the partial differential operator defined in Equation (3.2.1]).

Then we can extend F to a smooth map of Banach spaces
F: Ly (V)= Li(E), (3.2.9)
for any 1 < p < oo and k € N satisfying k > 1+ 4/p. Moreover, the normal vector

fields in the kernel of (3.2.9)) are smooth.

Proof. At each point y of Y we have that F(v)(y) relates to the tangent space of the

deformation Y, := exp,(Y") and therefore depends on v and Vv. We may write
F(v)(xz) = Dv(z) + Q(z,v(x), Vu(x)), (3.2.10)

where D is the linearisation of F' defined in Proposition|3.2.3| and use Equation (3.2.10)
to define @) to be a map

{(z,y,2) | (z,y) eV,2 € T;Y @u,(Y)} = E,

so that Q(v)(z) := Q(z,v(x), Vu(x)) is a section of E. By definition of F', @) is smooth
in z,y and z. Since we can think of @ as a map v,(Y) @ T}Y @ v,(Y) — E,, we can
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make sense of a Taylor expansion of Q(z,y, z) around (z,0,0). Since by definition @

has no linear part at zero we deduce that

Q2 y, )| < Calyl + |21)%,

for each x € Y. Since Y is compact, we may deduce that

1Q@)(@)llco < Cllvllén,

where C' is independent of x. From this we see that

( /Y Q)@ Voly) T ( /Y A VOly) "

1/p
< Cllolen ([ (ol + 1901y voly )
Y

1/p
< Clvl|en (/ [v[P voly +/ |Vul? Voly) :
Y Y

by Minkowski’s inequality. So we see that Q maps L} (vx(Y))NCH(vx(Y)) — LP(E).
We can take the derivative of the Taylor expansion of (), and apply the chain rule
to estimate |V@Q| by a polynomial in |v|,|Vo| and |[V2v|. A similar argument to the

k = 0 case given above shows that for each k € N there exists C}, > 0 so that

1Q()llp < Cillvller l[0llpna- (3.2.11)

In particular, when k > 4/p, L, (vx(Y")) is continuously embedded in C'(vx(Y)) by
[4, Thm 2.10], and so for k > 4/p there exist Cj, > 0 so that

Q) Ik < Cilloll3 - (3.2.12)
Since D is linear, we see that F takes Lj ,(vx(Y)) into L (E).

Now we must show that (3.2.9)) is a smooth map of Banach spaces. Firstly, since
v — Do,
is linear, it is clearly smooth as a map

Ly (V) = Li(E).
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To see that
v = (z— Q(z,v(z), Vu(x))),

is a smooth map

Ly (V) = Li(E),

we proceed as follows. To see that F' is once differentiable at zero in this sense, notice

that
[F(v) = F(0) = Dollpx _ |Q(V)]lpx

V]l k41  vllpas

— 0,

as ||v||pk+1 — 0 by the estimate (3.2.12)). Repeating this argument for the derivatives

of @), we can show that we can differentiate () as many times as we like. We deduce

that (3.2.9) is a smooth map of Banach spaces.

Finally, regularity of the kernel of (3.2.9)) follows from a nonlinear elliptic regularity
result, such as [4, Thm 3.56], which we may apply since k > 1+ 4/p (which allows us

to embed L} (V) in C*(V) by Sobolev embedding [4, Thm 2.10]). O

We will now deduce the main result of this section. For the reader’s convenience, we
will present the Banach space implicit function theorem here in the form that we will
need it. See, for example, [32, Ch 6 Thm 2.1] for a proof.

Theorem 3.2.5 (Implicit function theorem). Let X and Y be Banach spaces and let
U C X be an open neighbourhood of zero. Let F : U —Y be a C*-map, with k > 1,
such that F(0) = 0. Suppose further that dF|y : X — Y is surjective, with kernel K
such that X = K @& X' for some closed subspace X' of X.

Then there exist open sets Ky C K, X} C X' both containing zero and a C*-map
g : Ko — X such that g(0) =0 and

FH0) N (Ko x Xg) = {(2,9(x)) |z € Ko}

Theorem 3.2.6. Let (X, g, ®) be a Spin(7)-manifold and let Y be a compact Cayley
submanifold of X. Let D denote the first order elliptic operator defined in (3.2.6)).

Then there exist a smooth manifold K, which is an open neighbourhood of 0 in Ker D,
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and a smooth map gs : Ko — Ker D* with g(0) = 0 so that an open neighbourhood of
Y in the moduli space of Cayley deformations of Y in X is homeomorphic to an open

netghbourhood of 0 in Ker gs.

Moreover, the expected dimension of the moduli space of Cayley deformations of Y in
X 15 giwen by
ind D := dim Ker D — dim Ker D*,

where
D* : C*(FE) — C*(vx(Y)),

is the formal adjoint of D. If Ker D* = {0} then the moduli space of Cayley deforma-

tions of Y in X is a smooth manifold near Y of dimension

dim Ker D.

Proof. By Proposition |3.2.2] we know that the moduli space of Cayley deformations of

Y in X is isomorphic near Y to the kernel of

F:0®(V) = C®(E),

v.));

v = (ky expl(T

where V' C vx(Y) is the subset given in the tubular neighbourhood theorem [3.2.1]
Y, := exp,(Y) 7 : A2]y — F is the projection map of the splitting given in ({3.2.2))
and 7 € C=(A* ® A2) is the four-form defined in Proposition [1.2.9] By Lemma [3.2.4]

without changing the kernel, F' extends to a smooth map
Ly (V) = Ly(E),

for any 1 < p < oo and k € N and the linearisation of F' at zero is the elliptic operator

D defined in Equation (3.2.6)), which extends by density to a smooth map

D: L2, (vx(Y)) — L2(E). (3.2.13)
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Since Y is compact and (3.2.13)) is elliptic, the map (3.2.13)) is Fredholm, and therefore
(3.2.13) has finite-dimensional kernel and cokernel, and closed image. As a conse-

quence, we can write

Lia(vx(Y)) = K'e X,

where K’ is the kernel of D and X' is closed, and
Ly(E) = D(Liyy (vx(Y))) @ O,
where O is a finite-dimensional space that we’ll call the obstruction space, and
O = L)(E)/D(L} 1 (vx(Y))) =: Coker D.

Notice that if the obstruction space vanishes, i.e., O = {0}, then it follows immediately
from the implicit function theorem that the moduli space of Cayley deformations
of Y is a smooth manifold near Y of dimension dim Ker D. However, the obstruction

space is nonempty in general, and so D is not surjective, thus we are not able to apply

the implicit function theorem to F'. Instead define

F:I2 (V) x O = IL(E),

(v,w) — F(v) +w.

We see that

dF|(0.0)(v,w) = Dv +w,

which surjects, and therefore we may apply the implicit function theorem to F.

Denoting the kernel of dF|) by K = K’ x {0}, we can write
LL,(V)xO=K& (X' x0).

The implicit function theorem m gives us open sets Ko C K, X;) C X' and Oy C O

and a smooth map g = (g1, 92) : Ko — X{j x Op such that

FH0)N (Ko x X x Op) = {(z,g1(x), g2(x)) | x € Ko}
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Then for x € K, we have that

F(l’,gl(l‘),QQ(l‘)) = F<x791($)) + 92($) = 0.

Therefore we can identify the kernel of F' with the kernel of the map ¢s : Ky — O.
These spaces are finite-dimensional since D is Fredholm. By Sard’s theorem, we may
deduce that the expected dimension of the kernel of g5 is equal to the difference of the
dimensions of Ky and Oy, and therefore the expected dimension of the moduli space

of Cayley deformations of Y in X is
dim Ker D — dim Coker D,

where D is considered as a map Lj (V) — L}(£). We have that the cokernel D
is isomorphic to the kernel of the adjoint to D, D*, since Y is compact. Elliptic
regularity tells us that the kernels of D and D* acting on L}, (vx(Y)) and (L} (£))*
for any 1 < p < oo and k € N are exactly equal to the kernels of D and D* acting on

C>®(vx(Y)) and C*°(E) respectively. O

3.3 Cayley deformations of a compact complex sur-

face

In Section we saw that the moduli space of Cayley deformations of a compact
Cayley submanifold Y inside a Spin(7)-manifold (X, g, ®) can be identified with the

kernel of a first order nonlinear partial differential operator
F:C*(V)— C*E),

where V' is an open subset of the normal bundle of Y in X and F is a rank four

subbundle of A2|y. The operator F' linearises at zero to the elliptic operator

D :C®(vx(Y)) = C®(E),
v > (et A(VEv)), (3.3.1)

=1
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where {ey,...,e4} is an orthonormal frame for TY with dual frame {e!,... e*}, V% is
the connection on vx(Y') induced by the Levi-Civita connection of M, 77 : A2X — A2

is the projection map and b : vx(Y) — vi(Y) is the musical isomorphism.

As remarked at the beginning of Section [3.2, McLean showed that under the identifi-
cations of vx(Y) ® C and E ® C with bundles of positive and negative twisted spinors
respectively, is the twisted Dirac operator. While we avoid the use of spin
structures in our treatment of the Cayley deformation problem in this chapter, the
special form that a spin structure on a Kéahler manifold takes provides motivation for

the vector bundle isomorphisms that we construct in Section [3.3.1]

As we have seen, if M is a four-dimensional Calabi—Yau manifold with two-dimensional
compact complex submanifold N, we can view N as a Cayley submanifold of M.
Recall that on a two-dimensional Kahler manifold N with a fixed spin structure, we

can identify [13, pg 82]

Sy 2 (AN @ A”’N) ® S,
S. = Ao’lN X Sk,

where S}, is a holomorphic line bundle satisfying S, ® S, = A2 N, and in this case the

Dirac operator is given by

V2(0 4 0).

In Section [3.3.1] we will explicitly construct isomorphisms between vy(N) ® C and
E ® C with bundles of twisted (0,0)- and (0,2)-forms and (0, 1)-forms respectively.
In Section , we will show that under these identifications, becomes the
operator 0 + 0*. Combining this with the analysis of Section will allow us to
prove Theorem [3.3.4] where we identify the expected dimension of the moduli space of
Cayley deformations of N in M with the index of d + 0%, and further Theorem m
which gives an expression for the expected dimension of this moduli space in terms of

topological invariants of V.
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3.3.1 Identifications of vector bundles

In this section we construct isomorphisms of vector bundles on a complex surface N
in a Calabi-Yau four-fold M.
Proposition 3.3.1. Let N be a two-dimensional complex submanifold of a Calabi—Yau

four-fold M. Then
vir(N) ® C =P (N) @ A"2N @ v, (N), (3.3.2)

where vy (N) denotes the normal bundle of N in M and vy} (N) denotes the holomor-

phic normal bundle of N in M.

Proof. Recall that on a complex submanifold we have the following splitting of the

complexified normal bundle into holomorphic and antiholomorphic parts
vur(N) @ C 2 v (N) & vy (N).
Therefore to prove the proposition, it suffices to show that
v (N) 2 A%2N @ v, (N).
The adjunction formula for complex submanifolds [17, Prop 2.2.17] says that
AN =2 AYM |y @ A%y (N), (3.3.3)

however, since M is Calabi—Yau, it has trivial canonical bundle. Tensoring both sides

of Equation with };"(N), we have that
AN @ vi2(N) = v (N).
The musical isomorphism f : v57°(N) — v (N) yields that
APON @ U2} (N) 2 v (V).
and finally taking the complex conjugate we conclude that

v (N) 2 A%2N @ v, (N).
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Remark. In fact, we can even write down explicitly the isomorphism

Vi (N) = A%’ N @ vy (N).
Let €2 be a holomorphic volume form on M. Then the isomorphism is given by

Vi (N) = A%2N @ v, (N),

1 —
v Z(U_I Q)F,

where # denotes the musical isomorphism v*%!(N) — v10(N). Its inverse is given by
AN @ vy (N) = vy (N),
a®@v s —[xy(an (vaQ)),
where #y is the real Hodge star on N and # : vj;°(N) — vy (N) is the musical
isomorphism.

Proposition 3.3.2. Let N be a two-dimensional complex submanifold of a Calabi-Yau

four-fold M. Denote by E the rank four vector bundle in the splitting
where A2 was defined in[1.2.5, Then we have that

E®C=AN® v (N), (3.3.4)

where 1/]1\/’[0(]\/') denotes the holomorphic normal bundle of N in M.

Proof. Since we have the musical isomorphism b : v, (N) — vi?'(N), it suffices to

show that
E®C=A"N® v (N).

To see this we will show that the projection map
Tt A°M — A2

given by
1
(v A w) =3 [v/\w—l—q)(vﬁ,wﬁ, " )]>
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is a bijection

AN @ P (N) - E® C.
Let w be the Ricci-flat Kéhler metric on M and choose a holomorphic volume form §2

so that the Cayley form on M is given by

1
<I>:§w/\w—|—ReQ.

Let v @w € A%’ N @ v (N). Then viewing this as a two-form on M, we have that

1 1 1 —
7r7(v/\w):§ v/\w+§w/\w(vﬁ,wﬁ, ° -)—|—§(Q+Q)(vﬁ,wﬁ, )

First note that v* and w* are of type (1,0), and so straight away we can eliminate the

Q term. Further, since

w(a,b) = g(Ja,b),

for all vector fields @ and b on M, we see that

1 1
v Aw(f, w?, -, ) = 5 [w(vﬂ,wﬁ) Aw+w A w(, w?)

—w@*, ) Aw(wt, ) Fw(wt, ) Aw(f, )}

- % [_g(JUﬁ, ')/\g<‘]wﬁ7 '>+g<‘]wﬁ7 ')Ag(‘]vﬂ’ )}
— % [g(W, ) A g(w?, -) = g(w?, -) A g(vF, -)]

1

_5[1)/\w—w/\v]

=vAw,

since v* and w? are of type (1,0) and using the definition of the musical isomorphism.

So we have shown that
— 1 bt
(v A w) —v/\w+ZQ(v L WH ),

where we notice that the second term lies in AY°N ® v};°(N) when restricted to N.

It can be shown similarly that for v € AN and w € v;;°(N) that

1—
w7 (v A w) :v/\w—i-ZQ(Uﬁ,wﬁ, )
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and so we see that if o € AN @ v;;°(N) or A%'N @ vi?'(N) then m7(0) € AN ®
VY (N)@AY Novi' (N). In particular, 77 (A" N@vi*(N)) = m7(AY' N (N)).

A similar calculation yields that for all oy € AY'N @ Vi (N), 05 € A% N @ v;;°(N)

7T7(0'1) = 0 = 7T7(O'2),

and therefore to check that F ® C = 77;(A%'N ® v} (N)) it suffices to check that
77 (A*?N) + m7(A*°N) + 77(AY'N) = A2 N. But since if v A w is a unit element of
AY2N, A2ON or AN then

1
v/\w—i—éw/\w(vﬁ,wﬁ, )|

=
>

&

=
|

7T7(

[vAw+ voly (vF, w?, -, )]

N RN~ N

[V Aw+xy(vAw)],

this is clear. Therefore E ® C = m7(A®'N @ v} (N)). The inverse map to 7 is given

by the projection map

To1: E®C — AN @ iV (N).

3.3.2 The Cayley operator on a complex submanifold

Now that we have made our vector bundle identifications we can identify the moduli
space of Cayley deformations of the complex surface N in the Calabi—Yau manifold M
with the kernel of a partial differential operator acting between vector bundles whose
linearisation takes a the form of a familiar first order elliptic operator.

Proposition 3.3.3. Let N be a two-dimensional compact complex submanifold of a
Calabi—Yau four-fold M. Then the moduli space of Cayley deformations of N in M
can be identified with the kernel of the partial differential operator

F& . 0®(U) = C°(A"' N @ 1, (N)),
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where U C v;7 (N) @ A°2N ® v, (N) is the image of V @ C from the tubular neigh-
bourhood theorem |3.2. 1| under the isomorphism given in Proposition|3.5.1, and F°* is

defined so that the following diagram commutes

C®(U) —— C®(A"' N @ v}’ (N))

| |

C*(V®C) —E— C*(FE®C)

where F' is the operator defined in Proposition and we use the isomorphisms

given in Propositions|3.5.1] and|5.5.2

Moreover, the linearisation of F* at zero is given by the operator
D4 0" : C®(v; ) (N) @ A"°N @ 117 (N)) = C(A**N @ v, (N)). (3.3.5)

Proof. By Proposition the moduli space of Cayley deformations of N in M can
be identified with the kernel of the map F', which by definition of F'** has the same

kernel as F°*.

Recall that the linearisation of F'is given by the operator
4
Dv =Y (e A(VEv)),
i=1
where {ej,...,e4} is an orthonormal frame for TN with dual frame {e',... e} for
T*N, V* is the connection on vy (N) induced by the Levi-Civita connection of M,
77 is the projection of two-forms onto A% and b : vy (N) — v}, (N) is the musical

isomorphism. We will use this to find the linearisation of F'°*.

Write v € C®(vy(N) @ C) as v, ® vy, where v; € C® (1, (N)) and vy € C® (v} (N)).

If we can show that

_ ~ 1 —
(%1 + 8*Z(U2J Q) = To,1 © D(’Ul D Ug),

where mp 1 : E®QC — AN ® V}k\/([)’l(N) is the projection map as we saw in Proposition

3.3.2 then we are done by definition of F'** and the isomorphisms given in Propositions
B.3.1land 3.3.2
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We will first show that

(‘31}1 = To,1 © D’Ul.

Since €' A VZuy is a one-form with values in the bundle #*°(NN), we may split it into

the sum of a (1,0)- and (0, 1)-form. We have that
Z@i A Vévl = 3111 + 5@1,

where dv; € C®(AYY'N ® v, (N)) and dv; € C®(A*'N @ v;7(N)). (We use this
notation because this is exactly the definition of d on v, (N) since the Levi-Civita
connection on a Kéhler manifold is compatible with the holomorphic structure [I7,
Prop 4.A.8].) We saw in Proposition that mp1 o 77 = id on forms in A>'N ®

Vi (N), and so

To,1 © 7T7((%1) = 51}17

where we have implicitly used the musical isomorphisms where appropriate. Therefore
it remains to show that

70,1 © 7T7(a’01) = 0.

If wy ® wy € AY°N @ Vi (N), then for w the Ricci-flat Kihler form on M and Q the

holomorphic volume form on M so that the Cayley form on M is given by
1
P = §w A w + Re 2,

we have that

1 1 1
7T7(U)1 A w2> = 5 |:"LU1 N wg + 5("') /\w(w§7wga *y ) + §Q(w§7w37 *y ) + 59( §7w37 *y ):| :

Now since w! is of type (0,1), whereas w is of type (1,0), we have that

1 1
mr(wy A we) = 3 {wl A wy + v A w(w?, wh - )} :
However, from the relationship between the metric and the Kahler form, we find that
1 Fud, ) =

Qv A w(wi, ws, - = —w; A Wy,
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and so we are done.

We will now show that for v, € v);'(N),

_1
0 4_1(

Vg Q) = To,1 © D’UQ.

We first find that
4 4

5*(U2Jﬁ) = — ZG,‘J Vei(vpﬁ) = Zﬁ(ei,vef_vg, ty ot ),

=1 =1

for an orthonormal frame {e1, ...,e4} of TN, since Q and therefore 2 is parallel.

We compute that
4
Duvy = Zm(el A (Viv)),
i=1

4
L 1 1,
— 52 {ez/\ (Vi) + §w/\w(ei,ve{,v2, L)+ §(Q+Q)(ei,vév27 )

i=1

(3.3.6)

Since N and M are Kahler, the Levi-Civita connection is compatible with the complex

structure. So we have that V_ v, € 1/1(\)21(]\7 ) which allows us to eliminate the term in

Equation (3.3.6) involving Q. Projecting Equation (3.3.6]) onto A% N ®V*0 Y(N) leaves

us with only one term, however, and so we have that
=
e} i
70,1 © Dy = Z Z Q(ei7 Veivm i) ')7
=1
which proves the proposition. O

Now that we have linearised F'°*, we may use Theorem to write the expected
dimension of the moduli space of Cayley deformations of a compact complex surface
inside a Calabi-Yau four-fold in terms of the index of 9 + 0*.

Theorem 3.3.4. Let N be a two-dimensional compact complexr submanifold of a
Calabi-Yau four-fold M. Then the expected (real) dimension of the moduli space of
Cayley deformations of N in M is equal to the (complex) index of the operator

040" : C®(v; ) (N) ® A"’°N @ 1,7 (N)) = C*(A*'N @ v, (N)). (3.3.7)
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Moreover, if the kernel of
D+ 0" : C°(A"'N @ 11 (N)) = C®(1,)(N) ® AN @ v, (N)),

is {0} then the moduli space of Cayley deformations of N in M is a smooth manifold

near N of dimension
dimcKer 9 + 9% : C®(1;7 (N) ® A*2N @ v, (N)) = C°(A*'N @ 1,7 (N)).

Proof. This result follows from applying Theorem to N and applying Proposition
to identify the operator (3.3.1) with the operator

D+ 0" : C®(,; ) (N) ® A"’N @ 117 (N)) = C®(A"'N @ v, (N)),

using the isomorphisms in Proposition [3.3.1| and Proposition [3.3.2] and moreover the
kernel and cokernel of must be the complexification of the kernel and kernel
of (3.3.1). Therefore the index of and the (complex) index of are the
same (i.e., taking the complex dimension instead of the real dimension). Therefore the
expected dimension of the moduli space of Cayley deformations of N in M is given

by the index of (3.3.7) as claimed. O

Remark. Notice that we could have proved Theorem by repeating the proof of
Theorem [3.2.6] for the operator F*.

3.3.3 Index theory

Now that we have Theorem on the expected dimension of the moduli space of
Cayley deformations of a compact complex surface inside a Calabi—Yau four-fold we
would like to be able to calculate this dimension. We will do this by applying the
Hirzebruch—Riemann—Roch theorem, which we can think of as an application of the

Atiyah—Singer index theorem to the operator

40" : O (N) ® A"’ M @ v, (N)) = C®(A*'N ® 1, (N)),
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to find an expression for the expected dimension of this moduli space in terms of
topological invariants of V.
Theorem 3.3.5. Let N be a compact complex surface inside a four-dimensional

Calabi—Yau manifold M. Consider the operator
40" : C®( ) (N) ® A"’°M @ v, (N)) = C*(A*' N @ v, (N)).
Then the index of this operator is given by

ind 3+ 5" = %sign(N) + %X(N) _[N]-[N], (3.3.8)

where sign(N) is the signature of N, x(IN) is the Euler characteristic of N and [N]-[N]

is the self-intersection number of N.

Proof. Since N is compact, we can identify the kernel of 0 + 0* and the kernel of its
adjoint with Dolbeault cohomology groups. That is,

dimcKer (0 + %) = dimc Hy (N, 1,7 (N)) + dime Hy* (N, 1,7 (N)),

dimcKer (0 4 0%)* = dim@Hg’l(N, v (N)).

By Dolbeault’s theorem, we can then identify the index of the operator with the

dimensions of certain sheaf cohomology groups. We have that
ind d + 0" = dimcH°(N, v} (N)) — dime¢ H (N, v, (N)) + dim¢ H*(N, viP (N)).
Then by the Hirzebruch-Riemann—Roch theorem [I7, Thm 5.1.1], we have that

ind 9 + 0 :/ ch(vy (N)td(N),

N

where ch(v;7 (N)) is the Chern character of v, (N) and td(N) is the Todd class of N.

