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Abstract

The main goal of this thesis is to investigate the frequentist asymptotic proper-
ties of nonparametric Bayesian procedures in inverse problems and the Gaus-
sian white noise model. In the first part, we study the frequentist posterior
contraction rate of nonparametric Bayesian procedures in linear inverse prob-
lems in both the mildly and severely ill-posed cases. This rate provides a
quantitative measure of the quality of statistical estimation of the procedure.
A theorem is proved in a general Hilbert space setting under approximation-
theoretic assumptions on the prior. The result is applied to non-conjugate
priors, notably sieve and wavelet series priors, as well as in the conjugate set-
ting. In the mildly ill-posed setting, minimax optimal rates are obtained, with
sieve priors being rate adaptive over Sobolev classes. In the severely ill-posed
setting, oversmoothing the prior yields minimax rates. Previously established
results in the conjugate setting are obtained using this method. Examples of
applications include deconvolution, recovering the initial condition in the heat

equation and the Radon transform.

In the second part of this thesis, we investigate Bernstein—von Mises type re-
sults for adaptive nonparametric Bayesian procedures in both the Gaussian
white noise model and the mildly ill-posed inverse setting. The Bernstein—von
Mises theorem details the asymptotic behaviour of the posterior distribution
and provides a frequentist justification for the Bayesian approach to uncer-
tainty quantification. We establish weak Bernstein—von Mises theorems in
both a Hilbert space and multiscale setting, which have applications in L? and
L respectively. This provides a theoretical justification for plug-in proce-
dures, for example the use of certain credible sets for sufficiently smooth linear
functionals. We use this general approach to construct optimal frequentist
confidence sets using a Bayesian approach. We also provide simulations to
numerically illustrate our approach and obtain a visual representation of the

different geometries involved.
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Chapter 1

Introduction

The principle goal of statistics is to make inference based on observed data, that is to
translate observations into conclusions. Collecting data is an uncertain process, with
possible errors arising from measurement imperfections or natural variations within a
population under study. A statistical procedure must therefore take into account these
observational imperfections by factoring in the notion of randomness. A key question is
therefore how best to account for this randomness, before making conclusions from the
data.

To perform inference, it is necessary to reformulate a statistical problem in an ap-
propriate language. Mathematics provides just such a language, being both convenient
and powerful. A model is a mathematical approximation of some phenomenon of interest.
Once a model has been established, a rigorous study can be applied to the problem based
on the rules of mathematics. A model can rarely fully capture all the fine detail of a prob-
lem, but it can be invaluable for capturing key features and making predictions. We do
not concern ourselves with the question of selecting an appropriate model here, focusing
purely on the stage from which a model has been selected.

More formally, a model P is a collection of candidate probability distributions for the
underlying distribution. This can range from the space of all probability distributions to
much smaller classes, based on a-priori knowledge of the specific statistical problem at
hand. In the frequentist paradigm, an observation Y, taking values in some measurable
space ), is assumed to be generated from some fixed true probability distribution Py
belonging to a model P. The statistician then seeks to make inference about (some feature
of) Py based on Y.

Rather than dealing purely in abstract models, it can be fruitful to introduce an
indexing of the model that carries a more interpretable meaning. We parametrize a model
by considering a parameter space F together with some map taking an element f € F

to an element of P, which be denote Py. It is natural to consider maps f +— Py that are
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Introduction

bijections, which we henceforth assume. We can therefore rewrite
P = {Pf ferF }

In this case, the notion of true distribution therefore corresponds to some true parameter
fo € F. Perhaps the simplest example of this is the normal distribution on R, which can
be characterized by its mean p and its variance o2, so that f = (u,0?) and Py = N(p,0?).
It is possible to parametrize a model by itself, that is = P, which is often the case
when P is infinite-dimensional. Indeed, situations where F is infinite-dimensional are the
principle focus of this thesis. It is of significant interest to consider the case of model
misspecification when the truth fy does not lie in the targeted parameter space. This is
an interesting question, but one that we do not address here, where we always assume
that the model is well-specified, that is Py € P (for some results of a similar flavour to
those of this thesis in the misspecified case see [50, [51]).

The complexity and features of the model can therefore be efficiently characterized
by the parameter space F. We call a model parametric when the parameter space F is
a subset of a finite-dimensional space, for example R* or Z* for some k& > 1. In slightly
misleading terminology, we call a model nonparametric if the parameter space JF is infinite-
dimensional, for example the space of all probability distributions that admit a density
function. Parametric models are usually simpler to use and compute, and work well in
many instances. However, they impose a high level of rigidity that can yield poor results if
the true distribution does not fit the strong constraints imposed by the parametric model.
On the other hand, nonparametric models allow a much richer class of target densities and
can flexibly model a wider variety of phenomena. Whilst more difficult to compute, recent
computational advances mean that nonparametric models are increasingly finding use in
practice. This extra generality means that the mathematics underpinning such models is
usually more involved than in the finite-dimensional case, and we seek to shed light on
some approaches here.

Within this thesis we focus on the Bayesian approach to statistical inference. This
is a flexible modelling framework that possesses a conceptual simplicity that renders it
easily adaptable to a wide variety of problems. The Bayesian paradigm can be extended
to a philosophical perspective, namely subjective Bayes, and this is a subject of much
discussion. However, our goals are more pragmatic and we therefore concern ourselves
with its mathematical theory rather than its philosophical underpinnings. In particular,
we take a dual approach here in that we seek to study the Bayesian approach as a statistical
estimation procedure from a frequentist perspective.

We shall investigate a number of frequentist properties of Bayesian nonparametric pro-
cedures in order to assess their quality for statistical estimation when applied to data. This

is a central question for a number of reasons. Given the myriad of statistical procedures
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available, it is important for a user to be able to compare procedures to select the most
appropriate one for the problem at hand. Moreover, once a procedure has been selected,
it is important to have some measure of the quality of the answers it provides.

Our focus in this thesis will be on asymptotic, or large sample, performance of esti-
mators. Consider data Y = Y where the index n denotes the sample size or quality
of the observation. We are interested in the case where n — oo, that is we can take n
"sufficiently large” for our analysis. Such analyses are useful since they can be used to
approximate statistical procedures as well as study their quality. Moreover, asymptotic
study often provides a first step in the theoretical study of statistical estimators, often
providing insights into their finite-sample performance. We therefore seek a quantitative

understanding of the asymptotic properties of Bayesian nonparametric procedures.

1.1 Bayesian statistics from a frequentist perspective

In this section, we introduce the Bayesian approach to statistics and its study from a
frequentist point of view, in particular with regards to asymptotic results. We assume
that the reader is relatively well versed in the frequentist theory of statistics, providing
only a very brief review of certain key notions used in this thesis. We take a rather abstract
approach to introducing Bayesian statistics and then later specialize to the setting of the

white-noise model and linear inverse problems for more detailed results.

1.1.1 Frequentist measures of estimation quality

We very quickly recall some frequentist notions of quality of statistical estimation. We
define the minimazx risk or rate over a class F for some loss function L : F x F — [0, 0]
by

roF = inf sup ErL(fo (Y™, £)), (1.1.1)
f'n fe]:

where E; denotes the expectation with respect to Py and the infimum is taken over all
estimators of f, that is measurable functions fn : Y — F. An estimator fn is called a
minimaz estimator if its risk attains the minimax bound 7, 7. In a slight abuse of notation,
an estimator is often called minimax if it attains the rate (in terms of n) implied by the
minimax risk even though it does achieve the optimal constant in . In particular
in the Bayesian nonparametrics literature, estimators are often deemed minimax if they
attain the correct polynomial rate whilst ignoring logarithmic factors. We shall use the
notion of minimax rate to measure the convergence rate of Bayesian methods to the true
parameter fo under the law Py, it generates. For more details see Lehmann and Casella
[63].

A more sophisticated measure is the notion of coverage probability. In particular we

seek to quantify the error in our estimation procedure by constructing a (data-driven)
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set Cp, C F such that the true fy lies in C), with a prescribed probability. This provides
a range of estimates whilst making a quantitative statement about the reliability of the
set ), via the coverage probability. For v € (0,1), a set C,, = C,(Y ™) is said to be a

confidence set with confidence level 1 — ~ if

inf P eCp)>1—n.
feF f (f n) = Y
The above statement is a finite-sample statement and can therefore be difficult to obtain
in practice. A weaker notion is that of an (honest) asymptotic confidence set, where we
require the statement only to hold as the data size or quality tends to infinity:
im inf i >1—7. 1.
I%Igg.}f}g:]?f(f €eCy)>1—7v (1.1.2)
The above definitions are overly conservative in that they require only a lower bound on
the coverage probability. It is of great theoretical interest to construct confidence sets
that are exact, that is there is an equality in (1.1.2)). We note that the above definitions
require uniformity in the parameter space F. It is a much simpler exercise to construct
sets that satisfy ((1.1.2)) pointwise (i.e. without the infimum over F). However in this case,
the sample size for which sufficiently high probability is achieved depends strongly on the
unknown parameter fo. Thus from a practical point of view, such pointwise asymptotic

statements are of little value.

1.1.2 Prior and posterior distributions

For a statistical model P, let F denote its parameter space, which we assume to be a
Polish space with associated o-algebra Y. Suppose that we observe data Y = y ™ taking
values in a Polish space ) with associated o-algebra 7. In contrast to the frequentist
approach, the Bayesian considers the parameter f to be a random variable taking value
in F. More formally, we should denote this measurable map by f to differentiate it from
an element of 7. However, in a slight abuse of notation, we simply denote this map by f
since it is usually clear from the context whether this refers to a fixed value or a random
variable. The Bayesian therefore considers (Y, f) as a joint random variable taking values

in the space ) x F and supposes that there exists a probability measure
I:xx7—10,1], (1.1.3)

which is not necessarily a product measure. As a result, there may be a (possibly complex)
dependence structure between Y and f. This forms the underlying probabilistic model for
the Bayesian.

