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Abstract

Title: An Optimisation-Based Approach to FKPP-Type Equations
Author: David Philip Driver

In this thesis, we study a class of reaction-diffusion equations of the form %—? = Lu+du— %uk“
where L is the stochastic generator of a Markov process, ¢ is a function of the space variables
and k € R\{0}. An important example, in the case when k > 0, is equations of the FKPP-type.
We also give an example from the theory of utility maximisation problems when such equations
arise and in this case k < 0. We introduce a new representation, for the solution of the equation,
as the optimal value of an optimal control problem. We also give a second representation which
can be seen as a dual problem to the first optimisation problem. We note that this is a new
type of dual problem and we compare it to the standard Lagrangian dual formulation.

By choosing controls in the optimisation problems we obtain upper and lower bounds on the
solution to the PDE. We use these bounds to study the speed of the wave front of the PDE in

the case when L is the generator of a suitable Lévy process.
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Chapter 1.

Introduction

1.1. FKPP-Type Equations

In this work, we will study the behaviour of solutions to reaction-diffusion equations of the form

ou
— = Lu+ ¢(x)u — LuFt?
ot F (1.1.1)

u(0,2) = up(x) for all x € E,

where the measurable functions ¢ : E — R and ug : E — [0,00) are given, the exponent
k € R\{0} is constant and the operator L is the generator of a Markov process, X, valued in

the state space E. The notion of a solution that we use will be defined rigorously in Chapter 2.

We will call equations of this type, FKPP-type equations. This particular formulation is
slightly unusual but is justified since equation (1.1.1) is a generalisation of the equation studied,
in 1937, by Fisher, Kolmogorov, Petrovskii, and Piskunov, from whom the equation gets its
name. In fact, many equations that are commonly described as being of FKPP- (or simply
KPP-) type, are of the form in equation (1.1.1). We note here that the case when k£ < 0 is
not usually described as an FKPP-type equation (since the nonlinearity does not satisfy the
KPP conditions) but this case fits naturally into the optimisation-based framework that we will

introduce below and so in this work we will refer to the equation as an FKPP type equation.

The prototypical FKPP-type equation was first introduced by Fisher, in 1937, to model a
biological problem and studied rigorously, in the same year, by Kolmogorov, Petrovskii and
Piskunov (KPP). Equations of this form arise in many situations and have been well studied
using a diverse set of techniques. These equations have been studied because of their interest to
PDE theorists and, since the 1960s, their links to probability. There has been much interplay
between these two branches of mathematics and also some effort to reproduce results using
only ‘PDE-based techniques’ or only ‘probabilistic techniques’. Over time there have been
many generalisations to the original FKPP equation and there is still active research into the

behaviour of the solutions to such equations.

We will give a brief history of the study of FKPP-type equations of the form of equation

(1.1.1) and some of the applications to modelling physical phenomena.
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1.1.1. Applications of FKPP-Type Equations

Fisher’s seminal paper [Fis37] was published in 1937. In his paper, Fisher modelled the spread

of an advantageous gene throughout a linear habitat. He modelled the frequency of occurrence
of the advantageous gene by the equation,

Ou 0%u

ot~ o2

(0, z) = up(z)

+ cou(l — u)

where u : [0,00) x R — [0, 1]. u(t, ) represents the frequency of the advantageous gene at time
t and position x; ¢; > 0 is the coefficient of diffusion and ¢ > 0 is the intensity of selection
in favour of the advantageous mutant gene. Here the frequency is normalised with respect to a
saturation level of 1; that is to say, the u takes values in [0, 1].

We would expect that when an advantageous mutation occurs, the change in frequency over
time will depend on both the frequency of the advantageous gene and the frequency of the
other allelomorph. Here the ‘reaction’ term is of the form of a simple population growth model,
for example the logistic equation. In the FKPP model, there is an extra diffusion term, which
describes the way the advantageous gene should spread throughout the population in a wave-like
manner over time.

By changing variables x — g—f:v and t — cot, we can assume without loss of generality that
= % and co = 1. We will refer to the equation

u_ 10
ot 20z (1.1.2)
u(0,x) = up(x)
as the canonical FKPP equation.

It is natural to consider the simplest initial condition where one side of x = 0, there is a habitat
consisting solely of a population with an advantageous gene adaptation and the other side is the
other allelomorph. Therefore the equation is often studied in the case when ug(z) = 1(_o )-

A survey of the links to biology can be found in the book of Murray [Mur07].

An important summary of various applications of FKPP type equations can be found in the
work of Champneys, Harris, Toland, Warren and Williams [CHT95].

Another interesting application is from physics and the theory of spin glasses. In 1988, Derrida
and Spohn [DS88] showed a connection between travelling wave solutions of equation (1.1.2) and
disordered trees. Their ideas are extended in more recent papers such as those by Brunet and
Derrida [BD09] which also include links between the particles in a branching Brownian motion
(cf. Section 1.1.3).

In 2009, Munier and Peschanski [MPO03] and later Munier [Mun09] consider the equation
(1.1.2) and show how after transformations it describes high energy scattering from the point of
view of quantum chromodynamics.

In 2003, del-Castillo-Negrete, Carreras and Lynch [CNCLO03] proposed using (1.1.1) with

the generator £ being the fractional Laplacian operator to model situations when Gaussian
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diffusion is unrealistic. Such a situation arises in the study of plasma physics where there can be
‘anomalously large particle displacements’ which can be described by probability distributions
with heavier tails than a Gaussian distribution.

In Chapter 3, we see a new application of equation (1.1.1) in the setting of a Merton type

utility maximisation problem.

1.1.2. PDE Approach

In their 1937 paper [KPP37], Kolmogorov, Petrovskii and Piskunov studied the travelling wave

behaviour of the equation

0 102
872; _ 5872 + f(u) (1.1.3)
(0, z) = up(z) (1.1.4)
under the following assumptions:
fe (o)) (1.1.5a)
f0)=/f(1)=0

f(v) >0, forall0 <v <1
f(0)=a € (0,00) and f'(v) < a for 0 < v < 1. (1.1.5b)

Clearly, if f(u) = u(1 — u), as in Fisher [Fis37], then f satisfies these conditions.

These conditions on the nonlinearity f are commonly called the KPP conditions. There is
some variation in what is meant by the KPP conditions but for the sake of the discussion in this
Chapter, we will assume that the preceding conditions hold but some of the references included
may use weaker conditions but for ease of exposition we won’t mention the precise conditions
required in these cases.

Given the biological description, it is natural to consider travelling wave solutions to equation
(1.1.3); that is, solutions to the ODE

1
§w"+cw'+f(w) = 0. (1.1.6)

If w solves (1.1.6), then, u defined by u(t,x) = w(z — ct) solves the PDE (1.1.3).
In order to obtain uniqueness, one can restrict attention to monotone waves with fixed trans-

lation. For example, we only consider w € W, where
W= {w e C*R,[0,1]) | v’ < 0,w(—00) = 1,w(0) = 3 and w(oc) =0} .

As suggested by Fisher [Fis37] and proved in [KPP37], there exist travelling waves in W of
speed c if and only if ¢ > \/W We say ¢ = /2f/(0) is the critical or minimal speed. We
denote a solution to equation (1.1.6) by w, for ¢ > 1/2f/(0) and by w if ¢ = /2f7(0).

The travelling wave of critical speed has the following relation to u: suppose, for example that

up = L(_,0) and set m to be the increasing function that defines the median value of u; that
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is, u(t,m(t)) = 3. m has the interpretation of the position of the wave front at time ¢. Then,

the following holds:

u(t,z +m(t)) — w(z) as t — oo.

where, w solves equation (1.1.6) with ¢ = 1/2f/(0).
The precise form of m(t) is of interest, and determining the exact behaviour is still an open
problem, even for the canonical FKPP equation. KPP [KPP37], showed the following low order

approximation:
t
mt() —1/2f(0) as t — 0.

Aronson and Weinberger [AW75, AWT8] extended these results to more general nonlinear-
ities. They extended the biological application to a population living in R? and allowed for
intermediate genotypes. For dominant and recessive alleles, A and a, respectively the possible
genotypes in this model are aa, aA and AA. In this case the equation modelling the spread of
the advantageous gene would be

ou 1
ai: = S Au+ f() (1.1.7)

u(0,z) = uo(x)
where
fu) =u(l —u)[r — 72— (11 — 272 + 73)]
where 7; for ¢ = 1,2,3, represent the different death rates corresponding to the genotypes,
AA, Aa and aa, respectively. Without loss of generality, we assume that 73 < 7. Here we are
interested in the so called ‘Heterozygote Intermediate’ case. That is to say, we have 7 > 7 > 73.
In this case, f is of the KPP type.

In their 1978 paper, Aronson and Weinberger [AW78] looked for plane wave solutions, i.e.
solutions to equation (1.1.7) of the form u(t,z) = w(z -y — ct) for w € W, where € R? is an
arbitrary unit vector and

Su’ 4 cul + f(w) =0
as in the d = 1 case. Again, there are such travelling waves for all speeds ¢ > ¢* = \/W .
It was shown that, as long as ug is, for example, compactly supported, then
lim u(t,z) = 1, uniformly for|z| < c¢t, and ¢ € [0, c")

free (1.1.8)

tlim u(t,z) = 0, uniformly for |x| > ct, and ¢ € (c*, 00)
—00

Aronson and Weinberger also treat the ‘Heterozygote Inferior’ and ‘Heterozygote Superior’ cases
in their 1978 paper.
Uchiyama [Uch78] showed using techniques from the theory of PDEs that

3
m(t) = V2t — 5352 logt + O(1)

for equation (1.1.3) with some conditions on f and with ug(x) equal to zero for large x. The
form of m(t) was also given independently by Bramson [Bra78] using probabilistic methods and

this is referred to as the Bramson logarithmic correction term.
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Larson [Lar78] considered equation (1.1.3) and compares the super-and-sub-solutions of Mon-
troll [Mon67] and Rosen [Ros74] and considers asymptotic behaviour in the case of exponentially
decaying initial conditions in an extension of the results of McKean [McK75].

Lau [Lau85] gave a simplified proof of the form of the Bramson correction term in the case of
a more general forcing term f using maximum principle methods.

More recently, Hamel and Roques [HR10] studied equation (1.1.3) under the additional as-
sumption that f(s) > f/(0)s — Ms'*9 for s € [0, sq], for some § > 0, so € (0,1) and M > 0. In
their paper they look at the previously unstudied slowly decaying initial conditions. In particu-
lar they show that under (not necessarily decreasing) initial conditions, such that for any € > 0,

uo(x) > e~ =" for large x. This case is of interest because, if
mMt) = {z e R:u(t,z) = \}, (1.1.9)

then for any fixed A € (0, 1),

lim = minm?(t) = co
t—o00

which is in contrast to the linear speed of the wave front the case when the initial condition has
exponential decay. Hamel and Roques study the precise asymptotic behaviour of the level sets
m> in this case.

Hamel, Nolen, Roquejoffre and Ryzhik [HNRR13] gave a short proof of the form of the Bram-
son correction term for rather general conditions. Nolen, Roquejoffre and Ryzhik [NRR17]
showed an improved result in a more specialised setting before refining the result in their next
paper [NRR16]. In their paper [NRR16], they studied the speed of the wave front for the solu-
tion to (1.1.2), given that, for example, ug decreasing with ug(x) < exp(—pz) for 8 > /2 and
x sufficiently large (cf. condition (1.1.12) below). They improved a conjecture of Ebert and van
Saarloos [ES98] and van Saarloos [Saa03], and showed that

3 3y 1
_ 23Tlogt—i—co - ﬁ +o <t15>

for all € > 0, where ¢y depends on the initial condition, ug. Ebert and van Saarloos suggested

m(t) = V2t

this result with ¢ = 1/2. Interestingly, the coefficient of the t~/2 term does not depend on .
Under similar conditions, Berestycki and Brunet [BB16] also studied equation (1.1.2). In this
case the process m*(t) such that u(t,m*(t)) = X is single valued. Define ) to be such that
w(zy) = A where w solves the travelling wave ODE. Berestycki and Brunet conjecture a further
refinement on the particular form of m*(t) and suggest that

m M (t) = V2t — 23—?’/2logt+0+:c - ?’\/\ngKbtgtJrO (1)

where C and K are constants that do not depend on A.

1.1.3. Links to Probability

The FKPP equation has often been studied in a probabilistic setting by using an observation,

such as the following, linking branching processes and PDEs. Skorokhod [Sko64] was perhaps
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the first to notice such a connection in the context of a general branching diffusion process and
gave equations for the transition probabilities and conditions on when solutions exist. Later,
Watanabe [Wat68] studied branching processes in relation to PDEs in a very general setting.

Let -
G(s) = Zpisi
=0

be a probability generating function of a positive integer valued random variable. For suitably

regular vy and X, the function

v(t,x) = E*

11 vO(X;')] (1.1.10)

i€l
can been shown to solve the equation

ov
E—EU—FG(U)—’U

v(0,z) = vo(x) for all z € E

where {X},i € I;,t > 0} is a branching process constructed from the Markov process X with
generator L as follows: initially there is one particle located at x, and moves according to the law
of X. At an exponentially distributed time 7" ~ exp(1), this particle disappears and is replaced
with N independent and identical copies located at same position, where P(N = n) = p,,. This
procedure then repeats. We are using the notation I; for the index set of the particles alive at
time t.

The function defined by ©v = 1 — v then satisfies then satisfies a PDE with nonlinearity
f(u) =1—u—G(1 —u) which we can see if of the KPP type (for G continuously differentiable).

The first person to use a branching process representation to explicitly study an FKPP-type
equation was McKean. In 1975, McKean [McK75, McK76] studied the simplest branching dif-
fusion process which corresponds to the canonical FKPP equation. Independently of Skorokhod

(cf. equation (1.1.10)), McKean wrote the solution to the equation

v 10%
ot 292 o0l

vo() = 1(0,00)

as

v(t,z) =P (max X} <z
i€l t

where X is a standard Brownian motion, and N = 2. In other words, the process is a dyadic
branching Brownian motion (BBM). We see that v(¢,-) is the distribution function of the max-
imal particle at time ¢.

After substituting v — 1 — u, we see that this is precisely of the form in equation (1.1.2) and
rewriting we have

u(t,r) =P <riréz}i<Xf > x) (1.1.11)



1.1. FKPP-Type Equations

McKean simplified the proof of KPP [KPP37] that u(t,x + m(t)) converges to the travelling
wave solution of critical speed for more general initial conditions.

McKean also studied more general initial conditions: for ug taking values in [0, 1], and b €
(0,v/2], im0 up(x)e?® = a, for some a > 0, then,

lim u(t,z + ct) = we(x)

t—o00

where w, solves the travelling wave ODE (1.1.6) with ¢ = 3 + g.

If we, consider the case when up = 1(_ o) and write R; = max;ey, X}, we see that in this
probabilistic framework, the convergence u(t,z+m(t)) — w(x) can be interpreted as a statement
about convergence in distribution of Ry —m(t). Also, by knowing the speed of m, we have a law

of large numbers for a BBM in the sense that
% £> \fQ, as t — oo.
McKean also obtained an upper bound on m:
m(t) < V2t — 2732 log .

Bramson [Bra78, Bra83] (see also the review article [Bra86]) extended these results to a BBM

with an average of two branches and finite second moment:

o0
Z ipi =2
=1
o0

Zi2pi < 00

=1

and showed that McKean’s bound on m was not sharp. In fact, it was shown that
m(t) = V2t —3-27321ogt + O(1).

if and only if

o
ye\/ﬁyuo(y) < 00 (1.1.12)
0

Bramson also extended the results to more general nonlinearities by a comparison principle
argument. Finally, Bramson improved upon the results of McKean [McK75] and Uchiyama
[Uch78] and gave necessary and sufficient conditions for an initial condition to give rise to

travelling waves of a certain speed. It was shown that
u(t,z +m(t)) = w(z)

uniformly in x as ¢ — oo, if and only if the Bramson conditions on ug hold: for some h,n, M, N >

0
1 Z(l—l—h)
lim sup — log/ uo(y)dy < —v2
z

z—00 R

and
z+N
/ uo(y)dy >n (1.1.13)
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for all z < —M. Similarly, for m(t) = ct + o(t),
u(t,z +m(t)) = we(zx)

uniformly in z as t — oo if and only if condition (1.1.13) holds and
1 2(1+h)
liiri)sogp 2 log/z uo(y)dy = —b.

A multidimensional analogue of Bramson’s results for spherically symmetric initial conditions
was found by Gértner [Gar82].

In 1988, Chauvin and Rouault [CR88| gave another probabilistic interpretation. One can
rewrite the representation (1.1.11) as u(t,z) = P (Zy((x,00)) > 0) where Z;(A) counts of the
number of particles of, for example, a standard branching Brownian motion, in the set A at
time ¢ for suitable A C R.

Chauvin and Rouault studied the large deviations of the right-most particle process Ry; that
is P(R; > ct) for ¢ > /2. To obtain their results, they exploit the relationship between this
and a sub-critical Galton-Watson process ((,)n>0; recall, that in this case, if E[¢; log(i] < oo,

as n — oo then P((, > 0) ~ CE[(,] for C' > 0. Analogously,
P(Z((ct + x,00) > 0) ~ CE[Z;((ct + x,00))] as t — oo,

for some constant C' > 0.

In terms of the PDE, this means that for ¢ > /2,
u(t,ct +x) ~ CU(t,ct + ) as t — oo,

for a constant C > 0, where U is the solution of the linearised PDE
oU  10°U
2022 +U.
Note that Chauvin and Rouault state their results for more general branching Brownian pro-
cesses.

Harris [Har98] showed existence and uniqueness (up to translation) of monotone travelling
wave solutions w € W for the canonical FKPP equation (1.1.2), using only probabilistic tech-
niques. Harris constructed the travelling wave by extending the martingale approach of Neveu
[Nev88], Biggins[Big92] and Champneys et al. [CHT95].

The travelling wave of speed ¢ > v/2 is given in terms of the ‘additive’ martingale

Z(t) = Z o~ MXHAL)

SN

where A = ¢ — v/c¢2 — 2. In particular, the travelling wave is given by

1—w(z)=E [exp (—e_)‘mZ(oo))] .
The travelling wave of critical speed is given in terms of the ‘derivative’ martingale

Z'(t) = 3 (X} + V2t)e VANV

i€l
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and the travelling wave is given by
1—w(x)=E [exp (—eiﬁxZ’(oo))] :

Kyprianou [Kyp04] gave an alternative to Harris’” methods also using purely probabilistic
approach to Harris’ methods. The ‘spine decomposition’ approach of Kyprianou is shown for

more general branching processes of a similar form to Bramson.

1.1.4. More General Generators

So far we have only considered equation (1.1.1) in the case when the generator £ is a Laplacian
and the corresponding Markov process X is a Brownian motion. More recently, there has been
interest in studying equation (1.1.1) and the corresponding branching processes for more general
Markov processes.

Non-local models of equations for the spread of a population or epidemic have a long history.
Schumacher [Sch80] showed a travelling wave solutions to a class of integro-differential equations

and Carr and Chmaj [CC04] showed uniqueness of travelling waves for the equation

%%:ng_u+fW) (1.1.14)

where H xv(z) = [p H(x — y)v(y)dy for a function v : R — R where f is a KPP nonlinearity
and H : R — [0, 00) is compactly supported, H(z) = H(—x) and [, H(y)dy = 1.
The generator defined by Lu = H xu corresponds to a compound Poisson process (c.f. Example
(4.4.3)).
In 2013, Cabré and Roquejoffre [CR13] studied equations such as
ou_
ot
u(0,x) = up(x)

—(=8)*u+ f(u)

on (0,00) x R where —(—A)®/2 denotes the fractional Laplacian for a € (0,2), f is a KPP
nonlinearity and 0 < ug < 1. They showed that if ug(z) = O(|z|~9~) for large |z, then

lim u(t, z) = 1, uniformly for|z| < e, and c € [0, c*)
t—o0

1tlim u(t,z) = 0, uniformly for |z| > e“, and c € (c*,c0)
—00

where ¢* = % and thus proved an analogous result to Aronson and Weinberger cf. (1.1.8) and

the later results for exponentially decaying initial conditions. Notice, however, that in this case
the wave front moves with exponential speed rather than with linear speed.