We calculate that

(E(N) + (V) + ~e (VL (V))er (V)

| ehtwi vy :

I
=
|

iy (N)) = 2e2(vy7 (N))).

DN | —
—~

_|_
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Since M is a Calabi—Yau manifold, ¢;(M) = 0, and therefore
0=ci(TM|y) = (TN ® vy7 (N)) = ci(THN) + er (v (N)),
which tells us that

| AN = GEWN) + ) — (V)
= (A 262(N) + 5ea(N) — ()

Finally, since ¢;(E) = (—1)'¢;(E),

co(TN ®@ C) = (TN @ TO'N) = c3(N) + c1(N)er (T N) + (T N)
= 2C2(N) — 01<N)2,

and so by definition of the Pontryagin class p;(N), we see that

1 0

| AN = G (V) + Gea(N) =~ vk (V)

and therefore applying the Hirzebruch signature theorem [17, Cor 5.1.4] we have that

ind 0+ 0" = %sign(N) + éx(N) — [N] - [N],

as required. O

3.4 Complex deformations of a compact complex

surface

In this section, we are interested in finding out when a Cayley deformation of a compact

complex surface N in a Calabi—Yau four-fold M is a complex deformation.

If N is a Cayley deformation of N, we see that

1
voly: = i A w|n + Re Q|nr,
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where w is the Ricci-flat Kahler form and €2 is the holomorphic volume form of M. It

is easy to see that N’ is a complex submanifold of M if, and only if,
Re Q|N’ =0.

We can actually go further than this, however, and find a differential form on M that
vanishes exactly when restricted to a two-dimensional complex submanifold without
thinking about Cayley deformations at all. In Section we will find such a form,
which we will then use to construct a partial differential operator G' on a compact
complex surface N in a Calabi—Yau four-fold M whose kernel we can identify with the

moduli space of complex deformations of N in M.

In Section we will study properties of the operator GG. In particular, we will
compute its linearisation in Proposition |3.4.4] which will allow us to deduce that

infinitesimal Cayley and complex deformations of N are the same.

Our main result will be Theorem [3.4.7, which gives a local argument to show that
the complex deformation problem for N is unobstructed. We may deduce from this
that the Cayley deformation problem for N is unobstructed also. From Theorem [3.4.7]
we deduce that complex and Cayley deformations of a compact complex surface in a
Calabi—Yau four-fold are the same, recovering Proposition directly for complex

submanifolds.

3.4.1 A form that vanishes on complex surfaces

Let M be a four-dimensional Calabi—Yau manifold with Ricci-flat Kahler form w and

holomorphic volume form €2 so that
1
o = W Aw+ Re Q,

is the Cayley form on M. Recall the triple cross product on M given by

1
k(u, v, w) = ®(u,v,w, )t = Qv A w(u, v, w,)* + Re Q(u, v, w, -)¥,



3.4. COMPLEX DEFORMATIONS OF A COMPACT COMPLEX SURFACE 77

for any vector fields u,v,w on M, where §: T*M — T M is the musical isomorphism.
In particular, when M = C*, we can see that for any three linearly independent vectors
v1, Vg, v3 € C* then

span{vy, v, v3, K(v1, V2, v3) },
is a Cayley subspace of C*. Since the triple cross product is nondegenerate, to guar-

antee that this subspace is, in fact a complex subspace of C* we must ask that

Re Q(vy, vq,v3,-) = 0.

From this we can see that a Cayley subspace of C* is complex if, and only if, the

one-form valued three-form defined by
o(u,v,w) = Re Qu,v,w,-),
vanishes on the Cayley subspace.

It is quite remarkable then that we can prove in Proposition that |y = 0 if, and
only if, N is a two-dimensional complex submanifold of M, that is, we do not require
that N is Cayley before we check this condition. We will first require a result which
follows from a lemma of Harvey and Lawson [15, I11.6 Lem 6.13].

Lemma 3.4.1. Let V be a four-dimensional oriented linear subspace of C*. Then there
exist a unitary basis ey, Jey, ..., eq, Jey for C* and angles 0 < 0; < 7/2, 0, <0y <
such that

V = span{ey, Jej cos ) + easin by, e3, Jesg cosby + e48in by}
Given this result, we can prove the following proposition.

Proposition 3.4.2. Let X be an oriented real four-dimensional submanifold of a

Calabi—Yau four-fold M. Then X is a complex submanifold of M if, and only if
o(u,v,w) =0,
for all vector fields u,v,w on X, where
o(u,v,w) := Re Q(u,v,w,-), (3.4.1)

where € is the holomorphic volume form of M.
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Proof. Recall that for u, v, w vector fields on X we have that
o(u,v,w) := Re Q(u,v,w,-),

where € is a holomorphic volume form on M. If X is complex, then by the adjunction

formula [I7, Prop 2.2.17],
KM|X = KX X A2V;;/}’O(X),

where K, denotes the canonical bundle of M. Since € is a nowhere vanishing section

of Ky, it is each to see that for any three vector fields u, v, w on X
Qu,v,w,-) = Qu,v,w,-) =0,

and so,

Re Q(u,v,w,-) = 0.

It remains to show that o|x = 0 implies that X is a complex manifold. We show the
contrapositive, that is, if X is not complex, then we can find vector fields u, v, w on
X so that o(u,v,w) # 0. It suffices to show that for an arbitrary z € X, we can find

nonzero vy, vg, v3 € T, X so that o,(vy,ve,v3) # 0.

Identifying (7, M, w,) with C* with Euclidean Kéhler form and holomorphic volume
form as defined in ((1.2.3), we can view T, X as an oriented four-dimensional linear
subspace V of C*. Apply Lemma to choose a unitary basis {e, Jey, ..., eq, Jeq}

for C* so that for some 0 < #; < /2,600 <Oy <m
V = span{ey, Je; cos Oy + e sin by, ez, Jeg cos Oy + ey sin by }.

Since V is not a complex subspace of C*, suppose without loss of generality that

0 < 05 < 7. The holomorphic volume form on C* takes the form

Q=(e' —ide") A (e —iJe?) A (e —iJe?) A (et —idet),
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where ¢’ = g(e;, -). Notice that Je! = —g(Jey, ). Then we have that
o(eq,es, Jegcosly + eqsinby) = %(Q + Q) (e, e3, Jeg cos Oy + ey sin by, -)
= %(sin 0y(e? —iJe?) + sin Oy (e + iJe?))
= sin 6, €2,
which doesn’t vanish since we assumed that 0 < 0 < 7. O

Remark. Given this result, it is natural to wonder whether four-dimensional special
Lagrangian submanifolds of a Calabi—Yau four-fold M (calibrated by Re 2, where 2
is a holomorphic volume form on M) could be characterised by the vanishing of the

T*M valued three-form ¢’ defined by
, 1
o' (u,v,w) := ow A w(u,v,w,-),

for u,v,w vector fields on M. However, unlike complex submanifolds, we cannot
define special Lagrangian submanifolds using only the complex structure on M. We
can, however, define Lagrangian submanifolds using only the complex structure, and
therefore a similar argument to Proposition will in fact show that ¢’ vanishing
on a four-dimensional submanifold X of M is equivalent to X being Lagrangian. A
local argument similar to Lemma below shows that this definition is equivalent

to the standard definition of Lagrangian which is that w must vanish on X.

In the style of Proposition [3.2.2] we can now identify the moduli space of complex
deformations of a compact complex surface in a Calabi-Yau four-fold with the kernel
of a partial differential operator.

Proposition 3.4.3. Let N be a compact complex surface inside a four-dimensional
Calabi—Yau manifold M. Let V C vy (N) be the subset defined in the tubular neigh-
bourhood theorem [3.2.1, and for v € C*(V) define N, := exp,(N). Then the moduli

space of complex deformations of N is isomorphic near N to the kernel of

G: 0%V ®C) = C°(A'N @ T* M|y @ C),

V> %y expy o N, , (3.4.2)
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where o was defined in Proposition |3.4.2.

Proof. The identification of the moduli space with this operator follows immediately

from Proposition |3.4.2 O]

3.4.2 Properties of the operator GG

In this section we will look at the operator G defined in Proposition [3.4.2]in detail. We
will compute the linear part of G in Proposition [3.4.4] which will allow us to compare
infinitesimal Cayley deformations to infinitesimal complex deformations of a compact
complex surface, before using a local argument in Lemma, to show that the kernel
of G is equal to the kernel of its linear part.

Proposition 3.4.4. Let N be a compact complex surface in a Calabi—Yau four-fold
M. Let G be the partial differential operator defined in Proposition |3.4.4. Then the

linearisation of G at zero is equal to the operator
v =0 (1) — 0 (v Q),

where v € C®(vpy(N) @ C). Therefore v is an infinitesimal complex deformation of
N if, and only if,
O*(viQ) =0=0"(viQ)

Moreover, we have that, if v = v, ® vy where vy € v (N) and vy € vy; (N)
0" (v12Q) =0 <= Jv, = 0.

Remark. We can see from this proposition that if v € C* (v, (N) @ A*2N @ v,7(N))

is an infinitesimal Cayley deformation of N, that is,
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Since N is compact, this is already true, and so we see that infinitesimal complex and
Cayley deformations of a compact complex surface inside a Calabi—Yau four-fold are

the same.

Proof. By definition, we have that

d d
dGo(V) = EG(“})&:O = i *N eXPfU(U|Nw) = *n(Ly0).

Notice that if {e;, €;, ek, €;} is an orthonormal frame for T'N so that voly (e;, e;, e, €;) =
+1 then
+(xnLyo)(e) = (Ly0)(€s, €5, €k).

Recalling that o takes values in T*M, we can compute using a formula such as [20]

Eqn (4.3.26)] that for any vector field u on M, we have that

(Lyo)(es, €5, ex)(u) = (Vyo)(ei, e, er)(u) + U(Vév, e;,er)(u)

+ o(e;, Vj]_v, ex)(u) + o(e;, ej, ijv)(u) + o(es, e, e,)(Vyv),
where we write V. v = VZ;)U + Vjpv for VZ;U € TN and Velpv € vy (N), and use that
o vanishes when evaluated on three tangent vectors to N. We see immediately that
since o is defined using the parallel form €2 that the first term on the right hand side

vanishes, while the last term on the right hand side vanishes since e;,e; and ej are

tangent to V.

Without loss of generality, suppose that Je; = e;. Then since ¢’ Ae? € AM N, we have

that Q(e;, e;, -, -) = Q(es, €5, -, ) =0, since by the adjunction formula,
Q4 Q)|y € AN @ A%} %(N) @& A®?N @ A0 (N).
So we may deduce that

(Lo0)(eisej,ex) = J(V;v, ej,ex) +o(e;, ijv, er)
1 ) ) 1 ) .
— 50((V; + szj)v, e; +ie;, ex) + 50((Vji — szj)v, e; — ie;, ey)

1 1—
= ZQ((Vj + iij)v, e; +iei, ex, ) + ZQ((Vj — iij)v, e; —ie;, ep, ),
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where we use the definition of o and the fact that e; + ie; is of type (1,0) and e; — ie;

is of type (0,1). Let us examine the term
1 1 o L .
ZQ((V@- + zVej)v, e; +ie;, ex, - ).
This is equal to
]-Q J_ . J_ . 1Q J_ ; J— y
1 (Ve +1Ve v, e + i€, ex, - ) — 1 (Vg =iV, v, ej — e, e, - ),

since e; — ie; is of type (0,1) and so we have added zero. By linearity, this is equal to

? ?
éQ(Vév, €, €, + ) + §Q(V6Ljv,ej,ek, -).

A similar computation for the € term leads us to deduce that

te,u xn Loo = (Ly0)(es, €5, ex) = %Q(Vév, €iyChy * ) (3.4.3)

7 —

+ %Q(Vjﬂ,v,ej,ek, ) = %Q(V;v,ei, ek, * ) — §Q(ijv, €j, €k, )

Suppose now that ¢; = Je,. Then we select plus in Equation (3.4.3). We have that
er, — ie; is of type (1,0), while ey + ie; is of type (0, 1). Therefore

(er +ie;)uQ2 =0,

(ek - iGZ)J Q=0.
Rearranging these equations, we see that

(&7 Q= —’ielJ Q,

€L ﬁ = i@lJ ﬁ
Using these identities, Equation (3.4.3)) becomes

1
ej1 xn Lyo = (L,0)(e;,e5,6) = §Q(Vév, ei, e, ) (3.4.4)

1— 1
+ Q(ijv,ej,el, )+ §Q(Vév,ei,el, )+ §Q(ijv,ej,el, -).

1
2
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If Jep = —e;, a similar calculation yields the same expression. Therefore summing

over terms of the form (3.4.4), we find that
4
SN = ZQ(V;_U,@, ) +§(Vév,e,~, )
i=1
4
= i ((Viv)aQ) +eia (Viv)aQ)
i=1

4
= Z €i Ve, (V1) +€; 4V, (v ﬁ)

=1

= —0" (v2Q) — 0" (v2 Q).
It remains to show that if v; € v} (N) then
81}1 =0 <— 8*(1}14 Q) =0.

Let {e1,e9,e3,e4} be a frame for TN and suppose that Je; = ez and Jey = e4. Then

we have that

vy =0 < (' —ie®) A (Vi +iVo) v + (e —ie*) A (Vo +iVi)v =0
— (V. +iV) v = (V,, +iV ) vy =0
(Vi +iV)u]aQ = [(VL +iVL)u]aQ =0

<~
— Q((Vj1 —i—z’Vé)vl,el —ieg, -, - )+ Q((Vj2 —|—Z‘Vé;)1)1,62 — ey, +, ) =0
4

<~ 2ZQ(V22U17€¢, *y ) =0

i=1

4
S 2261'_1 Vei(vlJ Q) =0

i=1

— —20"(v11Q) =0,

where we have exploited the property that 2 never vanishes, that (Vév) is of type
(1,0) and used similar tricks to the proof of the first part of the proposition. ]

Similarly to Proposition we may identify the kernels of the operators 0 and 0.
This will be helpful when we compare the results of this chapter to Kodaira’s theorem

B.I11
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Corollary 3.4.5. Let N be a complex surface inside a four-dimensional Calabi—Yau

manifold M. Consider the operators
§: O3 (N)) = C(A"'N @ 1) (N)),
" C®(A"’N @ ;) (N)) = C°(A"'N @ v,7’(N)).
Then there is an isomorphism
il (N) = A" N @ v (N),

that induces an isomorphism

Ker 0 — Ker 0*.

Proof. Let € be a holomorphic volume form on M. Then the isomorphism
i (N) = A%2N @ v, (N),

is given by

v (02Q)F,

where # : 37" (N) — v, (N) is the musical isomorphism. Tt follows from Proposition

that this is an isomorphism. We proved in Proposition that
=0 < FwiQ)=0.

Since
5*(@@) = 0*(v1Q),

the result follows. O

The following lemma allows us to see that the kernel of G defined in Proposition [3.4.2
is equal to the kernel of the linear part of G computed in Proposition
Lemma 3.4.6. Let N be a two-dimensional compact complex submanifold of a Calabi—
Yau four-fold M. Let v € C®(v;}(N) ® C) satisfy

I*(vaiQ)=0= 3*(7145)

Let G be the operator defined in Proposition[3.4.4 Then G(v) = 0.
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Proof. The argument here is similar to the argument of Proposition |3.2.2, We will
write the tangent space to a deformation of N as a graph over the tangent space of

N, identified with a complex subspace of C* and write down the condition equivalent

to G(v) = 0.

Choose p € N. Then T,M = T,N @ v,(NN). Choose an orthonormal basis {ey,...,es}
for T,M with Je; = e;14 for i = 1,...4 so that

T,N = span{ey, e, Je1, Jea}.

Let N’ be a small deformation of N with diffeomorphism f : N — N’. Then there
is a natural isometry T,M — Tt M preserving the complex structures J and J’ on
these spaces. Denote by {e},...,es} the orthonormal basis of T,y M where e; maps

to e; under this isometry, with J'e; = e/, ,. Then
Tf(p)N, = Span{vla V2, Us, v6}7

where without loss of generality since N’ is a small deformation of N we may take

— o J!
v; =¢€;+ E A€,

1=3,4,7,8
for X € R.

We can then evaluate
0 5(p) (Vi, vj, V) = Re Q) (vi, v5,vp,-) =0,

where {7, 7,k} C {1,2,5,6}. We have that

Re Qf(p) _ 6/1234 o 6/1278 + 6/1368 o 6/1467 - 6/2358 + 6/2457 o 6/3456 + e/5678

)
where €”(e}) = d;;, and €' .= e A €T N €A €

We evaluate o(v;,vj,v,) = 0 for {i,5,k} = {1,2,5},{1,2,6},{1,5,6} and {2,5,6}.

Eliminating duplicate equations, we find that the )\é- must satisfy the following linear
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Ay — A3 =0,
A=A =0,
A+ AL =0,
As+ A =0,
M-\ =0,
M =M =0,
AP+ 25 =0,
A+ =0,

and the following nonlinear equations

AL — MAS — MAL + AN =0,
AAS — MAS + AN — AgA; =0,
MAS — AIAS — NS + A2\ =0,
MAS — X2AS + A2 — A3AS =0,

A3+ ML) = M7+ 25) + A7(A5 = A§) = Ag(A5 =A%) =0,
A3 = A = M(A5 = A7) = MO+ ML) + As(W + A5) = 0,
A3+ AD) = A7+ 23) + A7 = A9 = A3 = A2) = 0,
A3 =AY = (g = A7) = Mg+ AD) + XA + A3) = 0,
AS(AR + AD) = ALOZ 4 A5) + A2(A] = A5) — AS(A5 — A7) =0,
AL = A = (A5 = A7) = MO+ ML) + (07 + A5) = 0,
A3(Ag +AD) = A7+ A3) + A7 = A9) = As(Ag = A2) = 0,
A3 =AY = XA = A7) = Mg +AD) + A + A3) = 0.
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Since the first four equations may be rewritten as

1
3 LA FADG +22) = (g = AD (N3 = A7)
+A = A7 = A5) = (A + A (M +A49)] =0,

(A3 = A (A1 + A9 = (A + A1) (A1 = A)

DN —

=M 2 = AD + (A7 = A)(As +AD)] =0,

(A5 + A0 (A8 + A0) — (A5 = A2) (A5 — AD)

N —

AT = A)7 = A5) = AT+ A)(\ +X5)] =0,

[T = AD A5 +47) = AL+ XD (A5 = A7)

N | —

(A= AN+ A — A+ )2 =AY =0,

it is easy to see that if the linear equations are satisfied then all of the equations
above are satisfied. Therefore an infinitesimal complex deformation is a full complex

deformation. O

We will now prove the main theorem of the section.

Theorem 3.4.7. Let N be a compact complex surface inside a four-dimensional
Calabi—Yau manifold M. Then the moduli space of Cayley deformations of N in
M near N is isomorphic to the moduli space of complex deformations of N in M,

which near N is a smooth manifold of dimension
dimcKer 0 + dimcKer 0* = 2dim¢Ker 0,
where
§: C®(WO(N)) = C(A%'N & v (N)),

0" : C*(A**N @ 1,7 (N)) = C*(A”'N @ v,/ (N)).

Proof. The moduli space of complex deformations of N is isomorphic to the kernel
of the operator G as we saw in Proposition [3.4.2l The kernel of the operator G is

isomorphic to the kernel of its linear part by Lemma |3.4.6, which is isomorphic to



88 CHAPTER 3. COMPACT DEFORMATIONS

the sum of the kernels of 9 and 0* by Proposition [3.4.4L The kernels of 0 and 0* are
isomorphic by Corollary

By Theorem [3.3.4] the moduli space of Cayley deformations of N, if it is smooth, has
dimension at most equal to the dimension of the kernel of d+ 0*, which is equal to the
sum of the dimensions of the kernel of  and 0* since N is compact. Since the moduli
space of Cayley deformations of N contains the moduli space of complex deformations

of N, we see that they must have the same dimension, and therefore are the same. [J

With this theorem, we achieve our aims of showing directly that complex and Cayley
deformations of a compact complex surface inside a Calabi—Yau manifold are the same,
as can be deduced from Proposition [1.2.6, Moreover, we have matched the result of
Kodaira’s theorem that says that the infinitesimal complex deformations of N
are isomorphic to the kernel of 3 (where we have counted every deformation twice by

considering the complexified normal bundle of N in M).

3.5 Example

We now compute the index of the operator
D+ 0" : C=( P (N) @ AN @ v)P (N)) = C°(A"*N @ v, (N)),

using the formula given in Theorem In this example, the Calabi—Yau manifold M
is a degree six hypersurface in CP® and N is a complete intersection in M. Explicitly,

take
M:={[z0:21:22:23:24:25) €ECP°| f(2) = 20 + 2% + 25 + 25 + 25 + £ = 0},

and
N ={ze M| fi(z) = fa(z) = 0},
where f; are irreducible homogeneous polynomials of degree d;. Notice that in order

for N to be a smooth manifold we require the Jacobian of g = (f, f1, f2) to have rank
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3 at each point of N. We will compute the first and second Chern classes of M, N and
vir (V).

First note that since M is Calabi-Yau, we have that c;(M) = 0. Since yip, (M) is a

rank one vector bundle, we have that ck(yé’lgg,(M)) =0 for £ > 1. We can compute

co(THCP|yp) = (T M @ vips (M)
= e2(M) + ca(vgps (M) + 1 (M) ey (vEps (M)

= CQ(M).
Therefore, for w the Kahler form of CP®, we have that
5 6) 2
CQ(M) = CQ(CP )|M = <2>w |M = 1bw |M

Denote by Oc¢ps(d) the —dth tensor power of the tautological line bundle over CP®
for d < 0 and the dth tensor power of the hyperplane bundle over CP? when d > 0.
Then 1,7 (N) 2 O¢ps(di) |y ® Ocps(ds)|n, and so

c1(m (V) = (dy + da)uwlw,

Cg(le\/’IO(N)) = d]_dQCUQ‘N.

So we calculate that

[N]-[N] = / ddy w?® = 6d3d;.
We have that
(M) = e2(N) + c2(v3 (N)) + 2 (N)ea (v (N),

and therefore

CQ(N) = (15 — dldg + (dl + d2)2) WQ‘N,

so we find that

X(N) = / (15 + d} + d5 + dids) w* = 90d,dy + 6d5dy + 6dyd; + 6d3d3.
N
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Finally,
pl(N) = —CQ(TN X (C) = Cl(N)Z - 2C2(N>

= [(dy + dy)* — 2(15 + d} + dj + dydo)]w?|x
= [~d} — d5 — 30]w?|n.

Therefore

1
sign(N) = 3 /N [—30 — d? — dj] w? = —60d,dy — 2d3dy — 2d5d,; .
Therefore

%X(N) + %sign(N) — [N]- [N]

= 45dydy + 3d}dy + 3dady + 3d:d; — 30dydy — didy — didy — 6d3d;
1 2 142 1 2 142

= 15dydy + 2d3dy + 2d3d, — 3d2d3. (3.5.1)

Examining Equation (3.5.1)), we see that this expression is strictly positive, unbounded
and even for any dy,ds; € N.