By conditioning on the parameter f = f, for some f € F, we therefore obtain the

law of the observed data under this model. In particular, by consider the conditional
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1.1. Bayesian statistics from a frequentist perspective

distributions Py = II(- | f = f), we define a model P = {P; : f € F}. We define the prior
! !

distribution to be the marginal distribution
O() =Y x ) : T —[0,1].

In this framework, specifying the prior and the model P = {P; : f € F} completely
characterizes the Bayesian probability measure II. Unlike the frequentist, assuming the
existence of a joint distribution IT allows one to condition on the data to obtain the
posterior distribution

gy : X x T = [0,1].

Assume now that the model P = {P; : f € F} is dominated by a o-finite measure p. The
posterior distribution can then be expressed in terms of the densities py = % : Y —[0,00)

via Bayes rule,
_ fBPf(Y)dH(f)

- f’p pf(Y)dH(f) ’

From a mathematical perspective, Bayes rule provides a simple and powerful method to

(B |Y) BeT. (1.1.4)

evaluate the posterior distribution. Computing it in practice is the subject of significant
study and is discussed in Section [1.1.6

Up until this point we have made no assumptions on the joint density II, which we now
seek to place in a frequentist context. In particular, given a (parametrized) frequentist
model P = {P; : f € F}, we can define a Bayesian joint probability distribution I
on Y x F by specifying a prior distribution on the parameter space F and using the
model to provide the marginal distributions. In this context, the prior distribution is then
introduced by the statistician to extend the frequentist model to one of the form
rather than as a marginal distribution of some underlying joint distribution. In this way it
is possible to separate the prior distribution from the data generating model. Using Bayes
rule ([1.1.4)), it is then possible to condition on the data to define the posterior distribution
and thus obtain a sequence of data-driven random probability measures which can be used
as generalized frequentist estimators.

This additional conditioning is key to the Bayesian approach and within this frame-
work, the posterior provides the natural way to incorporate data. The conceptual simplic-
ity of this approach is that any desired inferential information, such as point estimators,
measures of risk or predictions, can be extracted from a single object, the posterior dis-
tribution. From a theoretical (rather than computational) point of view, the inference
procedure is fully automated once a prior has been specified.

The principle conceptual difficulty for the Bayesian lies in specifying the prior. This
can reflect prior knowledge or beliefs, which may or may not be justified, or may be
designed to be efficient for the problem at hand. The prior represents to what extent

we believe in the different possibilities represented by the parameter space F, with larger
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Introduction

probabilities corresponding to higher a-priori plausibility. Prior selection is the equivalent
of the frequentist problem of selecting tuning parameters, and in much the same way the
quality of statistical performance can rely heavily on this choice. Recently, much focus
has been given to the development of nonparametric procedures, where the support of
IT is infinite-dimensional. As discussed below, nonparametric procedures are especially

sensitive to prior selection due to the absence of a Bernstein—von Mises theorem.

1.1.3 Posterior consistency and contraction

A basic quality that is desirable for a statistical procedure is consistency. In frequentist
statistics, an estimator fn of f is called consistent if it converges to fy (in probability) under
the true distribution Py, of the data. The Bayesian analogue is to consider consistency of

the posterior distribution.

Definition 1 (Posterior consistency). We say the posterior distribution IL,(- | Y (™) is

consistent at fy if for every neighbourhood W of fo
IL,(We | Y™) 5F0 0 asn— oo

When considering a metric space (F, d), one can restrict to Wy = {f € F : d(f, fo) < 0}
for all 4 > 0 to obtain a more familiar expression for consistency. However, the above
definition also allows one to consider the notion of weak consistency, where one takes W
to be a weak neighbourhood of fp.

Posterior consistency says that the posterior distribution will eventually concentrate
around the true parameter fy. In other words, consistency says that the data will even-
tually overwhelm the (possibly incorrect) prior beliefs of a statistician, as represented by
the prior distribution. However, it says nothing about the quality of estimation of the
procedure, only that the posterior will correctly identify the truth eventually. In paramet-
ric models, posterior consistency follows under mild conditions due to the Bernstein—von
Mises theorem.

However in infinite-dimensions, posterior consistency can fail even for seemingly simple
priors. There exist priors whose influence is so strong that even an infinite amount of data
can not override an incorrect positioning of the prior. A classical example is given in
Freedman [34], who constructs a prior that puts positive mass on every neighbourhood of
the true distribution and yet whose posterior converges to the wrong distribution. Not
only is the Bayesian wrong, but he is eventually certain of his incorrect answer. This issue
is discussed at length in Diaconis and Freedman [30], who further show that this behaviour
is not isolated or limited to pathological functions. In a topological sense, almost every
pair (fo,II) of truth and prior is inconsistent.

While the situation is indeed more complicated in infinite-dimensions, there exist pos-

itive general theorems for establishing posterior consistency. Doob’s consistency theorem
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1.1. Bayesian statistics from a frequentist perspective

[31] states a given prior is consistent at every point f apart from possibly some null set of
the prior. While this provides a Bayesian justification, it gives no intuition as to the null
set involved and so we can not be sure if a given fy falls into this set. In particular, in

infinite-dimensional cases this null set can actually be extremely large [30].

Theorem 1.1.1 (Doob’s consistency theorem). Suppose that both the parameter space F
and the sample space Y are Polish spaces endowed with their Borel o-algebras and that the

map F — P given by f — Py is bijective. Then the sequence of posterior distributions is

consistent 11-almost surely.

Schwartz [75] provides a more satisfactory answer from a frequentist point of view,

permitting one to establish consistency at any given fy in the model.

Theorem 1.1.2 (Schwartz’s consistency theorem). Let P be a model with a metric d,
dominated by some o-finite measure p and assume that Py € P. Let 11 be a prior on P

and assume that the following hold:

(i) For everye >0,

H<}P’€P:—]P>olog5§5) > 0,
0

(ii) for every € > 0, there exist a sequence of tests ¢, such that

Py, — 0, sup P(1—-¢,) —0.
P:d(P,Po)>e

Then for any € > 0, as n — 00,
I(d(P,Pg) > e | Y™) =0 Py — a.s.

A related notion is contraction, which quantifies the rate at which the posterior dis-
tribution converges to the truth and thus provides a quantitative measure of posterior
accuracy. Rather than considering a fixed ball of radius ¢ > 0, we now let the radius
depend on n and seek the smallest €, such that a consistency-type statement holds. This

yields the following definition.

Definition 2 (Posterior rate of contraction). We say that the posterior distribution IL,(- |

Y(”)) contracts around the point fo with rate e, | 0 if

in Py -probability, for every sequence M, — oo.

We note that posterior contraction trivially implies posterior consistency. The posterior

contraction rate provides an upper bound for the speed in the sense that any sequence &/,
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that tends to zero more slowly is also a rate of contraction. Usually, the aim is to establish
a fastest rate of contraction, which depends on the statistical model P and metric d, and
in particular whether it matches the minimax rate of estimation.

The posterior distribution yields a point estimator that converges to the true parameter
fo at a rate equal to the rate of contraction. The minimax rate of estimation consequently

provides a fundamental lower bound for the posterior contraction rate.

Proposition 1.1.3. Suppose that the posterior distribution contracts to the true parameter
fo at rate e, with respect to the metric d on F. Define fn to be the centre of a smallest
d-ball that contains posterior mass at least 1/2. Then for any n > 0, there exists M > 0
such that

Py, (d(fmfo) > MEn) <.

In finite-dimensions, contraction at the optimal 1/y/n rate follows from the Bernstein—
von Mises theorem. In infinite (and finite) dimensions, Ghosal et al. [36] provide a
contraction analogue to Schwartz’s result that deals with any given fp in the model.
This theorem requires that the prior puts sufficient mass on shrinking Kullback-Leibler
neighbourhoods around the true parameter. This general result relies on the possibility of
testing for the truth against an alternative which consists of the complement of a shrinking
ball around it. In particular, the authors require an exponentially decreasing type-II
error. The existence of such tests is a highly non-trivial matter and depends strongly on
the metric under consideration. Define the Hellinger distrance between two probability

measures P and Q that are absolutely continuous with respect to a third measure y by

et (5 )

In the Hellinger distance, it can be shown [60] that tests with the required error bounds
exist as long as the sets being tested are convex. The required tests can then be constructed
by piecing together such smaller tests and using a union bound, as long as the number
of smaller tests is not too large. This size can be measured via the metric entropy of
the parameter space under consideration, which is essentially the complement of a ball
about the truth. The metric entropy N(F,d,€) is the smallest number of e-balls in the
metric d required to cover the set F. Much of the general theory of contraction therefore
involves verifying the (non-trivial) conditions of Theorem and has been restricted to
the Hellinger distance. We note that if the densities in the model are uniformly bounded,
then contraction in the Hellinger distance immediately implies contraction in L?. We state

the following result in the case of i.i.d. density estimation.

Theorem 1.1.4 (Ghosal et al.). Suppose that Y1,...,Y, are i.i.d. observations arising
from a distribution Py admitting a Lebesgue density py. Let 11 be a prior on some set P of

18



1.1. Bayesian statistics from a frequentist perspective

probability distributions admitting Lebesgue densities (with distribution P having density
p). Denote by Py the n-fold product measure for Py. Suppose that for some sequence
en — 0 with ne% — 00, there exists some constant C > 0 and sets P, C P such that

(i) log N(Pn, h,e,) < ne2,
(ii) TI(P\Py,) < exp(—(C + 4)ne2),
(iii) II(P € P : —Py(log ) < 2, Py(log p%)Q < e2) > exp(—Cne).

Then for a sufficiently large constant M > 0, we have
[P eP:hPPy)>Me,|Y1,..,Y,) =0

in Py -probability.