In the case when d = 1 and up(z) < 2 for large = and ug # 0 is decreasing on R, the wave

front moves with speed @ > ¢*. This faster spread for non-compact initial data is in contrast

to the case when the diffusion is Gaussian (cf. Aronson and Weinberger [AWT8]).

A

Cabré and Roquejoffre also consider level sets analogous to m” in equation (1.1.9) in the

special case of f(u) =u(l —u) and d = 1.
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In 1999, Kyprianou [Kyp99] studied branching Lévy processes in the sense of Section 1.1.3 but
with the more general assumption that, upon splitting, the child particles are scattered according
to a random process. This built upon the work of Neveu [Nev88] and Chauvin [Cha91] in the
setting of branching Brownian motion and Biggins [Big95, Big97] general discrete branching
processes. In 2016, Groisman and Jonckheere [GJ16], use Biggins’ [BLSW91] and Kyprianou’s
[Kyp99] results to generalise the work of Harris [Har98] to show the existence of travelling waves

for the equation

ou
Fn = Lu+ru(l —u)

u(0, z) = uo(x)

with speeds ¢ such that A*(c) > r where A* is the Legendre transform of the Laplace exponent
of £ under some conditions including that the underlying Lévy process has non-zero diffusion

part and X; has exponentially decaying tails.

1.2. Summary of New Results

1.2.1. The Value of k&

In order to treat such a general equation as equation (1.1.1) in a unified manner, we try to make
as few assumptions as possible. We will see that to establish the optimisation results, there are
three cases to consider, when £ > 0, —1 < k < 0 and k£ < —1, which must be treated separately.

Note that by setting ¢ = 1/k constant in equation (1.1.1), the non-linearity becomes f(u) =

Fu(l — uk).
1. When k > 0, this is of the KPP form. Note f is only Lipschitz on [0, 1], when k£ > 0.

2. When k € (—1,0), f is not of the KPP form. However, f satisfies the KPP conditions
with (1.1.5a) replaced by f € C1((0,1)) N C°([0,1]) and condition (1.1.5b) modified with

a = OQ.

3. When k < —1, the form of the nonlinearity is very different from the nonlinearities satis-

fying the KPP conditions.

Furthermore, in the case where —1 < k < 1, the FKPP equation is directly amenable to
the branching representation discussed above in Section 1.1.3. Here, the probability generating

function G is of the form

G)=v++[(1— o)™ +v—1]
1+k) » (A+k)(1—Fk) 5 (A+kKQ—-k(©2-Fk) ,

:72! V7 + 3] V7 + m v+

—~

This is a probability generating function since G(1) = 1.
We will avoid the degenerate cases k = —1 and k£ = 0. In this case we see that equation (1.1.1)

is a linear equation.

10



1.2. Summary of New Results

1.2.2. The Results

Now, we briefly summarise the new results that are presented in this work. Suppose that
u: [0,00) X E— [0, 00) solves equation (1.1.1) in a sense to be made precise in Chapter 2. Then,
we show that u can be computed in two ways: as the value function of a certain maximisation
problem and as the value function of a related minimisation problem. These representations
make up what we refer to as the optimisation-based representations of equation (1.1.1).

One potential application of this approach is in providing a systematic method of obtaining
upper and lower bounds to solutions of FKPP-type equations. Indeed, we can simply choose an
arbitrary control to insert into the objective function of the corresponding optimisation problem
and obtain a bound. As demonstrated in Section 1.1, there are many examples of practical
interest and theoretical interest. Not all cases of interest are covered by this framework but an
extension to nonlinearities coming from the theory of branching processes is also considered in
Appendix A.

As we saw, the classical and perhaps most important example is when the state space E = R?
and £ = %A is the Laplacian, in which case the Markov process is Brownian motion. However,
the Markov process plays no important part in the derivation of our representations. In fact, we
will see that our optimisation-based representations hold with no assumption on £ other than
that equation (1.1.1) has a solution in a rather weak sense which is made precise in Definition
2.1.1.

Another important situation in which equations of the form in equation (1.1.1) naturally
arise, is in the theory of financial mathematics. We will see that this equation appears in
the study of a certain optimal investment problem in the context of a model of a market with
stochastic volatility and an investor with constant relative risk aversion. Indeed, equation (1.1.1)
arises from applying the nonlinear transformation proposed by Zariphopoulou [Zar0l] to the
Hamilton-Jacobi-Bellman (HJB) equation associated with the optimisation problem. Details
of this example will be provided in Chapter 3. In this application, the exponent k appearing

equation (1.1.1) is defined by
1

R(1—p?) + p?

where R > 0 is the investor’s coefficient of relative risk aversion and p is the correlation between

E=—

the infinitesimal increments of the price of the risky asset and its volatility. Furthermore, in
this setting, the coefficient ¢, in equation (1.1.1), is a linear combination of the interest rate,
the Sharpe ratio of the stock and rate of subjective discounting. In particular, the exponent & is
negative and the coeflicient ¢ is generally a non-constant function of the state variable. These
observations motivate the generality in which we study equation (1.1.1).

In the special case of equation (1.1.1) when £ is the generator of a suitable Lévy process, ug
an initial condition with fast enough decay, and k& > 0, one expects that wave fronts will develop
and by studying the upper and lower bounds on the solution one can find the speed of this front.
By using the optimisation-based representation, we will derive such bounds and study the wave

speed for a variety of choices of generator, £ and initial condition ug. Further details can be

11



Chapter 1. Introduction

found in Chapter 4 and Appendix A.

1.2.3. The Outline

The rest of this work is organised as follows: in Chapter 2, we present the precise formulation of
the mathematical framework in which we will work and the representations of the solution to the
equation we will study. In Section 2.2, we present the first main result which is a representation
of the solution to an equation of the form (1.1.1) in terms of an optimisation problem which we
will call the primal problem. In Section 2.3, we introduce a second representation as another
optimisation problem which we will see as a dual problem in a way to be made precise. We show
the duality is a strong duality. After giving proofs of these representations in Section 2.4, we
will present some immediate consequences of the representations and compare the dual problem
to the Lagrangian dual problem in Sections 2.6 and 2.5, respectively. In Section 2.7, we will give
sufficient conditions for existence of solutions to equation (2.1.1).

In Chapter 3, we set up a Merton-type utility maximisation problem in Section 3.1. Then, in
Section 3.2, we show the relationship between the corresponding HJB equation and FKPP-type
equations in the form of equation (1.1.1) and thus the representations of Chapter 2.

Finally, in Chapter 4, we use the representations of Chapter 2 to calculate the speed of the wave
front for various examples of equation (1.1.1) when the nonlinearity is given by f(u) = fu(1—u¥).
In Section 4.1, we deduce some useful preliminary results from Chapter 2 and then in Section
4.2 we apply these results to prove Aronson-and-Weinberger-type results in the case when the
Markov process is a standard Brownian motion. Then, we give analogous results for a class
of Lévy processes in Section 4.3. We apply these results to some examples in Section 4.4. In
Sections 4.4.1 and 4.4.2, we consider two specific examples of X that don’t fit into the class of
Lévy processes of Section 4.3 but where results can still be obtained by slight modifications in
the arguments.

In Appendix A, we show how the primal representation given in Chapter 2 can be adapted to a
class of equations with concave nonlinearity. This allows us to consider equations corresponding
to a more general class of branching processes than those covered by Chapter 4. We briefly
explain how the techniques of Chapter 4 can be adapted to this important case.

In Appendix B we give an alternative view of the primal optimisation problem of Section
2.2 and study the problem in a simplified setting using and see how the optimisation problem
gives rise to equation (1.1.1) via the dynamic programming principle. We also present a direct
proof of strong duality in the sense of Lagrangian duality. We highlight the technical challenges

inherent in this stochastic control approach.
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Chapter 2.

The Representations

2.1. The Set-Up

For each ¢ we consider a probability space (2, F,P) with filtration (Fs)s>0 and a Markov process
(Xs)o<s<t taking values in a Borel space (E, B(E)). We use the usual notation of P* for P(-| Xy =
x) and, analogously, we define E* but we may drop the z from the notation when the meaning
is clear from the context.

Usually one considers the case when E = R? and takes X to be a Lévy process or, more
generally, a Feller process, but, as we will see, the properties of X do not play a large role in
the results of this section.

As noted in the introduction we will study the following equation:

ou
— = Lu+ ¢(x)u — LuFt
ot (o= % (2.1.1)

u(0,x) = up(z), for all z € E.
We suppose that ¢ : E — R and uy : E — [0,00) are measurable functions and are known.
The exponent k& € R\{—1,0} is constant. We define the operator £ to be the infinitesimal
generator of the Markov process X.

We make the following definition of a solution.

Definition 2.1.1. We say that a measurable function u : [0,00) x E — [0,00) is a solution to
equation (2.1.1) if for every (t,x) there exists a measurable E-valued process (Xs)o<s<t defined
on some probability space with Xo = x almost surely and adapted to a filtration satisfying the
usual conditions such that

U(O,l‘) = uO(x)
and such that the process (M} )o<s<: defined by
M = u(t — s, X,)elo 90— gult=rX;) dr (2.1.2)
s a cadlag martingale.

Remark 1. Intuitively, one may think of Definition 2.1.1 as replacing the assumption of smooth-
ness of a classical solution with an assumption of integrability. Indeed, consider the following

result.

13



Chapter 2. The Representations

If u is a non-negative classical solution to equation (2.1.1) with generator L corresponding to
a Markov process X, then M* is a local martingale.

Indeed, by applying Ité’s formula, we see that

du(t — s, Xs) = = (—ur + Lu)ds + dNs
= (—odu + %ukﬂ)ds + dNg

a local martingale N, since u is a classical solution to equation (2.1.1). Thus,

d (u(t — 5, Xs)elo w(xr)—%u(t—nxr)k]dr) = Jo 10(Xn) = pult—rXp)Mdrq

Integrating both sides, we see that left hand side is a local martingale, since the integrand is
continuous, as required.
We also see that if u is a classical solution and uw and ¢ are bounded, as is often the case,

then M* is a true martingale. o

If u is a solution of equation (2.1.1) in the sense of Definition 2.1.1, then M* is a martingale

and so we have the following representation of u:
u(t,z) = E [uo(Xt)efOt [p(Xr)dr—fu(t=rX:)*]] (2.1.3)

In other words, a generalised solution in the sense of Freidlin [Fre85, Chapter 5.1] is also a
solution of the form of Definition 2.1.1.
In order to elucidate Definition 2.1.1 further, we look at some examples of equations of the

form in equation (2.1.1).
Example 2.1.2. For the following examples, we take E = R®.

1. a) We can consider X to be a Lévy process starting at x € R, It then follows that the

operator L is of the integro-differential form

_ of 1 0*f
Lf=2 bignts 2 tigas

1<i<n 1<i,j<n
of
+ flx+y) = f(@) = L)<y Z yzaf(ff) v(dy)
R4\ {0} 1<i<n 9%
for constant b;, a;; such the matrix (aij)ij is non-negative definite and the measure v
such that fRd\{o} lylI2 A1 v(dy) < oo, corresponding to the Lévy process with charac-
teristic triple (b,a,v). See, for instance, [App04].

b) The simplest example is when X is an d-dimensional Brownian motion starting at
z € R Then, £ = %A is a multiple of the Laplacian. Then equation (2.1.1) is the
standard FKPP equation considered in Aronson and Weinberger [AW78], for example.

¢) In Chapter 4 we will restrict our attention to the univariate case (d=1), where the

Lévy measure v has a finite exponential moment such that

/eey]l{|y>1}y(dy) < 00

for all 0 in a neighbourhood of 0.

14



2.1. The Set-Up

d) Another special case is when b =0 and a = 0 and the Lévy measure v has a density
proportional to ||y||~@t® for 0 < a < 2. With this choice, the operator is the
fractional Laplacian £ = —(—A)a/2 corresponding to a rotationally symmetric o-
stable process. This corresponds to the equation considered in the work of Cabré and

Roquejoffre [CR13].

2. a) Another direction to generalise is to take the operator L to be an elliptic differential
operator of the form
o 1 o
E = Z bl(CC)i + = Z aij(az)i
1<i<n 8:131 2 1<i<n aibzal’j
for suitably reqular functions b;, a;; R? — R corresponding to the Markov process X

solving the stochastic differential equation
dXs = b(Xs)ds + o(Xs)dW,

where a = oo’ and W is a Brownian motion. We consider the univariate case of

such a diffusion in the financial application in Chapter 3.

b) In Chapter 4 we look at the particular example when X is an Ornstein- Uhlenbeck

process.

As demonstrated in these examples, the operator L is not everywhere-defined. In particular, if
we look at classical solutions to equation (2.1.1) we must assume a certain amount of regularity
of u in order for Lu to make sense.

In proving the following representation formulas, we will not need to use the special structure
of L, ¢ or ug other than the assumption that M* is a cadlag martingale. In this chapter, we
will mostly keep these unspecified. The statement and proof of Theorems for existence and
uniqueness of solutions are deferred to the end of this Chapter. For now, we will simply assume
that equation (2.1.1) has a solution in the sense of Definition 2.1.1.

There are three natural cases to consider in terms of k. The non-linearity changes behaviour
at k = —1 and k£ = 0 and so the results in Chapter 2 will usually be stated in each of these cases.
Note also that when k < 0, the integral term involving u(t — r, X,;)*¥ in the notion of solution
blows up if u is allowed to vanish. This corresponds to the nonlinearity u!'™* failing to be
Lipschitz at u = 0. Therefore, in the case that & < 0, we will assume that u is strictly positive
everywhere, to avoid these problems. We include this assumption and one more simplifying
assumptions throughout.

In summary, we always assume the following.
Assumption 2.1.3. 1. up(x) >0 forallz € E.

2. For each fixed k, we have

¢ ¢
/ |p(Xs)|ds < oo and / u(t — s, Xs)"ds < oo almost surely.
0 0
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Chapter 2. The Representations

3. A solution, u, to equation (2.1.1) exists in the sense of Definition 2.1.1.

Sufficient conditions for the third assumption to hold are given in Section 2.7.

2.2. Primal Representation

We will now introduce the first representation of the solution v in terms of an optimisation
problem. We refer to this as the primal representation; this refers to the fact that the optimisa-
tion problem has a natural interpretation where u is the value function of a certain optimisation
problem and then equation (2.1.1) is the corresponding HJB equation. Moreover, in we will
introduce another representation in Section 2.3 which can be seen as a dual problem.

We begin with an Feynman-Kac-type formula which will motivate the representations to

follow. Recall that a Feynman-Kac result is one of the form

Theorem 2.2.1 (Feynman-Kac Theorem). Let u be a classical solution to

ou
E(tv SL‘)

u(0,x) = up(z).

= Lu(t,x) + V(t,x)u(t,z) + f(t,x),

Given sufficiently reqular L,V and f and ug, (see, for example [ITW89]),
u(t, x) [/ elo VrXn)dr p(g X )ds-l—efo (rXn)dr 0 (X))

Given sufficiently nice £,V and f and wug, the result follows easily from It6’s formula. One
can see that the result can be extended to the case when V and f depend on the solution w.
Now we can introduce the starting point for our discussion. Notice that the following Feynman-

Kac type result holds for a solution to equation (2.1.1). Define a process (Y;")o<s<t by
V¥ = e Jo ult=rXn)tdr, (2.2.1)

Note that Y* is positive, non-increasing, absolutely continuous and adapted.
There is an important link between the process Y* and the martingale M* from Definition

2.1.1. Two important properties that will simplify the following calculations are
eJo SN (v ko (X)) = M (2.2.2)

and

eo PNy )k = M for 0 < s <t (2.2.3)

Here we are using the notation A to denote the weak derivative of an absolutely continuous
function h. Notice that
Y= —u(t — s, X,)kYr.

S

As the notation suggests, the processes Y* and M* will play important roles in the discussion
that follows.

The following lemma is a motivation for the primal representation in Theorem 2.2.3.
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2.2. Primal Representation

Lemma 2.2.2. Fiz (t,x) and let the process X be as in Definition 2.1.1. Then,

t
u(t,z) =E [ / eJo oXn)dr |y 1 s 4 oo @XN)Ar |y 1 (X (2.2.4)
0

Proof. Fix t and x. Since M™* is a martingale with Mj = u(¢, x), we have
u(t, ) = E[M;]
=E[M;(1 =Y +Y)]
t
_E [/ VI Myds + Y;‘M:}
0
t _
-F [/ o X |y |k ds - eho ¢<Xr>d’"m*|1+iuo<xt>} ‘
0

To go from the second to the third line, we used the tower property of conditional expectation:
¢ ¢
E [— / YS*Mt*ds} - / E [—)@*E[Mﬂ]—'s]} ds
0 0

t
=F [—/ Y;*M;ds} :
0

Since all of the terms are non-negative, there are no technical issues involving integrability. The

final line follows by equations (2.2.2) and (2.2.3). O

Because of the nonlinearity, in equation (2.1.1), the Feynman-Kac formula is implicit and so
we can not use it directly to describe the behaviour of u. However, we will now introduce the
primal representation of u in which we write v in terms of an optimisation problem with the
optimal control given by the process Y*. Choosing other controls will give us explicit upper

bounds on u.
Theorem 2.2.3. Fiz (t,x) and let X be as in Definition 2.1.1.
o Ifk < —1, then
t s . 1
u(t,z) = m{}xE [/O elo ¢>(Xr)d7"‘ys|1+%d3 +eh ¢>(Xr)d7“y;1+ku()(Xt)]

where the maximum is over positive, decreasing, adapted and absolutely continuous pro-
cesses, (Ys)o<s<t, with Yo = 1.

o [f—1< k<0, then
where the minimum is over positive, strictly decreasing, adapted and absolutely continuous

processes, (Ys)o<s<t, with Yy = 1.
o Ifk >0, then
t 5 .
u(t,z) = minE U elo SNy |17 s 4 eho ¢<Xr>d’“|ml+iuo<xt>}
0

where the minimum is over adapted and absolutely continuous processes, (Ys)o<s<t, with

Yo =1.
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Chapter 2. The Representations

In each case, the unique optimiser is given by Y = Y™*.

Consequently, we can write that

1
u(t,:n) mmln k/’—l— |:/ fO o (Xr) dr )1+1/k ds + 6f0 P(Xy)dr O(Xt)Y;gH_l/k

where the minimum is taken over positive, decreasing, adapted and absolutely continuous
(Ys)o<s<t with Yy = 1.

We postpone the proof of Theorem 2.2.3 to Section 2.4 where we will exploit a certain duality
to be defined in Section 2.3, below. However, another way to view Theorem 2.2.3 is that equation
(2.1.1) is essentially the Hamilton—-Jacobi-Bellman equation of the stochastic control problem.

We will go into more details of this in Appendix B.

2.3. Martingale-Dual Representation

We saw in Section 2.2 that we can write the solution u of equation (2.1.1) in terms of a min-
imisation/maximisation problem. Therefore, if we try any admissible control, we automatically
obtain an upper/lower bound. Naturally, we may then compute the standard Lagrangian dual
formulation and try to obtain lower /upper bounds on the solution. This approach runs into some
difficulties and requires stronger assumptions on u. In this section, we introduce a new type of
dual representation and we will call this the martingale-dual representation. The martingale-
dual representation improves upon the Lagrangian representation in the sense that it is more
general and there is a correspondence between it and the Lagrangian dual: the martingale-dual
problem gives tighter bounds on u for the same control when the control is admissible in both
formulations. We discuss the Lagrangian approach in more detail in Section 2.5 and Appendix
B.