Chapter 4

Fredholm theory on noncompact

manifolds

Our main aim for the remainder of this thesis is to extend the results of Chapter
to noncompact manifolds. This chapter predominantly contains a literature review

of some results for elliptic operators on noncompact manifolds that we will need in

Chapters [5] and [6]

4.1 Introduction

Let (X, g,®) be a Spin(7)-manifold and let Y be a Cayley submanifold of X. In
the proof of Theorem [3.2.6] there are two points at which we need Y to be compact.
Firstly, for the tubular neighbourhood theorem to hold on Y so that we may identify
deformations of Y with normal vector fields on Y. Secondly, we study a nonlinear
elliptic partial differential operator, F', acting on normal vector fields. In order to
apply the Banach space implicit function theorem to F', we require the linear part of
F, D, to surject onto the target space of F'. This does not happen in general, and so

we must construct a new operator F that does satisfy the hypotheses of the implicit

91
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function theorem. This construction relies on the linear part of F' being a Fredholm

operator.

Asking when an elliptic operator on a noncompact manifold is Fredholm is a highly
nontrivial problem, as this result can fail at even the simplest level, which we will see
in the following well-known example.

Example. Consider the operator

d 2 2
—: LA(R) —» L(R), (4.1.1)

where L?(R) denotes the Sobolev space of functions whose first k& (weak) derivatives

lie in LP(R). This operator is clearly elliptic, however, we will show that its image

isn’t closed, and therefore (4.1.1]) is not Fredholm.

Consider the sequence of functions

4

t 0<t <1,
t=1/2 1<t<n,
un(t) ==
—sn+1—t) n<t<n+l,
\0 otherwise,
in L? which have weak derivative
1 0<t<1,

—173? 1<t <n,
——35  n<t<n+l,

0 otherwise.

d

£, and v, — v in L?, where

Then (v,) is a sequence in Im

;

0 t <0,

v=11 0<t<l,

—L=32 >,

\
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We can see that v is the weak derivative of u, where

0 t <0,
U=t 0<t<l,
=12 t>1,

\

but u ¢ L(R), and so v ¢ Im 4.

In the mid-eighties, a Fredholm theory for elliptic operators on manifolds with a
cylindrical end was developed simultaneously by Lockhart and McOwen [35] and also
Maz’ja and Plamenevskii [42]. Following Lockhart and McOwen, we will quote the
main results of this theory and discuss how these results can be applied to the type of

noncompact manifold that we will consider in subsequent chapters.

We are interested in the index of Fredholm operators, and so in Section we will
discuss the Atiyah—Patodi—Singer index theorem for elliptic operators on compact
manifolds with boundary. Most of the work in this chapter is a literature review, or
an explanation of a reasonably common application of the theory in the literature
review. The work in Section [£.4.3, which explains how to apply the Atiyah—Patodi-
Singer index theorem to conically singular manifolds, is, to the author’s knowledge, a

new application of this result.

4.2 Elliptic operators on manifolds with cylindrical

end

This section is a review of the main results of Lockhart and McOwen’s paper [35].

In Section we define the objects studied by Lockhart and McOwen, namely

asymptotically translation invariant operators on manifolds with cylindrical end.

In Section we define a weighted norm on sections that locally lie in a Sobolev

space. This defines a Banach space, and we will see that for ‘most’ choices of weight,
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asymptotically translation invariant elliptic operators acting on sections in this space
are Fredholm operators. We will quote this result in Section [4.2.3] where we will also
explain how to find the ‘bad weights’ for which a translation invariant elliptic operator

acting on the Sobolev space with weighted norms are not Fredholm.

4.2.1 Asymptotically translation invariant operators

Let X be a manifold with a cylindrical end, that is, a noncompact manifold without
boundary that contains a compact manifold X, with 0Xy = L (a closed manifold of

dimension one less than Xj), satisfying
X\Xo=L xRy ={(w,t)|leL,0<t<o0}.

Call X\ Xy the cylindrical end of X. Let E and F' be vector bundles of forms or
(s, q)-tensors over X, and write C*°(E) for the smooth sections of E and C§°(FE) for

smooth sections of F/ with compact support. Let
A:Cy(E) — C5°(F),
be an m™-order linear differential operator with smooth coefficients.

The following definition is taken from Lockhart’s paper [34], §2].
Definition 4.2.1. Let g be a metric on X that is asymptotic to a product metric
Jso = dt? + g1, on the cylindrical end L x (0,00) of X, in the sense that for all j € N

V4(9 = goo)lgm = O(e™), (4.2.1)

as t — oo for any 0 > 0, where V, is the Levi-Civita connection of g,,. Write
A= Z Qj -+ Vj,
=0
where a; € C*°(E*® F® (T X)%7), ‘ denotes the tensor product followed by contrac-
tion and V is the Levi-Civita connection of g. We say that A is translation invariant

if it is invariant under the R, -action on the cylindrical end L x (0, 00) of X.



4.2. ELLIPTIC OPERATORS ON MANIFOLDS WITH CYLINDRICAL END 95

Example. Let X be a manifold with cylindrical end L x (0, 00), and let g be a metric
on X that is asymptotic to the product metric goo = dt?> + g on the cylindrical end

of X. Then the exterior derivative
d:C®(APX) — COO(APHX),

is a translation invariant operator on X. This is easy to see. First recall that d does
not depend on the choice of metric on X. Therefore, if e, ..., e, is an orthonormal

frame for (L, gr) with dual coframe €', ..., e" then we can take, for a« € C*°(A™X)
do = dt 2 ¢ Xn: AV
a= — e e, QY
ot — '

where V is the Levi-Civita connection of (L, gr). Then since if ¢ = t + ¢, for some
to S (O, OO),
0 0

dt =dt’, — =—
ot ot

we see that d is translation invariant on L X (0, 00).
Definition 4.2.2. Let g be a metric on X asymptotic to a product metric on the

cylindrical end of X, and write

where Ay is translation invariant, a;,a® € C*(E*® F ® (T'X)®), ‘-’ denotes the

tensor product followed by contraction and V is the Levi-Civita connection of g.

We say that A is asymptotically translation invariant to A, if on the cylindrical end

L x (0,00) of X for 0 <j<mandall keN
[V¥(aj — ai)ly = O(e™),

as t — oo for some § > 0.
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Example. Let X be a manifold with cylindrical end and let g be a metric on X that
is asymptotic to the product metric g, = dt* + g, on the cylindrical end L x (0, 00)
of X. Then the operator

d*: C®(A™1X) — O (A" X),
is asymptotically translation invariant to the operator
ds, : C®(A"X) = C*(A"X),

where d* is computed using g and d, is computed using g.,. We can see that d%_ is

translation invariant by writing for 8 € C*°(A™!X)

. 0 J0p
diB= =510 ZeZJveﬁ,
where eq, ..., e, is an orthonormal frame for (L, g;) and V is the Levi-Civita con-

nection of gr. Since the metric g is asymptotic to g, it follows that we can write
the operator d* in terms of the Levi-Civita connection of g, with coefficients that

approach the coefficients of d*_ as t — oc.

4.2.2 Weighted Sobolev spaces

For this definition we follow Lockhart [34] §3].

Definition 4.2.3. Let X be a manifold with a cylindrical end L x (0, c0) as in Section
[4.2.1] Let g be a metric on X asymptotic to a product metric on the cylindrical end
of X. For a vector bundle £ over X, define the weighted Sobolev spaces W} 5(E) to

be the space of sections o € Ly, .(E) so that

k 1/p
lollwe, = <Z/X|pavzg|pvolg> , (4.2.2)
7=0

is finite, where p : X — (0, 1] satisfies ce™* < p(t) < Ce " on L X (0,00) and is equal

to one elsewhere.
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Remark. By writing p here rather than e~ Definition will generalise to asymp-
totically cylindrical manifolds. It turns out that weighted norms defined using
different asymptotically invariant metrics on X are equivalent, and moreover the def-
inition of the norm (4.2.2)) is equivalent to the metric independent definition of this

norm given in Lockhart and McOwen’s original paper [35, Eqn 1.4].

The spaces W/ ;(E) are Banach spaces. They contain Cg°(E) as a dense subset [34]
Prop 3.9].

4.2.3 Results

We may now quote the main results of Lockhart and McOwen.
Theorem 4.2.1 ([35, Thm 6.2]). Let X be a manifold with a cylindrical end, E and

F wvector bundles over X with the same rank and let
A:C(E) = C°(F),

be a linear elliptic m"-order differential operator with smooth coefficients which is

asymptotically translation invariant to
A 1 C3P(E) — C5°(F).

Then A and A, extend to bounded maps

AWE, S(B) = WES(F), (4.2.3)
A : WP, S(E) = WE(F). (4.2.4)

There exists a discrete set D, C R such that the maps (4.2.3) and (4.2.4) are Fred-
holm if, and only if, 6 € R\Da_. Moreover, the indices of (4.2.3) and (4.2.4)) differ

by a constant independent of §.

Remark. We call the set D4_ the exceptional weights for As.

Using the notation of Theorem it will be useful later, in particular in Chapter

6 to describe the set D4 explicitly. This will also help us to state a result, Theorem

below, about how the indices of (4.2.3)) and (4.2.4)) change as the weight 0 varies.
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Let A, be a translation invariant operator as in Theorem {4.2.1. Take the Fourier

transform of the following equation on the cylindrical end L x (0,00) of X

0

A — = 4.2.
0 <Z,VL, at) o(l,t) =0, (4.2.5)

and consider the eigenvalue problem on L: for A € C
A (I, VL, iN)a(l,\) = 0. (4.2.6)

Define C4_, to be the set of A\ € C for which the eigenvalue problem (4.2.6) has a

nontrivial solution. Then define
DAOO = {Im A ‘ A E CAOO}- (427)

For A € D4 define d()\) to be the dimension of the space of solutions to of
the form

e Mp(w,t),
where p is a polynomial in ¢ with coefficients in C*°(E|.). The final result of Lockhart
and McOwen that we will need tells us how the index of an elliptic operator acting on
weighted spaces changes as the weight varies.
Theorem 4.2.2 ([35, Thm 1.2]). Use the notation of Theorem[{.2.1 and the discussion
above. Denote the indices of the operators (4.2.3)) and (4.2.4) by inds A and inds A
respectively. Let 1,95 € R\Da_ with §; < 3. Then

inds, A — inds, A = inds, Aw —inds, A = > d(0).

56(51,52)ﬁ’DAoo

Remark. Lockhart and McOwen generalised these results to manifolds with finitely
many cylindrical ends [35, Thm 8.1]. In this case, the weighted Sobolev spaces of
Definition come with an n-tuple of weights which allows sections to decay with
different rates on each end. Given a linear elliptic operator on such a manifold acting
on these weighted Sobolev spaces, the operator is Fredholm as long as no single weight
of the n-tuple is a ‘bad weight’. This leads to a slightly more complicated change of
index formula. The work in this thesis will deal with manifolds with one end for
brevity, but it is worth mentioning that generalising to manifolds with multiple ends

is not difficult.
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4.3 Elliptic operators on cones

In Chapters [5] and [6] the manifolds that we will be considering will not be manifolds
with cylindrical ends, but manifolds with conical singularities, which we will define in
Section [4.3.1] We will still be able to apply Theorems [4.2.1 and [£.2.2] in this case, as
we will explain in Section [4.3.2]

A particularly useful reference for the material in this section is the paper of Lockhart
[34], who wrote about how the results of his paper with McOwen [35] can be generalised
to noncompact manifolds with ‘admissible’” metrics. This class of metrics includes

metrics on conically singular manifolds defined below.

4.3.1 Conically singular manifolds

Heuristically speaking, a conically singular manifold can be thought of as a compact
topological space that is a smooth Riemannian manifold away from a point. If the
manifold near this point is diffeomorphic to a product L x (0, €), and the metric on the
manifold is close to the cone metric on L x (0,¢€), then we call the manifold conically
singular. This idea is made formal in the following definition, taken from [37, Defn
3.1].

Definition 4.3.1. Let M be a connected Hausdorff topological space and let & € M.
Suppose that M := M\{&} is a smooth Riemannian manifold with metric g. Then
we say that M is conically singular at # with cone C' and rate X if there exist € > 0,
A > 1 and a closed Riemannian manifold (L, g;) of dimension one less than M, an

open set £ € U C M and a diffeomorphism
U:(0,¢) x L — U\{z},

such that

|Vjc<‘11*g = 9c)|ge = O(r)"lfj) for j e Nasr — 0, (4.3.1)
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where 7 is the coordinate on (0,00) on the cone C' = (0,00) x L, go = dr* + r?gy is

the cone metric on C' and V¢ is the Levi-Civita connection of g¢.

4.3.2 Elliptic operators on conically singular manifolds

In this section we will explain how we can relate conically singular manifolds to man-

ifolds with cylindrical ends, and explain how we can apply Theorems |4.2.1] and [4.2.2]

to elliptic operators on conically singular manifolds.

Cylinders and cones

Cylinders and cones are conformally equivalent. Let L be a closed Riemannian mani-

fold and consider L x (0, 00) with the metrics
Gcone = d?“2 + r29L> eyl = dtQ + 9L,

where gy, is a metric on L and r and ¢ are coordinates on (0, 00). Then we can write

r = e, which enables us to see that

Jcone = e_2t(dt2 + gL) = €_2tgcyl-

We will show that a conically singular manifold is conformally equivalent to an asymp-
totically cylindrical manifold. That is, a manifold with a cylindrical end equipped
with a metric g which is asymptotic to a product metric gy (in the sense of Equation
(4.2.1))).

Definition 4.3.2. Let M be a conically singular manifold at & with cone (0, 00) x L.
Use the notation of Definition . We say that a smooth function p: M — (0,1] is
a radius function for M if p is bounded below by a positive constant on M\U, while

on U\{z} there exist constants 0 < ¢ < 1 and C' > 1 such that
cr < Vp < Cr,

on (0,€) x L.
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Comparing Equations (4.3.1)) and (4.2.1)), it is easy to see that if ¢ is a metric on

a conically singular manifold with radius function p then p~2¢ is an asymptotically

translation invariant metric.

Weighted Sobolev spaces on conically singular manifolds

We will now define weighted Sobolev spaces for conically singular manifolds. The
definition given here may be deduced from [34, Defn 4.1].

Definition 4.3.3. Let M be an m-dimensional conically singular manifold at z with
metric g on M := M\{&}. Let p be a radius function for M. For a vector bundle E
define the weighted Sobolev space Lj () to be the set of sections o € L} .(F) such
that

k 1/p
ol , = <Z / |ﬂ]_“V90\pp_mvolg> : (4.3.2)
j=0 M
is finite.

The following lemma allows us to see when the weighted Sobolev spaces of Definitions

14.2.3| and [4.3.3] are isomorphic.

Lemma 4.3.1 ([34, Prop and Defn 4.4]). Let M be a conically singular manifold at &
of dimension m with metric g on M := M\{z}. Let p be a radius function for M. Let
qu]\Zf be the vector bundle of (s, q)-tensors on M. Denote by W,i(s(TS‘YM) the weighted
space of Definition|4.2.5 with metric p~2g and denote by LZ“(TS‘IM) the weighted space

of Definition[{.3.3. Then these spaces are isomorphic, with isomorphism given by
Ly f(TIM) — W s(TIM),
o pPTHT T
Elliptic operators on conically singular manifolds

We will give an analogous result to Theorem for elliptic operators on conically

singular manifolds. This result is essentially a corollary of Theorem and Lemma
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431

Theorem 4.3.2. Let M be a conically singular manifold at T, p a radius function for

M and T9M be the vector bundle of (s, q)-tensors on M := M\{&}. Let
A C(TIM) — C(TS M),

be a linear m'-order elliptic differential operator with smooth coefficients such that
there exists A € R so that
A= p)‘+s/7qlqu78,

18 asymptotically translation tmvariant. Then

A:LP

kJFm:M(TgM) - Lz,uf/\(Tg’ M)a (433)

is a bounded map and there exists a discrete set Dy C R such that (4.3.3) is Fredholm
if, and only if, p € R\Dy4.

Proof. By Theorem A extends to a bounded map

A WP

k+m,pn

(TIN) — WP, (TY M).
By Lemma [4.3.T], the following diagram commutes

~ A PR
Li—&—m,,u,(TgM) B LZ”U,—)\(TSIII M)

| |

WP (T4M) —2 WP (T% M)

k+m,u
where we use the isomorphisms described in Lemma between the weighted spaces.

So we see that A is Fredholm exactly when A is, and moreover they have the same

Fredholm index. Applying Theorem to A yields the result. O]

4.4 Atiyah—Patodi—Singer index theorem

We will be interested later in the index of elliptic operators on conically singular

manifolds. The celebrated Atiyah—Singer index theorem gives an expression for the



4.4. ATIYAH-PATODI-SINGER INDEX THEOREM 103

index of an elliptic operator on a compact manifold in terms of topological invariants.
This result was extended in collaboration with V. K. Patodi to the Atiyah—Patodi-
Singer index theorem [3] for certain types of elliptic operators on a compact manifold
with boundary. We will quote and discuss the Atiyah—Patodi—Singer index theorem
in Section before explaining how we can reinterpret the theorem as an index
theorem for translation invariant operators on a manifold with a cylindrical end in
Section [.4.2] Finally, in Section we will discuss how we can apply the Atiyah—

Patodi—Singer theorem to elliptic operators on conically singular manifolds.

The material in this section is taken from the original paper of Atiyah, Patodi and
Singer [3], except for the material of Section which is a new application of this

material to conically singular manifolds.

4.4.1 The APS index theorem

The discovery of the Atiyah—Singer index theorem could arguably be described as
one of the most exciting events in recent mathematical history. Putting aside the
remarkable fact that one can write an analytic quantity such as the index of an elliptic
operator purely in terms of topological invariants, results important in their own right
such as the Hirzebruch signature theorem, the Hirzebruch—Riemann—Roch theorem

and the Gauss-Bonnet theorem can be considered as special cases of this one result.

In order to extend the Atiyah—Singer index theorem to manifolds with boundary,
Atiyah, Patodi and Singer noticed that the index formula for an elliptic operator
on a manifold with boundary should involve a spectral invariant known as the n-
invariant. Suppose that X is a manifold with boundary that is isometric to a product
in the neighbourhood of the boundary. Then we can talk about translation invariant
differential operators A on X. Recall the set of exceptional weights Dy of Theorem
4.2.11 These are actually the eigenvalues for the eigenproblem . The n-invariant

is defined in terms of the elements of Dy.
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We now quote the Atiyah—Patodi—-Singer index theorem.
Theorem 4.4.1 ([3, Thm 3.10)). Let X be a compact manifold with boundary Y, E

and F vector bundles over X and let
A:C®(E) — C*(F),

be a linear first order elliptic differential operator on X. We assume that, in a neigh-

bourhood Y x I of the boundary, A takes the special form

0
A—O’(%‘i‘B),

where u is the inward normal coordinate, o is a bundle isomorphism E|y — Fl|y and
B is a self-adjoint elliptic operator on Y. Let C*°(FE; P) denote the space of sections
f of E satisfying the boundary condition

where P is the spectral projection of A corresponding to non-negative eigenvalues.
Then
A:C™(E; P) = C™(F),

has a finite index given by

ind A = /X ap(x) de — h—l—Tn(O), (4.4.1)

where ag, h and n are defined as follows:

(i) ao(x) is the constant term in the asymptotic expansion (ast — 0) of

Yoo @) =Y e g @),

where ', ¢, denote the eigenvalues and eigenfunctions of A*A on the double of

X, and p", ¢, are the corresponding objects for AA*.
(i) h = dim Ker B = multiplicity of the 0-eigenvalue of B.

(i1i) n(s) = > yzo8i8n A[A| 7, where A runs over the eigenvalues of B.
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In (iii) the series converges absolutely for Re s large and then n(s) extends as a mero-
morphic function on the whole s-plane with a finite value at s = 0. Moreover, if the
asymptotic expansion in (i) has no negative power of t then n(s) is holomorphic for
Re s > —1/2.

Example. Perhaps the most intimidating term in Equation is ap(z). However,
this term can be identified with topological invariants. As an example, let X be a
complex manifold, £ be some holomorphic vector bundle over X and consider the

operator

A= 5 + 5* . QO,even(E) N QO’Odd(E)7

acting between E-valued (0,2k)- and (0,2k + 1)-forms. Then in this case [50, Thm
1.6]

/ oo () / ch(E)T(X),
b X
where ch(F) is the Chern character of E and 7 (X) is the Todd class of X.

4.4.2 The APS index theorem for translation invariant oper-

ators

Let X be a manifold with boundary Y which is isometric to a product near the

boundary. Let E and F' be vector bundles over X. Let
A:C*®(E) — C™(F),

be a first order linear elliptic operator that takes the form

0
— 4+ B
"(azﬁ )

in a neighbourhood of the boundary of X. Then we can attach an infinite half cylinder
Y x R, to the boundary of X, making a manifold X with cylindrical end. We can
extend A to a translation invariant operator on X, the objects of study in Section
Following [3], §3], we will explain how we can transform Theorem into a theorem

for translation invariant operators on manifolds with cylindrical ends.
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Definition 4.4.1. Let X be a manifold with a cylindrical end of the form Y X R,

with the product metric. Let £ be a vector bundle over X. Let
A:C™(E) — C®(F),

be a first order linear elliptic operator that takes the form

0
A—O’(%—i‘B),

where B is a self-adjoint elliptic operator. Call f an extended L?*-section of E if

f € L2 _(E) and on the cylindrical end of X, for large t, f takes the form

loc

fly,t) = g9(y,t) + fooly),

for g € L*(F) and f,, € Ker B.

Proposition 4.4.2 ([3, Prop 3.11, Cor 3.14]). Let X be a manifold with boundary Y
isometric to a product near the boundary. Define X to be X with the cylinder Y x R
attached to the boundary. FExtend the vector bundles E and F' over X to X in the

natural way. Consider the operator
A:C™(E; P) — C™(F),
from Theorem[4.4.1 Then we have that
(i) Ker A is isomorphic to the space of L? solutions of Af =0 on X,

(1) Ker A* is isomorphic to the space of extended L? solutions of A*f =0 on X.

We can write

ind A= h(E) — h(F) — hoo(F), (4.4.2)
where h(E) is the dimension of the space of L*-solutions of Af = 0 in X, h(F) the
corresponding dimension for A* and he(F') is the dimension of the subspace of Ker B
consisting of limiting values of extended L? sections f of F satisfying A*f = 0.
Remark. Note that [3, (3.25)]

h = heo(E) + hoo(F). (4.4.3)
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Combining Theorem [4.4.1| and Proposition [4.4.2| we have the following index theorem
for translation invariant first order elliptic differential operators on manifolds with a
cylindrical end.