It is worth noting that this general testing approach often results in a logarithmic
gap with the sharpest contraction rate. This result has been extended to the non-i.i.d.
setting in Ghosal and van der Vaart [37], where different tests are constructed in several
settings. In the white noise model, likelihood ratios are employed, while alternative tests
satisfying the required conditions are also constructed based on the results of Birgé [9, [10]
in the case of Markov processes and stationary Gaussian time series. The case of Gaussian
process priors is treated in detail in van der Vaart and van Zanten [82] in several settings,
such as density estimation, classification and regression. Theorem 2.1 of [82] shows that
conditions analogous to those in Theorem are implied by a single condition on the
concentration function of the Gaussian process (see for the exact definition). The
latter results will be important in Chapter [2]

Extending this approach to other distances necessitates alternative constructions of the
required tests. In the LP spaces, Giné and Nickl [41] use the concentration properties of
linear centered kernel-type density estimators, derived using empirical process techniques.
This replaces the metric entropy condition in Theorem [I.1.4] with an approximation the-

oretic condition that the sets P,, are contained in

{f e F K5 (f) = fllp < C(K)én},

where K is a suitable projection operator and &, is the rate of contraction (no longer equal
to the g, in Theorem . In particular, such linear type estimators can be analyzed in
a number of settings and in Chapter [2] we study them in the case of linear inverse problems
to obtain an equivalent contraction theorem.

Nonparametric priors typically involve the use of tuning or hyper parameters, whose
choice influences the accuracy of the posterior. Procedures that automatically select these
parameters in a data-driven manner and achieve optimal performance over multiple pa-

rameter classes are termed adaptive. Since many qualitative properties of the parameter of
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interest are usually unknown, such as its smoothness or regularity, it is of both theoretical

and practical importance to study such procedures.

1.1.4 Credibility

The Bayesian analogue of a frequentist confidence set is a credible set. We say that
Cp = Co(Y™) is a credible set for f with credibility 1 — ~ if

I(f € C,(YM) [ YWY > 1 — 4. (1.1.5)

From the point of view of posterior-based inference, this is the natural notion of uncertainty
quantification. There are of course a wide variety of possible choices of the set C), that
satisfy . It therefore makes sense to select a set that has minimal size in some sense,
which can be defined via some geometric notion, in particular by considering a minimal
ball in some metric. This topic is investigated in detail in Chapter

The use of credible sets rather than confidence sets can be considered an advantage
of the Bayesian approach since Bayesian credible sets can be computed by simulation,
whereas in many situations it can be difficult to construct frequentist confidence sets. In
particular, the Bayesian generates a number of posterior draws and then keeps a prescribed
fraction, discarding the remainder according to some rule. This rule often has a geometric
interpretation, such as minimizing some metric, but this is not strictly necessary. From
an applied perspective, the practitioner ultimately seeks a practical and effective rule
for sorting through posterior draws and such geometric interpretations can be viewed
as somewhat artificial in applications. A key question is whether such a method has a
theoretical justification and if credible sets are also frequentist confidence sets.

A frequentist theoretical justification for posterior based inference using any (Borel)
credible set in finite dimensions is provided by the Bernstein—von Mises theorem (discussed
in more detail in Section . In infinite dimensions, such a result does not hold in full
generality and the situation is far more subtle. In nonparametric situations there has been
as of yet relatively little study into the frequentist coverage of Bayesian credible sets. Early
negative results came to alarming conclusions: Cox [27] considered the case of fixed design
regression with a Gaussian prior and showed that for almost every parameter from the
prior, the coverage of the ¢s-credible ball is 0. However there have recently been positive
results in the case of Gaussian white noise [53, [61 [79], circumventing the need for a BvM
by explicitly studying the coverage properties of certain specific credible sets. This will
one of the subjects of study of Chapter

1.1.5 Bernstein—von Mises theorems

For parametric models, the asymptotic behaviour of the posterior distribution can be de-

scribed in detail via the Bernstein—von Mises theorem. This remarkable result establishes
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conditions on the prior under which the posterior is approximately a normal distribution
centered at an efficient estimator of the true parameter, such as the maximum likelihood
estimator, with covariance equal to the Cramér-Rao bound. Surprisingly, this deep result
holds under very mild conditions, requiring only that the prior charges a neighbourhood
of the true parameter. We explain the principle ideas in the classical setting of density
estimation with i.i.d observations so that V(™ = (Y1,...,Y,) and P" denotes the n-fold
product measure.

The first results concerning the normal limiting behaviour of a posterior distribution
date back to Laplace [58], with later results from Bernstein [5] and von Mises [86]. The
result was formalized by Doob [31] and then put into the framework of modern statistics
by Le Cam [60]. We follow here the approach presented in van der Vaart [81].

A model P is locally asymptotically normal (LAN) if for every sequence (h,) in R™

with h,, — h,
dpm 1
+hn
log f(c)lpni/ﬁ = hn An gy — §hgffohn + opp, (1),
0
where the derivative is the Radon-Nikodym derivative, Iy is the Fisher information matrix
at fo and
1 .
Anfo = ﬁgn,fo (Y(™)

with £, s, denoting the log-likelihood function of the model. Since Pfoén,fo = 0 and
—IP’fOEm fo = Pfoéi, o = ndfy, we have by the central limit theorem that A, 7, is asymp-
totically normal with mean zero and variance Iy,. The LAN condition means that a local
expansion of the log-likelihood is of the same form as in the standard Gaussian shift ex-
periment. As a result, this gives the shape of the limiting distribution (and hence of the

posterior distribution). We consider a version adapted from Theorem 10.1 of [81].

Theorem 1.1.5 (parametric Bernstein—von Mises). Suppose that the model P = (P :
f € F) is locally asymptotically normal at fo, where F C R™ is open, m > 1. Suppose
moreover that the Fisher information matriz Iy, is non-singular and that for every e > 0,

there exists a sequence of tests ¢, such that

' ¢n — 0, sup  PR(1—,) — 0. (1.1.6)
[1f—fol|>e

Furthermore, let the prior measure be absolutely continuous in a neighbourhood of fo with

a continuous positive density at fo. Then the corresponding posterior distributions satisfy

sup |IL,(vn(f — fo) e B|Y™W) — N <An,f0,1701) (B)‘ =P 0 asn—oo, (1.1.7)
BeT

where the supremum is over all measurable subsets of F.
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Note that if for g € R™ we define the mapping 7, : R™ — R™ by

Tg:fH\/ﬁ(f_g)u
then we can then rewrite assertion (|1.1.7)) using the total variation norm as

—Ff0 0. (1.1.8)

[T 1Y) 0 mft = N (A g0, 171

[
Since the Gaussian measure depends only on the model P and not the prior, this signifies
that the effect of the prior distribution is asymptotically negligible. The testing condition
(1.1.6) is similar to that required in Theorem for contraction and in fact exists under
the conditions of Theorem as shown by Lemma 10.3 of [81].

Lemma 1.1.6. Under the conditions of Theorem there exists for every M, — oo

a sequence of tests ¢ and a constant ¢ > 0 such that, for every sufficiently large n and

every || f — fol| = My, //n,
B on =0, PH1—g,) < emenlT—follPAD,

The BvM theorem therefore holds in great generality and justifies the use of posterior-
based inference as an efficient frequentist procedure. From a practical perspective, the
importance of this result lies in the uniformity achieved over all Borel sets in . This
establishes the asymptotic equivalence of credible sets and confidence sets and so justifies
the Bayesian approach to uncertainty quantification.

In infinite-dimensions, the situation is more subtle and far less clear. In particular,
the full Bernstein—von Mises theorem does not generalize to the nonparametric setting.
Several counterexamples of such a result have been studied involving Gaussian priors,
notably by Cox [27] and Freedman [33] - see also the related contributions [47, [61]. In
particular, Freedman considers the Gaussian white noise model in ¢5 with a conjugate
Gaussian prior. He shows that the frequentist variance of the /5 square norm functional
T, =||f — f |13, where f denotes the posterior mean, is asymptotically smaller than its
Bayesian variance. As a consequence, fo-credible balls {f : ||f — f||3 < R?} will not have
the correct frequentist coverage probabilities.

However, there has been recent progress in investigating Bernstein-von Mises phenom-
ena in the full nonparametric setting. Castillo and Nickl [211, 22] consider the formulation
(1.1.8]) of the BvM but weaken the notion of convergence, replacing convergence in total
variation by weak convergence metrized using the bounded Lipschitz metric 8g (see Chap-
ter [3[ for full definitions). In particular, rather than the classical L? spaces, they consider
weaker topologies which admit 1/+/n-consistent estimators and where Gaussian limits are
possible.

We say a family of measurable real-valued functions U defined on a separable metric
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1.1. Bayesian statistics from a frequentist perspective

space (S,d) is a p-uniformity class for weak convergence if for any sequence p, of Borel

probability measures on S converging weakly to u, we have, as n — oo,

sup
uelU

[ o)~ o

In particular, taking U = {14 : A € A} allows one to establish uniform statements over
a class A of sets. For A C S define the §-enlargement A° = {z € S : d(z, A) < §} and
d-boundary 9sA = {x € S : d(z, A) < J,d(z, A°) < §}. Restricting to the case of indicator
functions, Billingsley and Topsge [8] show that a family of subsets A is a p-uniformly class
if and only if

lim sup p(9sA) =0 (1.1.9)
0—0 AcA

(they also establish a similar characterization for functions using moduli of continuity).
While using a weak convergence approach loses the uniformity over all Borel sets in ,
Castillo and Nickl [211 22] nonetheless establish uniformity statements over certain classes
of sets whose geometry is amenable to a Gaussian limit in the sense of . Such results
are relevant in Chapter

1.1.6 Computational aspects

While posterior inference is conceptually simple, computing (attributes of) the posterior
distribution is central to its practical applicability. In many cases, conjugate models
are sufficient and so the posterior can be computed explicitly. However, non-conjugate
models are often used in practice and the issue of their computation can be dealt with
using Markov chain Monte Carlo (MCMC) techniques.