Fix (t,z) and let the processes X and M™* be as in Definition 2.1.1.

Before giving the dual representation we write u in terms of the optimal control which will be

the process M*.
Lemma 2.3.1. For fized (t,x), the following identity holds
k
wo(Xy)F = ( = Jo #(X) dTM*) + uo(Xt)k/ ( —J5 o(x0) dTM*) ds. (2.3.1)
0

In particular, we can write u as

u(t,z) =E T
[(efg¢(XT)dth*) + uo(X¢)k f( IR XT)d”MS*)kds]k

Proof. Since M* is a martingale, we only need to show the identity (2.3.1) and this follows from

the definition of M*. Indeed, note that

(e—f5¢(xr)drM;) u(t — 5, X, )Fels ult=rX)kdr
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2.4. Proof of Representation Theorems

Therefore, we have the following two relations between M* and u
k
( — [Lo(xy) drM*> — uo(X) ko Jo ut—r,Xr)kdr

' S o(Xr)d k Lu(t—r, X, )kd
/ (e o 000000 p2) g = 1 — el nte=rxotar
0

The following theorem is what we will refer to as the martingale-dual representation.
Theorem 2.3.2. Fiz (t,x) and let u solve equation (2.1.1).

o If k< —1, then

u(t,x) = m]\/i[nE [ Miuo(X:) ]

[(Mye=Jo XAk g0 (X,)k Jo(Me= Jo #Xrdrykii/k

where the minimum is over positive martingales M.

o Ifk>—1 and k #0, then

u(t,r) = maxE
M

MtUO(Xt)
[(Mye™ I ¢(Xr)dr)k + ug(Xy)* fOt(Mse_ I ¢(Xr)d7‘)k]1/k

where the mazximum is over non-negative martingales M.

Remark 2. When k < 0 we have assumed the uqg is strictly positive, but when k > 0 we allow
for ug(x) to be zero for some x € E. In particular, for k > 0 the martingale My may vanish for
some 0 < s <t with positive probability. We thus make the convention that 0/0 =0 so that the

expression on the right-hand side is always well-defined. o

It is interesting to note that the optimisation problem in Theorem 2.3.2 - unlike the one in

Theorem 2.2.3 - is not in a form amenable to dynamic programming and the HJB equation.

2.4. Proof of Representation Theorems

In light of Lemmas 2.2.2 and 2.3.1 we see that Theorems 2.2.3 and 2.3.2 will follow directly from

the following lemma.

Lemma 2.4.1. For any non-negative F; measurable H and positive, continuous, adapted process

(hs)o<s<t
e for k < —1 we have

HM;
1
(Mf + HF [§(M/hs)*)*

E

t
>E U hy|Vs|'Fhds + HY, T
0

for all positive martingales M and positive, decreasing, adapted and absolutely continuous

Y with Yo =1.
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o for —1 <k <0 we have

HM,;
(MF + HF [(M/hg)k)*

t
<E U ha| Vst ids + HY, "
0

for all positive martingales M and positive, strictly decreasing, adapted and absolutely

continuous Y with Yo = 1.

e for k>0 we have

HM, t .
- r| <E U ha| Va| "R ds + H|Y; "5
(MF + HY [y (M/hs)*) 0

for all non-negative martingales M and adapted and absolutely continuous Y with Yy = 1.

In each case, there is equality if and only if there is a constant ¢ > 0 such that
—Y, = (M, /h)E. (2.4.1)

and

MF + H* /t(Ms/hs)k = H"/c (2.4.2)
0

The proof of Lemma 2.4.1 and thus Theorems 2.2.3 and 2.3.2 is based on two further lemmas;

the first lemma we use is the following.

Lemma 2.4.2. Fiz k ¢ {0,—1} and measurable functions f,g on the interval [0,t], where g is

—k

positive and the functions f, |f|1+%g and g~ " are integrable.

o Ifk < —1 we have

for positive f.

o [f -1 <k <0 we have

for strictly positive f.

o Ifk >0 we have

In all cases, there is equality if and only if there is a constant C such that

f(s) =C g(s)7* for almost every 0 < s < t.
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2.4. Proof of Representation Theorems

Proof. The proof of this result follows from applying Hélder’s inequality. We write p and ¢ for
the Holder coefficients and so 1/p+1/¢ =1 with p,q > 1.
Some care needs to be taken with each range of k. In particular, note that if £ < —1, we have
0<1+4+1/k<1;if -1 <k <0, then14+1/k <0 andif k>0, then 1 +1/k > 1.
k

If k < —1, we can use Holder’s inequality with p = 75 and ¢ = —k:

/Otf(s)’“?;lg(s)ds < (/Otf(s)ds> " </0tg(5)—kd8>

If —1 < k <0, we can use Holder’s inequality with p = —1/k and ¢ = k%rl and then,

==

[ ats1ds = [ () 1) 0 p(s)1 s
0 0

<( tg(s)f(s)’“k“)k (/ tf(S)dS) "

If £ > 0, we can use Holder’s inequality with p =1+ 1/k and ¢ = kK + 1 and so,

‘/Otf(s)ds

t k k
< /0 1£(5)]g(s) 1 g(s) T ds

< ([ 1560 ats1as) . ([ ateras) -

In each case we can easily check that p > 1 and so also ¢ > 1.

For each case we verify that we have equality if and only if f(s) = Cg(s)7*. O
The second lemma we need is the following.

Lemma 2.4.3. o Fork<—1,(,n>0and0 <y <1 we have

L=y y™F 1

+ <
cr i (CHm)E
o for -1 <k<0,(,n>0and0<y<1 we have
(1—wHé+y“% 1
Cx ni (CHm)E

e Fork>0,(,n>0 andy € R we have

1 — oyl +% 1+% 1
1oy Bl
¢ ko (CHn)F

In all cases there is equality if and only if y = &

==

Proof. Viewed as a function of y, the left-hand side is strictly concave for £ < —1 since the sum
of strictly concave functions is again strictly concave. Similarly, the left hand side is strictly
convex for k > —1.

Differentiating, we see that there is always a stationary point for y € (0,1) and in particular at

the point y* = . Since the left hand side is strictly concave/convex in the relevant ranges of

_n
¢+n )
y, the stationary point y* maximises/minimises the left hand side with the value ((+n)~%. O
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Chapter 2. The Representations

We are now ready for the proof of Lemma 2.4.1 and the representations of wu.

Proof of Lemma 2.4.1. Let M be a non-negative martingale, and if £ < 0 assume that M is
positive. Also let Y be adapted and absolutely continuous, and if £ < 0 assume that Y positive
and decreasing (strictly so, in the case when k € (—1,0)). Let Z = —Y.

To keep the direction of the inequality the same in the following calculation, we multiply by

k + 1. Applying tower property of conditional expectation, we have

t
(k+1)E [/ he|Zs|" TR ds + H|Yt|1+i]
0

t
M,
> (4 DB | [ mlZ 0 s + HIY
0 s
1- Y| *x
> (k+ 1E L=N[TF L gypet
k &
t M,
_<fo (hth) ds)
> (k+1)E :
k &
t( M.
_<1+ka0 (hth> ds>

using Lemma 2.4.2 to pass from the first to second line with

(s) = 2 and g(s) = "2

and using Lemma 2.4.3 to pass from the second to third line with

t M k
— gk — s
n==H and(-/o (hth> ds.

For the case of equality, note that by Lemma 2.4.2 there is equality only if there exists a

M, \*
J = .
° ¢ (hth>

C Y hE

T T

random variable C such that

Since,

and the right hand side is adapted to Fs, we must have that there is a constant ¢ such that

C = cM}. In other words,
s k
1-Y, = c/ <MT) dr
0 b

Now, by Lemma 2.4.3 there is equality only if

MF
Y= — : .
Mf + HF [ (M/hg)kds
By combining these two conditions, we have the result. O
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2.5. Lagrangian Duality

Remark 3. Note that if we set
he — elo #(Xr)dr

S

and

H = elo O )dry, (X

we arrive at the formulation in Theorems 2.2.8 and 2.53.2. In this case, the equality conditions
(2.4.2) and (2.4.1) with ¢ = 1, are satisfied at Y* and M* (by Lemmas 2.2.2 and 2.3.1). In
particular,

HM
((M;)* 4 H [(M /ho)*) %

t
0

<&

Remark 4. Note that we have used no specific assumptions on the Markov process X for in
this proof. Indeed, the only role that X plays in the above calculation is through the formulae
hs = eJo 60X g H = elo ¢(XT‘)d7"uo(Xt). We saw, however, that the above proof works for
any positive process (hs)o<s<t and H > 0. In particular, the Markov property is not needed at

all. o

2.5. Lagrangian Duality

Note that the primal representation given in Section 2.2 expresses the quantity wu(¢,x) as the
value of a convex minimisation problem. In particular, it is natural to apply standard Lagrangian
methods to find the dual problem. We will see that the dual variable is again a martingale M.
However, it turns out that our new dual problem given in Section 2.3, which exploits the special
structure of the problem, is stronger in a sense to made precise.

We do the formal calculation to identify the standard Lagrangian dual problem for the primal
problem of minimising

t 1
E U he| Z|"Fids + HY,
0

over positive, adapted, absolutely continuous processes Y and negative adapted, measurable
process Z such that Z = ~Y and Yy = 1, and where (hs)o<s<¢ is a given positive adapted
measurable process and H is a given positive random variable.

Consider the Lagrangian
t 1 1+1 t .
LY, Z;\,M)=E [/ hs|Zs|*Trds + HY, % — (1 + ,i)/ M (Ys + Zs)ds] + A1 —Yp)
0 0

where the Lagrange multiplier M is a martingale and the multiplier X is a real number. We

rewrite the Lagrangian as
t 1
L(Y,Z;\,M) =E [/ [hs| Z| T 5 ds — (14 1) Z,M;)ds + HY, " — 1+ ;)Mth]
0

A+ [(1+ 5)My— AYo + (1 + 1)E UtY;dMs}
0
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Chapter 2. The Representations

We henceforth assume that the expected value of the stochastic integral on the second line
vanishes. Assuming M is positive and A = (1+ })My we see that the minimum of L(Y, Z; A, M)
occurs when Y; = (M;/H)* and Zs = (M/hs)*.

Therefore, the standard Lagrangian dual problem is to maximise

1 t
(1+ )Mo - - [ /0 hy"MEtds + H‘ka“}

over positive martingales M. By pulling out the initial condition My and maximising over this,

we see that, heuristically, the dual problem is to consider

t —1/k
max E [/ hoRMF s + H"‘Mtk“] (2.5.1)
0

over positive martingales M with My = 1.

In the case when h and H correspond to the representations in Theorem 2.2.3 and given enough
regularity on u, we see that this is the correct formulation of the Lagrangian dual approach and
the cases when k < 0 are analogous.

We note that the above standard Lagrangian dual problem has at least one advantage over

X )dr and

the dual problem presented in Section 2.3 in the case of interest where hy = elo 9
H = ek ¢(Xr)dry(X;) and X is a Markov process. This advantage is that objective is in the
standard form for stochastic control and hence can be studied via the dynamic programming
principle and the HJB equation.

However, there is an advantage to the new dual problem of Section 2.3. Notice that

H M; 1+1/k H
E . . 1k =E Mt +1/ - 5 7k (252)
(af -+ HE [ (M5 /nE)ds) (M 4 HEM, f3 (M /RE)ds)

r t —1/k

>E|H* (Hk / (M ME/hF)ds +Mf+1)] (2.5.3)
L 0
- ~1/k

=E / hok Mk ds + H*Mf“} (2.5.4)
L/ O

where we used Hélder’s inequality as in Lemma 2.4.2 (adapted for expectations) and the as-
sumption that the martingale M starts at My = 1 to go from the first to the second line. To go
from the first to the second line we use the tower property of condition expectation. If k < —1,
the inequality is reversed.

We have equality when
¢
M, = cH "M, (Mf + H* / (M* /h’;)ds> ,
0

for some constant c. We can see that M* satisfies this as long as it the right hand side of (2.5.2)
is well defined.

Recognising the expression on the right-hand side as the objective function of the martingale
dual problem introduced in Section 2.3, we have shown that the new duality is stronger than the

standard Lagrangian duality in the following sense: for the same control M the new objective
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2.6. Simple Consequences

function is closer to the common optimal value than the standard objective function. Indeed,

note that if H = 0 with positive probability, the standard objective function is finite only for

those martingales such that {H = 0} C {M; = 0}. We can see that the Lagrangian dual is also

more restrictive in terms of necessary conditions for it to hold.

More details on this approach and a direct proof in a simplified setting can be found in

Appendix B.

2.6. Simple Consequences

2.6.1. Corollaries of the Representations

Here, we list some simple consequences of Theorems 2.2.3 and 2.3.2. This result corresponds to

restricting the set of admissible processes in the representations of Theorems 2.2.3 and 2.3.2 to

deterministic controls. The bounds will be improved upon in Chapter 4.
Corollary 2.6.1. Fiz (t,z) and let X be as in Definition 2.1.1. Then,

e for k < —1, we have

. kK t . —k —1/k
u(t,x) > <IE [efo ¢(X”")druo(Xt)} +/ E [efo ‘z’(XT)dT} ds> :
0

e Fork > —1, k+# 0 we have

t iy t R _k —1/k
u(t,x) < <IE [efo ¢(Xr)d’"u0(Xt)} —I—/ E [efo ¢(Xr)dr} ds> :
0

On the other hand,

e For k < —1 we have

u(t,z) <E

0

e fork>—1, k+#0 we have

u(t,z) > E

0

Proof. Let
o [ef§ ¢<x7->dr} *

t —1/k
(e_k f(;t ¢(XT)dTu0(Xt)_k + / e_kfo ¢(X7)d7‘d8> ] .

t —1/k
(6—kf0t¢(Xr)druO(Xt)—k+/ ok ¢(Xr)drd8> ]

v, =

in Theorem 2.2.3. This gives,

E [efé ¢<Xr>dru0(Xt)} R [efor ¢<Xv>dV] ~ar

—k ” .
E [l #00rug ()] 7+ [ Elels oX0) -k

Y, = .

E [ef(f ¢(Xr)druU(Xt)} - + f(f E [efor ¢(XV)d”] - dr'

Note that Y is positive, decreasing with Yy = 1.
For the second part, we plug in the control M =1 in Theorem 2.3.2.
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Chapter 2. The Representations

Note that there is an interesting relationship between these upper and lower bounds. For

example, in the case where k > 0, the bounds are of the form

H <u(t,z) < E[H]
(14 HE 5 b *ds)!/k T (L E[H] [y E[h]Rds) k-

We will observe this kind of behaviour again in Chapter 4.
As noted above, the choice of Y in the proof of Corollary 2.6.1 is deterministic. In fact, it

achieves the optimum value of the right-hand side over all deterministic controls.

Remark 5. Fiz a constant H > 0 and a positive, deterministic function h on [0,t]. Consider

the problem of minimising
t
| r@lil s + Hly(o)
0

over absolutely continuous functions y with y(0) = 1. We can appeal to the above duality proof.
Since nothing is random, the only martingales are constant. Since scaling is irrelevant we may

let Mg =1 for all0 < s <t. The dual optimality condition
¢
HE e = MF + HF / M, /h(s)]ds
0

yields
1

c= :
H% 4 [ h(s)~kds

The primal optimality condition is then

k_ h(s)~*
HF 4 [ h(r)~kdr

—4(s) = c[Ms/h(s)]

By choosing
-] i 5690

we see that the control given the proof of Corollary 2.6.1 is optimal over deterministic controls

as claimed. o

Remark 6. Recall that we have the trivial bound u(t,z) < e'E*[ug(X})] from the Feynman-Kac

representation. The upper bound in Corollary 2.6.1 gives a slight improvement on this. o

2.6.2. Choosing a control, M

We can use the representation of Theorem 2.3.2 directly to obtain a lower bound on w. One
simple example is given below as a demonstration but the best bounds presented in this work

will follow from iterating the bounds in Section 2.6.1 and are presented in Chapter 4.

Proposition 2.6.2. Let u be a solution to the equation

ou 9
E—Eu—i-u—u

up(z) = L(_oo,0)(7)
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2.6. Simple Consequences

Let M be a continuous non-negative martingale with My = 0 <= ug(Xy) = 0. Then,

M2
u(t,z) > - : (2.6.1)
Mg +E | fg e=sd(a),]
Proof. By Theorem 2.3.2, we have
Myuo(X¢) }
u(t,z) > E
( ) I:ZtuO(Xt) + (1 — ’U,()(Xt))e_tMt
where
Zy=¢ °M, +/ e "M,dr.
0
Since, up(7) = 1(—0,0)(7), and M1 (_ 0)(X¢) = My, by assumption, we see that
M,
u(t,z) > E [ t]
t
with equality for M*. By the Cauchy-Schwarz inequality:
E [M;)?
u(t,x) 2 =——7-=
) E[M;Z]
_ Mg
ME+E |y e=sd(M),]
since Zy = My and
dZs = e *d M.
O

In order to obtain an explicit lower bound, we can choose a particular martingale, M. We

want to choose a martingale to approximate

M* = u(t — s, Xy)elo 1ult=rXr)ldr,

S

Let’s consider the case when X is a Brownian motion.

In order to approximate M*, we will need to approximate u. It is well known that the position
of the front is v/2¢ + o(t) (and we show this in Chapter 4). This suggests that we could use an
approximation of u such as u(t, ) ~ ug(z — v/2t). For simplicity, we work with the martingale
given by

Ms; =E[1(z+ W; < 0)|Fs].

We can rewrite this as

00 efy2/2
M, = —d
s /:v+W Noraed
Vit—s
and so
(4 We)?
e 2(t—s)

dM; = —————=dW;

27 (t — s)

(24 We)?
e (t—s)

and
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Chapter 2. The Representations

Now we see that

2
1 1 [t e
< 1+/ —ds 2.6.2
u(t, ) Mg 0 2wVt — s2 ( )

For z < ¢/t for a constant ¢, we have that

22

1 (I e
st —0

ﬁg 0 2mVt2 — s
as t — oo. This follows from estimating My with the standard Gaussian tail bound, x2/(s +t)

by x2/2t, and noting that
t —s
/ R PN
0 Vit? —s2

This gives us that u(t,z) — 1 for x < ¢/t for any c. This is a slight improvement on the result

u(t,z) > @ (—\2)

obtained by setting M = 1 in the representation of Theorem 2.3.2, where ® is the CDF of the

that follows from the trivial bound

standard normal distribution. In that case we see that lim; oo u(t, ) > 1/2 when = = o(\/1).
Neither of these bounds are very good. However, in Chapter 4, we iterate the trivial bound

here to obtain the speed of the wave front up to the linear term. We can not directly iterate

the bound in (2.6.2) since it only holds when wg is an indicator function but the bound could

be improved with a better choice of control, M. One possible choice of control would be

7]

Remark 7. By using the Lagrangian framework, one can obtain some information about a

M, =E |1(z + W, < 0)elo LAWr=v2(t=r)>0)

but this requires more work.

suitable set of admissible controls to use when bounding a solution u using Proposition 2.6.2.
We will see that it is essential to have a condition such as {Ms = 0} = {X; > 0} in this way.
If uop = 1(_so,0), then, fort >0

t
< min EU e_sMszds—i—e_th] (2.6.3)
0

where M is the set containing all non-negative martingales M, with My = 1, such that (M) is

differentiable and My =0 <= up(Xs) =0 <= X; > 0. We can see this as follows: for any

M e My,
E[M2 = M +E [/O %] (2.6.4)
and so . o
gE[MSQ] :IE[ <d8>s} :
Ezpanding

t o .d
/ e *—RE[M?]ds
0 dS
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2.7. Existence of Solutions

using integration by parts, we see that
t t
M3 +E [ / e_sd<M>s} =F [e—tME + / e—SMfds]
0 0
and thus, by the bound (2.6.1),

Mg

u(t,x) > -
E [e—th + /o e—stds}

for all M € M and the bound (2.6.3) follows.
Compare this to the Lagrangian representation, (2.5.1). We see that

1 t
=1= min E / e SM2ds + e ' M}
v(t, ) MeMs 0

where Ma is defined in the same way as My without the condition that My =0 <— X, > 0.
We have, above, that v =1, since 1 is the unique solution to the equation

g::ﬁv—kv—?ﬂ

with vy = 1.