Corollary 4.4.3. Let A be a linear elliptic first order translation invariant differential

operator on a manifold with a cylindrical end X. Use the notation of Theorem

and Proposition[{.4.3. Then

ind 2 A — /X o) dz — h%”(o) + hoo(F). (4.4.4)

4.4.3 The APS index theorem for elliptic operators on coni-

cally singular manifolds

We bring this chapter to its conclusion by explaining how we can apply the Atiyah—
Patodi—Singer index theorem to elliptic operators on conically singular manifolds,
Proposition below. This is similar to the application of the results of Section

to conically singular manifolds described in Section [4.3.2]

We first give a technical result that relates the adjoint of a differential operator on
a conically singular manifold to the adjoint of the related asymptotically translation
invariant operator acting on the conformally equivalent manifold with cylindrical end.
Lemma 4.4.4. Let M be an m-dimensional conically singular manifold at & and let

p be a radius function for M. Write M = M\{z}, and g for the metric on M. Let
A C(TIM) — C(TS M),

be a linear first order differential operator on M and suppose there exists A € R so
that
A= p>\+s’—q’qu—s7

is an asymptotically translation invariant operator. Then the formal adjoint of the

operator A (with respect to the metric p~2g)

A* L C(TY M) — C(TIM),
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is of the form

A* _ s—q+m Ax A—s'+q¢'—m
A =p Ap :

where

A* L C(TY M) — C(TIM),

is the formal adjoint of A with respect to g.

Moreover, using the notation of Definitions|4.2.5 and|4.5.5, the kernel of

At WL (TS M) — WE (TIM), (4.4.5)

k+1,u( s

s 1somorphic to the kernel of

A* - IP T NI

k+1,,LL+>\—m( o M) — Ly

k,u—m

(T4, (4.4.6)
foranypeR, keNand 1 <p < oo.
Proof. Let v € C3°(T9M) and w € C’go(qu,lM). Then

/A (Av,w) 24 vol, 2, = / (M1 APt w) 2, VOl 2,
wr w7

2q' —2s’ <

p P AT, W), p ol

T—E

(PPFT ApTSu,w), p ™o,

(Ap™ v, P ), vol,

I
S

(v, P AT ), vol,

I
S

2q—2s s—q+m p* A—m—s'+q’ —m
P v, p A'p w), p~"voly

S

_ s—q+m pA*x A—m—s'+q’
= / (v, p A*p w) 24 VOl 2,
M

where we have used that A* is the formal adjoint of A with respect to the metric g,

which shows that

A* . s—q+m pg*x A—m—s'+q
A i=p A'p )
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is the formal adjoint of A with respect to the metric p~2¢. Since by Lemma m
p/\imis e : Wlf—i-l,u(qu’ M) — Lz+1,u+>\—m<qu’ M)v

is an isomorphism and so by definition of A* and A* the kernels of (4.4.5) and (4.4.6)

are isomorphic. O

We may now deduce the following proposition from Theorem and Lemma [4.4.4
to give an index theorem for operators on conically singular submanifolds.
Proposition 4.4.5. Let M be an m-dimensional conically singular manifold at & with
radius function p. Let TS‘IM be the vector bundle of (s,q)-tensors on M = M\{z}.
Let

A C(TIM) — C3(TE M),
be a first order linear elliptic differential operator so that
A= T Apt,

is asymptotically translation invariant to Ay for some X € R. Then for pu € R\D,
given in Theorem[{.3.9, the index of

At L (TIN) — L3, (TS M), (4.4.7)

differs by a constant from the indexr ind, A, of

A =17 A L2 (TIM) — LE, (TS M), (4.4.8)
which satisfies
h 0
ind.As = / ap(x)dx — +Tn(>, (4.4.9)
M

for € >0 chosen so that (0,e] N D = and we use the notation of Theorem and
Proposition[{.4.4 for the terms on the right hand side of (4.4.9) (and these terms are

defined for the translation invariant operator floo)
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Proof. By Theorem [4.3.2] we know that A and A have the same kernel and cokernel
when acting on weighted Sobolev spaces, and moreover, the index of these operators

differ from the index of A, by a constant independent of the weight.

Since Ao is translation invariant, we can apply Theorem and Corollary 4.4.3| to
Ao Let Ker, A and Ker, [1;0 denote the kernels of

A : W2y (TIN) — W2 (TS M),

A:o : WkZ—l-l,y(qu//M) - WI?,M(TS?M)’
respectively, where fl’;o is the formal adjoint of A, with respect to the metric p~32g,

where g is the metric on M. Then Theorem and Corollary yield that

dim Kerg Ay, — dim Kerg A%, = / ap(x)dx — h—i—Tn(O) + hOO(Tf,,M). (4.4.10)
b7

By definition of Ao, Kery A = Kerg Ao, where Ker,, A, denotes the kernel of (4.4.§)),
and by Lemma Kerg A%, 2 Kery_,, A%, where A*_ is the formal adjoint of A

with respect to the metric g and Ker, A% denotes the kernel of
A:;o : Lz—‘—l,u(qu’ M) - Lz,u—)\(quM)'
So we see that

+ hoo(TY M), (4.4.11)

)

h
dim Kerg Ay, — dim Ker)_,, AS = / ao(z)da — +277(0)
M

Denote by D the subset of R for which pu € D if, and only if, (4.4.8) is not Fredholm.

Then we might have a problem equating
dim Kerg A, — dim Ker)_,, AS = indy A,
since if 0 € D then indy A, may not be defined. Take € > 0 so that
(0, ND = 0.
Then ind, A, is well-defined. Since € > 0, we have that

Ker, Ay, C Kerg A,
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where Ker,, A, denotes the kernel of (4.4.8)). It is claimed that
Ker, A, = Kerg Aw.

To see this, suppose that a € KergA,,. Then by elliptic regularity, o is smooth, and
by definition of weighted norm on L, o(T? M) o must decay to zero as 7 — 0 and so
we must have that o = O(r¢') for some € > 0. Taking ¢ smaller if necessary we can
guarantee that D N (0,€'] = (). The rate of decay of « allows us to deduce that o €
L} e (T4M) where 0 < " < ¢’. But then we are done, since there is no exceptional
weight between e and €”, and so [35, Lem 7.1] says that Ker,A,, = KersA,. Notice

that this tells us that the function p +— dim Ker, A is upper semi-continuous at zero.

Since € > 0

Kery_, AL C Ker_cia_m AL

A similar argument to the one given above shows that the function p — dim Ker, A%

is lower semi-continuous (in particular at g = A —m) and so the set
Ker_€+>\_m AZO\KGI')\_m AZO,

is nonempty, but its elements are exactly the limiting sections of the extended L2-

sections of T;I,/M . Therefore
dim Kery_,,, AZ \Ker_cir_m A% = hoo(TSq,,M),

i.e., exactly the dimension of the space of limiting sections of extended L2-sections of

T f,/]V[ . This allows us to deduce that
Kerg Aoo — Kery_p Ase — hoo(T% (M) = ind, A,

Applying this to (4.4.11)) we find that

h +n(0)

4.4.12
2 ? ( )

ind, Ay, = / ap(x)dx —
4

as claimed. O
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Chapter 5

Deformation theory of conically

singular Cayley submanifolds

In this chapter we will extend the results of Chapter [3| to conically singular Cayley

submanifolds and complex surfaces.

5.1 Introduction

In this chapter we will study the deformation theory of conically singular Cayley
submanifolds inside Spin(7)-manifolds. We define conically singular submanifolds in
Definition below, however, a conically singular submanifold is, in particular,
a conically singular manifold which we defined earlier in Definition [£.3.1 We have
already proved results on the deformation theory of compact Cayley submanifolds
in Spin(7)-manifolds in Chapter , and we know that the two barriers to extending
these results to noncompact Cayley manifolds are the lack of a tubular neighbourhood
theorem and the failure of elliptic operators on noncompact manifolds to be Fredholm.
In Chapter [ however, we saw that by introducing weighted norms on spaces of

sections on conically singular manifolds that as long as we are careful about our choice

113
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of weight we may deduce that elliptic operators on conically singular manifolds are

Fredholm.

In Section [5.2| we will define conically singular submanifolds and give an example of
a conically singular complex submanifold of a Calabi—Yau manifold. We will also
prove a tubular neighbourhood theorem for cones in R™ in Proposition [5.2.3] which
we will use to prove a tubular neighbourhood theorem for conically singular subman-
ifolds in Proposition [5.2.4] In Definition [5.2.5 we will define the moduli space of
conically singular Cayley deformations of a conically singular Cayley submanifold Y
in a Spin(7)-manifold X that we will be studying in this chapter. Heuristically, these
are deformations of the nonsingular part of Y, f/, that are Cayley and are themselves
conically singular with the same rate and cone as Y. We will then prove Proposition
[5.2.5] which identifies this moduli space near to Y with the kernel of a nonlinear dif-
ferential operator F acting on smooth sections of the normal bundle of Y in X which

have a certain rate of decay near to the singular point of Y.

In Section |5.3| we will prove our first main result of this chapter, Theorem [5.3.3] on
deformations of conically singular Cayley submanifolds.

Theorem. Let Y be a CS Cayley submanifold at & with cone C' and rate p € (1,2)\D
of a Spin(7)-manifold X. Let D denote the first order elliptic differential operator
defined in . Then there exist a smooth manifold Ko, which is an open neigh-
bourhood of 0 in the kernel of , and a smooth map Go from Ky into the cokernel
of with §2(0) = 0 so that an open neighbourhood of Y in the moduli space of
CS Cayley deformations of Y in X, MM(Y) from Definition m 18 homeomorphic

to an open neighbourhood of 0 in Ker gs.

Moreover, the expected dimension of ./\;IN(Y) 1s given by the index of the linear elliptic

operator

~

Db (vx (V) = L2 (E). (5.1.1)

If the cokernel of (5.1.1)) is {0} then ./\;lu(Y) is a smooth manifold near Y of the same
dimension as the kernel of (5.1.1)). Here D is the set of weights u € R for which
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(5.1.1)) is not Fredholm from Theorem[4.3.9

In Section we will consider Cayley deformations of a two-dimensional conically
singular complex submanifold /N of a Calabi—Yau four-fold M. We will prove Theorem
b.44l

Theorem. Let N be a CS complex surface at & with cone C' and rate p € (1,2)\D
of a Calabi-Yau four-fold M. Then the expected dimension of /\;lM(N) s given by the

index of the linear elliptic operator

0+0 LY, (i) (N) & A’ N @ vy (N) = LE (A" N @ (N).  (5.1.2)

Moreover if the cokernel of (5.1.2) is {0} then M, (N) is a smooth manifold near N
of the same dimension as the (complex) dimension of the kernel of (5.1.2)). Here D is

the set of weights p € R for which (5.1.1)) is not Fredholm from Theorem[{.3.3

This combines Theorem [5.3.3| with the vector bundle isomorphisms proved in Section
This will allow us to identify the expected dimension of the moduli space of
conically singular Cayley deformations of N in M with the index of the operator

0+ 0* acting on weighted Sobolev spaces.

Finally, in Section [5.5 we will consider complex deformations of a conically singular
complex surface N inside a Calabi-Yau four-fold N. We will prove Theorem |5.5.2]
Theorem. Let N be a conically singular complex surface at & with rate p € (1,2)
and cone C' inside a Calabi—Yau four-fold M. The moduli space of CS complex de-
formations of N in M, /\;IZX(N) gwen in Definition m 1s a smooth manifold of
dimension

dim¢Ker 0 + dimcKer 0* = 2dimcKer 0,

where

d: Ol (N)) = C

o loc

0% : C(A"N @ vy (N)) = CRe(AY' N @ vy (V).

(AN @ vy7'(N)),

This will allow us to deduce Corollary |5.5.4]
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Corollary. Let N be a CS complex surface inside a Calabi—Yau four-fold M. Then
the moduli space of CS Cayley deformations of N in M is isomorphic to the moduli
space of CS complex deformations of N in M.

Deformations of conically singular calibrated submanifolds have been studied by other
authors, most notably by Joyce [22], who studied conically singular special Lagrangian
submanifolds and Lotay [37], who studied conically singular coassociative submani-

folds.

5.2 Conically singular Cayley submanifolds

5.2.1 Defining conically singular submanifolds

We begin with the definition of conically singular submanifold that we will use through-

out this chapter.

Let (X, g,®) be a Spin(7)-manifold as in Definition [1.2.3] By definition, given any
r € X, there exists an oriented isomorphism ¢ : R® — T, X identifying (®|,, g|.)
with the Spin(7)-structure on R® (®g, go), where @y was defined in Equation (1.2.7)
and go is the Euclidean metric. The following definition gives a preferred choice of
coordinates around any given point of X. This definition is analogous to [23, Defn
3.6] and [37, Defn 3.3], which are coordinate systems for almost Calabi—Yau manifolds
and Go-manifolds respectively.

Definition 5.2.1. Let (X, g, ®) be a Spin(7)-manifold. Then given x € X, there

exist n > 0, an open set x € V C X, n > 0 and a diffeomorphism
X : B,(0) =V, (5.2.1)

where B,(0) denotes the ball of radius 7 around zero in R®, with x(0) = z and so
that dy|o : R® — T, X is an isomorphism identifying (®|,, g|,) with (®g, go). Call x a

Spin(7) coordinate system for X around z.
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Call two Spin(7)-coordinate systems x, x for X around z equivalent if

dxlo = dxlo,
as maps R® — T, M.

In particular, when the Spin(7)-manifold X is a four-dimensional Calabi-Yau man-
ifold, as we saw in and , we can choose a holomorphic volume form €2
for X so that x is a biholomorphism and dx/|o identifies the Ricci-flat Kéhler form
w with wy and Q with €, the Euclidean Kahler form and holomorphic volume form

respectively.

We may now define conically singular submanifolds inside Spin(7)-manifolds. This
definition is analogous to [23, Defn 3.6] and [37, Defn 3.4] for conically singular sub-
manifolds of almost Calabi—Yau manifolds and Go-manifolds respectively.
Definition 5.2.2. Let (X, g, ®) be a Spin(7)-manifold and ¥ C X compact and
connected such that there exists Z € Y such that Y := Y\ {Z} is a smooth submanifold
of X. Choose a Spin(7)-coordinate system y for X around . We say that Y is
conically singular (CS) at & with rate p and cone C'if there exist 1 < < 2,0 < € <7,
a compact Riemannian submanifold (L, gr) of ST of dimension one less than Y, an
open set & € U C X and a smooth map ¢ : (0,e) x L — B,(0) C R® such that
U=xo0¢:(0,6) x L - U\{z}is a diffeomorphism and ¢ satisfies

V7 (¢ —1)| = O(r*7) for j € Nasr — 0, (5.2.2)

where ¢ : (0,00) x L — R? is the inclusion map given by «(r,l) = rl, V is the Levi-
Civita connection of the cone metric go = dr?+r?gy, on C, and | - | is computed using

gc.

Remark. If the smooth, noncompact submanifold Y is a Cayley (complex) subman-
ifold of the Spin(7)-manifold (Calabi-Yau four-fold) X then we say that Y is a CS
Cayley (complex) submanifold of X.

Conically singular submanifolds come with a rate 1 < 1 < 2. We must have that u > 1

to guarantee that a conically singular submanifold is a conically singular manifold (in
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the sense of Definition . The reason for asking that u < 2 is so that p does
not depend on the choice of equivalent Spin(7)-coordinate system around the singular
point of the conically singular submanifold.

Lemma 5.2.1. Let Y be a conically singular submanifold at & with rate p and cone
C of a Spin(7)-manifold (X, g, ®) with Spin(7)-coordinate system x around &. Then
Definition is independent of choice of equivalent Spin(7)-coordinate system.

Proof. Let x be another Spin(7)-coordinate system for X around & equivalent to .
Then x and x and their differentials agree at zero. Let ¢ : (0,¢) x L — B,(0) be
the map from Definition [5.2.2l We will show that Y is conically singular in X with

1

Spin(7)-coordinate system Y around #. Taking ¢ := ¥~ o x o ¢, we have that

V(=)= VI oxod—1)| =V —1)|+0(*7), (5.2.3)

since Y 'ox(z) = 2+ 2TAz + ..., and ¢(r,1) = rl + O(r*). So we see that Y is
conically singular at & with cone C' in (X, g, ®) with Spin(7)-coordinate system Y,
but in order for Y to be CS with rate u in this case, Equation tells us that we
must have that p < 2. U

The following definition is independent of choice of equivalent Spin(7)-coordinate sys-
tem. It is analogous to [37, Defn 3.5].

Definition 5.2.3. Let Y be a conically singular submanifold at & with rate p and
cone C of a Spin(7)-manifold (X, g, ®) with Spin(7)-coordinate system y. Denote by
¢ :=dx|o: ToR® — T3 X. Define the tangent cone of Y at & to be

C:=(ou(C)CT:X,

where ¢ : C'— R® is the inclusion map given in Definition [5.2.2]

On a Calabi-Yau manifold M we are given a Ricci-flat metric w that we often have
no explicit expression for. The following lemma tells us that Definition [5.2.2] is inde-

pendent of choice of Kahler metric on M.
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Lemma 5.2.2. Let M be a Calabi—Yau four-fold with Ricci-flat Kdhler form w and
let N be a CS submanifold of M as in Definition[5.2.4 Then if ' is any other Kihler
form on M then N is still a conically singular submanifold of M with the same rate

and tangent cone.

Proof. Suppose that N is a CS submanifold of M with respect to w at . Choose a

Spin(7)-coordinate system for M around z,
X 2 By(0) = VA{Z},

for some 1 > 0 and open V' C M containing Z, so that x(0) = & and
X'w = wo + O(|2]*),

where wy is the standard Euclidean Kihler form on C*. Let ¢, ¢, C' = (0,00) x L, ¢

and p be as in Definition [5.2.2]

Now given any other Kéhler form w’ on M, we can find by [14, pg 107] ' > 0, an

open set x € V/ C M and a diffeomorphism
X'+ By (0) = V\{z},

with x/(0) = z and
W' = wo + O(|z]?).

Since y and y’ are diffeomorphisms, dy|o and dx'|y are isomorphisms C* — T;M.
Then A := (dx'|o) " o dx|o is an invertible linear map C* — C*. We will show that
N is conically singular in (M,w’) (taking y’ to be the coordinate system) with cone

C" = A(C) and rate p.

Firstly note that since A is a linear map, C' = Au(C) = {Av |v € «(C)} is also a cone.
Denote by L’ the link of C’ (considered as a Riemannian submanifold of S7), and for

any ¢ > 0 write // : L' x (0,¢) — C* for the inclusion map (r',1") — r'l'.

Define ¢ : (0,¢')x L' — C* by ¢/ = X" LoxogpoA™! where ¢ = ¢||A||. Then this map

is well defined (taking ¢’ smaller if necessary) and moreover x’ o ¢’ is a diffeomorphism
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onto its image. Moreover, by a similar argument to Lemma [5.2.1| we have that
V(& (r', 1) — (', 1)) = O(™),
since p < 2.
Finally, we have that
C" = dx'|o(/'(C")) = dxlo o (dxlo) " o dX'|o(AL(C)) = dx|o(A™" Au(C)) = C,
and so the tangent cone to N at Z is the same with respect to each metric. O

Remark. Note that the proof Lemma [5.2.2| also shows that if NV is conically singular
with respect to one Spin(7)-coordinate system, it is conically singular with respect to
any other Spin(7)-coordinate system, although with a different cone in general, but

the same tangent cone.

We can now construct an example of a conically singular complex surface inside a
Calabi-Yau four-fold.
Example. We will model our conically singular complex surface on the following

complex cone in C*. Define C' to be the set of (21, 29, 23, 24) € C?* satisfying
zf+z§+z§+zi:0,
By + s+ =0.

Clearly, if z € C, then also Az € C for any A € R\{0}, and so C is a cone.

Checking the rank of the matrix

3 4.3 4.3 4.3
dzy 4dzy 4dzy 4z

327 325 322 322

)

at each point of C'; we see that the only singular point of C' is zero.

As we will discuss in more detail in Chapter |§|7 a complex cone C' in C* has both a
real link L := S7N C, and a complex link ¥ := 7(L), where 7 : ST — CP? is the
Hopf fibration. We can view the real link of a complex cone as a circle bundle over

the complex link of the cone.
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In this case, the complex link ¥ of C' is the Riemannian surface in CP? is given by

(20 : 21 : 22 : 23] € CP? satisfying
2+ 2+ 2+ 2 =0,
B+ +a84+24=0.

We can apply the adjunction formula to find that the canonical bundle of ¥ is given

by
Ky, = Kepsls ® Ocps(4)]s @ Ocps(3)]s = Ocpa(d +3 — 3 — 1) = Ocps(3)]s:,

where Ocps(k) denotes the —k'™" (tensor) power of the tautological line bundle over
CP? if k is a negative integer, the k*® power of the dual of the tautological line bundle
if k is a positive integer, and the trivial line bundle if £ = 0. Then it follows from the

Hirzebruch-Riemann-Roch theorem [I7, Thm 5.1.1] that the genus of ¥ is

g = 2+deg Ocps(3)[s 2+ 3 x deg(%)

5 5 =(2+3x4x3)/2=19.

Now consider the Calabi-Yau four-fold M defined by
{lzo:21:20 23124 25) € CP? |28 4+ 20 + 25 + 28 + 28 + 28 = 0.
Consider the singular submanifold N of M defined to be the set of all [zy : 21 @ 25 :

23 24 ¢ 25) € CP? satisfying

6 6 6 6 6 6
Zo+21+22+23+24+z5207
4 4 4 4
Zl +22+23+Z4:O,

B4+ 2+ 2 =0.
The complex Jacobian matrix of the defining equations of /V is given by

6z5 6z 625 625 6z 622
0 423 425 423 423 0

0 322 322 322 322 0
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It can be calculated that there are six singular points on N of the form [w:0:0:0:

0 : 1], where w is a 6 root of —1.

We will now prove that /N satisfies Definition We will exploit Lemma and
check the definition using the metric on M induced from the Fubini-Study metric on

CP?, denoted by w.

Denote the singular points of N by {p1,...,ps}, where py, = [w, : 0:0:0:0: 1] for

wy = €'GEF=17/6 We must construct maps xj so that there exist 1, > 0 and open sets

pr € Vi € M and diffeomorphisms
Xk - Bnk(O) — Vk,

with xx(0) = px and so that
Xiw = wo + O(|2[*),

for k=1,...,6.

For k =1,...6, define x4 : B,, (0) = M by

Xe(wy, wa, ws, ws) = [wi : V2wy 2 V2ws 1 V2ws 0 V2wy : (1—8(w 4w +wd 4+ wf)) V),

(5.2.4)
where if @ = re? for r > 0 and —7 < 6 < 7, we define a'/¢ := r1/6¢/6 Tt is clear
that is a diffeomorphism onto its image. The induced Fubini-Study metric on
M pulls back under y; to the Euclidean metric on C* at each p, = [wy : 0:0: 0 :
0 : 1]. Taking ¢ = ¢, where ¢ : C — C* is the inclusion map, we see that ¢ o y is a
diffeomorphism C' to N, and so the definition of conically singular is trivially satisfied.
Remark. In Chapter @ we will consider three complex cones in C* and perform some
calculations based on the subsequent work in the current chapter. The reader might
wonder why the above example was not constructed to be conically singular with one of
these cones. Firstly, smooth varieties are trivially conically singular at every point with
cone ('} := C? C C*, and so our example in this case would not actually be singular
at any point. Applying the above method to the other cones considered in Chapter

[6] that we consider yield examples with too many singularities, and so removing the
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conically singular points does not leave us with a smooth manifold. Conversely, the
calculations performed in Chapter [6] rely on a result that is only available for cones
with complex link given a constant curvature CP! in CP? and so we will not at this

time be able to perform analogous calculations for the above example.