MCMC methods sample from a probability distribution by constructing a Markov
chain with equilibrium distribution equal to the target distribution. Using such a chain,
one can sample a draw from an approximation to the posterior without having to invoke
an explicit form for it. Repeated sampling can then be used to approximate any desired
feature of the posterior, such as the posterior mean or a credible set. Commonly used
methods include the Metropolis-Hastings algorithm, which allows one to draw from a
probability distribution if one can compute its density function up to its normalizing
constant. This is an attractive feature, since calculating the normalizing constant can be
difficult in practice. Gibbs sampling exploits the fact that for multivariate distributions
it is often easier to sample from the conditional distributions than the joint distribution
(which may not be known). The Gibbs sampling algorithm generates an instance for
each coordinate of the variable from the target distribution, conditional on the current
values of the other variables. This yields a Markov chain whose equilibrium distribution is
the desired target. Other variations and methods include Metropolis-within-Gibbs, slice

sampling, approximate Bayesian computation and expectation propagation.
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1.2 Inverse problems

Nonparametric inverse problem arise in many fields, such as medical imaging (X-ray to-
mography), astronomy (blurred images of the Hubble Space Telescope), geophysics (re-
flection seismology), genomics (gene expressions) and mathematical finance (volatility cal-
ibration) to name but a few. They arise when the parameter of interest is not directly
observable, but rather some transformation of it, possibly with the addition of noise. In
many instances this transformation is not (continuously) invertible and we say the problem
is ill-posed. Such ill-posedness prevents a naive inversion of the observation and usually
requires some form of regularization to make sensible inference. In the Bayesian frame-
work, such regularization can be provided by the choice of the prior distribution, which
introduces the necessary extra information.

In this thesis we consider a particular class of inverse problems that covers a diverse
number of examples, namely linear inverse problems under Gaussian noise. This is related
to the infinite-dimensional normal mean model and is an idealized version of many models,

such as density estimation or fixed design regression.

1.2.1 General formulation of linear inverse problems

In this thesis, we consider the problem of estimating an unknown parameter f from an

observation Y generated from the model

1
Y=Y Af+ 27 1.2.1
f+\/ﬁ (1.2.1)

Here we assume that f is an element of a separable Hilbert space Hy, A : H; — Hy
is a known, injective, continuous linear operator into another Hilbert space Hy and Z
is a Gaussian white noise. Many specific examples of regression fall under this general
framework, such as deconvolution, recovery of the initial condition of the heat equation
and the Radon transform (see Section for details).

The Gaussian white noise Z in is the iso-normal or iso-Gaussian process for Ho.
Since Z is not realisable as a Gaussian random element of Hy, we interpret the model in
process form (as in [I1]), that is we consider Z = (Z}, : h € Ha) as a mean-zero Gaussian
process with covariance

EZyZn = (h, h')s.

In this form, ([1.2.1)) is interpreted as observing the Gaussian process Y = (Y}, : h € Hy),
where

Yh = <Af, h>2 + \Z/%

It is statistically equivalent to observe the subprocess (Y3, : k € N), for any orthonormal

basis {hi}ren of Ha. This corresponds to observing the sequence (Y}, ), where Y, are

24
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distributed as N((Af, ht)2,n~') independently.

In inverse problems it is natural to consider bases {ej} of H; that diagonalize A, thus
making the problem more tractable by decoupling into a sequence of independent
signal plus noise problems. Denote by A* the adjoint of the operator A. If A is a compact
operator, then we can use the singular value decomposition (SVD) to obtain such a basis.
Applying the spectral theorem to the compact self-adjoint operator A*A : Hy — H;, we
know that A*A has a discrete spectrum consisting of positive eigenvalues {p } ren (possibly
together with 0) and a corresponding orthonormal basis {ej} of H; of eigenfunctions (see
e.g. [74]). We then have a conjugate orthonormal basis {gj } of the range of A in Hy defined
by the equality Aey = prgr. Letting fx := (f, ex)1, the action of A on f has a simple form
when considered in this basis: Af = A (D", frer) = Dk Prfege. Writing Yy, ==Y, ,
is statistically equivalent to observing the sequence (Yj) of independent observations,
where Y}, has distribution N(pgfx,n~1). The task of estimating f thus reduces to that of
estimating the sequence {f;} from the sequence of independent observations (Yy).

In any case, we shall assume the existence of such an orthonormal basis {ex} of eigen-
vectors of A*A, though we do not necessarily assume that A is compact. The principle
additional case we include is the white noise model, when A is the identity operator. If
pr — 0, the problem is ill-posed since the noise to signal ratio of the components tends to
infinity as k — oco. Recovering f from Y is then an inverse problem. The severity of this
ill-posedness can be characterized by the rate of decay of pr — 0; the faster this rate, the
more difficult the estimation problem.

We shall classify the problem using the following classes that are standard in the
statistical literature. We say that the problem is mildly ill-posed with regularity p if

Ci(1+ k)P < |pp| < Co(14+kH)P?  ask — oo

for some constants C1,Cy > 0 and p > 0. We say that the problem is severely ill-posed
with regularity v if

C1(1 4 k2)7P0/2e=c0k™ < | 5] < Cy(1 4 k) 7P/ 2e70k a5k — o0

for some constants Cy,Co,v > 0 and pg,p1 € R. The polynomial terms py and p; are
included to add flexibility, but do not characterize the problem since they are dominated

by the exponential terms.

1.2.2 Examples

Note that if H; = Hy = L?([0, 1]) then we can rewrite (1.2.1)) in the more classical white
noise form

dY (t) = (Af)(t)dt +n~2dW (t),
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where W is a standard Brownian motion on [0, 1]. In particular, taking A to be the identity
operator, we recover the classical white noise model in L?([0, 1]), which is asymptotically
equivalent to fixed design nonparametric regression with Gaussian errors [I5] in the sense
of Le Cam [60]. Our results apply to the following situations amongst others (see [26] for

a general overview of inverse problems).

Deconvolution

A common problem in signal and image processing is periodic deconvolution (see e.g.
[48]). Consider the 1-dimensional case on the torus T = [0,1) and, assuming that f is a

1-periodic function, define

Af(t) = /0 fx u(s)ds, t €[0,1], (1.2.2)

for some known finite signed measure p, where f * u stands for convolution on T and
where addition is defined modulo 1. This fits into the above framework since ||f * pl|;2 <
[ £ 2 ||1l|py by the Minkowski integral inequality and where ||-||;, denotes the total
variation norm for measures. For such a p, we can therefore consider A as a map from
L?([0,1]) to H'([0,1]). We observe Y arising from the model dY; = f % u(t)dt +n=/2dWy,
where W is a standard Brownian motion on [0,1]. The SVD basis is the Fourier basis
ex(x) = ¥k ¢ 7, with associated eigenvalues given by the Fourier coefficients of
w, namely pp = i = fol erx(z)du(x). The problem can be either mildly (e.g. [48]) or
severely ill-posed depending on the choice of measure y. Note that the Dirac measure
do is admissible under this model and corresponds to the direct observation case. This

situation can be generalized to higher dimensions.

Heat equation

Consider the periodic boundary problem for the 1-dimensional heat equation

0 0?

au(w,t) = @u(:r,t), u(z,0) = f(x), u(0,t) = u(1,t) =0,

where u : [0,1]x[0, 7] — R and the initial condition f € L?([0, 1]) satisfies f(0) = f(1) = 0.
The task is to recover the initial condition f from a noisy observation of u at time 7. The

solution to this problem is given by

u(z,T) = \/52 fre KT sin(krz),

k=1

where fi, = (f, er) 2 with er(z) = v2sin(knz). Thus we can express u(-,T) = Af with

Pr = e~ ™ KT Recovering f from an observation u(-,T) corrupted by a white noise of
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intensity n1/2

thus leads to a severely ill-posed inverse problem with v = 2. This problem
has been studied in the Bayesian context under conjugate Gaussian priors in Knapik et

al. [64] and Agapiou et al. [3].

Radon transform

Another example is given by the Radon transform, which is used in computerized tomog-
raphy (see [49] for more details). Let D = {x € R? : ||z|| < 1} and suppose that f : D — R
is some function in L?(D) (with Lebesgue measure) that we wish to estimate based on
observations of the integrals of f along all lines intersecting D. Parametrize the lines by
the length s € [0, 1] of their perpendicular from the origin and the angle ¢ € [0,27) of the

perpendicular to the z-axis. The Radon transform is defined as

- V1-s2
Af(s,p) = / scosp — tsiny, ssin g + t cos p)dt,
fop) = sm=s | flscose pyssing %)
where (s,¢) € S = [0,1] x [0,27). The Radon transform can be considered as a map

A: L*(D) — L2(S, ), where du(s, p) = 2n~'\/1 — 52 ds dyp and consequently fits into the
framework of . Considered as such, A is a bijective and bounded operator with SVD
that can be computed using Zernike polynomials, leading to a mildly ill-posed problem
with p = 1/2 (see [49] for more details).
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Chapter 2

Rates of contraction for

non-conjugate priors

In this chapter, we study posterior contraction in linear inverse problems using an abstract
testing approach based on approximation-theoretic assumptions on the prior. This chapter
is structured as follows: Section details the problem and mathematical preliminaries,
Section contains the general contraction theorem, Section contains applications of
this result to concrete priors, Sections and [2.5] contain proofs of Sections and
respectively and Section describes possible extensions of using this approach.

2.1 Introduction

2.1.1 Outline

In this chapter, we consider the problem of using Bayesian methods to estimate an un-

known parameter f from an observation Y generated from the model
y=y®™ :Af+iZ. (2.1.1)
Vn

Here we assume that f is an element of a separable Hilbert space Hy, A : H; — Hy
is a known, injective, continuous linear operator into another Hilbert space Hy and Z
is a Gaussian white noise. Many specific examples of regression fall under this general
framework, such as deconvolution, recovery of the initial condition of the heat equation
and the Radon transform (see Section for details).