Take X to be a standard Brownian Motion. Since, when ug = 1(_ ), we have u(t,x) <1 for
t > 0 and so we see that the additional condition {Ms; = 0} = {Xs > 0} in the bound (2.6.3) is
an important and natural restriction and when bounding u using this method one should choose

controls, M, with this feature. o

2.7. Existence of Solutions

So far we have been working under the assumption that solutions to equation (2.1.1) exist. Here,
we give some sufficient conditions for existence and uniqueness. Since such questions are well
studied for mild solutions, we will first give results for existence and uniqueness of mild solutions
and show that, in the cases below, this is an equivalent notion to solutions defined in the sense
of Definition 2.1.1.

Throughout this section we will use the following notation. Let f :[0,00) x £ x R — R and
ug : F — R be measurable. We let X be a time-homogeneous Markov process with generator L.

Note that sometimes f will not be time-dependent and we will consider the special case

f:ExR—R.

Definition 2.7.1. We say that a measurable function, u : [0,00) x E — R, is a mild solution

to the equation

up = Lu+ f(t,z,u) (2.7.1)
u(0,-) = ug

if for all (t,x) € [0,00) X E,

u(t,z) = E* [uo(Xs) —i—/o ft—r, X ult—r, X,))dr| .
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Chapter 2. The Representations

The following result is based on a standard Picard iteration proof. For further details, one

can see, for example, Cabré and Roquejoffre [CR13].

Theorem 2.7.2. Suppose that f(t,z,-) is Lipschitz uniformly in t and x and that ug : E — R
be bounded. Fix some T > 0. Then, the equation

up = Lu+ f(t,x,u) (2.7.2)
u(0,) = ugp

has a unique mild solution u : [0,00) X E — R and u is bounded on [0,T] x E.

Furthermore, let ué :E— R, i=1,2 be bounded with
ug(z) < ug(x)

for all x € E and let u®, i = 1,2 be the corresponding solutions of equation (2.7.2) corresponding
to initial conditions u. Then,
u(t,x) < u(t, ),
for all (t,z) € [0,00) x E.
Note that for KPP-type nonlinearities, this result does not apply directly. However, because
of the comparison principle, one can extend the result to these nonlinearities by showing that the

solution takes values in a compact set for all time and then assuming, without loss of generality,

that f is globally Lipschitz outside of this set. This is the idea for the next theorem:

Theorem 2.7.3. Suppose that f : E x R — R is Lipschitz on [0, ¢c| for ¢ > 0 with f(x,0) =0
and that f(z,c) <0 and that 0 < up(x) < ¢ for all z € E.
Then, the equation
up = Lu+ f(z,u) (2.7.3)

'LL(O, ) = Ug
has a unique mild solution u with 0 < u(t,x) < ¢ for all (t,x) € [0,00) x E.

Proof. For all z € E, we define a new function f(z,-) that is equal to f(z,-) on the interval [0, ]

and is globally Lipschitz. By Theorem 2.7.2, there is a unique mild solution @ to
iy = L+ f(x, ) (2.7.4)
a(0, ) = ug.

Let u} =0 and ug = c and let u' and u? be the corresponding solution to (2.7.4) with u{ and

u% as initial conditions.
Since f(, 0) = 0, we have u!(¢,z) = 0 for all ¢ and . Similarly, we see that u? is equal to the

solution to the ODE
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2.7. Existence of Solutions

Since f(-,¢) <0, it follows that u?(t,z) < c.
Since 0 = u} < up < u2 = ¢, it follows, by Theorem 2.7.2, that 0 < (¢, z) < ¢ for all ¢ and .
Finally, since f and f agree on [0, c], we can set u = @ and then w is the required mild solution

to equation (2.7.3) and the result follows. O

2.7.1. Solutions when k£ > 0

In this section, we consider the non-linearity f(z,u) = u(¢(z) — 3u*) with k < 0.

The following result is a corollary of Theorem 2.7.3:

Theorem 2.7.4. Let k > 0 and suppose that ¢ : E — R with ¢(x) < c¥/k for ¢ > 0. Suppose
0 <wup(x) <c forallx € E. Then, the equation

up = Lu+ u(p — %uk) (2.7.5)
U(O, ) = Uo

has a unique mild solution u with 0 < u(t,x) < ¢ for all (t,z) € [0,00) x E.

So far, we have been dealing with mild solutions. Now, we reconcile this with the generalised
solution of Definition 2.1.1. Recall, we say that a measurable function u : [0,00) x E — [0, 00)

is a solution to equation (2.7.5), if, M* defined by
M = u(t — s, X,)elo 9O = gult=—rX:) dr
is a martingale.

Theorem 2.7.5. Let u be as in Theorem 2.7.4. Then there exists a unique solution to equation

(2.7.5) in the sense of Definition 2.1.1.
Proof. By Theorem 2.7.4, u satisfies
t
u(t,z) =E" [uo(Xt) + / f( X u(t —r, X,))dr
0

where f(z,u) = u(¢(z) — zu*) for u > 0.

From this we see that
S
Zo=u(t =5, X) + [ Xt X))y
0
defines a martingale. Indeed, for 0 < s <,

t
Zy — BX0=2 [ 2| FX] = u(t — s, XT) — EXo=2 [uo(Xt) + / F(Xpu(t —r, X,))dr

X,

where we used the Markov property of X. By the definition of a mild solution we have

t—s

Zs — E*[Z| Fs] = u(t — s, X7) — EY [uo(Xt_s) + f( X u(t—s—r, Xr))dr]

=0.
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Chapter 2. The Representations

Since Z is a martingale, the process M defined by
S
MS prd u(t) [L‘) —|— / ef()r h(XVzu(tf’r:XV))dVer
0

is a martingale, since the integrand is bounded and continuous. Here we define h: F x R — R

by h(z,u) = 1(¢(z) — u¥). Using integration by parts, we have

Ms - u(t — S, Xs)efos h(X"’7u(t_T7XT))d'r‘

In other words, u is a solution in the sense of Definition 2.1.1. ]

2.7.2. Solutions when k£ < 0

Here we consider the non-linearity f(z,u) = u(¢(z) — tuF) with k < 0. In this case f(z,) is not
Lipschitz at © = 0. Therefore, we do not expect a unique mild solution for each initial condition.

If the initial condition is bounded away from zero, we can, without loss of generality, modify
the nonlinearity around zero to be Lipschitz and then the above discussion and Theorem 2.7.5,

in particular, can be directly applied to this case:

Theorem 2.7.6. Let k < 0. Suppose that ¢ is bounded below. Then there exists € such that for
any 0 < e <&, ifug(xz) > ¢ for all x € E, then the equation

up = Lu+ u(p — +uP) (2.7.6)
u(0,-) = ug

has a unique solution w with u(t,x) > € for all (t,z) € [0,00) x E in the mild sense and in the

sense of Definition 2.1.1.

The proof mirrors the proofs of Theorems 2.7.3 — 2.7.5.

Proof. Since ¢ is bounded below, we can find £ > 0 such that for all 0 < ¢ < & we have
¢(z) > $&F > 1e*. Now, we fix one such e.

Let f(z,u) = u(¢(x) — 1u”*) and we can define, for all z € E, f(x,) so that f(z,u) = f(z,u)
foru>eand f (z,-) is globally Lipschitz. For the modified PDE there is a unique mild solution
by Theorem 2.7.2.

Let u!' be the solution corresponding to initial condition u(l) = ¢. Then, ul(t,x) > ¢, since
f (xz,e) > 0 by the fact that ¢ > %sk. Therefore, u(t, x) > € by the comparison principle Theorem
2.7.2. Since f and f agree for u > ¢, the result holds when u is a mild solution.

The fact that v is also a solution in the sense of Definition 2.1.1, follows from the same proof

as in Theorem 2.7.5 (since h(z,-) is bounded on [g, 00)). O

There are not unique mild solutions when f is not Lipschitz. However, the optimisation
problems we considered still make sense and would be interesting to know when solutions in the

sense of Definition 2.1.1 exist.
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2.7. Existence of Solutions

When k € (—1,0) we set
¢
Ur(f)(x) = min E* [ / el Y IR 1l oy R £ (X
Y 0
where the minimum is taken over positive, strictly decreasing, adapted and absolutely continuous
(Ys)o<s<t with Yp = 1. Similarly, for k& < —1, we define U in terms of the corresponding

maximisation problem.

By Lemma 2.4.1/Corollary 2.6.1, we see that for k € (—1,0):

t —-1/k
Ut(UQ)(ZL') >E [(uO(Xt)_ke_kfot G(Xr)dr —I—/ e_kfo ¢(Xr)d7"> ] , (2.7.7)
0
and for k < —1:
t —k t s —k —-1/k
Uy (o) (2) > (]E [efo ¢<Xr>dru0(xt)} + / E [efo ¢<Xr>df] ds> (2.7.8)
0

Note that this does not require U to be a solution in any sense.

Suppose that 0 < € < € as in Theorem 2.7.6. From the bounds above, we see that for any
such e, there exists § > 0 such that U(up)(xz) > € for any ¢t > 0 and that € — 0 if and only if
0 — 0. Therefore, by Theorem 2.7.6, for ¢t > 6, u(t,z) = Us(up)(z) defines a mild solution and
a solution in the sense of Definition 2.1.1 to

ug = Lu+ f(z,u) for t >§
u(d, x) = Us(uo)(z)
for any § > 0.

We would like to take the limit § 0.
Set h(z,u) = ¢ — zu”. Then, for all t > & > 0,

U(t + 5) ﬂf) =E |:U((5, Xt) fO (Xs,u(t+6—s,Xs))ds :|

and so
ut,z) =E [u(& X,_g)elt " hXau(t—s.X))ds ] ‘

Let
u(t,z) =E [uo(Xt)eft;5 h(XS’“(t_S’XS))dS} . (2.7.9)

To show existence of a solution in the sense of Definition 2.1.1, one must show, by taking the
limit 6 N\, 0, that v = @. Then, by the Markov property of X, it would follow that M* is a

martingale and that u is a solution to

ur = Lu+ f(z,u) for t >0
u(0,x) = up(z).

If we can show that

u(67Xt_5)e g—éh(Xs,u(tfs,Xs))ds iu ( ) fo (Xs,u(t—s,Xs))ds (2710)
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and that

(uls, Xeg)elo " XratirXonar) (2.7.11)

is uniformly integrable, then we will be done.
In general, showing uniform integrability would require some subtlety to use the trade-off

t—s
between u(s, X;_g)elo  MXrult=rX)dr byt here we give a simple sufficient condition:

Theorem 2.7.7. Let X be a Lévy process. Suppose that ¢ is bounded and that ug is continuous,
bounded, and satisfies

E [eC“O(Xt)'“} < 00 (2.7.12)

for all t, where C(t,X;) = %kek Jo o(Xr)dr Then, there exists a solution to

ug = Lu~+u(p — %uk) (2.7.13)
U(O, ) = Uo

in the sense of Definition 2.1.1 and it is given by u(t,z) = U(ug)(x).
In the case when X is a Brownian motion we have the following corollary.

Corollary 2.7.8. Let X be standard one-dimensional Brownian motion. Suppose that ¢ is

bounded and that ugy is bounded, continuous and satisfies
uo(z) = clz[™®

for |z| sufficiently large and o < _%C Then, there exists a solution to

10%u i
u=gast u(¢p — u®) (2.7.14)
u(0,-) = ugp

in the sense of Definition 2.1.1 and it is given by u(t,x) = U(uo)(z).

Proof of Corollary 2.7.8. By Theorem 2.7.7, the result will follow if

E [eXP (02(t)|Xt|(_k)a> ]l\Xt\ch] <00

where ¢3 = }kctebt and b is a constant such that ¢ > b/k, and ¢; > 0 is some constant. Since

X is a Brownian motion, the expectation is finite whenever (—k)a < 2. O

Proof of Theorem 2.7.7. We need to show the convergence and uniform integrability properties
in (2.7.10) and (2.7.11), respectively.
Since ug is bounded above, it follows, from Corollary 2.6.1, that u(s, ) is bounded above for

all s <t and x € E. Therefore, from the discussion above if we bound

(efot - h(Xm“(t—ﬁXr))dr)

s<t

by a function in L!(P), we will have the required uniform integrability of (2.7.11).
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2.7. Existence of Solutions

From (2.7.7) and (2.7.8), we have the following trivial bound:
u(t,2) > E [ela 20000,

and therefore

u(t —s,Xs) > e Jo oXr)drg {efOt d)(X’“)druo(Xt)‘}-s}

and Ny :=E [efot ‘z’(XT)dTuo(Xt)‘]:s} defines a martingale.
Write ¢ < ¢. Then, for all s € [0, ],

t—
E [6 J*S h(Xr,u(t—r,XT))dr} < ectE |:6Xp (_lk s Nfdr>:|
0

< R [sup exp (_tka)}

r<t
< SR [exp (_Lthkﬂ

< IR [exp (_Lkekfg ¢>(Xr)druO(Xt)k>]

In the first line we used the fact that ¢ < ¢ and the definition of N. To go from the second to
third line, we use Doob’s submartingale inequality with the fact that exp(CN*) and CN* are
sub-martingales for any constant C' > 0 independent of s. In particular we used the fact that if
(Mj)s<t is a submartingale, then for p > 1

o] <ol ) o

s<t s<t b—= s<t

P
and inf,~q ( ) = e. Therefore, by condition (2.7.12), we have the required uniform integra-

bility.

p
p—1

Next, we show that the convergence in (2.7.10). We will use the product rule for convergence
in probability and show that
W8, Xo—s) S uo(Xy) (2.7.15)

and that
oJo O h(Xsu(t—s,Xs))ds Py [ h(Xsu(t—s,Xs))ds (2.7.16)

The convergence in (2.7.15) follows from Corollary 2.6.1. Indeed, take k € (—1,0) (the case

Xt—é]

s K 5 . —k —1/k
(E [efo ¢<Xt76+r>d’”uo(xt)|xt,5} n / E [efo ¢(Xt76+r>d’”\xt,5} ds)
0

k < —1 is similar). Then,

5 —-1/k
E [<€_k foé ¢(Xt—6+r)d7‘uO(Xt)—k +/ e—kfos ¢(Xt—5+r)d7"ds>
0

< u(5> Xt—(S) <

and the upper and lower bounds converge to ug(X;) in probability, since ug is continuous and
bounded and X is continuous in probability and so the limit (2.7.15) holds.
From above, we see that

t
/ h(Xs, ult — 5, Xs))ds < oo
0
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almost surely and so the expression
e 70 (X u(t—s,Xs))ds _ oJo M(Xsu(t—s,X5))ds

is defined and converges to 0, proving limit (2.7.16). Therefore, we have the required convergence

in probability and it follows that u (¢, x) is given by equation (2.7.9), as required. O
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Chapter 3.

An Application To A Merton-Type Utility

Maximisation Problem

3.1. Merton-Type Utility Maximisation Problems

In this chapter we consider an HJB equation coming from a utility maximisation problem. This
equation is usually not considered as an FKPP-type equation since the non-linearity is not of
the KPP form but we see that in this case the equation is in the class of equations of the form
(2.1.1).

The mathematics of utility maximisation problems has been intensively studied since Merton
wrote his seminal papers [Mer69, Mer71]. We will use a model based on Merton’s work as well
as ideas from the work of Zariphopoulou [Zar01].

A summary of the financial model that we consider is the following. We will study a finite
horizon model. In the model, our investor wants to maximise their utility over a fixed time
interval and the utility function will depend on the amount of money they consume and also the
wealth left over at the end of the time interval. The investor can only increase their wealth by
investing in either a riskless account or a risky stock and can only consume money coming from
their wealth. The investor can choose how to invest and also how much they consume at all
times. In this model there are no transaction costs. Now we will set up the problem rigorously
below.

Consider the following utility maximisation problem. Firstly, we suppose that we have a
simple market model. In particular, suppose that we have a money market account with price
process (Bs)s>0 and a stock with price process (Ss)s>0. We assume that the dynamics evolve

according to

dBs = ryBgds
(3.1.1)
dSs = Ss(psds + osdWs)

where r, p and o are predictable and locally bounded and W is a standard Brownian motion.
The process r can be interpreted as the interest rate which evolves over time. p represents the
mean return of the stock and o is the volatility process.

Now, we introduce an investor into the market. We write Y for the total wealth at time s.

To avoid doubling strategies, we will make the assumption that the investor can’t go into debt;
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Chapter 3. An Application To A Merton-Type Utility Maximisation Problem

that is,

Ys > 0 for all s > 0 almost surely.

We write 70 for the number of shares invested in the money market account and 7, for the
number of shares invested in the stock at time s. We allow the processes 7° and 7 to take any

positive real values. Therefore, by definition,
Y, = ﬂng + 7S,

We allow the investor to consume at a rate ¢ > 0 at time s and assume the self financing

condition. In this case, this means that the wealth of the investor evolves according to
dYy = 72d B, + msdSs — csds.
Combining these we see that

dYs = (rsYs + ms(ps — 7r5)Ss — ¢5)ds + ms05SsdW

(3.1.2)
= Yi[(rs + OsAs — ns)ds + 0sd W]
where we define § and 7 to be the normalised controls given by
0sYs = w5055,
(3.1.3)
NsYs = Cs,
and A to be the Sharpe ratio defined by
Hs — Ts
As = :
S O'S
Thus, given initial wealth Yy, the process Y%7 is well defined if
t
/ (Irs + OsAs — ms| + 93) ds < oo almost surely. (3.1.4)
0
The original controls, can be recovered via
esYsezn
TMe =
s 0S5
YT (b (3.1.5)
5 B, O
Cs = nsyfﬂ_

Now, we can state the utility maximisation problem. For a fixed time horizon ¢ > 0, we aim
to maximise

t
E [ / e oW (cg)ds + e o %d”GtU(Yt)]
0

where the process (7s)o<s<t is the investor’s subjective stochastic rate of discounting, U is an
increasing concave function representing the investor’s utility function, and where G; > 0 is an

additional random factor.
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3.2. Solving the Maximisation Problem

This type of problem was first considered by Merton in his seminal paper [Mer69]. In order
to make the problem tractable, however, we make some simplifications based on the work of
Zariphopoulou [Zar01].

We introduce an underlying economic process (Xs)o<s<: which evolves according to
dX, = B(X,)ds + a(X,)dW,

where « and ( are regular enough (for instance, Lipschitz continuous) for there to exist a unique
strong solution X starting from a given Xy = z and where W is a standard Brownian Motion.
We will work with the filtration F generated by the pair (W, W).

We suppose that W and W have a constant covariation p and so
<VV7 W>s = pS.

In the market, we assume that the spot interest rate and the Sharpe ratio depend on the
economic factor X. That is
rs = r(Xs),
As = AM(X;), for all s € [0,1]

where 7, A : R — R with some slight abuse of notation.

Apart from the assumption that the correlation p is constant and that the economic factor X
is one-dimensional, the construction given is fairly general.

Now, for the preferences of the investor, we also assume that the subjective rate of discounting

and G depend on the economic factor X:

vs = Y(X,) for all s € [0, 1],
Gt = G(Xt)7

where v, G : R — R, again with some slight abuse of notation.

Finally, we assume that the utility function U corresponds to constant relative risk aversion

(CRRA) and is of the form
1-R

_ Y
U(y)—il_R, for R > 0.