5.2.2 Tubular neighbourhood theorems

In this section we will prove a tubular neighbourhood theorem for conically singular
submanifolds so that we can identify deformations of conically singular submanifolds
with normal vector fields. We will do this in two steps. Firstly, in Proposition [5.2.3
we will construct a tubular neighbourhood of a cone in R™ using the compact tubular
neighbourhood theorem [3.2.1, We will use this to construct a tubular neighbourhood
of a conically singular submanifold in Proposition [5.2.4. Propositions [5.2.3| and [5.2.4]

use ideas of similar results proved by Joyce |23, Thm 4.6] for special Lagrangian cones
and Lotay [37, Prop 6.4] for CS coassociative submanifolds.

Proposition 5.2.3 (Tubular neighbourhood theorem for cones). Let C' be a cone in
R™ with link L and let g be a Riemannian metric on R™ (not necessarily the Euclidean

metric). There exists an action of Ry on vgn(C)
t: VRn(C) — VRn(C),

so that
[t - v| =ty (5.2.5)

We can construct open sets Vo C vgn(C'), invariant under (5.2.5)), containing the zero
section and T C R™, invariant under multiplication by positive scalars, containing C

that grow like r and a dilation equivariant diffeomorphism
EC : VC — Tc,

in the sense that Z¢(t - v) = t ZE¢(v) for all v € vge(C). Moreover, E¢ maps the zero

section of vgn(C') to C.
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Proof. We will first address the claim that there exists an R -action on vg«(C') so that

(5.2.5)) holds. First note that points in vgn(C') take the form

(r,lv(r 1)),

where r € Ry, [ € L and v(r,l) € v,;(C). Since any finite-dimensional inner prod-
uct spaces of the same dimension are isometric, given any r’ € R, we can think of
(r',1,v(r,1)) as another point in vg-(C') with |v(r, )|, = |v(r,1)|,;, where |-|,.; denotes

the norm on v,;(C') induced from g¢. Define an action of R} on vg(C) by

t:vge(C) = vge(C),
(r,Lv(r, 1)) — (tr, 1 to(r,1)). (5.2.6)

Then |t - v(r,1)|wy = [tv(r,1)|,; = t|v(r, )|, as claimed. Notice that ¢- (t'-v) = (tt') - v
and so (5.2.6]) is a group action in the usual sense.

To prove the tubular neighbourhood part of this proposition, we first apply the tubular
neighbourhood theorem to the compact submanifold L of S"!. (Recall that we
need a metric on S"! to define the exponential map. We take this to be the standard
round metric on S™7!.) This gives us an open set Vi, C vgn—1(L) containing the zero

section and an open set 77, C S7 containing L and a diffeomorphism
= L VL — TL7

so that Z; maps the zero section of vg.—1(L) to L. Again write points in vgn(C')
as (r,l,v(r,1)), where v € v,;(C), and similarly points in vg.-1(L) as ({,v(l)) where

v € y(L) = v, (C). Then define
Vo = {(r,L,v(r,1)) € vga(C) | (I,r "0(r,1)) € Vi}.

It is clear that V¢ is invariant under the R -action by construction of Vi and
the R -action. We see that Vi grows like r in the sense that if v = (r,l,v(r,1)) € V&
then

[o(r, D)l < 7V,
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where V is the diameter of the set V. Now define
To={M|teT,, e R}

Then it is clear that T is dilation invariant, in the sense that it is clearly invariant
under multiplication by positive scalars, and that C' C Tir. We see that T grows like
r in the sense that if t € T', [ € L and r € R, then

|rt —rl| < r|T],
where |T| is the diameter of the set T'. Define

EC : VC —>Tc,

(r,Lo(r, 1) = rZp(, r o(r,1)).
It is clear that =¢ is well-defined, bijective and smooth. It is also clear that
Ec(t- (r,l,v(rl) =tZc(r, L v(rl)).

Finally we have that
Zc(r,1,0) =rZ=.(,0) =rl,

by definition of Z; and so Z¢ maps the zero section of vgn(C') to C. ]

We can use this result to prove a tubular neighbourhood theorem for a conically
singular submanifold.

Proposition 5.2.4. Let Y be a conically singular submanifold of X at & with cone C
and rate p. Write Y := Y\{Z}. Then there exist open sets V C vx(Y) containing the

zero section and T C X containing Y and a diffeomorphism
=V T,

that takes the zero section of VX(SA/) to Y. Moreover, we can choose V and T to grow

like p as p — 0.
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Proof. Notice that K := Y\U is a compact submanifold of X. So by the compact
tubular neighbourhood theorem we can find open sets V; C vx(K) containing

the zero section and 7 C X containing K and a diffeomorphism

We will construct a tubular neighbourhood for ¥ near . Denote C, := C N B.(0).
Use the notation of Definition [5.2.2 Choose ¢ : C. — R"™ uniquely by asking that

o(r, 1) — u(r,1) € (T,.(C))* .

Then since

|6 — | = O("),

for 1 < p < 2 as r — 0, making e smaller if necessarily, we can guarantee that ¢(r, 1)
lies in the tubular neighbourhood of C' given by Proposition [5.2.3, We can therefore
identify ¢(C,) with a normal vector field vy on C.

Applying Proposition [5.2.3] gives us Vo C v (C), Te € R™ and a diffeomorphism
=c Ve = T1c.
Denote by Vi, the restriction of Vi to C¢, and define
Vo = {v e vp,)(C) [v+vs € Ve b,

with
for v € V; and

Then Z¢ : Vy — T, is a diffeomorphism by construction.

Write U := U\{#}. Define V, := F(V,) C vx(U), where F is the isomorphism
VB.(0)(Ce) = vx(U) induced from ¥ and ¢ and Ty := x(T}). By definition, these sets

grow with order p as p — 0. Then

XOE¢OF712‘72—>T2,
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is a diffeomorphism taking the zero section of vx(U) to U. Define V, T and Z by
interpolating smoothly between \71 and ‘72, Tl and Tz and él and é2. O

5.2.3 Deformation problem

The deformation problem that we will consider in this chapter has been chosen because
of the Fredholm theory that we have available to us on a conically singular manifold.
Let Y be a conically singular Cayley submanifold of a Spin(7)-manifold X. The
tubular neighbourhood theorem for conically singular submanifolds [5.2.4] will allow
us identify the moduli space of Cayley deformations of Y (Y with its singular point

removed) with the kernel of a nonlinear partial differential operator
o C’OO(VX(SA/)) — C°(F), (5.2.7)

similarly to Proposition for a compact Cayley manifold. However to deduce a
theorem analogous to Theorem about the moduli space of Cayley deformations of
Y in X , we will need to extend F to a smooth map of Banach spaces. Moreover we will
require the linear part of F', which will be the elliptic first order differential operator
D defined in Proposition due to the local nature of this result, to be Fredholm as
a map between these Banach spaces. Therefore we will need to extend F' to a smooth
map of the weighted Sobolev spaces we defined in Definition .3.3] so that we may
apply the Fredholm theory of Theorem to its linearisation. However, whereas we
will still be able to use elliptic regularity to see that the kernel of F' as a map between
weighted Sobolev spaces contains smooth sections, these sections will have a certain
decay as p — 0, where p is a radius function on Y, and therefore will only be a subset
of the kernel of the map . Restricting the map F to spaces of weighted smooth
sections of the normal bundle of YV in X will not give all Cayley deformations of Y,
but will allow us to find the deformations of Y that are themselves conically singular.
This moduli space will be defined in Definition below, and this moduli space will

be identified with the kernel of a nonlinear partial differential operator in Proposition
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5.2.5 First we will define a weighted norm on spaces of differentiable sections of a

vector bundle.

Weighted norms on spaces of differentiable sections

Let X will be an n-dimensional CS manifold with a radius function p, E a vector
bundle over X (the nonsingular part of X) with a metric and connection.
Definition 5.2.4. Let A € R and k € N. Define the space C¥(E) to be the space of

sections o € CF (F) satisfying

k
lollox =" sup |/ *Vio| < 0.

j=0 X
We say that o € C°(E) if 0 € CY¥(E) for all k € N.

The space C¥(F) is a Banach space, but C{°(E) is not in general.

Moduli space

We will now formally define the moduli space of conically singular Cayley deformations
of a Cayley submanifold that we will be studying in this chapter.

Definition 5.2.5. Let Y be a conically singular Cayley submanifold at & with cone
C' and rate p of a Spin(7)-manifold (X, g, ®) with respect to some Spin(7)-coordinate
system Y, and denote the tangent cone of Y at & by C. Write Y := Y\{z}. Define the
moduli space of conically singular (CS) Cayley deformations of Y in X, MM(Y), to be
the set of CS Cayley submanifolds Y’ at & with cone C, rate p and tangent cone C of
X so that there exists a continuous family of topological embeddings ¢; : Y — X with
w(Y)=Y and ;(Y) =Y, so that (2) = 2 for all t € [0, 1] and so that i; := ¢y is
a smooth family of embeddings Y — X with io(Y) =Y and iy (V) = Y’ := Y"\{&}.
Remark. We will later be interested in Cayley and complex deformations of a CS
complex surface in the Spin(7)-manifold that is a Calabi-Yau four-fold, analogous

to the deformation problem that was the subject of study in Chapter [3] Replacing
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‘Cayley’ and ‘Spin(7)-manifold’ with ‘complex’ and ‘Calabi—Yau four-fold’ respectively
in Definition [5.2.5| will allow us to define the moduli space of CS complex deformations

of a complex surface inside a four-dimensional Calabi—Yau manifold.

We will now end this section by identifying the moduli space of Cayley CS deformations
of a CS Cayley submanifold of a Spin(7)-manifold with the kernel of a nonlinear partial
differential operator. This proposition is the analogy of Proposition [3.2.2| of Chapter
for the Cayley moduli space given in Definition [5.2.5]

Proposition 5.2.5. Let Y be a CS Cayley submanifold at  with cone C' and rate
w € (1,2) of a Spin(7)-manifold (X, g, ®). Let T be the A2-valued four-form defined
in Proposz'tion 7 : A2 — E be the projection defined in and V C VX(Y),
T C M and = be the open sets and diffeomorphism from the CS tubular neighbourhood
theorem . Forv € C*(vx(Y)) taking values in V write Z, for the diffeomorphism
Sov:Y =Y, ::év(Y).

Then we can identify the moduli space of CS Cayley deformations of Y in X near Y
with the kernel of the following differential operator

F;Cfad—+q3@m

v m(kp Z(7g)- (5.2.8)

Proof. The deformation Y, is Cayley if, and only if, 7|y, = 0, which since =, is a
diffeomorphism is equivalent to v € Ker F (similarly to the proof of Proposition [3.2.2]),

and since v, T, =, are all smooth, we see that F takes values in C® (E) at claimed.

loc

It remains to show that Y, := Y, U {z} is a CS submanifold of X at & with cone C

and rate p (with respect to the same Spin(7)-coordinate system as Y') if, and only if,

~

veCr(V).

Let v be a smooth normal vector field on Y, and let Y, := Z,(Y"). Use the notation of

Definition [5.2.2} Choose ¢ : (0,€) x L — B.(0) uniquely by requiring that

o(r, 1) — u(r,1) € (T(C))* .
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Now we can use U and ¢ to identify vx (U) with B, (0)(t(Ce)), where U :=U\{z} and
Ce := (0,€) x L. Write ve for the section of vp,_()(¢(Ce)) corresponding to v under this

identification.

Making € and U smaller if necessary, by the definition of the tubular neighbourhood
map in Proposition [5.2.4] we can define a map ¢, : C. — B(0) by

¢v(7“, l) = E(b(’l)c(’l“, l))’

where =4 was defined in the proof of Proposition , so that yog, : C. — EU(U ) C Y,
is a diffeomorphism. So we see that for Y, to be a CS submanifold of X with rate u

and cone C' we must have that
V2 (6o(r, 1) = o(r, D) = O(r"7), (5.2.9)
for all j € N as r — 0. Now we can write
V(90 = Ol < IV (dy = O)| + [V (6 — 1),
and so holds if, and only if,
V7 (60 — ¢)] = O("™),

for j € N as r — 0. But examining the definition of ¢,, we see that we can identify

¢, — ¢ with the graph of v, and so holds if, and only if,
[Vive| = O(r™),

for j € N as r — 0. But then by definition of v this is equivalent to
[V7v| = O(p"™),

for j € N as p — 0, that is, v € Cz(f/) for all 7 € N. So we see that the moduli space
of CS Cayley deformations of Y in X can be identified with the kernel of (5.2.8). O
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5.3 Cayley deformations of a CS Cayley submani-
fold

In this section we prove Theorem [5.3.3| which gives the expected dimension of the
moduli space of CS Cayley deformations of a conically singular Cayley submanifold
Y in a Spin(7)-manifold X in terms of the index of a linear elliptic operator acting
on weighted sections of the normal bundle of Y (the nonsingular part of Y) in X.
Similar to the proof of Theorem [3.2.6] which was an analogous result for compact
Cayley submanifolds, we first prove in Lemma m that the operator F defined in
Proposition [5.2.5 is a smooth map of weighted Sobolev spaces. We then prove a
weighted elliptic regularity result for the operator F in Proposition m Finally,
these results combined with the Fredholm theory of Theorem will allow us to

prove Theorem [5.3.3|

The following lemma is similar to [23, Thm 5.1] and [37, Prop 6.9], and is an extension
of Lemma to conically singular Cayley submanifolds.

Lemma 5.3.1. Let Y be a conically singular Cayley submanifold of a Spin(7)-manifold
X. Let F be the operator defined in Proposition . Then we can write

F(v)(z) = Do(z) + Q(z,v(x), Vo(z)), (5.3.1)
forx € }7, where
Q:{(x,y,2)|(x,y) eV,ze (V)TV} = E,

is smooth, D was defined in Pmposition and Q(v)(z) := Q(z,v(x), Vu(x)) is a
section of E. Let . > 1. Then for each k € N, forv € Cﬁ“(f/) with ||v||lcr sufficiently
small, there exist constants Cy > 0 so that

1QW)lley, , < CrllvllEen, (5.3.2)
and if v € Liﬂﬁ(f/) with [[v][c1 sufficiently small, with k > 1+ 4/p, there exist

constants Dy, > 0 such that

Q) lprzi-2 < Dillvllp s (5.3.3)
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Moreover, we may deduce that

A

FoLb, (V)= L} _(E), (5.3.4)

is a smooth map of Banach spaces for any 1 < p < oo and k € N with k > 1+ 4/p.

Proof. By definition of conically singular, we can split Y into a compact piece K,
where we see similarly to Lemma that the estimate holds, and a piece
diffeomorphic to a cone, which is where we must check how F' Dbehaves as p — 0,
where p is a radius function for Y. Making the compact piece slightly larger, using
the definition of F, we may estimate F by estimating FC, the operator on the cone

defined by
Fo(v 4 vg)(r,1) = F(0)(¥(r,1)),

where v, is the normal vector field on C' that describes ¢(C') as described in the proof
of Proposition , where we are using the notation of Definition . Define Qc
analogously by

~ ~

Folv +04)(r,1) = D(v +0)(1,1) + Qo . (v 4 v,) (1. 1), V(0 + ) (1, 1).

By definition of Q and QC, we see that
Q(r,1,v,Vv) = Qc(r, 1, v+ vg, V(v + 1)) — Qo(r, 1, v4, Vi), (5.3.5)

and so to estimate Q and its derivatives, it suffices to estimate the right hand side of

Equation (5.3.5). Notice that since for each (r,1) € C' we can think of Q¢ as a map
Vr,l(c) X Vr,l(c) ® T::ZC — E?",h

and so we can make sense of a Taylor expansion of () around points of the form
(r,l,y,2), for y € v,y (C) and z € v, )(C) ® T,C. Abusing notation slightly, write
0Qc

a—y(ra l7y7 2)7
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for derivative of Q¢ in the y direction at (r,[,y, z), and adopt similar notation for the

derivative in the z direction and the higher derivatives. Then we have that

5 5 L8 L8
QC(T7 lu Yy + Yo, 2 + ZO) = QC(T7 lu Yo, ZO) + aiyc(?”, l7y07 ZO)ZJ + %(T7 la Yo, ZO)Z

2
5 86220 (r, Lty + yo, tz + 20)(y, )
+ QQC(T Lty + yo, tz + 20) (v, 2)
(9 a 3 Uy 9 )
1097
2 acggc (Tvluty + Z/oatZ + ZO)(Z Z) (536)

for some t € [0, 1]. We would like to estimate the derivatives of QC. Since Q is smooth
in all of its variables, this is possible as long as we restrict the domain of Qo to a
compact set. However, we are working on a cone (with its singular point removed)
so this isn’t possible. We may, however, fix 7 = rg, for some o € (0,€), perform
our estimates, and use the definition of Fo and QC to study the behaviour of the
estimates we find as we let r vary. Recall the action of Ry on vgs(C') that was defined
in the proof of Proposition [5.2.3] and indeed the tubular neighbourhood map that we
constructed in this proof, which forms part of the operator F¢ that we are currently

studying. By construction, we can see that

|Ec(o(r, )], = ‘FO (% : v(r,l))

where | - |, means that we are taking the norm at the point 7. We may deduce that

)
70

IVEQc (7, 1o + vg, V(v + 1)) ‘Qc (7“0, , L2 (v +vg), V%O (v + U¢))

N
= <—> \Vkv(r, D).
T0 To

Since Q¢ has no linear parts, we have that by equation (5 ,

70

We also have that by construction

Vk— v(r, 1)

2
Qo(r, 1, v + 14, V(v +v4)) — Qe(r, 1, vy, V) < anC (1,1, tv + vy, V(tv + vy4)) (v, v)
+ =< Qe (r, 1, tv + vy, V(tv + v4)) (v, V) + QQC Z S (r 1t + vy, V(tv + 1)) (Yo, V)
6y6 ) 9 J 2 822 ] J ) 7

(5.3.7)
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for some ¢ € [0, 1].

Consider A
*Qc
0y?

Then by taking the supremum over the closed sets | € L and v with |v(ro, )|, +

(10,1, (tv 4+ vy) (10, 1), V(tv 4 vy) (10, 1)).

|Vu(re, )]s < d, which is possible as long as we take J sufficiently small, we may
bound this expression, as well as the other coefficients of Equation ([5.3.7)). Using the
scale equivariance properties of Q¢ described above, we deduce that as long as V]l

is small, we have that
1Qc(r, 1, v+ vy, V(v +14)) — Qa(r, 1, v, Vg )|, < Colr™ ol + [Vol,)2.
Therefore

PHIQe(r, L v+ vg, V(v +04)) = Qa1 1 vg, Vo)l < Cor® 2 (r ol + [Vl,)?

— Collol. (533)

Finally, we can take k derivatives of Equation ([5.3.7]), which will give us a polynomial
quadratic in v and its derivatives, whose coefficients depend on between two and k + 2
derivatives of Qc, the Ci-norm of v, and § as above. We can estimate these coefficients

as we did above. We will find that

k(A A PR o
VH(Qe(r v 15, Y (0404)) = Qo (1, 1 vg, Vo)) | < C | Y ———[V"0[[V0] |,

.jl 7j2
and since

rk—(2u—2)rj1—1rj2—1r—k — le—urjz—u7
we may deduce that
r’f—(2“_2)|v’“((20(r, l,v+ Vg, V(U + U(b)) - QC(Tv [ Vg, VU¢))| < Ck’”””éﬁ“’

and so we see that the estimate ([5.3.2)) holds. Finally, as long as u > 1, we have that

C5, o(E) € CF_|(E). Similarly to the proof of Lemma we can use ((5.3.2)) to
deduce (5.3.3)) and that (5.3.4)) is a smooth map of Banach spaces, as () is smooth. [
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Now that we have described the behaviour of the operator F close to the singular
point of the conically singular manifold Y, we will prove a weighted elliptic regularity
result for normal vector fields in the kernel of F.

Proposition 5.3.2. Let Y be a conically singular Cayley submanifold of a Spin(7)-
manifold X. Let F' be the map defined in Proposition . Then

{ve CX(V)| F(v) =0} = {v € LY, (V) | F(v) = 0},

forany p e (1,2)\D, 1 <p < oo and k € N satisfying k > 1+ 4/p. Here D is the set
of exceptional weights given by applying Theorem to the linear part of F.

Proof. We will first show that if v € C’;’O(V) satisfying F'(v) = 0, then v € L? 41, This

A

is a little trickier than it seems, since we have that for any ¢ > 0, C2°(V) C L, lhe(f/),

which is weaker than what we require. We will show that if v € L}, ,  (V), fore >0

sufficiently small, satisfies F'(v) = 0, then we may deduce that v € L? +17M(\7). Recall

that in Lemma [5.3.1] we saw that we could write
F(v) = Dv+ Q(v),

where D was defined in Proposition , and Q is nonlinear. It can be shown that
D satisfies the hypotheses of Theorem m (we will see this explicitly in Section m

below) and so there exists a discrete set D so that

~

D Ly ,\(vx (V) = Ly, (B), (5.3.9)

is Fredholm as long as A ¢ D. Take 0 < € < (u— 1)/2 small enough so that [z —e, u]N
D =1(. Let v € LZH,M_e(V) and suppose that F'(v) = 0. Since (5.3.9) is Fredholm

when A\ = 1 — €, we can write
Lzlz,ufefl(E) = D(LiJrl,,ufe(VX(Y/))) b @M_E’
where @ufe is finite-dimensional and

@ufe = Coker,_D,
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where Coker, D denotes the cokernel of (5.3.9). Since [ —¢€, u] VD = ), we know that
(see [35, Lem 7.1])
Coker,,_D = Coker,,D. (5.3.10)

Now since F(v) = 0, we have that Dv = —Q(v), and so Q(v) is orthogonal to
Coker,_.D. Also Q(v) € Ly oy o 9 (E) C Ly, (E) by Lemma [5.3.1] since v €

LiH’“_e(f/) and by our choice of e. Therefore we have that Dv = Q(v) € Lzu_l(f/),

~

and it is orthogonal to Coker,D by (5.3.10). Therefore there exists v € L, ,(V)
with Dv = Dv. But then we must have that v — v € Ker,_.D = Ker,D, since

A

n—e,uND=0,and sov € Ly, (V), as required.

Conversely, let v € Ly, M(V) satisfy F(v) = 0. Here we perform a trick similar to
that in [28, Prop 4.6]. Taylor expanding F(v) around zero we can write F(v) as a

polynomial in v and Vu. Differentiating and gathering terms we can write
VE(@©) = L, v(x), Vo(@)) V20 + B(z, o(z), Vo(r)).

Consider the second order elliptic linear operator

A

L,:vx(Y)— E,
w— Lz, v(z), Vo(z)) Vw.

By Sobolev embedding, we know that v € C’L(V), for [ > 2 by choice of p and k, and
therefore the coefficients of the linear operator L, lie in C’llo_cl(f/) Local regularity for
linear elliptic operators with coefficients in Holder spaces (a nice statement is given
in [25, Thm 1.4.2], taken from [44, Thm 6.2.5]) tells us that v € CL(V) which is
an improvement on the regularity of v, and so bootstrapping we may deduce that

v e C°

loc

(V). (This is why we must differentiate F'(v), to ensure that the coefficients of
the linear operator have enough regularity to improve the regularity of v.) Therefore
the coefficients of the operator L, are smooth and so we may apply an estimate of
Lockhart and McOwen [35, Eq. 2.4] in combination with a change of coordinates
which tells us that

vllp k20 < CULoV|prpu—2 + [[V]popu)- (5.3.11)



5.3. CAYLEY DEFORMATIONS OF A CS CAYLEY SUBMANIFOLD 137

A

Since F'(v) = 0 = VF(v), we have that
L,y =—E(z,v(x), Vu(x)).