We wish to study the asymptotic behaviour of the posterior distribution under the
frequentist assumption that the data Y is generated from the model for some true
parameter fy. We shall measure this behaviour by considering if and at what rate the
posterior contracts to the true fy as n — oo as defined in Definition This question

has been the object of much study in recent years (see e.g. [36l 41l 46 [76] 82] for some
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examples), but the situation of inverse problems has only recently been considered and
then only in the conjugate setting [2, 53] [54], where explicit posterior expressions are
available. We shall use a novel approach to study possibly non-conjugate priors; we also
recover some of the results from [53] [54].

While it is of considerable theoretical interest to understand the behaviour of Bayesian
procedures in the non-conjugate setting, there are also strong practical reasons to do so.
Although non-conjugate priors are more involved from a computational perspective, they
are increasingly finding use due to their greater modelling flexibility and interpretabil-
ity [45]. In many domains, interpretability is a very desirable quality in a model since
practitioners usually prefer transparent models to black-box ones. Interpretable models
provide meaningful information, particularly when only a few key factors are used. For
example, such a concern motivated the use of nonparametric priors in gene expression
modelling [55]. Meanwhile, advances in Markov chain sampling methods have meant that
such procedures are increasingly tractable in practice (e.g. [66] or Section . For
example, in the case of sieved priors discussed below we have that, conditional on the
random truncation level M, the problem reduces to the case of a finite-dimensional model
with Gaussian noise. When the prior product marginals are non-Gaussian, it is therefore
possible to sample from the conditional posterior distribution using a finite dimensional
MCMC scheme.

Our method of proof follows the testing approach introduced in [36] and thus does not
rely on explicit computation of the posterior. A key ingredient to using this approach is

the construction of suitable tests for the problem

Hy: f=fo Hy:fe{f:If = follg, =&} (2.1.2)

with exponentially decaying type-II errors for some sequence &, — 0. We follow the
approach of [4I] of using the concentration properties of appropriate centred linear es-
timators to construct suitable plug-in tests. If the operator A in is compact, it
effectively ”smooths” f and so makes it more difficult to distinguish between the alterna-
tives Hyp and H 4 based on the observation Y. To deal with this, we use general analogues
of the Fourier techniques used in constructing linear estimators in the case of density
deconvolution [64]. Due to the inverse nature of the problem, it is natural to construct
such estimators using a diagonalizing basis for A. Moreover, since our approach requires
good approximation properties within the support of the prior, we consider priors that are
naturally characterized by (small modifications of) such a basis.

A key requirement of this testing approach is that the prior distribution assigns suf-
ficient mass to a neighbourhood of the true parameter fy. In this framework, this corre-
sponds to establishing lower bounds for the probability that Af is contained in small-ball

centred at Afy (the ”small-ball problem”) under the prior. The inverse nature of the
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problem turns out to be of assistance with this condition, since A shrinks f towards the
origin. In effect, A changes the geometry of the problem by converting an Hs-ball into a
larger Hj-ellipsoid, whose precise size increases with the level of ill-posedness. We shall
rely on this notion in our proofs and expand upon the details below.

We apply our general result to prove contraction rates in a number of situations com-
monly arising in Bayesian inference, some adaptive and some not. For instance, in the
case of sieve priors with random truncation, we show that under weak conditions in the
mildly ill-posed setting, the procedure is fully rate adaptive (up to logarithmic factors)
over Sobolev classes as in the direct case [4]. In the mildly ill-posed setting, similar adap-
tation results are obtained in the recent work of [52] using direct methods in the case
of a hierarchical, conditionally Gaussian prior and an empirical Bayes approach. In the
severely ill-posed case, our results suggest that one should calibrate the prior according
to the operator A at hand. In this case, oversmoothing the prior by a suitable factor is
sufficient to obtain a minimax rate of contraction. This is not surprising since centred
linear estimators in the severely ill-posed case are often adaptive (see [64] for results on
density estimation) and our tests are built around such estimators. In this setting, unless
the prior satisfies an analytic smoothness condition, the bias of the linear estimator dom-
inates its variance [I7, [64] and consequently the minimum of the prior smoothness and
the unknown true smoothness determines the rate. Since we construct our tests using a
bias-variance decomposition of a linear estimator, it seems reasonable that our rate will
reflect this.

When considering the specific example of deconvolution, we also consider a wavelet
series prior on [0,1]. While it is canonical to work in the diagonalizing basis of A, in this
case the Fourier basis, our results allow some flexibility in considering different yet closely
related bases; in particular, this allows us to consider priors constructed using band-limited
wavelets. This turns out to have useful consequences since we can use the functional
characterization properties of wavelets to conveniently model Holder smoothness using
uniform random variables. An alternative approach is to consider correctly scaled random
Gaussian series [77].

Unless otherwise stated, (-,-); and ||-||, denote the inner product and norm of the
Hilbert space H;, ¢ = 1,2. For z,y € R we use the notation x < y to denote that z < Ky
for some universal constant K. For sequences {a,} and {b,} we write a,, ~ b, to mean
that there exist constants C1,Co > 0 such that Cha, < b, < Csa, for all n > 1. We may

also sometimes use the same letter to denote a constant that varies from line to line.

2.1.2 Linear inverse problems

The Gaussian white noise Z in (2.1.1)) is the iso-normal or iso-Gaussian process for Hy.
Since Z is not realisable as a Gaussian random element of Hy, we interpret the model in

process form (as in [I1]), that is we consider Z = (Zj, : h € Hy) as a mean-zero Gaussian
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process with covariance EZ, Zy = (h, h')o. In this form, (2.1.1) is interpreted as observing
the Gaussian process Y = (Y}, : h € Hy), where

Yy = (Af, h)s + \Z/%

It is statistically equivalent to observe the subprocess (Y3, : k € N), for any orthonormal
basis {hj}ren of Hp. This corresponds to observing the sequence (Y}, ), where Y;, are
distributed as N((Af, hi)2,n~") independently.

In this chapter, we henceforth assume the existence of an orthonormal basis {ex} of
H; consisting of eigenvectors of A*A, such as the SVD when A is compact. Define the
conjugate orthonormal basis {gx} of the range of A in Hy by the equality Aey = prgx for
some constants {py}. For further details see Section[1.2.1] Letting f), := (f, ex)1, the action
of A on f has a simple form when considered in this basis: Af = A (", frer) = Dk Prfrgk-
Writing Y, = Yy,, is statistically equivalent to observing the sequence (Yj) of
independent observations, where Y}, has distribution N(pyfx,n~!). The task of estimating
f thus reduces to that of estimating the sequence {fx} from the sequence of independent
observations (Yy).

Whilst priors based on a decomposition of f in the {ej} basis are frequently natural, it
is often of interest to consider slightly more general types of bases. We therefore consider

any basis whose elements consist of finite linear combinations of the {ey}.

Condition 1. Suppose that {¢y} is an orthonormal basis for Hy such that for each k, the
set {l: [{pk,e)1| # 0} is finite.

This seemingly small extension actually has large implications for the possible choice of
priors. For example, if the SVD is the Fourier basis (e.g. deconvolution - see Section m
for more details), then Condition 1| corresponds to a band-limited basis. Band-limited
wavelets have been used in the deconvolution setting (e.g. [48] 69]), and this allows us
to use the superior characterization properties of wavelets to create priors that model
Holder smoothness conditions rather than Sobolev smoothness conditions, which we do
using periodized Meyer wavelets in Section [2.3.3]

In any case, we shall assume the existence of such an orthonormal basis {ej} of eigen-
vectors of A*A, though we do not necessarily assume that A is compact. The principle
additional case we include is the white noise model, when A is the identity operator. If
pr. — 0, the problem is ill-posed since the noise to signal ratio of the components tends to
infinity as k — oco. Recovering f from Y is then an ill-posed inverse problem. The severity
of this ill-posedness can be characterized by the rate of decay of pr — 0; the faster this
rate, the more difficult the estimation problem. We shall classify the problem using the

following classes that are standard in the statistical literature.
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Condition (M). We say that the problem is mildly ill-posed with regularity p if
CL(1+ k)P <|pp| < Co(14+ k)P ask — oo

for some constants C1,Co > 0 and p > 0.

Condition (S). We say that the problem is severely ill-posed with regularity ~ if
C1(1 4 k)P0l 2e=00k™ < | 5] < Cy(1 + k) P12 g5k — o0

for some constants C1,Co,v > 0 and pg,p1 € R.

The polynomial terms in Condition are included to add flexibility, but do not charac-

terize the problem since they are dominated by the exponential terms.

2.1.3 The posterior distribution and other preliminaries

In the non-conjugate situation, it is in general not possible to obtain a closed form expres-
sion for the posterior distribution. For f € Hj, let P¢ denote the law of the model (2.1.1)
so that Y is an iso-Gaussian process with drift Af under P;. Using the sequence space

model, Py is statistically equivalent to

oo

® N (pkfk‘7 n_l) .

k=1
Kakutani’s product martingale theorem (c.f. Theorem 2.7 of [2§]) shows that for any
f € Hi, this measure is equivalent to @p-; N(0,n~ 1) with affinity exp (=% >, p7.f2) > 0.
The family of distributions (P : f € H) is therefore dominated by the law Py (denoting

here the law of a pure white noise rather than the ”true” law Py ) with density

dP > N
o (VX mas- 53, 2.13)
k=1 k=1

where Z, = Z,, . If Z were realizable as a Gaussian element in Hjy, then this expression
would reduce to exp (ﬁ(Af, Z)y — 5 ||Af] |§) As it is, (2.1.3)) makes sense whenever the
drift component Af lies in the Cameron-Martin space of Z, that is ||Af||, < oo. Since

under Py, Z, = /nY}, we can express the posterior distribution via Bayes’ formula:

n 2
(B|Y) = [ € S5 ATz T f)
Jp e S prli Ve SIASR 4TI )

B e B, (2.1.4)

where P is the support of the prior II. Obtaining an expression of this form for the
posterior makes it possible to use the approach of Theorem 2.1 of [36], a fact that we shall

use implicitly in the proof of Theorem [2.2.1]
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We shall classify the smoothness of functions via the Sobolev scales with respect to
the basis {ex}. For s > 0 define

HP (Hy) = {feHl 112y = S P21+ ) <oo},
k=1

where fr = (f,ex)1. We shall generally omit reference to the underlying space H; when

there is no confusion possible. For s > 0 we define the dual space
H(Hy) = (H*(Hy))".