3.2. Solving the Maximisation Problem

Here, we show that it is possible to write this maximisation problem over two variables in terms

of the solution to an FKPP-type equation of the form

ou
yri Lu+ ¢u— pu'tF

We will consider the following special case: let

R

0= R+ (1-R)p?
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and set 2 2 5
o U 1-R U
EU—anz—F[ﬁ—l- 7 ap)\]ax
1-R A2 0%
— AR S 3.2.1
=73 [T+2R 1—3} (321)
)
k__ﬁ'

In this case, the operator L is the stochastic generator of the process, Z, solving the SDE

R

dZs = a(Zs)dW, + (,B(Zs) + pa(ZS))\(ZS)p> ds. (3.2.2)

Note that the particular value of R used in practice is debated and depends on the individual
investor. In the important paper by Mehra and Prescott [MP85] on the Equity Premium Puzzle,
R is set to be between 0 and 10. Note that, if R € (0,1), then k € (—oo, —1) and if R € (1, 00),
then k € (—1,0).

Before we give the representation, we introduce the following technical definition.

Definition 3.2.1. We say that a pair of controls (6,1) has Property (D) if the process defined
by
e Jo XDy (¢ — s XUV

1s in class D.

Assumption 3.2.2. We adopt the set-up from Section 3.1 and define § as above. Suppose that
the following holds:

1. GY9 ¢ C?(R) and is bounded and uniformly continuous and there exists ¢ > 0 such that
G(x) > € for all x € R.

2. a and B are globally Lipschitz and bounded, and r, A, and v are continuously differentiable

and bounded.

Theorem 3.2.3. Suppose that Assumption 3.2.2 holds. Then, there exists a classical solution
u:[0,00) x R — (0,00) to

ou a2 d%u [ 1-R
= + |8+

R

ot 2 9a?
w(0,z) = G(z)'/°,

2
gz 1;R[ A gl ]U+Ru1—5/3

apA] P 0 (3.2.3)

Moreover, we have
t
U(Yo)ult, )’ = maxE [ / e~ 31X () v Oy ds + eféwxwd?"c(xtwm“”)}
57 0
with the mazimum taken over all admissible strategies such that Property (D) holds. Suppose
also that Property (D) holds for (6*,n*).
The optimal 8 and n are given by

0= % <A(Xs) + poa(Xs) 5 logu(t — SaXs)) )

77: = U(t - S, Xs)ié/Ra

(3.2.4)
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3.2. Solving the Maximisation Problem

Proof of Theorem 3.2.3. Since G > ¢ for some € > 0 and ¢ (defined in equation (3.2.1)) is
bounded below, Theorem 2.7.6 applies and guarantees the existence of a mild solution with
u > £ for some £ > 0. On the range [£, 00), the nonlinearity f, defined by f(u) = ¢u — 1 ul TR s
continuously differentiable and outside of this range it can be modified, without loss of generahty,
to be smooth, globally Lipschitz and bounded. Therefore, we can consider the PDE with this
modified nonlinearity which we denote by f .

Let Cy4(R) be the Banach space of bounded and uniformly continuous functions mapping
R — R equipped with the uniform norm. If u € C\,;(R), then f(u) € Cyp(R). By Assumption
3.2.2, it follows that £ generates a strongly continuous semigroup in C,, 4(R) and G'/9 is in the
domain of L. Therefore, the mild solution u is also a classical solution — see, for example, Pazy
[Paz92, Theorem 6.1.5] and a straightforward adaptation of the proof in [SP12, Theorem 19.9)].

Now we show why the representation holds. We use It0’s Lemma:
(= ([ TG a4 BN s, XU )
— o= Jv(X)dr [U(nsys) — Y (Xs)u(t — s, X5)°U(Ys) + d(u(t — s, Xs)‘;U(Ys)ﬂ -
Note that

dU(Ys) = YR [(r+ (60X — £6%) —n) + 0dW,]
du(t — s, X,)° = 6ud? [(—ut + %zum + Buy + a”—“‘ ) ds + aude}

dU(Y),u(t — -, X)) = u’ Y Fapbu,

Then, for all 6,7, we have

(%) = e~ Jo V(X)dry 1=, o 1[ 1 (ql—; — ) + (O + dpay )0 — Bug?)
+ <r — ﬁ) + 2 < 22um + Bug + ‘5%1042%)}

+ dM;

where M is a local martingale.

We see that for R > 0,

w1

with equality if and only if n = n* and

Ru \u + 6 pony)?
(()\u + dpauy )l — 02> (ZRZ)

with equality if and only if 6§ = 6*.
Combining this with the fact that u solves the PDE (3.2.3) we see that

2.2 _
(x) < <5Rp +5§5_$)> ~Jg v (Xr)dryi—y 528 2u 2ds + dM,

= dM;
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by the definition of §; this is the reason for choosing ¢ as it is defined.
Let (7,)n>1 be an increasing sequence of stopping times that reduce M and such that 7, ¢
as n — oo. Then, integrating over [0, 7,,] and taking expectations gives

. [/ e B A (3 Yy dr 4 e TNy X UV < ult )0 (V)
0

with equality for #* and n* defined above.
We can interchange the limit and the expectation for the first term by the Monotone Conver-

gence Theorem and the second term by since
e Gy (1 — 5, XU (V)
is in class D, by assumption. O

Remark 8. In the case that R € (0,1), we can maximise over a larger set of controls; we do
not need to specify that all controls (6,n) satisfy Property (D). Indeed, we only require this for
the optimal controls; in the proof above, we can use Fatou’s Lemma to see

t t
E [ / e~ o VX)W v dr + e o Y EIVG(X)OU (V)| < ult,2)0U(Yy)
0

since all terms are positive. We then only use the class D assumption for interchanging limits

for the optimal controls. o

3.2.1. Motivation for Theorem 3.2.3

The FKPP type equation (3.2.3), occurs naturally in this setting; in fact, it arises from the
HJB equation corresponding to the maximisation problem. We outline the details here. The
following type of argument is due to Zariphopoulou [Zar01].

Define the value function, v, by

t
o(s,2,y) = supE U e SAXIIY (Y, )dr 4 e ST GX)U (V)| X = 2, Y = y]
where the supremum is taken over all admissible processes (6,,7,)s<r<t-
The corresponding HJB problem is:
ov o2 0% ov
0= 42221525
0s + 2 Ox? +ﬁ8$ i
ov  y20% 9%v 0%v
U oL LYoy 3.2.5
+(s;g { () +y(r +0A =)z + =555 +up O‘ayax] (3.2.5)

o(t,z,y) = G(x)U(y)
Considering the scaling properties of the utility function, we make the ansatz v(s,z,y) =

U(y)w(t — s,z). Then, finding v simplifies to solving the equation

ow  a? 9w (1-R) ow 22 v
83_28a;2+[6+ 7 /\pa}&c—F(l_R)[r—i—ZR_l—R}w
2
_ 1-R 4, 5(29) (3.2.6)
1-1/R 2 2oz
+ Rw + R pra ”
w(0,z) = G(x).
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3.2. Solving the Maximisation Problem

This was obtained by simply substituting v(s, x,y) = U(y)w(t — s, ) and noting that due to the

special form of U, the finding the supremum simplifies to maximising two simpler expressions:

nl—R
s [1 "R "w}

ow Rw ,
max [(A“’ ”aax) -0 }

and

This gives optimal controls

- Q 2 ogw(t — 8
g* = = <>\(XS) +p (Xs)axl guw(t ’XS)> ’ (3.2.7)

77: = U)(t - SvXS)_l/R7
Finally, in order to remove the nonlinearity in the derivative term, we appeal to the transfor-
mation popularised by Zariphopoulou [Zar01], w(s,z) = u(s,z)?, where

R

0= R+ (1-R)p?

Then, solving the HJB equation reduces to solving

ou  a?d%u 1-R ou 1—-R 2?2 v R | s
e e - RATI /R
ot 28x2+{6+ R O“’A] oz T s [”2}2 1R]”+5“
(3.2.8)
u(0,z) = G(x)'/°
In terms of u, the optimal controls become
. 1 0
07 = — (| M(Xs) + pda(Xs) = logu(t — s, Xs) |,
R Oz (3.2.9)

s = u(t — s, Xs)fé/R.
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Chapter 4.

Wave Fronts in FKPP-Type Equations

As we noted in Chapter 1, there has been much work on studying travelling wave solutions to
FKPP-type equations and also in studying the propagation and speed of the wave front for a
given initial condition. In this Chapter, we see how we can use the representations of Chapter 2
to study the speed of the wave front for several examples of FKPP type equations. In particular,
we use the optimisation-based representations to obtain bounds on the solution to the FKPP-
type equations, and by comparing the speed of the fronts of the upper and lower bounds, we
can find bounds the speed of the wave front.

As we noted before, the role of the Markov process X does not play a role in obtaining the
representations. For this reason, it is to be expected that the methods we use below for the case
when X is a Brownian motion and u solves the classical FKPP equation may be generalised.
This turns out to be the case; we will introduce the results separately for the case of the classical
FKPP equation and then generalise suitably for other types of equation.

First of all, we need to provide upper and lower bounds on the solution to equation (2.1.1)

under some mild conditions.

4.1. Bounds on u

We introduce bounds on the solution to

up = Lu+ zu(l — u¥), in (0,00) x RY ( )
4.1.1
u(0,z) = ug(x), for z € RY,
and write (X¢);>0 for the Lévy process with Xy = 0 with stochastic generator given by L. Here
we deal with the case when k£ > 0.
We will then be able to use the bounds below to describe the position of the front of the

solution given an initial condition ug satisfying a simple, exponential decay condition.

For simplicity later on, we introduce the following notation.

Definition 4.1.1. Define the function D by

fl@)etl®
(f(z)k(et —1) + 1)/

Dy(f)(z) = (4.1.2)
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Chapter 4. Wave Fronts in FKPP-Type Equations

for any function t >0, x € R?, and f : R? = R. Define the function P by
P)(x) = Elf (& + X0)] (4.13)
for any function t >0, x € R?, and f : R* = R.
We have the following bounds on w.

Lemma 4.1.2. Let u be a solution to equation (4.1.1) and D and P be defined as above. Then,
(P o Dy)(ug)(z) < wu(t,x) < (Dyo Py)(up)(x).
This follows from rewriting Corollary 2.6.1.

Remark 9. Let P and D defined as above. By definition, for sufficiently reqular vg, v defined
by v(t,x) = Pi(vo)(x) solves

ov
E = Lv
U(O7 l’) = UO(J:)
and w defined by w(t,z) = Di(wp)(x) solves

dw 1 &

w(0,x) = wo(x)

since D corresponds to the deterministic optimisation problem.

In other words, P and D are semigroups and the bounds of Lemma 4.1.2 correspond to splitting
equation (4.1.1) into the linear and nonlinear parts. In the spirit of the Trotter-Kato Theorem
[Kat78], we will iterate these bounds over small time steps and obtain convergent bounds as the
time-step size converges to zero. In fact, this is the content of Section 4.1.1 and for t fized, we

will have uniform convergence. o

4.1.1. Iterative Bounds

We now generalise the above bounds by approximating over small time steps.

In order to generalise Lemma 4.1.2 we will need the following simple observation.

Lemma 4.1.3. Let D and P be defined as above. Fixt. Then, Ds and Ps are increasing; that
is, if f1, fa : R¢ = R with

fi(x) < folz) for all z,
then

Dy(f1)(x) < Di(f2)(x)
and

Fi(f1)(@) < P(f2)(x).
Moreover, if l(x) = z, then Dy(l) : [0,1] — [0, 1] with Dy(1)(0) = 0 and D(1)(1) = 1. Also, with
some abuse of notation, P;(0) = 0 and P,(1) = 1. Finally, Do(f) = f and Po(f) = f for all
z € R and f: R4 — R.
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4.1. Bounds on u

The proof is clear.

We introduce the following notation.
Y ={Y:Y :[0,¢t] — R,is absolutely continuous, decreasing and Yp =1} . (4.1.4)

We will obtain the result by using Theorem 2.2.3 and minimising over a subset and superset
of set

Y ={Y € Y:Y is adapted to the filtration F}

We denote, by (t){o<k<n}, Where to = 0 and t,, = ¢, a partition of the interval [0,¢]. Then, we

set

n—1
Y, = {Y EY: Yo=Y Lyt (s)6E, &8 € Ty, for s € [tk,tk+1)} . (4.1.5)
k=0

This is a generalisation of the set of deterministic functions.

We also define

y, = {Y EY:Ye=) Ly ()8, & € Fy, for s € (tk_l,tk}} , (4.1.6)
k=1

to be piecewise functions that can see ahead to the next point in time in the partition.

By definition, we have

YnCcycy,.

As we saw in Lemma 4.1.2,
(Pt o Dy)(uo)(x) < u(t,x) < (Dy o Py)(uo)(x).

If we iterate this approximation backwards over each time point in the partition we will obtain

a better bounds on u. This suggests the following result
Theorem 4.1.4.

(Pty—to © Dty —t5) 0+ - 0 (P —t,_, © Di,—t,,_1 ) (u0) ()
< u(t,x) (4.1.7)

< (Diy—tg © Pry—t) 0+ 0 (Dtyy—t,, 4 © Prp—t, ) (uo)(z)
Mostly, we will use the partition with ¢, = kt/n and then this result simply becomes
(P o D%)(”) (uo)(2) < ult,z) < (Ds o P%)(”) (uo) (). (4.1.8)
Proof of Theorem 4.1.4. Using Theorem 2.2.3 we see that
u(t, z) = min e [/Ot SB[V [k ds 1 et by (4 X)) Vi)V

If we replace ) by ), we will obtain an upper bound on u(t,z) since Y, C Y. Similarly, if we

replace J by ), , we obtain a lower bound on u(t, z).
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48

1. Upper Bound

We will write ); ; for processes in ) defined analogously for a partition on the interval
[ti,tj].

Then we write

. t—t; .
V‘](CL') — IIHHE |:/ e'f'/k|}/’r|1+1/kdr + e(t—tj)/kuo(x+Xttj)|}/ttj1+1/k:|
yj,n 0

and so V"(x) = ug(x)
VO(x) = u(t, z)

t
< minE U RV [ R ds 4 et/ Fug(z + Xt)’YtHl/k}
Yn 0

t1 .
minE {/ AV AN
yn 0

¢
+E [/ YR ds 4 e Fug (@ 4 X)) [vi P
t1

gl

t1 .
— gllnE |:/ es/k‘|YS’1+1/k‘dS+et1/k‘|Ytl‘1+1/kvl(x+Xt1):|
Yo,1 0

t1 .
— rllln </ es/k|ys|1+1/kds +€t1/k|Yt1|1+1/k]E [V1($+th)})
Vo1 0

= (Dy, o P,)(V')(2)

where the last line follows from Lemma 4.1.2 since the upper bound corresponds to the

optimal value when minimising over optimal controls (see Corollary 2.6.1).

Y

Yo we have

We can pull out the Yy, factor since for (Zs):, <s<t, with Zs =
t .
Zs=1 —I—/ s
t1
and Z € ?I,n.

Using Lemma 4.1.3, we can continue this process up to V" = ug, by induction and we are

done.

. Lower Bound

The lower bound follows by a similar argument to the above: define

t—t;
V/(z) = minE [/ J eV, [TV R 4 e Fyg (2 + Xyy,)|Yiey, Hl/k}
0

=j,n

and so V" (x) = up(x)
VO(z) = u(t, z)

t
> mink [/ SRV R ds et R (x4 Xt)|Yt|1+1/k}
0

=n

t1 X
— I’JI;IIIIE |:/ €S/k‘}/s’1+1/kd8+€t1/k‘y%11+1/kvl($+th):|
20,1 0

> (Py 0 Dy, )(V)(2)

by Lemma 4.1.2. O



4.1. Bounds on u

Remark 10. We see that the proof of 4.1.4 above requires that ¢ is constant so that we can use

the Bellman method above. o
We will often use the following bound on D throughout this section.

Lemma 4.1.5. For any a € (0,1), f:R? —[0,1] and s > 0, and we have

Dy(f)(x) > al {f(gg) > abe—s/k}

where,
1

(1 _ ak)l/k'
Proof. We rearrange the equation Ds(f)(x*) = a for f(x*) to find that

b:

a
(ak + (1 — ak)es)V/k"

Since, D is increasing in the sense of Lemma 4.1.3, we find that

f@®) =

Ds(f)(x) = al{f(x) > f(«")}
>al {f(x)zabefs/k}. O

Theorem 4.1.6. Fort fized, the bounds in Theorem 4.1.4, with partition given as in equation

(4.1.8), converge to u(t,z) uniformly in x.

Proof.
(P o D)™ (up) @) < ult, ) < (D o Pe)™(ug)(x)

We consider the difference,

(D o P )™ (ug)(x) — (Pr o D)™ (ug)(x) = (D

¢ —ldx)oPso(Deo P%)(” D (up) ()
+(Pe oD )"V o Py o(ldx — Di)(uo)(z)
= (A) + (B)

for f:R% — [0,1] and so
|IDe(f)— f| =0, asn —0.
Since Pi o (D1 o Pi)™ D (ug)(z) is always bounded above and below by 1 and 0, respectively,
we have that (4) — 0.
For the term (B), note that
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Chapter 4. Wave Fronts in FKPP-Type Equations

Since, Ds(f)(x) < f(x)e’, we have

|(B)] < e tanh (£7)

—0

as n — oo, for fixed ¢ and so we are done. O

4.2. Speed of the Wave Front for the Canonical FKPP Equation

First of all, we consider the canonical FKPP equation in one dimension. Suppose that u :

[0,00) x R — [0, 1] solves the equation

ou 10%u 1 k
ST T Tl —
ot 20x2 * ku( w) (4.2.1)
u(0,z) = up(z)
in the sense of Definition 2.1.1 for & > 0.
Here we show how bounds above can be used to estimate the speed of the wave front in this

case given suitable initial conditions.

We will write Xy = x + W, where W is a standard Brownian motion. This corresponds to

_ 192
L=352

Firstly, we consider the case when up = 1(_ g]-

Theorem 4.2.1. Suppose that u is the solution to equation (4.2.1) with ug = 1(_ ). Then,
for all fized (t,z) € [0,00) x R, n>1 and a € [0,1) we have

a® (-:n\/f —(n— 1)@ (be_ntk)> < ult,z) < e/*® <‘j{> (4.2.2)

where b= (1 — ak)=1/*,

Proof. The upper bound follows from Theorem 4.1.4 with n =1 (i.e. Lemma 4.1.2):

E[1(_oo,0)(z + Wy)]e!/*
(E[ﬂ(foo,o) (x + Wt)]k(et —-1)+ 1)
< eFP(W,; < —x)

ro(-5)

For the lower bound, we use Theorem 4.1.4 again with fixed n. Using Lemma 4.1.3, we see that

(Dt o P)(1(—o00)) () = 7k

t
We can apply induction to the inequality

(Pe o D)™ (1o 0)(x) = ad <—x\/§ —(m—-1)o7! (be‘t/”k)>
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4.2. Speed of the Wave Front for the Canonical FKPP Equation

where m € Z with 1 <m < mn. Since a € [0,1), this clearly holds for m = 1.
For the inductive step we use Lemma 4.1.5. In particular for f : [0,1] — [0, 1], strictly

decreasing, we have the bound
(Pupn o D) @) (@) 2 P (f(a -+ W) 2 be /%)

= aP <\/EW1 < —z+ fl(bet/”k)>
where b = (1 — a¥)~1/k, O

Remark 11. We can modify the above proof to obtain a lower bound when the initial condition
is shifted and scaled. Suppose that ug(x) > c11(_oo —c,) where c1 € (0,1] and c2 € R. Suppose
also that instead of evenly spaced time steps, we have an increasing sequence of fized times
to=0<t <..<tj<.t=t, and if we set s; =t; —t;_1, then we find that there exists T
depending on n,k,a and c1 such that for t > T we have

si 1

1 n
t,x)>ad | — | — — D1 (be . 4.2.
u(t,z) > a = x+co jzz;/sj <e z ) (4.2.3)

4.2.1. Wave Speed

A corollary of Theorem 4.2.1 is the classical result [KPP37] giving the speed of the wave front.