Since E(z,v(z), Vu(z)) is a polynomial in v and Vv with coefficients that depend on
the Cl-norm of v, and v € Cﬁ(f/) and Lﬁﬂ,u(f/), we have that F(x,v(z), Vo(z)) €

Ly, (E) C Ly, 5(E). Therefore Equation (5.3.11)) tells us that v € Ly, (V), from
which we may deduce that v is in fact in C’ﬁo(f/) O

We may finally deduce the main theorem of this section, on the expected dimension of
the moduli space of Cayley CS deformations of a CS Cayley submanifold of a Spin(7)-
manifold X. This theorem is the analogy of Theorem for this moduli space, and
the proof is similar.

Theorem 5.3.3. Let Y be a CS Cayley submanifold at & with cone C' and rate p €
(1,2)\D of a Spin(7)-manifold X. Let D denote the first order elliptic differential
operator defined in . Then there exist a smooth manifold ko, which is an open
neighbourhood of 0 in the kernel of , and a smooth map §s from Ky into
the cokernel of with §o(0) = 0 so that an open neighbourhood of Y in the
moduli space of CS Cayley deformations of Y in X, ./\;lu(Y) from Deﬁm’tion 8

homeomorphic to an open neighbourhood of 0 in Ker gs.

Moreover, the expected dimension of /\;IM(Y) 1s given by the index of the linear elliptic
operator

~

D: I, (rx(YV) = L2, (E). (5.3.12)

If the cokernel of (5.3.12)) is {0} then /\;lM(Y) is a smooth manifold near Y of the
same dimension as the kernel of (5.3.12). Here D 1is the set of weights p € R for

which (5.3.12)) is not Fredholm from Theorem .

Proof. By Propositions|5.2.5/and [5.3.2] we can identify M,,(Y) near Y with the kernel

of the operator

F.LP

her(V) = L} 1 (B).
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The linearisation of F at zero is the operator

~

D : Lerl,,u(VX(Y)) — Li,ufl(E)a (5313)
which is elliptic. Since p ¢ D, (5.3.13)) is Fredholm. Therefore we may decompose

Lp

k+1,u(yX(Y/)) = K, D X,7

where K" is the kernel of (5.3.13) and X is closed, and

A ~

Li,p,fl(E) = D(LZJrl,,u(VX(Y))) @ OM)
where @u is the finite-dimensional obstruction space and
O, =L (E)/D(L},, (vx(Y))) =: Coker,D.
Then the map

Foll (V)xO,— L}, (),

(v, w) F(U) + w,

has

d]}\(o,o) (v,w) = Dv + w, (5.3.14)

which is surjective. Write K = K x {0} for the kernel of (5.3.14). We then have that

12,1,k (1) x O, = K & (X' x 0,).

Now we may apply the implicit function theorem m to find Ky C K containing
Zero, X’(’) C X' OyC @u and a smooth map § = (g1, §a) : Ky — Xé x Oy so that

~

FH0) N (Ko x Xg x O) = {(, i1 (2), §a(2)) | 2 € Ko}

So we may identify the kernel of ', and therefore M . (Y) with the kernel of g, : Ko —
O, a smooth map between finite-dimensional spaces (since (5.3.13]) is Fredholm).

Sard’s theorem tells us that the expected dimension of the kernel of g is given by the

index of the operator (5.3.13]). n
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5.4 Cayley deformations of a CS complex surface

In this section we prove Theorem [5.4.4] which gives the expected dimension of the
moduli space of CS Cayley deformations of a two-dimensional conically singular com-
plex submanifold N of a Calabi—Yau four-fold M in terms of the index of the operator
0 + 0" acting on weighted sections of a vector bundle over N (the nonsingular part of
N). Similar to the proof of Theorem , which was an analogous result for compact
complex surfaces, we have already seen in Proposition that the moduli space of
CS Cayley deformations of N in M can be identified with the kernel of a nonlinear
partial differential operator F. We can use the operator F' to construct an operator
Fe in Proposition , whose kernel is isomorphic to the kernel of F', but whose
linear part takes the form of the operator 0 + 0*. We will then give analytic results,
Lemma and Proposition , on extending the map Fe to0 act on weighted
sections of Sobolev spaces and an elliptic regularity result for Frex respectively. These
results follow immediately from Lemma|5.3.1and Proposition [5.3.2] their counterparts
for the operator F. Finally, we prove Theorem , which can be proved in exactly

the same way as Theorem [5.3.3| or simply by an application of this theorem.

5.4.1 Deformation problem

We would like to study the moduli space given in Definition for the CS Cayley
submanifold N that is a complex submanifold of a Calabi—Yau four-fold M. We
will now identify this moduli space with the kernel of a nonlinear partial differential
operator. The following proposition is the analogy of Proposition for a CS
complex surface.

Proposition 5.4.1. Let N be a CS complex surface at & with cone C and rate p €
(1,2) inside a Calabi-Yau four-fold M. Write N := N\{&}. Then the moduli space of
CS Cayley deformations of N in M, ./\;lH(N), can be identified with the kernel of the
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operator

Fex c;;o(U) — C2 (AN @ v 2(N)),

where U C 117 (N) @ A"2N @ v, (N) is the image of V @ C from the tubular neigh-
bourhood theorem under the isomorphism given in Proposition and F° is

defined so that the following diagram commutes

C®(U) —=— C®(A"' N @ v}’ (N))

| |

C*(V®C) —L— C*(E®C)

where F' is the operator defined in Proposition and we use the isomorphisms

given in Propositions |3.5. 1 and |5.5.2.

Moreover, the linearisation of F at zero is the operator

O+ 09" : C2( (N) & A"’ N @ v, (N)) = CRo (AN @ 1, (N)). (5.4.1)

Proof. By Proposition [5.2.5| we can identify the moduli space of CS Cayley deforma-
tions of N in M with the kernel of F , which is the same as the kernel of Frex,

Since the linearisation of the operator of F' is given by the operator D defined in
Proposition [3.2.3] the local argument of Proposition [3.3.3 still holds, and so we see
that the linearisation of F°* at zero is given by the operator (5.4.1) as claimed. [

5.4.2 Cayley deformations of a CS complex surface

In this section, we will give analogies of the results of Section [5.3, which were on
analytic properties of the operator F defined in Proposition , for the operator
Fe* defined in Proposition m Due to the relation between the operators F and F™
noted in the proof of Proposition [5.4.1] these results follow immediately from their

counterparts.
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Lemma 5.4.2. Let N be a conically singular complex surface inside a Calabi—Yau

four-fold M. Let F be the operator defined in Proposition . Then we can write
Fes(w)(@) = 9+ 8 w(x) + Oz, w(z), Vu(x), (5.4.2)
forx € N, where

Q™ : {(w,9,2) | (w,y) € U,z € [VI°(N) @ AL*N @ (V)| & Ty}

— A" N @ v, (N),

is smooth and Q™ (w)(z) := Q™ (x,w(x), Vw(x)) is a section of A'N @ vy (N). Let
w > 1. Then for each k € N, for w € C/’j“(f]) with ||w||c1 sufficiently small, there

exist constants C, > 0 so that

1Q%(w)leg, , < Crllw]Zpen, (5.4.3)

2

and if w € Li+17M(U) with |[wl|c1 sufficiently small, there exist constants Dy > 0 such

that
1Q(W)llpk2u—2 < Dillwll? pis - (5.4.4)

Moreover, we may deduce that

~

CX . p

U) = LY, _\(E), (5.4.5)
is a smooth map of Banach spaces for any 1 < p < oo and k € N with k > 1+ 4/p.

Proof. Since F* is defined by composing the operator F defined in Proposition m
with isomorphisms of vector bundles, the estimates and follow from the
estimates (5.3.2) and (5.3.3) respectively since the isomorphisms defined in Proposi-
tions B.3.1] and 3.3.2] are isometries.

Moreover, since these isomorphisms are smooth, the claim that (5.4.5)) is a smooth map

of Banach spaces follows from the corresponding fact for F from Lemma m O

We may now give a weighted elliptic regularity result for Fex,
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Proposition 5.4.3. Let N be a conically singular complex surface inside a Calabi—Yau

four-fold M. Let F be the map defined in Proposition . Then

{we CFU)| F>(w) = 0} = {w e L}, ()| F*(w) = 0},

for any p e (1,2)\D, 1 <p < oo and k € N. Here D is the set of exceptional weights
given by applying Theorem to the linear part of Fex

Proof. This follows from Proposition [5.3.2|in combination with the fact that the kernels
of F , defined in Proposition , and F° are isomorphic by definition, and the

isomorphism given in Proposition |3.3.1|is an isometry. O

We deduce the following theorem on the moduli space of CS Cayley deformations of a
CS complex surface inside a Calabi—Yau four-fold. This theorem can be proved by an
identical argument to the proof of Theorem [5.3.3] but we will deduce it as a corollary
of Theorem [£.3.3]

Theorem 5.4.4. Let N be a CS complex surface at & with cone C and rate p €
(1,2\D of a Calabi-Yau four-fold M. Then the expected dimension of M,(N) is

given by the index of the linear elliptic operator
L (V) @ AN @ vy (N)) — L2 (AN @ vy (N).  (5.4.6)

Moreover if the cokernel of (5.4.6) is {0} then /\;IM(N) is a smooth manifold near N
of the same dimension as the (complex) dimension of the kernel of (5.4.6). Here D is

the set of weights p € R for which (5.3.12)) is not Fredholm from Theorem .

Proof. By Theorem m, the expected dimension of M u(NN) is given by the index of

the operator . Since, by Proposition we can consider the operator
as the composition of the operator with the isomorphisms from Propositions
and which are isometries, we may deduce that the index of and
are equal. O
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5.5 Complex deformations of a CS complex surface

In this section, we will compare the CS complex and Cayley deformations of a CS
complex surface inside a four-dimensional Calabi-Yau manifold. In Definition [5.5.]]
we formally define the moduli space of CS complex deformations of a conically singular
complex surface N inside a Calabi—Yau four-fold M. We will then identify this moduli
space with the kernel of a partial differential operator in Proposition [5.5.1 The local
arguments of Section [3.4.2] still hold and so we may deduce, similarly to Theorem
[3.4.7 on the moduli space of complex deformations of a compact complex surface in a
Calabi-Yau four-fold, that the moduli space of CS complex deformations of N in M
is a smooth manifold near V. A technical result in Proposition will allow us to
deduce that CS complex and Cayley deformations of N in M are the same.
Definition 5.5.1. Let N be a CS complex surface at  with rate @ and cone C' inside
a Calabi—Yau manifold M with respect to some Spin(7)-coordinate system y, and
denote by C the tangent cone of N. Write N := N\{#}. Define the moduli space of
conically singular (CS) complex deformations of N in M, ./\;lfj‘(N), to be the set of CS
complex surfaces N’ at & with cone C, rate u and tangent cone C of M so that there
exists a continuous family of topological embeddings ¢; : N — M with ¢o(/N) = N and
t1(N) = N’, so that () = 2 for all t € [0, 1] and so that i; := ¢;| 5 is a smooth family
of embeddings N — X with ig(N) = N and i(N) = N’ := N'\{&}.

We will now identify the moduli space of CS complex deformations of a CS complex
surface in a Calabi—Yau manifold M with the kernel of a nonlinear partial differential
operator.

Proposition 5.5.1. Let N be a conically singular complex surface at & with rate p and
cone C inside a Calabi-Yau four-fold M. Write N := N\{z}. Let V C vy (N)®C be
the open set and 2.V = T the diffeomorphism defined in the tubular neighbourhood
theorem . Forv e C2(V) write 2, := Zowv, and define N, := Z,(N). Then the

moduli space of CS complex deformations of N in M, MZX(N), is isomorphic near N
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to the kernel of

G:OF(VeC)— C(A'NeT" M|y @ C),

—_
—

v g E3(0l5,). (5.5.1)

where o was defined in Proposition . Moreover, the kernel ofé 15 isomorphic to

the kernel of its linear part given by the map

~

O (va(N) ® €) = Cin (AN @ v (V) @ AN @ vyp' (V)),

v =0 (v1) — 0 (va Q). (5.5.2)
The kernel of (5.5.2)) is isomorphic to
{ve CXW(N) & AN @ vy (N))|0v =0 = 0w} (5.5.3)

Proof. By definition of o we see that normal vector fields in the kernel of G correspond
to complex deformations of N , and a similar argument to Proposition shows that
weighted smooth sections of VM(N ) ® C give conically singular deformations of N as
required. The linear part of G follows from Proposition , which was a local
argument, and similarly that the kernel of G is equal to the kernel of its linear part

follows from the local argument of Lemma [3.4.6] Finally, that the kernel of (5.5.2)) is
equal to (5.5.3)) follows from Proposition |3.4.4] where we proved that

0*(v2Q) =0 <= I(m(v)) =0,
where 710 : v3(N) ® C — v, (N) and the isomorphism of Proposition
V%(N) ~ A\02N z/jl\go(N).
[

This proposition allows us to prove that the CS complex deformations of a conically

singular complex surface are unobstructed. This theorem is a generalisation of Theo-

rem to conically singular submanifolds.
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Theorem 5.5.2. Let N be a conically singular complex surface at & with rate pu €
(1,2) and cone C inside a Calabi—Yau four-fold M. The moduli space of CS complex
deformations of N in M, /\;IZX(N) gwen in Definition |5.5.1), is a smooth manifold of

dimension
dimcKer 0 + dimcKer 0% = 2dimcKer 9, (5.5.4)
where
0: C (3 (N) = CRo (AN ®@ 1, (N)), (5.5.5)
0" CX (AN @ 1y (N)) = Ci2 (AN @ v, (V). (5.5.6)

Proof. By Proposition the moduli space of CS complex deformations of N in M
can be identified with the kernels of the operators ([5.5.5)) and (5.5.6)). Equation (5.5.4)
follows from Corollary [3.4.5] O]

To compare CS complex and Cayley deformations of a CS complex surface, we require
the following result.

Proposition 5.5.3. Let N be a CS complex surface at & with cone C and rate p €
(1,2) in a Calabi-Yau four-fold M. Write N := N\{Z}. Then w € Li+1,u(u}\30(]v) O
AN ® le\f(]\Af)) is an infinitesimal CS Cayley deformation of N if, and only if, it is
an infinitesimal complex deformation of N. That is, (0 + 0%)w = 0 if, and only if,
ow =0=0*w.

Proof. Suppose that w € L%H’M(V}\f(]{f) ® A"2N @ v, (N)) satisfies dw = —d*w for
@ € (1,2). Then 0*Ow = 0. We will check whether

/<5u,v) volg = /(u,g*v) voly,
N

N

holds for u € L2, (v (N)@A2N@v, P (N)) and v € L} ,_, (v, (N)BA**N@v, (N)),

7}'[‘_1
that is, whether the integrals on both sides converge. Let p be a radius function for
N. We have that

/<8u,v) volg = / (p'H20u, p" T3 20) volg < ||0ullau—1lv]l2— s,

N N
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by Holder’s inequality. This is finite since

0P| < oM,
since p € (1,2). Similarly,

J w30 voly = [ (07720 04 250) vl < a0 ol

which again is finite since

[P | < |pP O],

for pn € (1,2). Therefore

|0w||7. = / (Ow, dw) vol g = / (w, *Ow) volg = 0,
N N
and so dw = 0. ]

This allows us to find that CS complex and Cayley deformations of a CS complex
surface in a Calabi-Yau four-fold are the same.

Corollary 5.5.4. Let N be a CS complex surface inside a Calabi—Yau four-fold M.
Then the moduli space of CS Cayley deformations of N in M is isomorphic to the
moduli space of CS complex deformations of N in M.

Proof. There are no infinitesimal CS Cayley deformations of N by Proposition [5.5.3
i.e., no w € C2 (1 (N) & A%’ N @ 3 (N)) satisfying

ow = —0*w,

where Ow # 0. Comparing the expected dimension of the moduli space of CS Cayley
deformations of N in M, computed in Theorem [5.4.4] to the dimension of the moduli
space of CS complex deformations of N in M, computed in Theorem [5.5.2| we see that
these spaces must be the same, since any CS complex deformation of N is a Cayley

deformation of N. O]



Chapter 6

Index theory: Calculations and

comparisons

In this chapter, we apply the theory of Chapter {4| to the first order linear elliptic
operators D and 0+ 0* featured in the analysis of Chapters[3and . We also explicitly
calculate the dimension of the space of infinitesimal complex and Cayley deformations

of three two-dimensional complex cones in C*.

6.1 Introduction

Let Y be a CS Cayley submanifold of a Spin(7)-manifold X with nonsingular part Y
and let N be a CS complex surface inside a Calabi—Yau manifold M with nonsingular

part N. In this chapter, we will be interested in the index of the operators

~

D: Ly, (vx(Y)) = Ly, (E), (6.1.1)

defined in Proposition on sections with compact support and extended by density

to the above spaces, and

040" Ly, (i) (N) @ AN @ v (N) = LY , (A" Neu(N). (6.1.2)

147
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In Section [6.2 we will explain why we can apply Theorem 4.3.2| to (6.1.1)) and (6.1.2])

to see that they are Fredholm if, and only if, u € R\D and u' € R\D’ respectively for

some discrete sets D and D’ of exceptional weights. In Propositions[6.2.1] and [6.2.2] we

will describe the sets D and D’ of exceptional weights in terms of eigenproblems on

the links of Cayley and complex cones. Propositions|[6.2.1{and [6.2.2| both take roughly

the following form.

Proposition. Suppose that Y is a CS Cayley submanifold of a Spin(7)-manifold with
cone C' and let p € R. Then p € D if, and only if, there exists a nontrivial normal
vector field v on the link L of C satisfying

Dpv = —pw,

where Dy, 1s a first order linear differential operator on L and D is the set of exceptional

weights for the operator (6.1.1) or (6.1.2)).

In Section , we will consider deformations of two-dimensional complex cones in C*,
both as a Cayley submanifold and a complex submanifold of C*. In particular, we
will consider Cayley deformations of the cone that are themselves cones. The (real)
link of such a complex cone is an associative submanifold of S” with its nearly parallel
Gy-structure inherited from the Euclidean Spin(7)-structure on C?, and so deforming
the cone as a complex or Cayley cone in C* is equivalent to deforming the link of the
cone as an associative submanifold. Homogeneous associative submanifolds of S were
classified by Lotay [38], using the classification of homogeneous submanifolds of S° of
Mashimo [4I]. The deformation theory of these submanifolds was studied by Kawai
[30], who explicitly calculated the dimension of the space of infinitesimal associative
deformations of these explicit examples using techniques from representation theory.
Motivated by these calculations, we will apply the analysis of Chapter [5| to compute
the dimension of the space of infinitesimal Cayley conical deformations of the complex
cones with these links, and check that these calculations match. We will be able to
see explicitly which infinitesimal deformations correspond to complex deformations of

the cone and which are Cayley but not complex deformations. In particular we will
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see that complex infinitesimal deformations and Cayley infinitesimal deformations of
a two-dimensional complex submanifold of a Calabi—Yau four-fold are not the same in

general.

In Section [6.4, we will apply the Atiyah-Patodi-Singer index theorem to the
operator . Using the version of the Atiyah—Patodi—Singer theorem deduced
in Proposition [4.4.5] we will prove Theorem which allows us to compare the
dimension of the moduli space of CS complex deformations of a conically singular
complex surface to what we will think of as the dimension of the moduli space of all
complex deformations of a CS complex surface in a Calabi-Yau four-fold based on
Kodaira’s theorem [3.1.1] We will then proceed to perform some calculations of the

quantities appearing in this theorem for some examples.

We will close this chapter, and this thesis, with some concluding remarks on the results

in this thesis and some ideas for future research in Section [6.5]

6.2 Finding the exceptional weights for the opera-
tors D and 0 + 0"

In this section we will find the set D of exceptional weights for which the linear elliptic

operators ([6.1.1]) and (6.1.2)) that appeared in Chapter |5 are not Fredholm. To do this

we will study these operators acting on cones in R®. We will see that the exceptional

weights are actually eigenvalues for differential operators on the links of these cones.

6.2.1 Nearly parallel G structure on S’

We can consider R® as a cone with link S7. Let (®g, go) be the Euclidean Spin(7)-
structure (as given in Definition [1.2.3)). Define a three-form ¢ on S7 by the following
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relation:

Bol(rpy = rPdr A plp + 1 % 0. (6.2.1)

Then (g, g) is a Go-structure on S” (here g is the standard round metric on S7). Notice

that this Gy-structure is not torsion-free, however, since ®q is closed we have that
de =4 . (6.2.2)

Go-structures (i, g) satisfying (6.2.2]) are called nearly parallel.

6.2.2 Exceptional weights for the operator D

Let Y be a CS Cayley submanifold at & with rate p and cone C' of a Spin(7)-manifold
X and write Y := Y'\{z}. Consider the linear elliptic operator on Y given by

A

D :Cy(vx(Y)) = CP(E),
4
v Y m(el A(Vio)), (6.2.3)
i=1
where {ey, es, €3, e4} is an orthonormal frame for TY with dual coframe {e!, €2, €3, e*},

A2 is the seven-dimensional irreducible representation of Spin(7) on two-forms with

w7 A2X — AZand A2y = A2Y @ E.

We will now describe the set of exceptional weights for D in terms of an eigenvalue
problem on the link of C.

Proposition 6.2.1. Let Y be a CS Cayley submanifold at & with cone C' and rate
of a Spin(7)-manifold X. Write Y := Y\{Z}. Let Dp denote the set of A € R for
which

~

D L£+1,>\(VX(Y)) - Li,)\—l(E%
defined in (6.2.3)) is not Fredholm.

Let L :== C NS be the link of the cone C, a submanifold of S*. Then \ € Dp if, and
only if, there exists v € C>®(vgr(L)) so that

Dpv=—X\v, (6.2.4)
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where for {e1, ey, e3} an orthonormal frame for TL and V* the connection on the

normal bundle of L in S7 induced by the Levi-Civita connection of the round metric

on ST,
Dy : C%(vsr(L)) — C%(vsr (L)),

3
v Zei x Vv, (6.2.5)
i=1

where x is the cross product on ST induced from the nearly parallel Gy-structure (p, g)
defined by

g(“ X /U7w) = (,D(U,’U,U)),

for any vector fields u,v,w on S”.

Remark. The operator D, can be defined on any associative submanifold of a Go-
manifold, that is, a manifold with torsion-free Gs-structure. Normal vector fields
in its kernel correspond to infinitesimal associative deformations of the associative
submanifold. This can be deduced from the work of McLean [43, Thm 5-2], however the
operator first appears in this form in [I, Eqn 14]. Infinitesimal associative deformations
of an associative submanifold of S7 with its nearly parallel Gs-structure, however,
satisfy with A = 1 as shown by Kawai [30, Lem 3.5]. Proposition can be

considered as a different proof of this fact.