It can be shown (Proposition 9.16 in [32]) that the operator norm on (H*(H;))* is equiv-
alent to the |[-|[ -« g, )-norm defined above (extended to negative indices), so that H~*
consists exactly of the linear functionals L acting on H*® for which ||L||;—. is finite. In
particular, since every f € H; yields the continuous linear functional g — (g, f)1 on H®,
we can consider H; as a subspace of H™*(H;).

Note that this concept of smoothness is intrinsically linked to the operator A through
the choice of the basis {ex}. To be precise, the space H* should be indexed by both H; and
A, since it quantifies smoothness with respect to the operator A, but we omit this explicit
link to simplify notation. For 5 > 0, it is known [26] that the minimax rate of estimation
over any fixed ball of H? is n=#/(2r+26+1) ynder Condition and (logn)~#/7 under
Condition Minimax rates are attained by a number of methods, such as generalized
Tikhonov regularization amongst others [I1, 26]. In general, we shall use p and ~ to
refer to parameters quantifying the ill-posedness of the problem , 5 to refer to the
smoothness of the true function fy and « to quantify the prior smoothness.

A key ingredient in proving contraction rates is establishing lower bounds for the small-
ball probability of Af about Afy (see below). As mentioned above, if A is compact
then it changes the geometry of the problem by converting it into a small-ellipsoid problem

in H;. Under Condition (M)

oo
> prtren
k=1

|Af|I5 =

2 o0 [ee]
=N R <Y AR =CllfIP,
2 k=1

so that we are actually considering the small-ball probability of f under the weaker negative
Sobolev norm H P, since the dimensions of the ellipsoid correspond to the singular values
of A. To establish (2.2.5)) in the mildly ill-posed case, it is therefore sufficient to prove

0,(f €P:Collf — folly» < en) > e Cm0, (2.1.5)

In fact, the greater the ill-posedness of (2.1.1)), the greater the prior mass assigned to
an Hs-neighbourhood of Afy, and consequently the "nicer” the geometry of the problem.
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As a concrete example, if {ex} is the Fourier basis acting on the torus T = [0,1), then
the singular values {p;} act as Fourier multipliers and we recover the usual definition of
(negative) Sobolev smoothness via Fourier series on T. Using the same notion, Condition

induces an even weaker norm with exponential weighting.

2.2 General contraction results

To prove posterior contraction in a number of settings, we prove a general result along the
lines of Theorems 2 and 3 of [41] adapted to inverse problems. We quantify the effects of

the operator A through a sequence of factors {d;}. Consider the set of indices
A ={l: {¢pm,e)1]| # 0 for some 1 <m < k} (2.2.1)

and define
O = inf |p;l, (2.2.2)
i€Ag

that is we take the smallest p; such that one of the first k basis elements ¢1, ..., ¢ has a
non-zero component in the e; direction. By Condition [I] and since A is injective, we know
that for any k € N, Ay, is finite and consequently d; > 0 and the {d;} form a decreasing
sequence. Note that if we are working directly in the spectral basis {e} with the singular

values {py} arranged in decreasing order, we simply recover d§; = py.

Theorem 2.2.1. Consider the white noise model and let {¢r} be an orthonormal
basis of Hy satisfying Condition [1 Let P C Hy and let I1,, denote a sequence of priors
defined on a o-algebra of P. Let e,,&, — 0 be sequences of positive numbers and k, — oo
be a sequence of positive integers such that \/ne, — 0o as n — oo,

En

O,

kn, < cm-:% and < Cién (2.2.3)

n

for some ¢,C1 >0 and all n > 1, and where oy, is defined by (2.2.2)) with respect to {¢}.
Denote by P, the projection operator onto the linear span of {¢r : 1 < k < m} and let P,

be a sequence of subsets of

{f € PP, (f) =l < Catn}

for some Cy > 0. Moreover, assume that there exists C' > 0 such that, for sufficiently large
n}

L, (Pg) < e~ (CFonen, (2.2.4)
2

IL,(f €P:||Af — Afolly < ) > e en, (2.2.5)
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Suppose that Y has law Py, where fo € Hy is such that || Py, (fo) — foll; = O(&n). Then

there exists a constant M < oo such that
O (f € P:|If = foll, > M&,]Y) — 0

as n — oo in Pz -probability.

In an analogy to the frequentist approach, the quantity &, /0, in represents the
variance term of the centred linear estimator used to test , while &, represents its
bias. In the mildly ill-posed setting of Condition the optimal outcome is to balance
these terms so that is an equality (up to constants). Taking k, ~ ne2 gives the
optimal result using this method, yielding rate &, ~ nPe2Ptl,

In the severely ill-posed setting of Condition it is known (see [17] for the case of
density deconvolution) that the bias strictly dominates the variance as long as the true
function is "rougher” than the operator A. By this we mean that if fy strictly falls within
some Sobolev class, or satisfies some weaker analytic condition than Condition then &,

will be of strictly larger order than &, /d, so that (2.2.3) will be a strict inequality (which

2

2) as n — oo. Since our method relies

must be verified in practice) and we take k, = o(ne
on the approximation properties of the prior, the prior bias is equally important as the

true bias in determining the contraction rate in this case.

2.3 Main results

We analyse the contraction properties of a number of priors in the inverse problem setting

under the assumption that ¥ has law Pz, for some unknown fo € Hj.

2.3.1 Sieve priors

Consider a sieve prior in the orthonormal basis {ej} that diagonalizes the operator A*A.
We take

M
F=3 fuer, (2.3.1)
k=1

where M has probability mass function h on N with distribution function H. We take
the {fx} to be independent (real or complex as required) random variables with density
T lq(T]; L), for some sequence {73} to be specified below, and for ¢ some fixed density.

The prior can thus be expressed as

II i h(m)1L,,,

m=1
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where IL, (21, ..., xm) = [[jy %q (f—:) Priors of this form have been studied (e.g. [76),
87]) and, under suitable conditions on h and II,,, are adaptive over Sobolev smoothness
classes in the non ill-posed case [4, [46]. Upon suitable calibration of the prior with respect
to A, this adaptation property extends to the ill-posed case when considered over the

classes HP(H,) for 3 > 0. We firstly make the following assumption on g.

Condition 2. The density q : R(or C) — [0, 00) satisfies
De~ 471" < g(2)

for all x € R (or C) and some constants D,d >0 and w > 0.

Condition [2| is very mild and requires only that ¢ is supported on the whole of R
(or C) and does not decay faster than any exponentiated polynomial; this includes many
standard densities, such as the Gaussian, Laplace, Cauchy and Student’s t-distributions.
Our first result shows that if the true parameter is actually of the form , then in

the mildly ill-posed case we recover a y/n-rate up to a logarithmic factor.

Proposition 2.3.1. Suppose that A satisfies Condition with regularity p and that
the true function fy is a finite series in the {ey}-basis. Let 0 < h(m) < Be™"" for some
constants B,b > 0 and all m € N and suppose that the density q satisfies Condition[] for

Y>—>O

When the true regression function is not exactly of this form, we naturally expect a

some w > 1. Then for a sufficiently large constant C' > 0,

+1/2
H(feH1:\|f—fo||1>0““’°“”j§

in s -probability as n — oo.

nonparametric rate of convergence. The next result deals with the case where we consider
a general function lying in some Sobolev class H?, § > 0. We introduce a parameter
Bo < [ that represents a known a-priori lower bound on the unknown smoothness and
allows use of a more tightly concentrated prior. Note that the choice Sy = 0 is valid in

the following theorem and so a non-trivial lower bound is not necessarily assumed.

Proposition 2.3.2. Suppose that the true function fy is in HP(H,) for some 8 > 0 and
that A satisfies Condition with regularity p. Consider the prior 11 described above
with Bie=™ < h(m) < Bge %™ for all m € N, for some constants By, By, b1,bs > 0,
and with density q satisfying Condition |§ for some w > 1. Suppose moreover that the
scale parameters satisfy Bs(1 + k2)~P/2(logk)~ 1/ < 7, < By(1 4+ k2)®*tD/2 for some
B3, By > 0 and Bg < 8. Then for a sufficiently large constant C' > 0,

. (logn)"
H(fGHl-Hf—folh > C g aprasin)

Y>—>O
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@Cp+1)(p+8)
2p+2B+1 °

in Py, -probability as n — oo, where n =

We firstly note that this prior gives a fully adaptive convergence rate over all the
Sobolev classes H? up to a logarithmic factor, with this rate being uniform over fy in
balls in H?. Expressed in classical regularization terminology, we have that the rate does
not saturate as the truth becomes smoother.

It is worth commenting on the bounds needed on {71}, both of which are used to
establish the small-ball condition , and which depend on the operator A and the
lower bound fy. Note that the choices 7, = 7 for all k, corresponding to the {fx} being
i.i.d., or decaying coefficients 7, < (log k:)_l/ Y both satisfy the conditions of Proposition
and require no assumptions on the unknown smoothness. The requirements on
{7} are therefore no real imposition, merely adding flexibility when calibrating the prior,
and the resulting procedure is truly rate adaptive. The lower bound reflects that the
prior cannot (up to a logarithmic factor) pick coefficients that decay faster than those
of fy. If a non-trivial lower bound Sy > 0 is a-priori known, then smoothing the prior
to incorporate this information would yield a more concentrated prior, thereby reducing
the size of credible sets whilst not affecting the rate. The upper bound is extremely mild
and actually allows the size of the components to increase with k. It ensures that the
moments of (Af); (assuming they exist) are O(1) as k — oo, so that the prior component
moments cannot grow faster than the operator A can regularize them, thus allowing the
use of larger variances than would be possible in the direct case (p = 0). The conditions
on h require it to be of exponential type and are needed both to control the prior mass
for the bias condition and to establish the small-ball condition . They are
of the same form as in the direct case (c.f. Condition As of [4]).