Theorem 4.2.2. Let u be as in Theorem 4.2.1 and define m(t) to be the median value. That is

to say, u(t,m(t)) = 3. Then,
m(t) = \/gt + o(t)

To prove Theorem 4.2.2, we use the following elementary lemma, the proof of which is given

below.
Lemma 4.2.3. The following holds:
7' (e) ~ —v2y/~ log(e)
as € \ 0.
Given this lemma, we can prove Theorem 4.2.2.

Proof of Theorem 4.2.2. Fix t > 0. Since u is decreasing, if x is such that u(t,z) < 1/2, then
m(t) < z. Setting the right hand side of equation (4.2.2) equal to a half and rearrange for x.
Then, we see that if u(¢,z) < 1/2 when

x:—¢@1< 1).

2et/k

So,

o o \/Emu +o(1))
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Chapter 4. Wave Fronts in FKPP-Type Equations

by Lemma 4.2.3 and so
t 2
lim sup m(t) =4/
t—o0 k

For the lower bound, we choose a € (%, 1). Similarly to above, if x is such that u(t,z) > 1/2,
then m(t) > x. Setting the left hand side of equation (4.2.2) equal to a half and rearranging for

x, we find that if
n_ et =1 (pe—t/nk
Ty = ) <2a> (n—1)® (be ),

then u(t,z) > m(t). Thus,
o) \/E”; L1+ o(1)

liminf ™0 /2 <1 _ 1)
t—00 t k n

by Lemma 4.2.3. Therefore,

for all n.
We have shown that,
im0 /2
t—oo t k

as required. O
All that remains is the proof of Lemma 4.2.3.

Proof. [of Lemma 4.2.3] The result follows by the following elementary tail bounds on ®:

2 2_1 2
e <y <1-L e
Y

_y_
2

1—

< | =

for y > 1.
We set z = ®(y) and so y = ®~!(z). If we take the logarithm of both sides of the inequality,

we have )
Y

2
log(y) + TS log(1 —2) < % —log(y* — 1) + log(y*)

For y large enough, we have for any 7,

(y—277)2 < log(1—2) < (yzm2

and since y = ®71(2), we have

—n+/—2log(l —2) < (z) < /—2log(1l — 2) + 1.

Since y — +o0o <= 2z — %:ﬁ:%, we can rewrite this in the form that we wish by setting z — 1—2

and y — —y and use (1 — z) = —®~!(2) to obtain the form given in the Lemma. O

Remark 12. We can see from the proof of Corollary 4.2.2, above, that we could take m(t) to
be defined so that u(t,z) = ¢ where ¢ € (0,1) and the value of m(t) is still \/%t +o(t). The
estimate is not fine enough for this to affect it.

Also, in general m(t) can be multi-valued (in which case m(t) = {x : u(t,x) = 1/2}) but this

1s not the case if ug is decreasing. o
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4.2. Speed of the Wave Front for the Canonical FKPP Equation

4.2.2. General Initial Conditions

We can easily extend the above results to the case when ug is bounded below at —oo by a shifted
and scaled indicator function. As we know from McKean [McK75], the wave front should still

move at speed \/% for quickly exponentially decaying initial conditions.

Theorem 4.2.4. Suppose that u solves equation (4.2.1) with initial condition, ug such that

liminf, o up(z) >0 and ug(z) < 1A Ce P®
u(t,rt) = 0 if r > 7

where

=

S+ iB<\E
z if B> /2

2
u(t,rt) = 1ifr < \/;

Remark 13. It is not clear how to recover the fact that u(t,rt) — 1 when B < \/% (see McKean
[McK75]) from Theorem 4.2.1. o

and

Proof. Using Gaussian tail bounds we have
0 < u(t,rt) < et/*Elug(X;)]

get/’f<1>< Vit + Og\;[0>+c(—ﬁr+ >¢(( 5)\/7;_123?‘)

6(%7% : ( ) it g>r
e(%fﬁ’”r% t.01) ifp<r

<

—0ast—0.

2
since % -5 < % —Br+ % with equality when r = .
Ifp > %, then since u is decreasing in its second component, we can assume without loss

of generality that \/% < r < f and so in this case u(t,rt) — 0 as t — oo.

If[i’g\/i,thenr>g—i—ﬁzﬁandso%—ﬂr+%<0&ndu(t,rt)—>0.
The upper bound easily follows from Theorem 4.2.2 and the bound (4.2.3) since we can write

ug > c1 1(_007_62)(33) for some constants c¢; > 0, ¢y € R. O

We present the following trivial corollary to refer back to after proving Theorem 4.3.10 below.

Corollary 4.2.5. Consider the equation,

2

vy = %vm + bug + (1 — o") (4.2.4)

with k > 0 and o > 0, and initial condition vy such that liminf,_,_ - vo(x) > 0 and vo(x) <
1A CeP* where B > % Then, the position of the wave front is given by

m(t) = ( 202 —b) t+ o(t).
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Chapter 4. Wave Fronts in FKPP-Type Equations

Proof. Let u be the solution to equation (4.2.4), with initial condition ug as in the Theorem, in
the case when o = 1 and b = 0. Then, v defined by v(t,x) = u(t,0c~!(z + bt)) solves equation
(4.2.4) with initial condition vy = ug(c~!(z+bt)). We see that v(t, m(t)) = u(t,oc = (m(t)+bt)) =
1

5 and then we apply Theorem 4.3.10. ]

4.2.3. Initial Conditions with Compact Support

In this section we see how the above results can be extended to the case when ug has compact
support. We present the proof separately since the proof does not extend directly to the case of

more general £. Note, however, that above results follow from the following theorem:

Theorem 4.2.6. Let u solve equation (4.2.1) with ug such that 0 < ug(z) < 1 on some interval.
Then,

u(t,rt) = 1 for |r| < \/%
2
u(t,rt) — 0 for |r| > \/;

Before we prove this result, we introduce some notation and a lemma that we will use during

the proof.

Definition 4.2.7. For, ¢,p,n,t > 0, we define ¥.: Ry — [0,1] by

e(p) =P (W1 € [(—c+p)y /%, (c+ p)y/5]) (4.2.5)

Note that . : Ry — [0, 1] is strictly decreasing and hence invertible. However, since V. does
not have an explicit inverse we bound it below by a function f. : Ry — [0, 1] that has an explicit

inverse in the appropriate range that we will consider.

Lemma 4.2.8. Let | > 0 be a constant and let j = 0,1,--- ,n. Set cj41 =1+ %Jn—t(l + )
where ay — 0 as t — 00.

For ¥ defined as in equation (4.2.5), there exists a function f., , such that for p >0,

Cj+1

\IJCjJrl (p) Z f0j+1 (p)v

fc;L (be~t/k) exists, and

t 2

-1 —t/nk

ij+1 (be / ) =Cj+1+ n : \/;(1 + 0(1))
for t sufficiently large.

Proof. For t sufficiently large, there exists ¢ € (0,1) with

c+ n
Ue(p) = 1# /( p)\/jefyzmdy
21 J(p—o)\/F
J1 X X g ot
o— c n € N
~Var P\ e-oVF (-0yE) (o+en/F
_(p=9)’n

e 2t

—2pcn
> —F—-1 e et
Z \/% {(P*c)\/?>\/2} [(p—c)\/? (p-i—c)\/?]
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4.2. Speed of the Wave Front for the Canonical FKPP Equation

using the standard Gaussian tail bounds.
The behaviour of this bound changes slightly depending on whether ¢ = ¢; is constant (the

case when j = 0) or linear in ¢ (the case when j > 0). Therefore, we split the proof into these

two cases.
Case 1. j =0
Firstly, consider the case when ¢ = ¢; = [. Here,
ef(p;lt)% 1 l
—2pln
AT EE S T N
N (1 == Y oy
Z e _(p— l) Bt_l]lA
= filp)

where
A= {(p— l)\/é > \/Z} N {(p— l)\/é < ’yt} N{pl > —3Llog(cb)}

and g = f = for some constant § € (0,1) to be chosen later and v > 0.
Let y be such that fi(p) =y and y > 0. Then, p = f;~ L(y) is well defined. Then,

2
f7 ) =l+\/7f <—logy—log;>-
t 2 kn t
p:l—i-n-\/k (1_t10gbﬂ>

o1 /2
since p € A if ¢ is large enough and we choose € and § such that e 21\/: <ed < 1.
Case 2. j > 1.

If y = be t/"F then

For j > 0, ¢j41 = O(t) and is close in size to p and so we adapt the above calculation. We use

the following;:

_(=e)?n
e — = e 5
Velp) 2 == oy /) (=07 (- 5%)
> e (p=c)*n C) ﬁt 113
= fe(p)

where

B:{(p—c)ﬂ>\/z m{ —c\f<7t} { 1+55c}

and § = f = for some constant & € (0,1) to be chosen later and v > 0 .
As with above, let y be such that f..,,(p) =y and y > 0. Then, p = f_ H(y) is well defined.

If y = be~*/™ then
' t \/5(1 (1)
p=Cjy1+ - z + o(1)).

We check that p € B for j > 1. We have p < ¢j11(1+1/5)(1+ o(1)) and so we pick € and 6§ so
that 2<£<5<1forj>1 O
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Chapter 4. Wave Fronts in FKPP-Type Equations

Proof of Theorem 4.2.6. For simplicity, let ug = 1|_; jj; otherwise bound ug above and below by
a shifted and scaled indicator function. Let V;,, = P/, o D;,,. Then,

Viguluo)(@) > B (W1 € [(=1 - 2)/2, (1= ),/2])
= W, (=)

where we set ¢; = [ and ¥ defined in equation (4.2.5). ¢; for j > 0 is defined below and we see
that it is of the form specified in Lemma 4.2.8 and so the notation is not ambiguous.

We define the sequence (c;); >0 by induction with ¢; = [: abusing notation we have,

(Viyn)(afe;(|2])) = alP (|a: + Wil < f;l(be—t/nk))

> afe;y ()

where we define
Cit1 = f;l <b€7t/nk> :

By Lemma 4.2.8, we bound ¥, ,(p) > fc,,,(p) for all j = 0,1,---,n and appropriate p.
Therefore, by Theorem 4.1.4, we have

u(t, ) > afe, (|z]).

The Wave Position
Set |z| = rt where 0 < r < \/%andset0<€<

( %—r). Choose n > —=2—. Then,

\/%

N[ =

|z| — ¢n, < —&t for t sufficiently large and so

u(t,rt) > afe, (rt)

> aP(Wy, € [—ét,1t])

for all @ € (0,1) and so
u(t,rt) — 1 for |r| < \/%
The fact that
u(t,rt) — 0 for |r| > \/%

follows from previous calculations: considering and 1j_; ;) < 1|_; o) and 1_; ;3 < L(o ) We see

that

u(t,rt) < e/* o (\2 - ym/i)

2
if —.
— 01 ]r|>\/;
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4.3. Speed of the wave front

4.3. Speed of the wave front

Using similar techniques to Section 4.2 we can find the speed of the wave front in more general
situations; this is the content of the main result of this section — Theorem 4.3.2 (and its corollary
4.3.10).

Let k£ > 0 and let u solve

wp = Lu+ fu(l —u¥), in (0,7) xR
: el ) e (0,7) (4.3.1)
ug(z) = L(_oo0)(z), for z € R.

in the sense of Definition 2.1.1, where (X):>0 is a Lévy process with stochastic generator given
by L.

If the moment generating function of the process —X exists and is given by A i.e.

E[e_GXS} _ 6sA(G)

i

then we can write A in the Lévy-Khintchine form as

1
A(B) = —bb + ~o26? +/ (e7% — 1+ Oyl -1 )v(dy)
2 R\{0}

for b,0 € R and a Borel measure v on R\{0} such that fR\{O}(y2 A1)dr(y) < oo.

We will make the following assumption throughout Section 4.3.

Assumption 4.3.1.

Suppose that the moment generating function, A, of —X exists for 0 in a neighbourhood of 0;

that 1is,
E[efGXS} — esA(B)‘

FEquivalently, we assume that
-0
/6 y]l{|y‘>1}y(dy) < 00

for all 8 in a neighbourhood of 0.

Let g be defined by
(4.3.2)

We will show that ¢ is the speed of the wave front for suitable choices of L.

Remark 14. For z € R, we define A* to be the Legendre-Fenchel dual of A:
A*(x) = sup(fz — A(6)).
0>0

If the supremum is attained at 0 = 0%, then q is simply the unique number such that

A ()=
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Chapter 4. Wave Fronts in FKPP-Type Equations

We will prove the following analogue to Theorem 4.2.2 in Section 4.3.2.

Theorem 4.3.2. Suppose that Assumption 4.3.1 holds and that u solves equation (4.3.1). Let
q be defined as in equation (4.3.2). Then,

u(t,rt) — 0, forr >gq,

u(t,rt) = 1, forr <q.

A similar result was shown independently by [GJ16] based on the ideas of [Kyp99] using

branching processes.

Remark 15. We can also see Theorem 4.3.2, in terms of the position of the wave front
m(t) = sup {z :u(t,z) > 5}.
Then,

m(t) = qt +o(t), ast — oo. o

4.3.1. Preliminaries

Lemma 4.3.3 (Properties of A). Let A and A* be defined as above. Then, the following state-

ments hold.
1. A and A* are both convez.
2. N*(-E[X1]) = 0.
3. N* is strictly increasing on [—E[X1], 00).

Proof. 1. These properties are simple consequences of the definition. Firstly, we show that

A is convex. Let A € (0,1) and 64,02 € R. Then, by Holder’s inequality,

A(N01 + (1 —N)f2) =1ogE [(e_ele)A(e—92X1)1—)\}
S

= AA(01) + (1 = A)A(62)

as required.

Next, we show that A* is convex. Let A € (0,1) and x1,z9 € R.

AN (Ax1+ (1 — N)z2) =sup [(Az1)0 + (1 — N)z26 — (A + 1 — N\)A(0)]

0>0
< sup [A(z160 — A(0))] + sup [(1 — A) (220 — A(0))]
0>0 0>0

— A (1) + (1 — \)A*(22)

as required.
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4.3. Speed of the wave front

2. By Jensen’s inequality, we see that A(f) > —0E[X;]. Thus, we see that A*(x) < sup(f(x+
E[X1])) and so 0 < A*(—E[X;]) <O0.

3. Pick 6y > 0 so that A is defined for |0 < 6y. Take y > A’(0) = —E[X;] and find ¢ € (0, 6y)
such that y > A’(g). By convexity,

Ae) = A(0) < A(e)(e - 0)
<yle—10)

for § < € and so for any z > y > —E[X}],

A*(y) = sup(y6 — A(0))

0>¢
< —e(z-y)+ 321)(29 — A(0))
< A*(z)

O]

In order to show Theorem 4.3.2, we will need some preliminary results. First of all we introduce
some notation.
We write

for the distribution function of X, and we write

F7l(y) = inf{z : Fy(2) >y}

S

for the generalised, left-continuous inverse. This is sometimes referred to as the quantile function.
We use the convention that inf @ = oco. In the case, that Fj is invertible, the generalised inverse
coincides with the usual inverse.

We will use the following observation, below.

Lemma 4.3.4. Let F, and F; ! be defined as above. Let z € [0,1]. Then,

The proof is elementary and can be found in [EH13], for example.
We can now give the bounds on u that will allow us to prove the Theorem 4.3.2. The following

result is analogous to Theorem 4.2.1.

Theorem 4.3.5. Fizt,z andn and a € (1/2,1) and set b= (1 —a®)~V*. Let u solve equation
(4.3.1). Then,

aF% (—a: —(n— 1)1*"%_1 (be_t/"k)> < u(t,z) < e’*F,(—x) (4.3.3)
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Chapter 4. Wave Fronts in FKPP-Type Equations

Proof. The upper bound follows from Theorem 4.1.4 with n = 1:

B [1(_o0,0)(X)]e!/*
(E?[1(—oo,0)(Xe)]F (et — 1) + 1)
< el/FPr(X, < 0)

(Do P)(L(_o00))(z) = 1k

= etFE(—x).

For the lower bound, we use Theorem 4.1.4 again with fixed n. By definition, or Lemma 4.1.3,

we see that
(P% o D%)(l)(l(_oop))(x) = Ft/n (—JI) :

We can apply induction to the inequality

(P% © D%)(m)(ﬂ(*oo,o))(x) > CLFt/n (—x — (m — 1)Ft7yll (be’t/"k>)

where m € Z with 1 <m < n. Since a € (1/2,1), this clearly holds for m = 1.

For the inductive step we use Lemma 4.1.5. In particular for f : [0,1] — [0, 1], we have the
bound

(Pi/n o Dyyn)(f)(2) = alP? (f(;p + Wijn) = abe_t/”k)

where b = (1 — a¥)~ 1/,

(Pe o D)™ (1o 0))(2) = aP (Fypp (= Xyjn =2 = (m = DFE (b)) > pe/nk)

=aP (_Xt/n > a+mF,, <be‘t/”’f))

for 0 < m < n — 1. In the second line we used Lemma 4.3.4 if be~t/nk <1 and if be~t/nk > 1

the result clearly holds. The lower bound in (4.3.3) follows. O

Remark 16. By slightly changing the proof of Theorem 4.3.5 we can obtain the following more

general bound. Suppose that ug(x) > c11(_o ¢,y where c1 € (0,1] and ca € R. For an increasing

sequence of times tg = 0 < t1 < ... <t; < ..t =t,, wesets; =t; —tj_1. Then, the following
bound holds

ut,x) > aFy, |~z +e— Y Fo' (be*sf'—l/k) (4.3.4)
=2

for allx € R and t > T where T depends on n,k,a and c;.

Furthermore, if ug is left continuous and decreasing, we can define a generalised inverse by

ug ' (2) = sup{y : u(y) < 2}

and then, by following the proof of Lemma 4.3.4 and Theorem 4.83.5, mutatis mutandis, we see

that

u(t,r) > aFy, | —x +ug* <bef‘9"/k) - Zn:FS;1 <befsj*1/k> . (4.3.5)
j=2
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4.3. Speed of the wave front

In the case of a general Lévy process, we will need a substitute for the explicit asymptotics
in Lemma 4.2.3. For this, we can use Cramer’s Theorem from the theory of Large Deviations

(see, for example, Grimmett and Stirzaker [GS01]).

Theorem 4.3.6 (Cramer’s Theorem). Let Y be a Lévy process with a finite cumulant generating

function given by A. Let A* be the Legendre-Fenchel dual function. Then, for any o > E[Y1],
where C(t)/t = 0 ast — oo. If P(X; > «) > 0, then A*(a) > 0.

Lemma 4.3.7.
-E[X;] <q

The inequality is strict if X is not deterministic.

Proof. By Jensen’s Inequality,

1 1
= inf |— + = log E[e %%
7= [kz& g losEle ]]

1
>inf | — —E[X
> in [k@ [ 1@

= —E[X/{]

with equality if and only if X is deterministic, since log is strictly concave. O

We treat the degenerate case, when X = bs separately here.

Lemma 4.3.8. Suppose that X is a deterministic Lévy process, i.e. for all s, Xs = bs for some

constant b. Suppose that u solves equation (4.3.1) with ug = L(_0,0)- Then,

In fact, u is given explicitly by u(t,x) = 1(z + bt < 0).
Proof. We just check the proposed solution is actually a solution:

M = 1(z + bt < 0)er(1-1@+b<0)

=1(z+ bt <0)
for all s > 0 and so is trivially a martingale. O

4.3.2. Proof of Theorem 4.3.2

Now we can prove Theorem 4.3.2.