Proof. We can apply Theorem to the operator D. Suppose that p is a radius
function for Y. Then since the given Spin(7)-structure on X approaches the Euclidean

Spin(7)-structure as we move close to the singular point of Y,
p~'Dp~!

is asymptotic to the translation invariant differential operator
r~ Dyr,

where Dy is defined similarly to D but using the Euclidean Spin(7)-structure pulled
back to X by a Spin(7)-coordinate system y for X around Z (see Definition [5.2.1]).
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From the discussion in Section [4.2.3, we see that A € Dp if, and only if, there exists

a normal vector field v € C* (v, (S7)) satisfying
r~tDy(r* ') =0,

where since v, gs(C') = v, 67(L) for all 7 > 0 we can consider (r,1) — (r,r*"'v(l)) as a
normal vector field on the cone. Note also that the induced Euclidean metric on the
normal bundle of C' in R® takes the form 72h, where h is the metric on the normal

bundle of L in S” induced from the round metric on S”.

Let {e1, €2, e3} denote an orthonormal frame for T'L with dual coframe {e', e?, €3}, and
denote by ®, the Euclidean Cayley form on R® and ¢ the nearly parallel Gy-structure
on S” defined in ([6.2.1)). We compute that

Do(r*1v) = (dr/\ (Vor )) i (e A (V- 10p)

0
= M 2dr AV + M 20, (—, v, -, )
or
i b
- Z (r’\’lei A (Vov) + 120 (e;, Voo, -, )) ,
i=1

since V4 v = r~!v as the metric on the normal bundle is of the form 72h. Using the
or

definition of ¢ in (6.2.1]), we find that

Do(r)\ 1U> AT A= 2dTAU + )\r/\Jrl (U7 " )
3
—1—2( M A (Vov) +ridr Aple, Viv, )+ xple;, Viv, -, ).

i=1
Now we wish to replace the musical isomorphism b : vgs(C') = v3s(C') with the musical
isomorphism by, : vgr(L) — v (L). Since the metric on vgs(C) is of the form r?h,

where h is a metric on vgr(L), we find that

Do(r* ) = Xrrdr Av'E 4+ Ao, - )
3
+ Z (Pt A (VE0)E +rrdr A p(es, ViEv, - ) + 1w (e, Viv, -, +)).

=1
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Notice that £ = vgr(L) via the map
o i
o — (E_I Oé) R
where §7, : v§; (L) — vg7(L) is the musical isomorphism, with inverse map
v > mr(dr AV,
Therefore we see that
o fr
r 1 Dy(r* ) =0 — (8—4 r_lDO(T’\_lv)) =0.
r

We find that

a ﬁL
(EJ r_lDo(rA_lv)) = A2 </\U + o(e;, Vé“a )ﬁL> .

Since by definition,
Div=e; x V;U = 90(61‘, Veivv ’ )ﬁL’

we see that A € Dp if, and only if, there exists v € C*°(vg7(L)) such that

Drv=—)\v.

6.2.3 Exceptional weights for the operator 0 + 0*

Let N be a CS complex surface with rate ;1 and cone C' inside a Calabi-Yau four-fold
M, and write N for its nonsingular part. In order to prove an analogous result to

Proposition for the operator
D+ 0" : CC( ) (N) @ A%N @ P (N)) = C(A“'N @ v))(N)), (6.2.6)

we will need some preliminary facts about complex cones.

Definition 6.2.1. Let C' be a complex cone in C*™!, with real link L := C'n %"+,
Consider the Hopf projection p : S?"*1 — CP™. Define the complex link X of C to be
the image of L under the Hopf projection, i.e., ¥ := p(L) C CP".
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The real link of a complex cone C' is a circle bundle over the complex link of C.
Thinking of L as S! x ¥, we can find a globally defined vector field on L that we can
think of as being tangent to S! in this product.

Definition 6.2.2. Let C be a complex cone in C**!, and denote by J the complex
structure on C". The Reeb vector field is defined to be

5::J<r%>.

Notice that |[£|, = 1.

If p|; : L — ¥ is the restriction of the Hopf projection to L, then at each [ € L, &
spans the kernel of dr|; : T;L — T,)%.

Definition 6.2.3. Let C' be a complex cone in C**! with real link L. Let o be a
p-form on L. We say that « is horizontal if £5a = 0, where £ is the Reeb vector
field. Denote by A} L the vector bundle of horizontal p-forms on L. Denote by dj, the

projection of the exterior derivative onto horizontal forms.

By definition of the Reeb vector field, we see if J is the complex structure on C**!
then J(ALL) € ALL. So we have a well-defined splitting ALL = AL @ A)'L of
one-forms into the +i eigenspaces of J. Define the operator 0, on functions to be the

projection of dj, onto horizontal (0, 1)-forms.

With these definitions, we may characterise the set of exceptional weights for the
operator in terms of an eigenproblem on the link of a cone.

Proposition 6.2.2. Let N be a CS complex surface at & with rate p and cone C
inside a Calabi-Yau four-fold M. Write N := N\{Z}. Let D denote the set of A € R
for which

G+ L (V) © AN @ VP (V)) = L2, (AN @ v (), (62.7)

is not Fredholm. Let L denote the real link of C. Then A € D if, and only if, there
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ezist v € C=(vg! (L)) and w € C®(A)' L@ vgr (L)) so that

o = (A +2 —iVe)w, (6.2.8)

(A+iVe)o, (6.2.9)

- 1
Fw ==
hW 9

where £ is the Reeb vector field on L. Here V acts on A%lL as the Leuvi-Chvita connec-

tion of the metric on L and on Vé}O(L) as the normal part of the Levi-Civita connection

on S”.

Proof. Similarly to the proof of Proposition [6.2.1] if p is a radius function for N then
we can see that
5 + 5* 2’
on N is asymptotically translation invariant to
Oc + 5211”2,
on the cone C' where this time we take a metric on ves(C') that is independent of 7.

If v e C®(vgr(L) ® C) we can think of 7#v as a complexified normal vector field on

C, and moreover the complex structure J on C* induces a splitting
ver(L) ® C = v (L) & v (L),

of the complexified normal bundle of L in S” into holomorphic and antiholomorphic
parts (the i and —i eigenspaces of J respectively). Also, by definition of the Reeb
vector field, if we take § € C*(A'L) to be the dual one-form to & we have that
dr —irf is a (0,1)-form on C. Since A’C = A?L & dr A A'L, we can see that a
(0, 2)-form on C' must be of the form

r(dr —irf) A w,

where w € C®°(A)'L). By the discussion in Section [4.2.3) we deduce that A € D if,
and only if, there exists v € C®(vg7(L)) and w € C®(A)Y'L @ y;}O(L)) so that

dc(r*v) + 05, (T’\+2 (ﬂ — i@) A w) =0,

r
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where 6 is dual to the Reeb vector field £&. We can calculate that
do(r*v) = M ldr @ v+ 10 ® Vev + 1y,

and therefore

_ 1 _
de(r*v) = T)E (% — i@) ® (A +iVe)v + 0. (6.2.10)

We also have that

_ d d
¢, ((_r — i@) A 7"’\+2w) = —24 Va ((_r — i@) A 7"’\+2w)
r or  or r
1 d d _
— =&V <(_r — iG) A 7“”211)) — (_r — 2'6) oiw,
r r r
where since w is a horizontal (0, 1)-form we see that any term gained from applying

8_,’,'; to r~tdr —if must be a multiple of w at each point and therefore will vanish under

exterior product with w. We have that

—QJV o ((ﬁ — i@) A r’\+2w> = —(A+ )riw,

r
and

d
—§a Ve ((—T — i@) A r“Qw) = M 2y + ir“vaw,
r

since Vedr = r6) where V is the Levi-Civita connection of the cone metric. We deduce

that
= dr . A2 A . y(dr o\ 5
G|l ——0 ) Ar"TPw) == A+2—iVo)w—r"| — —i ) Opw.  (6.2.11)
r r
Equating (6.2.10)) and minus (6.2.11]), we find that A € D if, and only if, there exist
v E C’OO(V;QO(L)) and w € C®°(A)'L ® V;}O(L» satisfying

5hv = ()\ —|— 2 — ng)w,

_ 1
Jhw = 5()\ +iVe)v,

as claimed. O



6.2. FINDING THE EXCEPTIONAL WEIGHTS 157

6.2.4 An eigenproblem on the complex link

In Proposition we characterised the set of exceptional weights D for which the
operator ((6.2.7) is not Fredholm in terms of an eigenproblem on the real link of a
complex cone C. In this section we will introduce a trick used by Lotay [39, §6]
to study an eigenvalue problem on the link of a coassociative cone which is a circle
bundle over a complex curve in CP2. This will allow us to give an equivalent eigenvalue
problem to — on the real link of C' completely in terms of operators and

vector bundles on the complex link of C.

Let C' be a complex cone with real link L and complex link Y. Suppose we have a

problem of the following form: Find all of the functions f on L that satisfy
Lef =imf, Onf =0, (6.2.12)

for some m € Z, where ¢ is the Reeb vector field on C.

We would like to understand the relationship between the operator d), on the real link
of C and 0O, on the complex link C'.
Definition 6.2.4. Call a function, horizontal vector field or horizontal differential

form f on L basic if

Lef =0.

Basic functions, forms and vector fields are special because they are in one-one corre-
spondence with functions, forms and vector fields on . It follows from [49, Lem 1]
that 0, acting on basic functions, forms or vector fields on L is equivalent to O, acting
on functions, forms or vector fields on . In Problem , when m # 0, f is not

basic. However, a simple trick allows us to pretend that f is basic.

By the definition of the complex link, we may identify the cone C with the vector
bundle O¢ps(—1)|s, that is, the tautological line bundle over CP? restricted to X.

This is then a trivial (real) line bundle over L and therefore has a global section given
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by the map x — s(x) = z for z € L. It is easy to see that L¢s = is, and therefore
f@s™,
is a section of the vector bundle O¢ps(m)|s satisfying
Le(f@s™™) =0,

and therefore pushes down to a well-defined section of the vector bundle O¢ps(m)|s.

m

Since Oc¢ps(m)|y is a trivial line bundle over L, we can still consider f ® s as a

function on L. Therefore we can rephrase Problem ((6.2.12)) as: Find all basic sections
f of Ocps(m)|s, — L satisfying

onf =0.
This is now equivalent to finding the sections f of Ocps(m)|y, — X that satisfy

onf =0.

Therefore we have reduced Problem (6.2.12)) to asking: How many holomorphic sec-

tions of the line bundle O¢ps(m)|s are there?

This problem is easily solved using the Hirzebruch-Riemann—Roch Theorem [I7, Thm
5.1.1].

Theorem 6.2.3 (Hirzebruch-Riemann-Roch). Let ¥ be a Riemann surface and let
E be a vector bundle over . Denote by h°(X, E) the dimension of the space of

holomorphic sections of E. Let Ky, denote the canonical bundle of 3. Then

(X, E) = h°(%, B* @ Kx) + deg(E) + rk(E)(1 — g),
where deg(FE) is the degree of the vector bundle E, rk(E) is the rank of the vector
bundle and g is the genus of 3.

We will now apply the trick that we described above to rephrase the eigenvalue problem
(6.2.8)-(6.2.9) on the real link of a cone as an eigenvalue problem on the complex link

on a cone.
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Proposition 6.2.4. Let C be a complex cone in C* with real link L and complex
link . Then given A € R and m € Z, pairs v € Cm(yé}gg(E) ® Ocps(m)|s) and

w e C® (AT ® Vé’gg(E) ® Ocps(m)|s) so that

Osv=(A+3+m)w, (6.2.13)
Orw = %(A —1—m)w, (6.2.14)

are in a one-one correspondence with pairs U € COO(V;}O(L)) and W € CP(AY'L @

Vé}o (L)) satisfying

Eg@ = Zm?NJ, £§U~J = zmu?,
where & is the Reeb vector field, and the eigenvalue problem ([6.2.8])-(6.2.9)).

Proof. We can pull back such v and w to basic sections of Vé}O(L) ® Ocps(m)|s and
AL ® V;}O(L) ® Ocps(m)|s over L respectively. As mentioned above, these sections
are in one-one correspondence with sections v and w of V;}O(L) and A)'L ® Vé}O(L)
respectively satisfying

Lot = imb, L = imab. (6.2.15)
So we see that v and w are in one-one correspondence with v and w satisfying ,

and v and w satisfy

ot = (A + 3+ m)w,

(A—1—m)o.

= 1
I ==
W 5

Finally, by [49, Lemma 3, §5], we see that any horizontal vector field X on S7 viewed

as a circle bundle over CP? satisfies
horizontal part(Vx¢) = JX.
and so for any vector field of type (1,0), we have that

ﬁgv = ng - va = ng — .
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Therefore implies that

Veo =i(m+1)0, Vew =i(m+ 1),
and therefore

Ot = (A +2 —iVe)w,

(A +1Ve)D,

- 1
oW ==
hW 9

as required. O

6.3 Cone deformations: some calculations

Let C be a two-dimensional complex cone in C*. Let v be a normal vector field on C. If
v is sufficiently small, we can apply the tubular neighbourhood theorem for cones[5.2.3]
to identify v with a deformation of C'. Write v = vy ® vy, where v; € C®(v; (C)) and
vy € C®(v% (C)). We know from Proposition m that v is an infinitesimal Cayley

deformation of C'if, and only if,
/) 1 % At
vy + 18 (UQ_I QO) =0,

where Qg is the standard holomorphic volume form on C* and # denotes the musical
isomorphism Véﬂ’l(C) — Vél?(C). Moreover by Proposition v is an infinitesimal

complex deformation of C' if, and only if,
5?)1 =0= 6*(02J ﬁg)

We would like to know what properties v must have in order for the deformation of C'
corresponding to v to be a cone itself. By Proposition [5.2.3] in which we constructed

the tubular neighbourhood of a cone, we constructed a map

EC : Vc—>Tc,



6.3. CONE DEFORMATIONS: SOME CALCULATIONS 161

where Vo C vgs(C') contains the zero section and T € C* contains C. We constructed

an action of Ry on vea(C) satisfying |t - v| = t|v|, and the map Z¢ satisfies
Ec(tr,ltr-v(r, ) =t=c(r,,v(r,1)).

Therefore, to guarantee that Zcowv is a cone in C*, we must have that v(r,1) = r-9(l),

for some v € C*®(vg7(L)). In this case,
Zc(rlv(r 1) =rEc(1,1,0(1)),

for all » € R;. Choosing a metric on vea(C') that is independent of 7, we see that

r-o(l) = ro(l).

Therefore the dimension of the space of infinitesimal conical Cayley deformations of
C is equal to the dimensions of the spaces of solutions to the eigenproblems
and — with A = 1. As remarked after the statement of Proposition m
this particular eigenspace can be identified with the space of infinitesimal associative
deformations of the link of the cone in S” with its nearly parallel Gy-structure. This
problem was studied by Kawai [30], who computed the dimension of these spaces for
a range of examples. In terms of the work done here, this is equivalent to solving
the eigenproblem (6.2.4)) when A = 1. In this section, we will study the eigenproblem
— for the three examples of complex cones that were studied by Kawai
in his paper. Our analysis will allow us to see directly the difference between the
infinitesimal conical Cayley and complex deformations of a cone, and we hope that

the complex geometry will make these calculations simpler.

Here we will describe the three complex cones in C* whose infinitesimal Cayley and
complex deformations we will study. Alongside each example, we will quote Kawai’s
calculation of the dimension of the space of infinitesimal associative deformations of
the link in S7, which in our notation will be equal to the dimension of the space of
infinitesimal conical Cayley deformations of these cones in C*. In Section we will
apply the analysis in this thesis to compute the dimension of the space of infinitesimal
conical complex deformations of these cones in C*. The links of these cones are all

homogeneous associative submanifolds of S7.
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6.3.1 Example 1: L; = S

The first example is the simplest, being just a vector subspace (with the zero vector

removed). We take
Cy:=CA\{0}, L,:=5° % :=CP,

where (' is the complex cone, L; is the real link of C; and ; is the complex link of
C1.
Proposition 6.3.1 ([30, §6.4.1]). The space of infinitesimal associative deformations

of Ly in ST has dimension twelve.

6.3.2 Example 2: Ly, = SU(2)/Z,
Our second example is a little less trivial. Take
Cy :={(21, 20, 23,24) € C*| 24 = 0,22 + 25 + 22 = 0}.

Then it can be shown [30, Ex 6.6] that the link of Cy, Lo, is isomorphic to the quotient
group SU(2)/Z,.

The complex link of (5 is
Yo :={lz0:21:20:23) €ECP?| 20 =0,22 4+ 25 + 23 = 0}.

Proposition 6.3.2 ([39, Cor 5.12|, [30, Prop 6.26]). The space of infinitesimal asso-

ciative deformations of Ly in ST has dimension twenty-two.

6.3.3 Example 3: L3 = SU(2)/Zs

Our third example is the most complicated to state, but is certainly the most inter-

esting.
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Define the cone C5 to be the cone over the submanifold Ls of S which is defined as

follows: consider the following action of SU(2) on C*

2 a®z1 + V3a%bzy + V3ab?z3 + b2y

2 —V/3a%bz; + al|al?* — 2|b|?)z + b(2]al® — [b]?)23 + V/3ab?z,
23 ~ V3ab?z — b(2|al? — |b]?) 2y + a(|al? — 2|b[?)zs + v/3a%bzy
24 —b321 + V3ab%ze — V/3a2bzs + a°24

where a,b € C satisfy |a|? + |b]> = 1. We define L3 to be the orbit of the above action
around the point (1,0,0,0)7, that is,

CL3

—/3a%b
L3 = B y
V3ab?
b3
where a,b € C satisfy |a|*> + [b|*> = 1. We see that for

Zs = ¢ (3 ceSU@2) =15,
¢

0

L is invariant under the action of Zs, therefore L3 = SU(2)/Zs. The complex link of

the cone C5 over L is
Yy = {[2% : V322 : V3axy? - 4] € CP?| [z : y] € CP'},
which is known as the twisted cubic in CP3.

This is a particularly interesting example for the following reason [38, Ex 5.8]. Define
L3(0) to be the orbit of the above group action around the point (cosé,0,0,sin)T.
Then Lj(f) is associative for 6 € [0, F]. As noted above, L3(0) = Ls is the real link
of a complex cone, however, L3(%) is the link of a special Lagrangian cone. Therefore
there exists a family of Cayley cones in C*, including both a complex cone and a
special Lagrangian cone, that are related by a group action.

Proposition 6.3.3 (|30 §6.3.2]). The space of infinitesimal associative deformations
of Ls(%) in S™ has dimension thirty.
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6.3.4 Calculations

We will now study the eigenvalue problem (/6.2.8)-(6.2.9) with A = 1 for C}, Cy and
(3 defined above. Recall that by Proposition we can study the eigenproblem

(6.2.13)-(6.2.14) with A = 1 on the complex link instead to make our calculations

easier. We first explain how to count infinitesimal conical complex deformations and
infinitesimal conical Cayley but non complex deformations of a complex cone.

Proposition 6.3.4. Let C' be a complex cone in C* with real link L and complex
link . Infinitesimal complex conical deformations of C' in C* are given by holomor-
phic sections of Vé’gy,(E). Infinitesimal Cayley conical deformations of C' that are not

complex are given by v € Cm(yé’loﬁ(E) ® Ocps(m)|s) satisfying

1
Ag.v = —Em(él +m)v, (6.3.1)
where —4 < m < (.

Proof. We know that infinitesimal complex deformations C' will lie in the kernel of ¢
or 53. Recall that Corollary says that these spaces are isomorphic and so we
expect them to have the same dimension. Examining the proof of Proposition [6.2.2
and comparing to Proposition [6.2.4] we see that infinitesimal complex deformations of
C' are given by holomorphic sections of l/é’gg (3) ® Ocps(A—1)|s, and antiholomorphic
sections of A% S @vps(X) ® Ocps(—3—A). Since infinitesimal conical deformations of
C will correspond to A = 1 here, we see that infinitesimal complex conical deformations

of C' correspond to holomorphic sections of
1,0
veps (),
and antiholomorphic sections of

AO,lZ ® Végg(z) ® O(CP3(_4)|E = U(E;g(z),

by the adjunction formula [I7, Prop 2.2.17] since Kcps|ls = Ocps(—4)|s. So we see

that infinitesimal conical complex deformations of C' arise from holomorphic sections
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of the holomorphic normal bundle of the complex link in CP3. The dimension of
the space of infinitesimal conical complex deformations of C' is then equal to the real
dimension (or twice the complex dimension) of the space of holomorphic sections of

the holomorphic normal bundle of the complex link.

Finally, we see that any remaining infinitesimal conical Cayley deformations of C' must
satisfy the eigenproblem (6.2.13)-(6.2.14) with A = 1 and m # 0, —4. Applying 9%
to (6.2.13]) and using (|6.2.14]), we see that the remaining infinitesimal conical Cayley

deformations of C' are given by v € C®(vips(X) ® Ocps(m)|s) satisfying

1
Ap.v = —ém(4 +m)v.

While we can apply the Hirzebruch-Riemann-Roch theorem to count holomor-
phic sections of holomorphic vector bundles, solving eigenproblems for the Laplacian
acting sections of vector bundles such as is somewhat more difficult, especially
since the degree of the line bundle we consider appears in the eigenvalue itself. Such
problems have been studied, however, and we will make use of the following result of
Lépez Almorox and Tejero Prieto on eigenvalues of the Os-Laplacian acting on sec-
tions of holomorphic line bundles over CP! equipped with a metric of constant scalar
curvature.

Theorem 6.3.5 ([2, Thm 5.1]). Let K be a Hermitian line bundle over X, where ¥
is CPY with metric of constant scalar curvature k equipped with a unitary harmonic
connection Vi of curvature F¥Y5 = —iBws, for some B € R. Then the spectrum of

the operator

205, : OF(K) — C%(K),

1s the set

{M=5la+a)+@+a)deg K +1]] |g € NU{0}},

where a = 0 if deg K >0, a = 1 otherwise.
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The space of eigensections of 20%0s, with eigenvalue )\, is identified with the space of

holomorphic sections of

K '® K,
when deg K > 0, or of holomorphic sections of
K@ K1,
when deg K < 0. Therefore the multiplicity of A\, is

m(A,) = 1+ |deg K|+ 2q.

Example 1: L, = S?

To calculate the dimension of the space of infinitesimal conical Cayley deformations
of the cone C} = C2?, which as real link L; = S® and complex link 3; = CP?, we will
apply Proposition [6.3.4, We first calculate the dimension of the space of holomorphic
sections of

veps(31) = Ocps(1)]s @ Ocps(1)]x,

which by the Hirzebruch—Riemann—Roch theorem has dimension four. Therefore,

the dimension of the space of infinitesimal conical complex deformations of (] is eight.