When working in the severely ill-posed case, we must calibrate our prior to the degree
of ill-posedness (i.e. the parameter 7). When the true parameter is a finite series in the
{ex} basis, we again recover a y/n-rate up to some strictly subpolynomial factor that grows

more quickly than the logarithmic factor arising in the mildly ill-posed case in Proposition

231

Proposition 2.3.3. Suppose that A satisfies Condz’tz’on and that the true function fo
is a finite series in the {ey}-basis. Suppose that q satisfies C’onditionfor some w > 1,
let h(m) > 0 for all m € N and suppose that 1 — H(m) < Bexp(—bm ™) as m — co for
some constants B,b > 0. Then for a sufficiently large constant C' > 0,

w
O(feH :||f- >C—=Y|—=0
(7 em:s- sl >0 2%|v)
2P0+’Y+1 e
in Py -probability as n — oo, where w, = (logn) 20+ exp (c(logn)+1) grows more

slowly than any power of n.

Since the bias strictly dominates the variance in the severely ill-posed case, the bias
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resolution level k, grows more slowly than the balancing term ne? in (which is a
strict inequality). This reduces the size of the approximating sets P,, in Theorem m SO
that we need a sharper control on the tail of the distribution H of M to establish the bias
condition . Since we take k, ~ (logn)'/7 to account the second part of , we
must calibrate H according to the ill-posedness of the problem; indeed the more difficult
the problem (larger ) the thinner tails we require.

From a frequentist perspective, it is entirely reasonable to calibrate the prior according
to the inverse problem, since the operator A is assumed known. While from a pure
Bayesian perspective this may seem unduly restrictive, the dependence of the prior on the
ill-posedness factor v seems reasonable in this instance, given that the prior already makes
implicit use of knowledge of the operator A through the choice of a diagonalizing basis. To
the best of our knowledge, the Bayesian procedures thus far analysed from a frequentist
perspective in both the mildly and severely ill-posed settings [52, 53], [54] all make strong
use of knowledge of A through the choice of diagonalizing basis.

In the general case where fy € H”, the dominating behaviour of the bias means we
need a more careful control of the approximation error. We therefore assume that the
density ¢ is a standard Gaussian distribution. Note that « in the following proposition

corresponds to the Sobolev smoothness of a prior element.

Proposition 2.3.4. Suppose that the true function fy is in HP(H,) for some > 0 and
that A satisfies Condition . Suppose that the prior 11 satisfies h(m) > Bpe tm™ for all
m > 1 and that 1 — H(m) < By exp(—bm *!) as m — oo for some constants By, Ba,b > 0.
Suppose moreover that the density q is standard Gaussian and that the scale parameters
satisfy T, = (1 + k‘2)_°‘/2_1/4 for some o > /2. Then for a sufficiently large constant

C >0,
Y>—>0

Note that the two conditions on H are mutually satisfiable and that the exponential
tails used in Propositions and satisfy this tail condition corresponding to v = 0.

The upper bound for 1 — H is again needed to control the approximating sets P,, as in

_(a=v/2)NE

I <f €H ¢ |If - foll, > C (logn)~ =%

in Py -probability as n — oo.

Proposition while the lower bound on h is need to ensure the prior puts sufficient
mass at the truth to verify . In the severely ill-posed case, oversmoothing the prior
by a factor of v/2 yields the minimax rate of convergence. This factor increases with
the ill-posedness of the problem and arises from the lower bounds used for the small-ball

probability of Af. The lack of adaptation in this case results from the combination of the

constraints (2.2.3) and (2.2.4), which are more stringent in the dominating bias case.
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2.3.2 Gaussian priors

Consider now the conjugate situation where we take II to be a Gaussian measure on Hj.
The conjugate situation provides a canonical example in that the posterior distribution
can be computed explicitly in this situation, and so provides a useful reference point for
the accuracy of our approach. Recall that a Gaussian distribution has support equal to the
closure of its reproducing kernel Hilbert space (RKHS) H (see [83] for more details); since
the posterior has the same support, consistency is only achievable when Afj is contained
in this set.

A Gaussian distribution N (v, A) on Hj is characterized by a mean element v € H; and
a covariance operator A : Hy — Hy, which is a positive semi-definite, self-adjoint and trace
class linear operator. A random element G in H; has N (v, A) distribution if and only if

the stochastic process ((G,h); : h € Hj) is a Gaussian process with
E<G, h>1 = <l/7 h)l, COV((G’7 h>1, <G, h/>1) = <h, Ah/>1.

We now take the prior to be a mean-zero Gaussian distribution so that f ~ II = N(0, A).

We shall make the following assumption as in [53, [54].

Condition 3. Suppose that the operators A*A and A have the same set of eigenvectors

—a—1/2

{ex} with eigenvalues {p2} and {3} respectively, with 73 = (1+k?) and py satisfying

either Condition or[(S) as specified.

The parameter « represents the smoothness of the prior in that f € H*(H;) for all s < «
almost surely. In particular, E || f||5. = 3252, (1 4 k2)*"*1/2 < oo if and only if s < a.
The mildly ill-posed case is dealt with in [53] using the conjugacy of the prior and we
recover the same rates using our testing approach combined with the results of [82]. We
firstly obtain the results of Theorem 4.1 of [53] in the case where the prior has no additional

scaling (which could be treated similarly).

Proposition 2.3.5. Suppose that A satisfies Condition that fo € HP(Hy) for some
B >0, and assign f the Gaussian prior distribution N(0,A), where A satisfies Condition
[3. Then for a sufficiently large constant C' > 0,

__ang
I(f €Hy:|If = foll, > Cn~ Wit

Y) =0
in s -probability as n — oo.

We therefore obtain the minimax rate of convergence only when the prior smoothness
matches the true unknown smoothness. While this prior is not adaptive, it is reassuring
that if the true smoothness is known then the optimal rate of convergence is attainable.
Given that this result is obtained using the testing approach introduced in [36], it should

be possible to apply the ideas of [84] in using a Gaussian random field with inverse Gamma
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bandwidth to construct an adaptive Gaussian prior. However, we do not pursue such an
argument here since it is beyond the scope of the present thesis. Consider now the severely

ill-posed analogue.

Proposition 2.3.6. Suppose that A satisfies C’ondition that fo € HP(H,) for some

B >0, and assign [ the Gaussian prior distribution N(0,A), where A satisfies Condition
@ for some o > /2. Then for a sufficiently large constant C' > 0,

Y)—>0

A gap arises in our rates when the prior undersmooths (i.e. 5+ v/2 < «), since in the

_(a=v/2)NB
I feH :||f - foll, >C(logn)” 7

in Ps -probability as n — oo.

case of the heat equation (v = 2), [54] obtain rate (log n)_aTAB. This gap appears to arise
in Lemma from our bound for the covering number of the unit ball of the RKHS of
Af, which is used to lower bound the small-ball probability of Af using the techniques
of [57]. It may be possible to obtain a sharper result through a more careful study of the
small ball probability, but at present this lower bound seems difficult to improve and so

this gap may be an artefact of our proof.

2.3.3 Uniform wavelet series

The approach used in this section can be generalized to any band-limited orthonormal basis
for a general inverse problem in the sense of Condition (1] However, for ease of exposition,
we restrict ourselves to the specific case of periodic deconvolution using wavelets. There-
fore, consider the case of deconvolution under the standard white noise model on [0, 1]
described in Section so that A is given by with SVD given by the Fourier
basis. Suppose that we have an a-priori belief that the true function fy satisfies some
Holder smoothness condition rather than a Sobolev condition. We shall expand upon the
uniform wavelet series introduced in [41] by creating a hierarchical prior that uniformly
distributes the wavelet coefficients on a Holder ball of random radius.

Let (®,¥) denote the Meyer scaling and wavelet function (see [65] for more details).
As usual, define the dilated and translated wavelet at resolution level j and scale position
k/2 by ®ip(x) = 202827z — k), Ujx(x) = 27/2W (22 — k) for j,k € Z. The system of
wavelet functions provides a multiresolution analysis of L?(R). By periodizing the wavelet
functions

bjk(x) = Z Qi (z+m), VYin(r) = Z k(2 +m),

meZ meZ

we obtain a natural multiresolution analysis for periodic functions in L?([0,1]). We thus
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have the following expansion for any periodic function f € L2([0,1]):

290 —1 oo 20—1
F=" Piok®iok + > D Wikt
=0 I=jo k=0

where the wavelet coefficients are given by pji = (f, ¢jr) 2 and v = (f, Vi) L2

Meyer wavelets are band limited: in particular the Fourier transform Fr[V](w) =
Jg ¥(z)e 2™ dz over R satisfies supp(F[¥]) C {w : |w| € [1/3,4/3]}. This implies that
the periodized wavelets are themselves band-limited with supp(Fr[¢]) C ZN{w : |w| €
[1/3,4/3]} (c.f. Theorem 8.31 in [32]), where Fr[¢](m) = fol P(x)e” 2™y denotes the
mth Fourier coefficient of v. In particular, each wavelet function has finite Fourier series
and so the periodized Meyer wavelet basis satisfies Condition [I] As mentioned in the in-
troduction, band-limited wavelets have been employed to great effect in the deconvolution
problem by a number of authors (see for example [48] [69] for references).

A convenient notion of smoothness is given by the Besov scale of function spaces.

Definition 3. Let ¢, 1 denote the periodized Meyer wavelets described above, and o,k (f)
fol Giorf and B (f) = fol Ui f denote the wavelet coefficients of f € LP([0,1]). The Besov
space Bp,([0,1]) is defined as the set of functions {f € LP([0,1]) : || f|l5,, < oo} where

1
~ /a

_ - q
1 g = Naioeollp + | D2 (2270 By () )

I=jo
with the obvious modification in the case ¢ = oco.