Proof. By Lemma 4.3.8 and the remark above, we may assume that X is random with E[X1] =0

and so A is strictly convex and the inequalities in Lemma 4.3.7 are strict.
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Chapter 4. Wave Fronts in FKPP-Type Equations

By Theorem 4.2.1 and Markov’s inequality, we have for 8 > 0,
u(t, ) < /FPE[1(e % > )]
t
< exp </<: +tA(0) — 930)

We minimise over § > 0. We set = = rt for r > g where ¢ is given by (4.3.2). Then A*(r) > A*(q)
by Lemma 4.3.3. Thus,

limsup u(t, rt) = 0,

t—o00

and u(t,x) > 0, for all (¢, ). Therefore,
u(t,rt) = 0, as t — oo.
Next, we show that
u(t,rt) - 1, as t — oo

for all r < q.
‘We use the bound

u(t,rt) > aF% (—rt —(n— 1)le <beft/nk>)

n

We define a new constant 7 € (r,q). By Lemma 4.3.4,

n n

i
n

Fit (be*t/"k) < _n e be UMk < F, <_Tt>

Since u(t,z) is increasing in x, we can assume without loss of generality that ¢ > 7 > r >
—E[X;] by Lemma 4.3.7. Thus, we can use Crdamer’s Theorem (Theorem 4.3.6), to see that
there exists a 77 > 0 such that for all ¢t > T7,

FL <7’t> Z be—t/nk’
n n

Then, there exists 77 > 0 such that for ¢ > 17,

log F'+ <_rt> = logP (—Xt/n > F%)
n n

> ——AN*(F) —o(t
= (r) = o(t)
> —EA*(Q) +logb
n
t
> —— +logb
- nk:+ o8

To go from the second to third line we use the fact that A* is strictly increasing by Lemma 4.3.3.

The last line follows from the fact that A*(g) < 1.

Now, we fix
L TH1+EX]

r—r
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4.3. Speed of the wave front

By the weak law of large numbers, for any € > 0, there exists 75 > 0 such that for ¢t > T} V 15,
we have

t

<(—rn +7(n — 1))>

u(t,rt) > aF:

n

> aP (Xt/n < (1+E[X4)) t)

>a(l—¢)

In other words,

liminf u(t, rt) > a, for all r > q.
t—00

Since a € (0,1) was arbitrary and u(t,z) <1 for all (¢, z), we have shown,
u(t,rt) = 1, as t — oo

for all r < ¢, as required. O

4.3.3. General Initial Conditions

We can generalise Theorem 4.3.2 for initial conditions with fast enough decay and are bounded
below by a shift of the Heaviside function. These assumptions are made rigorous in Hypothesis
4.3.9 below.

Firstly, for 6 > 0, we will write

_1/k+A(6)
=220

Hypothesis 4.3.9. 1. Suppose that there exists 0* with ¢ = J(6%).

J(6) (4.3.6)

2. Suppose that the initial condition uy taking values in [0,1] satisfies the following assump-
tions:
1;21_11012‘ up(x) >0
and
uo(xz) < 1A Ce P
for some C >0 and 8 > 0*.

We have the following corollary to Theorem 4.3.2.

Theorem 4.3.10. Suppose that u solves equation (4.3.1) with initial condition wy satisfying
Hypothesis 4.3.9. Then,

u(t,rt) >0 if r > ¢
u(t,rt) = 1 ifr <q

Remark 17. Recall in Lemma 4.3.8, we have 0* = 0o and so Theorem 4.3.10 does not apply in
the case when Xs = bs for a constant b. If we look for solutions of the form u(t,x) = ug(x + bt),
we see that we must have ug(x)(1 — uo(2)¥) = 0 for all x and this can not be true if ug takes

values outside of {0, 1}. o
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Chapter 4. Wave Fronts in FKPP-Type Equations

Proof. By Lemma 4.3.8, we can assume that A* is strictly convex. First of all, let’s suppose

that r > ¢
0 < ult,rt) < e’*Elug(X)]
< et/kp (Xt < —z+ élog C’> + Cet/*R [e‘ﬁ(erXt)]l <£L‘ + X > élog Cﬂ
=(4)+(B)
where (A) and (B) refer to the first and second term respectively. By Markov’s inequality,
(A) < CG/Bet(%—(Or—A(O))
for all & > 0 and so setting 6 = 6%,
(4) < C¥/BeHE=A0) 5
as AN*(q) = % and r > ¢. Similarly,
(B) < /Bt (i —(B-0r+A(0-5))
. Setting 8 = 8 — 0* > 0, we see that
(B) < O /B=1 gt (=A% (r)

Since + — A*(r) < + — A*(q) = 0, we see that u(t,rt) — 0 when r > g.
The case when r < ¢ follows since there exist constants ¢; > 0,co € R such that ug(z) >

11 (—o6,—¢y)(7) and so the Theorem 4.3.2 can be adapted using the bound in (4.3.4). O

Finally, we see how Theorem 4.2.4 can be used to show that if ug decays more slowly than

exponentially, the wave front moves faster than linearly.

Proposition 4.3.11. Suppose that u solves equation (4.3.1) with initial condition uy such that

for all e > 0 and x sufficiently large, ug(x) > e *. Then,

lim inf M = 00
t—o00 t

Proof. Let a = E[X;]. By the bound (4.3.5), we see that for any r € R,
u(t,rt) > alyy, (—rt + gt (be_t/”k) —(n— 1)Ft7711 (be_t/”k)>
t 1 1
> alyy, < (—rn 4+ — - om) — logb>
n ek €
where we used the fact that
(n— DF L e ™) < at <= be /™ < Ry, (%)

since

Fyn (25) =B (3% <0 (14 14))
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for n fixed and t sufficiently large, by the weak law of large numbers.
We also used that

up(z) > e <= uy'(y) > —Llogy

for x € (a,00) for some a and y € (0, up(a)).

Therefore, for t sufficiently large,
u(t,rt) > alP (%Xt/n < (1+ E[Xl]))

for all € < [k(1 + (n + 1DE[X1] + 7)]7t. Thus, liminf; o u(t,7t) > a(1 — §), for all a € (0,1),
9 > 0 and so liminf; ,o u(t,rt) = 1 and the result follows. d

This type of initial condition was studied in detail in Hamel and Roques [HR10].

4.4. Examples

We give some examples of Theorem 4.3.10 for specific Lévy processes X.

Firstly, we consider the following well-known result.

Example 4.4.1. Let us consider the case when L = %(7288722 + b% which corresponds to a the
Markov process X defined by X; = bt + cW;. Then A(0) = —b6 + %292, and so 0* = 1/,{37.
Thus, if Hypothesis 4.5.9 holds for some 8 > q/k%Q. Then

mt) . T — b0 + 36?

t 6>0 0
[202
=4/——=0>
k
As we saw in Corollary 4.2.5, the result also holds with 8 = %

The next simplest example is with a Brownian motion with drift plus a jump process.

Example 4.4.2. Set X; =z +bt+oWi+ 3 1", P}, where P' are Poisson processes with jumps
of size y; with intensity X\; > 0. Then the Lévy measure is given by v(A) = Y Aidy,(A) for a

measurable set A € R. So, the equation is

0_2 n . n ul-l—k
up = 2u:cx+ﬁux+zg>\iu(','+yi)+ k—z;Ai U= (4.4.1)

where ug satisfies Hypothesis 4.3.9 and f =b—>"" | Ailyy,1<1yi and

n 9 n
A(0) = (; Ailjy,1<19i — b) 0+ %92 + ; \i <e—9yi — 1)

By Theorem 4.3.2, we know that Equation (4.4.1) has a wave front moving at speed qt + o(t)

where
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Chapter 4. Wave Fronts in FKPP-Type Equations

Here,
e v — 1,1

q—égg Z)\Il|y|<1yz b—i—fﬁ—i-Z)\ k@ )
We see that J is differentiable and strictly convex with J(O—l—) = J(o0) = oo and so there is a
stationary point.

Even in very simple situations, the value of 0 is not likely to be explicit. Consider the equation

1
Uy = Stag +u(y+1) — (4.4.2)

Then 0% is the root of %9266 =1+6. Thus, 0" ~ 1.163 and q ~ 1.581.

Example 4.4.3. Set Xy = x + bt + oW, + Zi]i(f) 7', where Z' are IID random variables with
law p and N(t) is a Poisson process with mean At.
Then the Lévy measure is given by v(A) = Au(A) for a measurable set A € R. So, the equation
18
0'2 1 k
Ut = 5 Uzz +buy + A [ (u(s-+y) —ul(- ) p(dy) + Eu(l —u”) (4.4.3)
R
with ug satisfying Hypothesis 4.3.9 and

A(B) = —bO + ”2292 + A/R(e"y — 1) p(dy).

By Theorem 4.3.2, we know that equation (4.4.3) has a wave front moving at speed qt + o(t)

where

Here,
1
k6

This is convex with J(0+) = J(oc0) = oo and so there is a minimum.

q= 1nf

Let’s consider the special case when b =60 =0, A =1 and pu(dy) = H(y)dy where H : R —
[0,00) is compactly supported, even and fR H(y)dy = 1. In this case, equation (4.4.3) becomes

1
u=Hxu—u+ %u(l — k) (4.4.4)
where H xv(z) = [ H (y)dy since

Hxu(t,z) —u(t,z) = /R(u(t,x +vy) —u(t,x))H (y)dy.

Equation (4.4.3) is of the form in equation (1.1.14). In this case

1
=min- ( [ H(y)e? —1
o= ping ([ 1)eay g -1)

for all ug satisfying Hypothesis 4.3.9.
Carr and Chmaj [CC04] showed this q to be the minimal speed of travelling waves i.e. de-
creasing solutions to

1
fcu':H*ufqu%u(lfuk)

with w(—o0) =1 and w(co) = 0.
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Example 4.4.4. Set Xy = x + bt + P, where P is a Poisson process with jumps of size y with
intensity A > 0 and where b = A1, <1y. Then the Lévy measure is given by v(A) = Aoy (A) for
a measurable set A € R. So, the equation is

1+k
k

wp =M 4 y) + (2= A u— =

(4.4.5)
where ug satisfies Hypothesis 4.3.9. Then,
AB) = Me % —1)

and

= inf
9 6>0

TR Gl 1>]
y .

Note that if y < 0, then J is convex with J(0+) = J(oo0) = co and so there is a minimum and
the speed of the front is qt + o(t). If, on the other hand, y > 0 then infyso J(0) = 0 although

this is not attained at a finite 0.

4.4.1. Fractional Laplacian

As we saw in the Section 1.1, one particular Markov process of interest is the a-stable Lévy

process. There, the Lévy measure is given by

c
v(dy) = Wdy

and so

A(f) = 0

for all & > 0. Therefore, Theorem 4.2.4 does not tell anything useful but the result is consistent
with the result of Cabré and Roquejoffre [CR13] that m(t¢) increases exponentially in ¢.

However, we can adapt the techniques in the proof of Theorem 4.2.1 to obtain the following.

Proposition 4.4.5. Let u be a solution to

92 a/2

(4.4.6)
Up = ﬂ(foo,()) (LZZ)
Then,
.1 1
Jim g =
Proof. Let
Fy(z) =P(X; < x).
By the bound (4.3.4), we have that for ¢ large enough,
n
ult,z) > aFy, | —o =Y F! (be_sf—l/k> : (4.4.7)

=2
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Chapter 4. Wave Fronts in FKPP-Type Equations

Write s; = f8;t for some constants 8; > 0, >, 3; = 1. Setting the right hand side equal to

1/2 and rearranging we have

where we used

Fo N (2) ~ Ctz~w as x N O

s

for some constant C' > 0 (see, for example [ST94]).

Thus,
1 max; f3;
‘minf = > IR
hg(l)gf , logm(t) > o
In particular, we can choose f; =1 — ¢ and fg = ¢ for € € (0,1). Thus,
1 1—¢
el <
hg(l)gf , logm(t) > ’

for any € € (0,1) and so

x| =

hg(i)gf % logm(t) >
For the upper bound note that,
u(t, x) < et/ Fy(—x)
Setting the RHS equal to 1/2 we see that
m(t) < etk Ot)

and so,

| =

1
limsup — log m(t) <
t—oo T

as required. ]

Remark 18. By using a similar idea to the proof of Theorem 4.2.4, the result of Proposition

4.4.5 can be easily adapted to any initial condition satisfying

liginf up(z) >0 (4.4.8)
and
up(x) <1TACz™@ (4.4.9)

for some C > 0 and all x > 0. Firstly, we can easily show the result for ug(r) = ¢ L(_oo,c0) Sfor

constants c1,co. The first condition then implies that

x| =

1
el S
htrgg)lf . logm(t) >

For the upper bound, we can use that the transition kernel p of X satisfies
Ct~a

ptyr) < —————.
1+t—é‘$|1+a

for a constant C > 0. Thus, E*[X; 1 (¢ 00\ (X:)] < Ca™% for constants c¢,C > 0 and x large

enough (x> c), as required. o
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4.4.2. Ornstein-Uhlenbeck Processes

Suppose that £ > 0, and the Markov process X is an Ornstein-Uhlenbeck process solving the

equation

dXs =0(p — Xs)ds + odW
Xo==x

for constants u € R, and 8,0 > 0. Then,

a2 0%f of
L(f)(x) 3 2 +0(u — )%-
Then, consider the equation
ou
— = Lu+ tu(l - "
ot el ) (4.4.10)

ug = ]]-(—00,0)

In this case, the analogue to Theorem 4.2.1 is the following.

Theorem 4.4.6. Let u be a solution to equation (4.4.10). Then,

ad _gx+1—a”_1 p___ 7 <t z) < et/ko —g:v—l .
/B 1 n—1 B n—1 — ) —
—a o «

Moreover,

B 11 B1—a"! Y B 1 1 Y
e e (R B 1) I L (N e
«a 2a +oz” 11—« p a”_m()_ o 2et/k a

where m(t) = sup{z : u(t,z) > 3}.

Proof. Note that
2
Xs~ N <e_98x + (1 — e799), (27—0(1 - 6_289)) .

We rewrite this as X, ~ N (a(s)x + v(s), B(s)?) where,

(s) = p(l — %),

) = Ve

Following the proof of Theorem 4.2.1, and writing

V;S/n = Pt/n o Dt/n

we see that

utn) 2 Vi e (5o 7)

Write p = —® ! (be~*/™) and note that for n and b fixed and t large, we have p > 0.
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We define two sequences, ¢, and dy, with ¢; = 5 and d; = —%, by

Vi/n(a®(—c; - +d;)(x) > aP(®(—¢; X + d;) > be /™)

=a® (—¢j117 + dj41)

and so
Q@
Cit] = =
J+ /B
p+d;
divg =
J+ Cjﬁ
forall j=1,---,n—1.
Thus, we find
Q@
Cn:Ba
1— n—1
g =tz p gl

l—a ol Ban—1

To see the second part of the Theorem, since u is decreasing in x, we can simply set the upper

and lower bounds equal to 1/2 and rearrange for x. O

Remark 19. Compare this to Theorem 4.2.1. The proof above works with 6 = 0 (and then
B(s)=s), p=0 and o = 1. Then, we see that ¢, and dy, above simplify to

as we saw before. o

Theorem 4.4.7. Let u be the solution to equation (4.4.10). Then,

lim log m(t)

t—o00 t

=40

Proof. From Theorem 4.4.6, we have

for a constant C4 (6, u,0,a) > 0 by Lemma 4.2.3.
Similarly, for ¢ sufficiently large,

m(t) > Cov/tel/"

for a constant Co (6, u, o,a,n) > 0. O
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4.5. Waves fronts when k < 0

Consider equation (4.3.1). So far we have only studied the case when k& > 0. The reason for
this is that the nonlinearity given by f(u) = %(1 — u*) is not Lipschitz at 0 and so may have
multiple solutions. Indeed, take k € (—1,0) and ug = 0. Then, we can define a mild solution by
both u(t,z) = 0 and by u(t,x) = Dy(0)(z) = (1 — e_t)_%.

Moreover, for any ug such that we have a solution in the sense of Definition 2.1.1, we have
=1L
u(t,z) > (1—e ")k

where u is defined by the relevant optimisation problem and so the solution arising from the
optimisation problem does not give rise to wave fronts. Given that we should expect wave fronts
to occur in the setting of branching processes, it follows that the optimisation method does not
define the natural solution in this setting.

However, one could study these solutions using the operators P and D and in this case

Corollary 2.6.1 give u that when k € (—1,0),

PyoDyoug(z) < ult,z) < DyoPoug(x)
and when k € (—oo, —1), we have

Dy o Proug(z) <u(t,z) < P;oDyoug(x)

where (P; o f)(z) = E*[f(X;)] and (Dso f)(x) = (e ' f(z)F 4+ 1 — e’t)_%.
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Appendix A.
A Generalisation for Concave Nonlinearities

In this Appendix, we give another application of the ideas presented so far. In this work, we
have been studying the general equation

ou
— = Lu+ ¢(x)u — P!
ot (e~ (A.0.1)

u(0,2) = ug(x) for all x € E,

and when studying wave fronts, we considered the special case when k& > 0 and ¢ = 1/k, L is the
generator of some Lévy process and E = R. In this case all of the representations of Chapter 2
hold. However, another possible generalisation of the FKPP equation was introduced in Section
1.1.3. Recall that we can define the probability generating function of a non-negative integer

valued random variable N by

Then, if E[N] < oo, the generalisation of the FKPP equation is given by

0
5 = Lu+ f(u)

u(0, z) = up(x) for all z € R%.

Here, we define f by f(u) =1—u— G(1 —u). fis a KPP-type nonlinearity when E[N] < occ.
As in Chapter 4, we suppose that £ is the generator of a Lévy process X with moment

generating function, A, of —X defined in a neighbourhood of § = 0; that is,

E[e_eXS} _ esA(G) )

for all # in a neighbourhood of 0.

We see that in this case the results presented in this work so far do not apply directly.
Indeed, the specific form of the nonlinearity that we have so far been studying is integral to
the martingale representation when we used Holder’s inequality in Chapter 2 and the FKPP
equation arising in the financial setting of Chapter 3 is not of this form. However, the specific
form of the nonlinearity f(u) = fu(l — u¥) was not as integral to the study of wave speed
and the semigroup (Dy)s>0 was the salient object to study in relation to f. In fact, the wave
speed is only given in terms of the important term f’(0) (which is equal to % in this case).

Therefore, one might expect that it is possible to adapt the primal representation to this case

75



Appendix A. A Generalisation for Concave Nonlinearities

— and use analogous methods to those used in Chapter 4 — to obtain results for a different class
of nonlinearities such as the one above arising from a general class of branching processes. This

is the content of the rest of this Appendix.

A.1. Representation for Concave Nonlinearities

Firstly, we define the equation that we will study in this section. Here it is natural to define

solutions in the mild sense.

Assumption A.1.1. Suppose that the function f : [0,00) x E X R — R is measurable and
f(t,z,-) is concave and differentiable for all (t,z). Suppose that u : [0,00) X E — K is a mild
solution to equation

ou

— =Lu+ f(t,z,u), in (0,00) x E
- f(t,,u), in (0,0) A

u(0,x) = up(x), for allz € E.

for some set K C R and that ‘%} < C in[0,00) x E x K for some constant C > 0.

We include the condition on the derivative of f here so that the optimal control in Theorem
A.1.3 is in the set of admissible controls.

Results on existence and uniqueness of mild solutions were given in Theorem 2.7.2.

Definition A.1.2. Let g : [0,00) X E X R — R, and suppose that g(t,z,-) is concave for any
(t,x) € [0,00) x E. We define a function § by

g('v ) z) = sup(g(-, ) u) - UZ)
u>0

Remark 20. Usually, for a function h : R — R, one defines the Legendre transform by h*(z) =
sup,>o(uz — h(u)). In this case, h(z) = (—h)*(—z).
One could alternatively consider the PDE with convexr nonlinearities and obtain analogous

results, to the following, in terms of f*. o
We have the following representation.