Now we study the eigenproblem
1
Ajv = —Em(él +m), (6.3.2)

for v € OW(uéﬁg(El) ® Ocps(m)]s) = C°(Ocps(m + 1)|s ® Ocps(m + 1)|g) and
—4 < m < 0. We can apply Theorem to solve (6.3.2)) as long as the connection
on Ocps(m + 1)|s ® Ocps(m + 1)|s takes the form

v, 0
0 V)

where V; are connections on Oc¢ps(m + 1)|x. This is the case here, as can be seen

from the relation between the connection on the normal bundle of ¥; in CP? and the
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connection on the normal bundle of L; in S7 (see [49, Lem 1]) and the fact that the

normal bundle of Ly in S7 is trivial.
Therefore, by Theorem [6.3.5, solving (6.3.2]) reduces to solving the algebraic equation
—m(4+m) =4((q+a)*+ (¢ +a)|lm+2|),

for m € Z and ¢ € NU{0} (since the scalar curvature of ¥ is eight) with a = 0 if m >
—land a = 1if m < —2. It can be checked that this has solution (g, a, m) = (0, 1, —2),
and so by Theorem the dimension of eigensections of has dimension
2 x 2 =4. So we have a total of twelve infinitesimal conical Cayley deformations of C'

in C*.

We sum this up in a proposition.

Proposition 6.3.6. The real dimension of the space of infinitesimal conical Cayley
deformations of C; in C* is twelve. The real dimension of the space of infinitesimal
conical complex deformations of Cy in C* is eight.

Remark. Recall that the stabiliser of a Cayley plane in R® is isomorphic to (SU(2) x
SU(2)x SU(2))/Zs and that the dimension of Spin(7)/((SU(2) x SU(2) x SU(2))/Zs)
is twelve. The stabiliser of a two-dimensional complex plane in C* is isomorphic to

U(2) x U(2), and the dimension of U(4)/(U(2) x U(2)) is equal to eight.

Example 2: L, = SU(2)/Z

We now calculate the dimension of the space of infinitesimal conical Cayley deforma-

tions of the cone Cy in C* with link Ly = SU(2)/Zs and complex link Yy as defined
in Section Again by Proposition [6.3.4] we compute the dimension of the space

of holomorphic sections of
Vips(Z2) = Ocps(1)|s @ Ocps(2)]s,

which by the Hirzebruch—Riemann—Roch theorem has dimension eight, and so
we deduce that the space of infinitesimal conical complex deformations of C5 has

dimension sixteen.
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Again since the normal bundle of L, in S7 is trivial we may apply Theorem to
solve the eigenproblem

1
Aj.v = —ém(m +4), (6.3.3)

for v € C°(Ocps(m + 1)|s & Ocps(m + 2)|s) with —4 < m < 0. This reduces again
to solving the equations for m € Z and ¢ € NU {0}

—m(m+4) =2((g+a)* + (g +a)]2m + 3|),

with @ = 0 for m > —1 and a = 1 otherwise, which has solution (¢,a,m) = (0,1, —2)
and

—m(m +4) =2((¢ + a)® + (¢ + a)|2m + 5|),

with a = 0 for m > —2 and a = 1 otherwise, which has solution (¢, a,m) = (1,0, —2).
Therefore by Theorem the dimension of the space of solutions to has
dimension 3 + 3 = 6. Therefore, the dimension of the space of infinitesimal conical
Cayley deformations of Cy in C* is twenty-two.

Proposition 6.3.7. The real dimension of the space of infinitesimal conical Cayley
deformations of Cy in C* is twenty-two. The real dimension of the space of infinitesi-
mal conical complex deformations of Cy in C* is sizteen.

Remark. The dimension of Spin(7)/SU(4) is six, which implies that the six Cayley
but not complex infinitesimal conical deformations of C5 are just rigid motions induced

by the action of Spin(7) on R®.

Example 3: L; = SU(2)/Zs;

Finally, we compute the dimension of the space of infinitesimal conical Cayley de-
formations of Cs in C*, which has real link Lz = SU(2)/Z3 and complex link Y3 as
defined in Section [6.3.3]

The dimension of the space of holomorphic sections of

Vé}g3 (23) = 023 (5> D 023 (5)7
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where Oy, (n) denotes the line bundle of degree n over ¥3. By the Hirzebruch—
Riemann—Roch theorem [6.2.3} this space has dimension twelve, and so the dimension
of the space of infinitesimal conical complex deformations of C3 in C* has dimension

twenty-four.

So it remains to find v € C*°(Oxg,(3m + 5) @ Ox,(3m + 5)) satisfying

P

1
Aj.v = —Em(4 +m). (6.3.4)

Unfortunately, for this example we cannot directly apply Theorem to this prob-
lem, so we must find a different way to solve . We will do this by constructing
a moving frame for Ls.

Proposition 6.3.8 ([30, §6.3.2]). There ezists an orthonormal frame of Ls, denoted

{e1,e2,e3}, where Jey = e3 and ey is the Reeb vector field. We have that

2 2
ler, €] = —zes,  [er,e3] = cea,  [ea, €3] = —2e1.

3 3

We extend this to a frame of ST as follows.
Lemma 6.3.9. There exist orthonormal frames {ey, ez, es} of Lz and {f4, fs, f6, f7}
of vsr(Ls) such that the structure equations of Proposition take the following

form:

dx = eywy + egws + esws + fans + fsns + fene + f717,

de; = —w1x — wsey + waeg — N5 fa + Nafs — N7 fe + N6 f7,

d Fuwser + Loy + —mwnfi+ —mts

€y = —Wo + wse —e W w3 J5,

2 2 3€1 3 3 \/3 2/4 \/g 3J5
W 2 2

des = —w3T — woeq — 3162 - ﬁw&ﬁ + ﬁ‘*@f&

2 2
dfy = —xny + nse; — ﬁwzeg + ﬁw3€3 - %J% + wa fe + ws f7,
df - 2 aes + Ly — wsfo + wof
= —INs — N4e] — —=W3E9 — —=W9€ —f—w w
5 Tls — 1a€1 \/ﬁ 362 \/3 2€3 3 4 3.J6 2J7,

dfe = —xne + nre1 — wafa + wsfs —wi f7,

df; = —xn; — neer — wafa — wafs + wi fo,
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where Jey = e3, Jfy = f5,Jf6 = fr, {w1,ws,ws} is an orthonormal coframe of L
(wi(ej) = 0i5) and {ns,ms,m6,m7} is an orthonormal coframe of the normal bundle of

Ly in ST a(fs) — Oap). Further, the second structure equations of Proposition

are also satisfied.

Proof. Let V denote the Levi-Civita connection of L3. Again we take ay = wy and

a3 = ws as we may by Proposition [A.0.4. We see that since, using the structure
equations given in [A.0.2]

2
—ay(er)es —eg = Ve eg — Veer = [er, €] = 3
we must have that oy = —%-. We check that
2
—562 +ey =V ez — Ve = [61,33] = 562,
and
—€] — €1 = V6263 - Ve3€2 = [62,63] = —261.
Now Equation (A.0.3) tells us that we must have that
8
—2(8y A B3 + B3 A By) = 3w A ws.
So we take (33 = %wg and 35 = \%wg, B8 = I = 0 and this is satisfied. To ensure
that Equation (A.0.4) is satisfied, we seek 7 so that
L2 4
dﬁz = —dU.)Q = ——F=W1 /\Wg = ——=Ww1 /\CL)3 + —M A ws,

V3 3v3 V3 V3

2
—=W1 /\LLJQ = —=Ww1 /\LLJQ - M /\u}g,

NERENE V3 V3

1 1
dﬂgzoz—%/\w:&——%/\wm

V3 V3

dﬁg:():— /\Wg—

a8} =

1 1
= —%9 A\ Ws.

\/373 \/572 2
From this we see that we must have that v, = %wl, and 7, = aws and 3 = aws. To

determine a, we check Equation (A.0.5)), which tells us that we must have

1d = 2 A\ _a2 A A
——dw; = —zwa ANw3z = —wa ANws — -wa Aw
34w qWe AWy = SWa AWz — SW2 A Ws,
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and therefore we must have a = 2. It can be checked that the remaining parts of Equa-

tion (A.0.5)) are satisfied with v = (3wy, 2w2, 2w3). Therefore we choose { fi, f5, fs, f7}
so that the above choices of v, 8 and « hold, and so the equations claimed hold. [

We have that {fy — ifs, fo — if7} is a frame for the holomorphic tangent bundle of L
in S7. We have that

Valfi=ifs) = —3fs = 5 fi=—=(fa = ifs),
Ve (fo —ifr) = —fr —ife = —i(fe — if7).

However,

(Ve, +iVe)(fa—ifs) =

(Ve +iVe)(fo —ifr) = =2(fa — if5),
(Ve =iV (fa—ifs) = 2(f6 —ifr),
(Ve =iV ) (fo —ifr) =0,

and so we see explicitly that the connection on the normal bundle of Ls in S” is not
in a nice diagonal form as we had before. Since we have a moving frame of S7, we
will return to considering the eigenvalue problem - - Writing a section of
VS’7 O(Ls) as

Gi(fa—ifs)+ g2(fs —if7),

where g1, go are functions on L3 and sections of AO 'L® V 9(Ls) as

a1 @ (fa—ifs) + e ® (fo —ifr),

where o, o are sections of A%IL, we seek g1, g0 € C®(L3) and ay, a9 € C’OO(A%IL)

satisfying
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and

5hg2 = (2 - ive1)a27

Opag + 2(ezun) = 5(2 +iVe,) g2
We must have that
g2(wy —iws) = aay,

for some a € C (since if oy = 0 then we find infinitesimal conical complex deformations

of C3), and so we may instead study the eigenvalue problems

_ 8
8hgl = <§ - iVel + (1) o, (635)
- 174
62041 = 5 (5 + zVel) gy, (636)
and
Ohgs = (2 — iV, ), (6.3.7)
- 1 4
3h042 = 5 (2 + a + 2V61> gs. (638)

Using the structure equations given in Lemma [6.3.9, we see that the problem ([6.3.7])-

(6.3.8]) is equivalent to the eigenproblem

- . 8 . .

On(g2(w2 — iw3)) = <§ - lvq) sy @ (w — iws), (6.3.9)
= . 1/4 4 . )
O (g ® (wo — iws)) = 5\3 + - +iVe, | 92(we — iws), (6.3.10)

. . 0,1 . .
where we consider go(ws — iws) as a A, L-valued function, which becomes

= 8

adpoq = (§ — Z'Vel) s, (6.3.11)
- a (4 4
8h0é2 = 5 <§ + a + zVel) aq, (6312)

where now s is a section of Ag’lL ® Az’lL. Supposing that

Lo g1 =1mgy, Le,0q = imay,
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for 3m € Z we see that in order for the eigenproblem (6.3.11))-(6.3.12)) to make sense

we must have

Lo, g = imag.

Write Os,, (d) for the degree d line bundle over ¥3. Then as explained in Section[6.2.4]
we may replace the eigenvalue problems (/6.3.5))-(6.3.6))-(6.3.11))-(6.3.12) with seeking
g1 € C*(Ox,(3m)), and oy € C®°(Ox,(3m + 2)), a5 € C*°(Ox(3m + 4)) satistying

- 8
5’2391 = (5 +a-+ m) aq, (6313)
= 1 /4
05,01 = 3 (5 — m) g1, (6.3.14)
and
~ 8
als, 0 = <§ + m> Q, (6.3.15)
= a4 4
5, Q2 = 3 (§ + P m) Q. (6.3.16)

We find that o; must simultaneously satisfy the following two eigenproblems: applying

Ox, to (6.3.14) and using (6.3.13)) we find that
I 1 /8 4
823823061 = 5 <§ +a+ m) (g — m) Qaq, (6317)
and applying 5;3 to (6.3.15)) and using (6.3.16) we have that
o 1/8 4 4
833823041 = 5 (g + m) (g + E - m) aq. (6318)
Applying the formula [2, Lem 2.1, 2.2]
a O q* 9 2
05,05, = 05, Os,00 + 5(3m +2)a,
where « is a section of Oy, (3m + 2), we see that
8 + 4 n 4
—+m]|l=+-—m)|a«a
3 3 a b
L : +mr)
gtatm){g-—m 5(3m aq,

8;38230(1 =

1
2
1
2
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for a; € C*°(Ox,(3m + 2)). Therefore a € C must satisfy

)5 Em) - onen) G-

Solving this equation for a, we find that for m # 4/3

dm+ §+8
Ay = —F———,
co2(5-m)
which simplifies to
~ 6m+ 16

_2mE R, o
R

First considering a = a, we apply Theorem to see that
1/8 n 4 N 4(4 — 3m)
2\3 3 6m+16 )’

is an eigenvalue of 9%, Oy, acting on sections of Oy, (3m+2) if, and only if, m = —2/3.

In this case there are five a; € C*°(Ox,(0)) satisfying

Aézg a1 = 40[1.

Taking ¢ = 3§3a1 and oy = Oy,a; completes this solution to the eigenproblem

(6.3.13)-(6.3.14)-(6.3.15) - (6.3.16).

Secondly, when a = a_ = —2 Theorem tells us that

{(30n) (5

is an eigenvalue of 95, Oy, acting on sections of Oy, (3m+2) if, and only if, m = —2/3,

in which case we seek functions aq on X3 satisfying

Aézg ) = 0.

Since X3 is compact, a; must be holomorphic and further constant. Taking g = as =0

completes our analysis.

Finally, we check the case that m = 4/3. In this case, for the eigenvalues

(5 ()=t
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we must have a = —2. However, in this case, the eigenvalue is equal to —4, which is

negative and therefore not a possible eigenvalue of 5;3523 on sections of Oy, (6).

We have found a total of six infinitesimal conical Cayley deformations of C5 that are
not complex.

Proposition 6.3.10. The real dimension of the space of infinitesimal conical Cayley
deformations of Cs in C* is thirty. The real dimension of the space of infinitesimal
conical complex deformations of Cs in C* is twenty-four.

Remark. Similarly to Proposition we have six infinitesimal conical Cayley de-
formations of C'5 which are not complex, which again implies that these deformations

are just rigid motions.

6.4 Dimension of the moduli space of complex de-

formations of a CS complex surface

Now that we have discussed in more detail the set of exceptional weights D for the
operator (6.2.6]), we will apply the Atiyah—Patodi-Singer index theorem to the
operator 0 + 0* to compare the dimension of the space of CS complex deformations
of a CS complex surface in a Calabi—Yau four-fold to what we might expect to be
the dimension of the space of all complex deformations of the complex surface from
Kodaira’s theorem B.1.11

Theorem 6.4.1. Let N be a CS complex surface at & with cone C and rate p inside
a Calabi-Yau four-fold M. Write N := N\{&}. Let, for k > 4/p+1,

§+0": L, (i (V) & AN @ (V) —» LD, (AN @ vlf(V),  (64.1)
and denote the index of this operator by

ind,, (0 + 9%).
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Then

X(N, v (N)) =ind,(0+0)+ > d(X w, (6.4.2)

Ae(0,u)ND

where x(N,v,7 (N)) is the holomorphic Euler characteristic of vy (N), D is the set
of A € R for which (6.2.13))-(6.2.14)) has a nontrivial solution and then d(\) is the

dimension of the solution space, n is the n-invariant which we can now define to be

= 3 dn ) Sienly) (6.4.3)

0inep |A|

Remark. We interpret this as follows. The term y (N, v, (N)) is interpreted as the
dimension of the space of all complex deformations of N in M, since this is what we
can expect if Kodaira’s theorem [3.1.1] remains valid for complex varieties. Theorem
5.4.4 tells us that indﬂ(é + 0*) is the expected dimension of the space of CS Cayley
deformations of N in M (which by Proposition we can interpret as the expected
dimension of the space of CS complex deformations of N in M, although Theorem
tells us that in fact this should be equal to just the dimension of the kernel
of (6.4.1), which is what we expect to happen generically anyway). The term d(1)

represents deformations of NV that have a different tangent cone to N at z.
Proof. This follows from Proposition 4.4.5| since in this case

/N ag(z) vol = x(N, v (N)),

from [50, Thm 1.6]. O

6.4.1 Calculating the n-invariant for an example

The final calculation in this chapter is to compute the n-invariant for one of the
examples we considered in Section . This will help us to calculate (what we expect
to be) the codimension of the space of conically singular complex CS deformations

of a CS complex surface N at C' with rate p in a Calabi—Yau manifold M inside the
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space of all complex deformations of N, for a certain cone C' in C*, using Theorem

0.4, 1]

We consider our simplest example of a two-dimensional complex cone in C* which
is C; = C2. Denote by X, the complex link of C, i.e., ¥; = CP!'. Proposition
told us that the exceptional weights A € R satisfy an eigenproblem, and to
calculate the n-invariant we must first find the dimension of the space of solutions

to (6.2.13)-(6.2.14) for each A € R. Setting w = 0 in (6.2.13))-(6.2.14]), we seek

holomorphic sections of v, CP3( 1) @ Ocps(A — 1)|s, = Ocps(N)|s, ® Ocps(N)]y,, for
A € NU {0}, which by the Hirzebruch-Riemann-Roch theorem has dimension

2(A+1). Similarly, setting v = 0 in (6.2.13)-(6.2.14)), we seek antiholomorphic sections

of Ocps(—A)|g, ® Ocps(—A)|s,, which again have dimension 2(\ + 1).
It remains to compute the multiplicity of A as an eigenvalue of
205 Os,v = (A —1—m)(A+ 3 +m)v, (6.4.4)

where v is a section of O¢ps(m + 1)|s, ® Ocps(m + 1)|s, and A # 1 +m or —3 — m.

Theorem tells us that this is equivalent to solving the algebraic equation
A=1—m)(A+3+m)=4[¢° + qlm + 2],

where ¢ is a positive integer.

It can be computed that the multiplicity of integer A > 0 as an eigenvalue of (6.4.4))
is 2A(A + 1) and the multiplicity of integer A < —2 as an eigenvalue of (6.4.4) is
2(A+2)(A+1). So we have that

A+ 1 AA+1) (= 2 —“A+1
n(s):4zi—|—2 + 22 + i ),

A=1 A=1 A=3

and so

n(0) = 12¢(=1) = —1,
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where ( is the Riemann zeta function.

We have that the multiplicity of the zero eigenvalue in this case in four. So we have

found that
n(0) + h
2

3
5

6.5 Concluding remarks

In Chapters of this thesis we have considered the deformation theory of Cay-
ley submanifolds, paying particular attention to the special case that the ambient
manifold is a four-dimensional Calabi—Yau manifold and the Cayley submanifold is a
two-dimensional complex submanifold. We saw in Chapter [3| that Cayley and com-
plex deformations of a compact complex surface are the same, and in Chapter [5| we
saw that conically singular Cayley and complex deformations of a conically singular
complex surface were the same. We saw in Chapter [6] by considering complex cones
in C* that this is not the case in general. For example, we saw that we can deform a

complex plane into a Cayley plane that is no longer complex.

There is still potential for further work on the deformation theory of conically singular
Cayley submanifolds. In particular, it would be interesting to find an analytic justifi-
cation for the heuristic explanation of the terms that appear in the index formula given
by an application of the Atiyah—Patodi—Singer theorem in Theorem This could
be done by applying similar techniques to Joyce [22] and Lotay [37], who considered
deformations of conically singular special Lagrangian and coassociative submanifolds
respectively. It would, however, be interesting to see if new techniques could be de-

veloped to study more exotic deformations of conically singular Cayley submanifolds.

It would be interesting to try to exploit the relationship between Cayley and com-
plex submanifolds explored in this thesis to find new techniques for problems such as
desingularising Cayley submanifolds. Desingularising complex varieties is relatively

simple using techniques from algebraic geometry and so it might be the case that the
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close relationship between Cayley and complex submanifolds could mean that such

techniques could be applied to Cayley submanifolds.
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Appendix A

Structure equations of Spin(7)

We will here give the structure equations of S” adapted to an associative submanifold
of S7. To do this, we will consider the sphere S7 as the group quotient Spin(7)/Go,
that is, we can consider Spin(7) as the Gy frame bundle over S7. Bryant 7, Prop 1.1]
first wrote down the structure equations of Spin(7), but we will quote them in the
following useful form given by Lotay [38] §4].

Proposition A.0.1 ([38, Prop 4.2]). We may write the Lie algebra spin(7) of the Lie
group Spin(7) C Gl(n,R) as

0 —wT -t w,a,y € Mzyi(R),
spin(7) = w [a] BT — 3 {n}" n € My (R),
n ﬁ+%{77} %[a—WJ++%Mf B e Myxs(R),

Bi+ B+ pB5=0, 67+ 65— B85 =0,
B — B —pBt=0, 67 — B+ 65 =0.

where
0 z -y
[(z,9,2)' =]~ 0 = [,
y —xz O
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0 —x —y ==z
z 0 z =ty

{(x7y7 Z)T]:IZ = P
y —z2 0 ZFz
Fz Fy xx O
and
—q -1 S
s r
(g o)} =] "
—s p —q
r —q —p

Now that we have the structure equations for Spin(7), we may construct a moving
frame for S7 adapted to an associative three-fold. If we let g : Spin(7) — GI(8,R)
be the map taking Spin(7) to the identity component of the Lie subgroup of GI(8, R)
which has Lie algebra spin(7), then we can write ¢ = (ze f), where for p € Spin(7)
we have that z(p) € Msx1(R),e(p) = (e1(p),e2(p),es(p)) € Mgx3(R) and f(p) =
(fa(p), f5(p), fo(p), f7(p)) € Msx4(R). We can choose our frame so that x represents
a point of our associative three-fold L, e is an orthonormal frame for L and w is
an orthonormal coframe for L. Therefore f is an orthonormal frame for the normal
bundle of L in S7,  an orthonormal coframe. Then since the Maurer-Cartan form
¢ = g~'dg takes values in spin(7), we can write

0 T T

¢=|w o] 6" = 3{n}"
n B+t slo—wlk +30]-

This yields the following results
Proposition A.0.2 ([38, Prop 4.3]). Use the notation above. On the adapted frame
bundle of an associative three-fold L in ST, x : L — S7 and {e1, ez, €3, f1, f5, fo, [7} is
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a local oriented orthonormal basis for TA @ NA, so the first structure equations are

dx = ew;
de = —aw” +e[a] + £

& =" + 3 f ([~ + B

Proposition A.0.3 ([38, Prop 4.4]). Use the notation above. On the adapted frame
bundle of an associative three-fold in S”, there exists a local tensor of functions h =
h?k = h%j, for1 < g,k <3 and 4 < a <7, such that the second structure equations

are

dw = —[a] A w; (A.0.1)
B = hw; (A.0.2)
dlo] = —[a] Afa] +w Aw” + BT A B (A.03)
48 = ~B Afa] — 5[ —wls + 1)) A B; (A.0.4)

Sl —wle +P)o) = —gla—wl Alo—wly — 3l AR+ BABT. (A05)

Notice that [o] is the Levi-Civita connection of L and 3([oev — w]y + [y]_) defines the
induced connection on the normal bundle of L in S7. We have that h defines the

second fundamental form 1T, € C(S?*T*L;v(L)) of L in S7, writing
I}, = by fo ® wjwy.

Since the associative submanifolds of S” that we are considering are S*-bundles over
complex curves, we may reduce the structure equations of L.
Proposition A.0.4 ([38, Ex 4.9]). Let L be the link of complex cone C' in C*. Then

we can choose a frame of TS|y such that
Qg = W2, (3 = W3 G”d5f=5§:/3§:5§:0-

This implies that B3 = —B35, 85 = B3,85 = =33 and B = BS. Here e; defines the
direction of the circle fibres of L over the complex link ¥ of C.
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Proof. This follows from supposing that the complex structure of C* acts on C as

follows:

Jr=e; Jea=e3; Jfa=fs; Jfs=fr.
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