Theorem A.1.3. Let u be a mild solution to equation (A.1.1), as in Definition A.1.1 above.
Then, the following holds:
t
u(t,x) = mZinE [/ eJo Zrdr £t — 5, Xy, Zs)ds + elo Zrdry0(Xy) (A.1.2)
0
where the minimum is taken over all bounded processes Z which are adapted to the filtration

generated by X. The minimum is attained at Z = Z* where

of
7" == (t — s, Xs,u(t — s, Xs
L — s, X ult - 5, X,)

Proof. Set
Ms_u(t—s,Xs)—i-/ F(t =7, Xp,u(t — 7, X,.))dr.
0
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Since, v is a mild solution, it follows from the Markov property of X, that M is a martingale
with respect to the filtration generated by X.
Define,

S
£ = /; efO ZUde(t -, Xy, Zr)d"" + efg ZTdTu(t -3, Xs)'
Then,
t S ~
& = / elo Zrdr (o Zy + f(t — 5, Xs, Zs) — f(t — 5, X5, us)]ds

0

¢
+ M; + / (M — M) Zgeho Zrdr (A.1.3)

0

where ug = u(t — s, Xg). This follows from Fubini’s Theorem and integration by parts.

Since f is concave, by the definition of f , it follows that
uz + f(r,2,2) — f(r,2,u) >0
with equality for z = %(T, x,u). Since M is a martingale, it follows that
E[¢] > &o = u(t, x).
with equality for Z = Z* O

To see where equation (A.1.3) comes from, note that if w and X are sufficiently regular, then

equation (A.1.3) would follow directly from Itd’s formula.

Remark 21. When k > 0, we can see that Theorem A.1.3 is a generalisation of representation

(2.2.3). Indeed, if f(u) = £(u—u"T1), then

141/k
(2) = Ck_ﬁ:) ' <1/
0 if 2> 1/k

In other words,

) LI 1+1/k ¢
u(t,z) = mZmIE [/0 elo Zrdr (%) ds + eo Zrdruo(Xt)} (A.1.4)

where, without loss of generality, the minimum is taken over the set of all bounded above by 1/k

which are adapted to the filtration generated by X.

Y = exp <—]Hl_1/0 (1-— kZT)dr)

t LN 1417k
u(t,x) = rr%/inIE [/ e’k (—Ys> ds + et/kY;Hl/kuo(Xt)] . (A.1.5)
0

Setting

we Trecover

where the minimum is over the set of positive, absolutely continuous, adapted and decreasing
processes Y. Note that the set of Y that we are taking the minimum over is smaller than in

Theorem 2.2.3, but this does not matter for the subsequent results in this work. o
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Appendix A. A Generalisation for Concave Nonlinearities

A.2. Application to Branching Lévy Processes

Now we restrict attention to the one-dimensional case when d = 1 and f does not depend on ¢
or I.

Analogously to Theorem 4.1.4, one can find iterative bounds using the nonlinear semigroup
corresponding to f and the linear semigroup corresponding to £. In particular, one can easily

show that analogous bounds hold.

Definition A.2.1. For anyt >0, z € R, and g : R — R, Define the function P by
Py(g)(z) = Elg(z + X3)] (A.2.1)

and the function D to be such that D.(g)(x) is the solution to the ODE:

dy
P @) (A.2.2)
¥(0) = g(z). (A.2.3)

The following result is analogous to Theorem 4.1.4:
Theorem A.2.2. Let u be as in Theorem A.1.8 and D and P as in Definition A.2.1. Then,
(i © Dyfn)™ (o) (w) < ult,w) < (Dyym © Pyyn) ™ (u0) ()
fort >0, zeR.

Proof. As before, we consider the optimisation problem restricted to deterministic processes: by

Theorem A.1.3, we have

t
u(t,x) < min / eJo Zrdr f(7.)ds + elo Zrdrg [uo(X¢)]
Z deterministic /)
= Dy(E [uo(X¢ +-)]) (2)
Here, we used Theorem A.1.3 with £ = 0 to show

t
Dy(g)(x) = min / elo Z”de(Zs)ds + 6f(;5 Zrd’"g(x).
Z deterministic 0
Similarly, by considering X pathwise,
t .
Dy(ug)(X;) < / elo Zedr f( 7 Vds + edo Zrdryg(X,)
0
almost surely for all adapted processes Z (and even anticipative Z). Therefore,

u(t, x) > E[Dg(uo) (Xt + )]

If we write u(t,z) = Ug(ug)(x), then P, o D; < Uy < Dy o P, and since each of the operators
P,, D; and U; are increasing, for any ¢, we can iterate the above expression to complete the

proof. O
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A.2. Application to Branching Lévy Processes

It is now straightforward to generalise Theorem 4.3.2 to the case of a general concave nonlin-
earity that is of the form f(u) =1 —u — G(1 — u) described above.

In particular, setting up = 1(« ), the following result can also be interpreted in terms of the
distribution function for the maximum particle of the corresponding branching Lévy process
and thus about the speed of maximum particle. Note that results of this type can also be found
in the work of Biggins [BLSW91], Kyprianou [Kyp99] and, recently, Groisman and Jonckheere
[GJ16].

Theorem A.2.3. Let f: R — R be concave, and differentiable with uniformly bounded deriva-

tive. Suppose that u is a mild solution to

0
o = Lu+ f(u)

() (QJ) = ]1(70070) .

Suppose that A is finite in a neighbourhood of 0. Write f'(0) =~ >0, f(0) = f(8) =0.
Then, for

. .7+ A0)
= inf A24
1 ér>lo 0 ’ ( )
we have
0, ifr>q
u(t,rt) — (A.2.5)
B, ifr<gq.

The relevant existence and uniqueness theorem for this equation is Theorem 2.7.3.

Note that since the probability of the branching process going extinct is given by the smallest
non-negative root of G(s) = s (see, for example, Athreya and Ney [ANT72]), we see that
corresponds to the probability of survival over all time.

The proof follows by using the same techniques as Section 4.3. In particular, for z € (0, 3), t

sufficiently large and ¢ < 7y, we have
re < Dy(Id)(x) < ze

where Id is the identity map. Therefore, the techniques used in Section 4.3 apply almost

verbatim. One can also see the paper by Driver and Tehranchi [DT18a] for more details.
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Appendix B.

A Dynamic Programming Approach

In Sections 2.2 and 2.3, we saw that a solution, u, to equation (2.1.1), can be represented in
the primal form of Theorem 2.2.3 and in the martingale-dual form in Theorem 2.3.2. We also
saw in Section 2.5 that, formally, there is a natural Lagrangian dual formulation but we did not
make this rigorous.

In this appendix we give more intuition behind Theorem 2.2.3 in case when £ > 0. In par-
ticular, we study the result in the context of the well studied dynamic programming approach.
We will then show directly (that is, without Lagrangian techniques) that the formula in (2.5.1)
is correct under the right conditions. The cases when k£ < 0 can be treated analogously given
appropriate assumptions. As noted before, the Lagrangian dual is less general than the martin-
gale dual in Section 2.3. Indeed, it is necessary that the initial condition wug is strictly positive
and for the proof below we will require that the generator L is a strictly elliptic operator of the

form

L=y b2 41 > 0y (B.0.1)
N 18952- 2 * 8371895] o

1<i<n 1<4,5<n

This corresponds to the process X satisfying the SDE
dX, = b(Xs)ds + o(Xs)dWs

with Xo = z € R? and where a = ooT. Here b : R* — R% o : R x R — R? and W is a
standard m-dimensional Brownian motion.

We will assume that wuy takes values in [0,1]. Then, for non trivial initial conditions, 0 <
u(t,z) < 1 for all t > 0, x € R (which can be seen, for example, by a comparison principle
argument).

We remark that Hypothesis 2.1.3 is automatically satisfied in this appendix.

B.1. Primal Formulation

For simplicity, we are assuming that £ > 0 and £ is of the form (B.0.1) and ¢ = 1/k but these

assumptions are not necessary. We will suppose that u is a classical solution to

Ou _ 1 k+1
5 = Lu+ k(u u® ) (B.1.1)

with initial condition ug.
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Appendix B. A Dynamic Programming Approach

It follows from Theorem 2.2.3, that we can write

u(t,z) = min E [/t K|V, MR ds + e/ F|Y | M R ug (X,) (B.1.2)
Yeyéyt 0

where we define ygt to be the set of all adapted, absolutely continuous processes (Y;)s<y<¢ with

Ys =y.

We saw that this representation can be thought of as a generalisation of the Feynman-Kac
formula. However, it is, perhaps, more natural to think of equation (B.1.1) as the Hamilton-
Jacobi-Bellman (HJB) equation (up to change of variables) corresponding to the optimisation
problem (B.1.2). We will formally derive the HJB equation corresponding to (B.1.1) and then
show that the representation (B.1.2) can be shown by the standard argument for verifying that

the formal HJB equation is actually the correct equation.

B.1.1. The HJB Equation

Let X be the solution to the SDE corresponding to £ with Xy = x and let Y be as above with
Yo = y. Define the value function V by

t
Vi) = int, B [ 70,60 3)dr 0,00
s,t S

stx,){g:y]

for some suitably differentiable functions f and g.

By the dynamic programming principle we expect that

V(0,,y) = Yiéx;}fy E [/0 fr, X, Y,)dr + V(s,XS,YS)]
0,s

and so by the Martingale Principle of Optimal Control we look for
My = / f(T‘, Xr, Y})d?‘ + V(S’ Xs, }/s)
0

to be a submartingale for all Y and a true martingale at the optimal choice of Y. Applying
1t6’s formula to M, we minimising the drift term pointwise in y and formally obtain the HJB
equation,

inf [V; + LV + 2V, + f] = 0.

with V(t,z,y) = g(t,z,y). Set

1
f(s,2,y) = e/Fly|Tx,

1
g(s,2,y) = /Fly| " Fug().

By scaling, we make the ansatz that V(s,z,y) = e*/*|y|'*/5u(t — s,2). We see that the HJB

equation simplifies to

inf [e*[y| 5 (g + L+ )+ (1+1/k)z sign(y) |yl Ve + e*[2 /4] = 0.
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B.1. Primal Formulation

or
up = Lu + % +inf |w'™* — (1 +1/k)wu
1
= Lu+ E(u —ulthy,

k

as required. Choosing w = u” is optimal.

We see that the optimal Y satisfies

We write this optimal control as Y* where
Y =e" Joult=rXe)"dr g a1 0 <s<t.

Remark 22. Here we see that the specific form of the nonlinearity is integral to this approach

and any alternative is only likely to work if f and g are sufficiently tractable. o

B.1.2. Verifying the HJB Equation

Theorem B.1.1. Let u be as above. Then,

t
u(t,z) = min E | | e/MV [ ds 4 e Pug (X,) [y | E
Yey&,t 0

where the minimum is taken over all adapted, absolutely continuous, processes Y with Yy = 1.

Moreover, the minimum is attained at Y = Y™*.

Note that Theorem B.1.1 follows from Theorem 2.2.3 but here we will give an alternative

proof.

Proof. Fix (t,z) € (0,00) x R and drop it from the notation below. By applying It6’s formula,

we have
. </-s er/k‘Yr‘lJrl/de_i_es/k’YHlJrl/ku)
0
= es/k (|YS|1+1/k + B L iom (V) [Ya V5| Valu + Va5 (—uy + Lu+ u)) ds + dM,
=t (!Ysﬂ“/’“ + B sign (Y)Yl VRV u + ;|nrl+1/kuk+1> ds + dM,

> dM;
(B.1.3)

where the terms involving u are evaluated at (t — s, X;).
S
M, = / &MY, (T ) (£ — 7, X,)Tod W,
0

is a local martingale. In the last line we used the fact that for all k > 0, v > 0, y,z € R,

e = sign(y) we have
141/k, k+1
‘Z‘H_l/k + k—]’g—l‘g’y‘l/kzu + |y!ku >0 (B'1'4)
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Appendix B. A Dynamic Programming Approach

with equality if
z = —yu".
This follows since the expression on the left hand side of (B.1.4) is convex in z with its unique
stationary point at z = —yuk.
Now let (7,)n,>1 be an increasing sequence of stopping times such that 7, ¢ as n — oo and
which reduces the local martingale M. By integrating equation (B.1.3), and taking expectations,

we have

u(t,z) <E [/ RN VR 4 e Rt — 7, X )| Y [FEVE (B.1.5)
0

with equality when Y, = —u(t — s, X,)¥Ys.
We need to take limits inside the expectation. The first term clearly converges by the Mono-
tone Convergence Theorem. By the boundedness of u, the process Y* is automatically in class

D. Therefore, we will be done if the process defined by
es/ku(t - S’XS)Y'SLH/IC

is also in class D for any Y. Since e¥/*u(t — s, X,) < /¥ for any s, we only need to show that
Y is uniformly dominated by an integrable random variable.

We can assume without loss of generality that

t
E |:/ es/k|}/s|1+1/kd8:| < 00
0

since, otherwise, there is nothing to prove.

Now note that by Jensen’s inequality applied to the integral we have

t 1+1/k
<1+/ ]Y7»]d7“> ]
0

t
< glF1/k (1 +E [/ \K\Hl/kdr]) < 0.
0

E [ sup mP“/k} <E
0<s<t

B.2. Lagrangian Dual

Now we consider the Lagrangian Dual formulation and make the discussion in Section 2.5 rigor-
ous in the particular setting described above. Unlike in the primal case above, the proof below
uses the fact that £ is of the form (B.0.1) and so is less general. We also require ug to decay
slowly enough. This will automatically imply that w(t,z) > 0 for all £ > 0, x € R. Neither of
these conditions are required in the case of the martingale dual of Section 2.3.

Define N; to be the set of bounded positive F-martingales. We define a to be such that for

N,=¢ (/ aldWr> .
0

all s,
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B.2. Lagrangian Dual

We also define a process N* by

N* — u(t — s, X5) 6% Jo (1—u(t—r,Xr)k)d7’
s u(t, x)

for each s € [0,¢]. Recall that this is simply the martingale M* scaled to start at 1.

Theorem B.2.1. Suppose that

E [uo(Xt)_k} < 0. (B.2.1)
Then,
1 t efst-i-l
=min E| [ e "Nthds+ ——L 1.
u(t,z) ~ NeN: /o AL

Moreover, N = N* attains the minimum.

The proof is essentially the same as the verification proof above for the PDE with solution

defined by u(t — s, ). In this spirit, we have the following lemma.

Lemma B.2.2. Suppose that ug is such that u is a positive solution to equation (B.1.1). Fix

t >0 and let
v(s,z) = u(t —s,z) 7k

Then, v solves

ov (1 +k) [VoTo||?
0s +Lv= 2k v ol
o(t, ) = ug(x) k.
Proof. We simply calculate
1 k
—0w = —0u (B.2.2)
v u
1 k
—03,0 = ——0g,u (B.2.3)
v u
1.9 1., 1+k1
Thus,
1 k 1+k 9
;(vt + Lv) = E(Ut — Lu) + T IVuTa||
1+k 1
= Oku? IVoTo|? + <1 - v)
as required. ]

Proof of Theorem B.2.1. Fix x € R and N € N;. By Itd’s formula we have

1
AN = (K + 1)NFaTdw, + k(k;_)Nk“aTads

and by Lemma B.2.2,
d(e ®v) = e *VuTo(Xs)dWs + e % (v + Ly — v)

= e VuTodW, 4+ e7° (%M — 1) ds
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Appendix B. A Dynamic Programming Approach

where the terms involving v are evaluated at (s, X§).
Finally,
AN e (-, X)) = (Vou)To(Xs)asds

Putting this together, we have

S
d </ e "NFAr 4 e SNFF Ly (s, X,) |kva + VoTo||* ds + dM,

) _k+1lesNF
0

ok 20(s, X,)
where M is a local martingale. The drift term is obviously non-negative. Now let (7;,),>1 be an

increasing sequence of stopping times such that 7, /* t as n — oo and which reduces M. Then
Tn
E [(/ e SNFLdr + e_T"anHU(Tn, XTn)>] > (0, x). (B.2.5)
0

We now send n — oo.
The optimal « is defined by

Vu(t — s, Xs)To(Xs)
u(t — s, Xy)

Qg =

It is simple to check that this corresponds to N*. The fact that N* € A is clear.

We can use the Monotone Convergence Theorem for the first term in (B.2.5) and take limits
for the second term if we show that for any N € A}, the process defined by e N¥+1y(t—s, X,)=*
is of class D. Note that this holds automatically for N* as u is bounded.

We will show that under the assumption (B.2.1) on wuy,

E sup u(t—s,Xs) < o0 (B.2.6)
0<s<t

and this will complete the proof.
By the representation (2.1.3), we have

u(t, z) > Elug(Xy)]

and so

ult —s, X)) F < Mk
where M is the martingale defined by
My = Elug(Xy)|Fs)-
Since M is a martingale, M ! is a submartingale and hence by Doob’s inequality

E sup u(t —s,X,) *<E [sup(Ms_k/p)p]
0<s<t s

< T Efuo(X;)

< 00
for all p > 1, by the assumption on wyg. ]

Remarks
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B.3. Simple Consequences

1. We can consider a bigger set of admissible controls if we have more conditions on wug.
For example, we can stipulate that E[Nt(kﬂ)p] < o0 if Elug(X;)~%] < oo for 1% + % =1,

(p,q > 1), by Holder’s Inequality and Doob’s LP Inequality.

2. The assumption that E [uo(Xt)_k] < oo is reasonable for many applications. Take, for
example, the case when X is Brownian motion, and there are constants ¢, C' > 0 such that

for sufficiently large ||z| we have

up(z) > Cecl=l,

Importantly, however, Theorem B.2.1 is not suited to initial conditions such as the Heav-

iside function.

3. Theorem B.2.1 can be adapted to the case when k < 0 however, one additional complication

arises in showing that N* is admissible and an assumption on ug is necessary.

B.3. Simple Consequences

Using the dynamic programming method, we can give more intuition behind the bounds that
we used in Chapter 4 which were proven in Corollary 2.6.1. In particular we have the following

proposition.

Proposition B.3.1. Let u be the solution to equation (B.1.1). Then,

E

s/k X s/kR X
eSFug(z + Iz) | <utto) < eS/PEluo(z + tk)] i
((es = Duo(z + Xp)k + 1)V ((e* = 1)E[uo(z + X¢)J* + 1)V
We will see that these bounds is come from solving an ODE which corresponds to a trivial

HJB equation when there is no random process.

Proof. 1. Upper Bound on u

Recall the notation,

Y ={Y :Y :[0,t] — R,is absolutely continuous, decreasing and Yp =1} . (B.3.1)

We will obtain the result by using Theorem 2.2.3 and minimising over a subset and superset

of set

Y ={Y €Y:Y is adapted to the filtration F}

If A solves the ODE
dh 1
— =—h(1-hF B.3.2
= h(1— 1Y) (B.:3.2)
then,
d s .
di (/ eT/k|}/r|1+1/kd7’ + es/k‘n’1+1/kh(t _ S)) >0
§ 0

with equality for Y, = exp(— [ h(t — s)¥ds). Thus,

t
/ RN R 4 R Y VR R(0) > h(t)
0
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Appendix B. A Dynamic Programming Approach

We can solve for h explicitly and then we see that

e*/*h(0)

SN (VTR

Let Y = {y € Y : Y is Fp-measurable}. This defines the set of admissible, deterministic

processes.

t
/ es/k’f{g|l+l/kd8+€t/k‘YHl+l/kE[u0(x+Xt)}>
0

ult, ) < i

y

and so setting Vs = exp(— [; h(t — s)¥ds) with h(0) = Efug(z + X¢)] we see that

e/ FElug(z + Xy)]

D (TRl + X0+ 17

2. Lower Bound on u

We can also use this for a lower bound. Set

={Y eY:Y, € F for all s} (B.3.3)

Then since Y C ), we have

¢
u(t,z) > mj}nE [/ eV [V R ds 4 /Ry | Ry (2 + X)
Y 0

B.34
es/kuo(x +Xt) ( )
>E
| ((ef = Vug(z + Xp)k + 1)Vk
The second inequality is an equality for Yy = exp(— [; h(t — s)*ds) with 2(0) = ug(z + X;)
with ¥ € ).
O
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