We note some standard embeddings and identifications. For C*([0,1]) the Holder(-
Zygmund when s € N) spaces, we have BS ([0,1]) = C*([0,1]), while B3,([0,1]) =
H;([0,1]) where H3([0,1]) are the standard L2-Sobolev spaces.

In [41], it is assumed that a quantitative upper bound is known on the C*norm of
the unknown function. We shall relax this to the case where it is simply known that
|| follce < 00. A natural way to circumvent this problem is to treat the unknown radius B
of our Holder ball as a hyperparameter and assign to it a prior distribution, thus creating
a hierarchical model. Assign to B a probability distribution H, which for simplicity we
restrict to the natural numbers N, with probability mass function h. Given B, we then

consider the periodic function

oo 26—1

Ua(z) = ug(z) + > > 27 2y (),

=0 k=0

where u,u;, ~ U(—B,B) are ii.d.. We then have that U, € C%([0,1]) = B%([0,1])
almost surely and in particular ||U,||go < B. Denote the law of U, given B by 1% so

42



2.8. Main results

that our full prior can be expressed as
[ee]
o = " h(r)I*,
r=1

giving a sieve-type prior. We consider only the mildly ill-posed case.

Proposition 2.3.7. Suppose that A is of the form and satisfies Condition
and that fo is periodic and in CP([0,1]) for some B > 0. Suppose that the distribution H
satisfies h(r) > e P for allr € N and 1 — H(r) < e P™ asr — oo for some constants
D >0 and1l/a <v <oo. Then there exists a finite constant C' such that

I (feP:|f = foll e = C&|Y) — 0

in Py -probability as n — oo, where
. a—1/v

n 2p+2(a—1/v)+1 Zf a < /8 + %
__B_

n~ w287 (logn)"  ifa =B+ 21

én:

where 1 = %. If H satisfies the sharper tail condition 1 — H(r) < exp (—eDTD)

as r — oo for some constants D > 0 and v > 0, then the rate improves to

/

&n = n” T2t (logn)"

for all o < B, where 1 = (2p+1)2;(£—5§}rvl(l/u)).

As well as the prior smoothness, the thickness of the tail of H, as measured by v, affects
the rate. When o < 8 + %, we attain the optimal rate of convergence for a (o — 1/v)-
smooth function, that is we lose 1/v degrees of smoothness. This is entirely due to the
bias constraint : the bias of a typical element arising from II*?® is proportional
to B, and the approximation errors therefore grow on average with the thickness of the
tail of H. This penalty disappears (or is relegated to logarithmic terms) if we take H
to have compact support (v = o0) or a double exponential tail. We note that the above
framework includes the case where we take B deterministic, corresponding to H = dp
with v = co. We obtain the minimax rate of convergence, up to logarithmic terms, only if
the prior smoothness matches the underlying smoothness of fy up to the correction term
%. Finally, note that if we take ¥ = oo and the prior oversmooths the true parameter fj,
then we do not have posterior consistency since fy does not lie in the support of I

The assumptions on H mirror those sometimes placed on the prior distribution of the
scale parameter in a Dirichlet mixtures of normal distributions [38]. Our results therefore
mirror those in Theorem 1 of [38] in that we lose a factor in our rates due to the hierarchical

prior needing to be able to approximate the true parameter fyo. We finally note that a sharp
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rate is also only attained in that situation when the hyperprior on the scale parameter has

compact support.

2.4 Proof of Theorem [2.2.1]

A key step in the proof of Theorem is the construction of nonparametric tests for
suitably separated alternatives in H. The tests are constructed based on the norm of
a simple plug-in estimator of fy, which is then split using a standard bias-variance de-
composition. We require an exponential bound on the type-II error of our test and can
attain this using Borell’s inequality [13]. We can construct a suitable linear estimator for
fo using band-limited (in the sense of the {ej}-basis) elements in a similar fashion to the
deconvolution density estimators based on Fourier techniques studied in [48] and [69].

Suppose that {¢x} is an orthonormal basis of H; satisfying Condition Writing
¢ri = (Pk, €i)1 and using that {g;} is the conjugate basis to {e} for A,

(fydn)1 = <f,Z¢k,m;1A*gi>1 = (Af, Z¢k,ip;1gi>2 =: (Af, 1),

where

o1 = ZP;1¢k,iQi-
i

Recall that by Condition (I only finitely many of the ¢ ; are non-zero. In particular,
note that if ¢p = e, then we simply have &k = plzlgk. In this way, we derive a (not
necessarily orthonormal) basis of the range of A that is conjugate to {¢y}. We can therefore
express the coordinates of f in the {¢y} basis of Hj in terms of the action of {ék} on Af.

Considering this action, define

G =Yy = (f o+ ;ﬁzk

where Zk = Zd;k

with covariance EZ,Z; = <<]3k, (51)2. Thus the sequence {7} provides an unbiased estimator

are (not necessarily independent) mean-zero Gaussian random variables
of the coefficients of the true regression function f in the basis {¢}}. The sequence (Z})

is independent if and only if {&k} forms an orthogonal sequence, which is the case when

¢, = eg. This suggests a natural linear estimator of f:

kn
fo = Gkn,
k=1

where the resolution level &, is to be specified. Recall that we write Py for the orthogonal

projection operator onto the linear span of {¢; : 1 < [ < k}. The estimator f, then
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decomposes immediately into its bias and variance parts

1 &
fn = P, (f) + \/ﬁkzlquf)k'

We now construct an exponential inequality for the fluctuations of the random part of
fn, that is the centred term f,, — Ef),, following the method presented in Section 3.1 of
[41]. By the Hahn-Banach theorem and the separability of Hj, there exists a countable
and dense subset By of the unit ball of Hj = H; such that

11y = sup [(h, fa].
he By

The norm of the variance part of our estimator can thus be written

=: sup |G(h)],
he By

1
||fn _Eanl = sup ——
heBy VT

kn,
Z Zk<ha ¢k>1
k=1

where G = (G(h) : h € By) is a centred Gaussian process indexed by a countable set.
Applying the version of Borell’s inequality for the supremum of Gaussian processes ([62],

page 134) gives

e T2 > p <sup |G(h)| = E sup |G(h)| = x)

heBo heBo (2.4.1)

=P(lfn = Efully = Ellfo = Efull, = 2),

where 0% = supj,c B, EG (h)? is the weak variance of G. By Jensen’s inequality, the expec-

tation can be controlled as

1 kn 1/2 1 kn 1/2
Ellfs —Efall < = <;EZ£> =7 (Zmu%) :

k=1

Recall the definitions (2.2.1) and (2.2.2)) of the sets A; and quantities dy. Since the {dy}

form a decreasing sequence

. _ 1 1
6kl = pi?¢h; < 5 > i< 57
k k

ieAk iEAk n

so that

Vkn

E —-E < >
an anl — 51{:”\/77
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Considering the weak variance o2, we have that for h € By,

kn ko
nEG(h)* =) (b, ¢i)1(h, 61 EZ 2y
k=1 1=1
kn k:n kn 2
= (ks b2 = || (P dr) 16
k=1 z:1 k=1 9

While the basis {qNSk} is in general not orthogonal, it is sufficient that each finite sequence
forms a Riesz sequence (whose constants vary with the number of terms). Since the Ay’s

form an increasing sequence of sets and using the definition of ¢y,

kn 2 kn 2
S (hdiide]| =D _(hdrr D i ok
k=1 = i€Ay, )

kn 2
=D <Z<hv¢k>1pfl<¢k,ei>1>

1€AE, \k=1
1 ) kn 2
=52 Z <Z<h; Dr) 1Pk 6z‘>
kn i=1| \k=1 1
& 2
1 n 1 2
=5 (h, dr)or|| < 52 ik
Combining these yields
1
2 2
0 < — sup ||h||]] £ ——.
nézn heBo H Hl ndzn

Substituting these bounds into Borell’s inequality gives

Vkn 1
P(anEfn|1ZfU+5 n < exp *§n5inx2 ,

which, upon letting x = @ for some constant L, gives
kn

P (Hf" _Efn||1 > % <\/ﬁ5n + W)) < efL”E%.
kn n

Since k,, < cns,% for some constant ¢ > 0, we have that for all n > 1,

P <an —Efall; > M;:) < e~Lnen (2.4.2)

for some constant M = M (L, ¢) large enough.
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Proof of Theorem|2.2.1. By Theorem m it is sufficient to construct tests (indicator
functions) ¢, = ¢, (Y’; fo) such that

E ¢ ¢n — 0, sup Ef(l—¢n) < e_(0+4)”5%, (2.4.3)
F€Pn:||f—foll, > Mé&n
where the constant C' > 0 matches that in . Recall that we are testing the hypotheses
(2.1.2)).
We can now consider the plug-in test ¢,(Y) = 1{||fn — foll; = Mo&n}, where the
constant My is to be selected below. Recall that we have assumed that the contraction

rate &, satisfies ;T” < ¢y, for some ¢ > 0 and all n > 1. The type-I error satisfies

Efodn = Pg, ([ fn — folly = Mo&n)
< Pfo(”fn - IEfofn||1 > Mo&n — ||Efofn - fOHl)

By hypothesis, the bias of fy satisfies || Py, (fo) — foll; < D&, for some D > 0. Letting
Ly > 0 be some constant, we can take My sufficiently large so that applying (2.4.2) gives

_ n 2
Efyén < Ppy (Ilfa —Ego full, = (Mo — D)) < ™7 = 0

as n — oo.
Now consider f € Py, such that ||f — fo||; > M¢&,. Letting Ly > 0 be some constant,

we can pick M sufficiently large so that applying the triangle inequality and (2.4.2]),

Ef(1=¢n) =Ps(||fn = foll; < Mo&n)
<Ps(llfo = flly = lf =Efully = [[Efa = fully < Mon)
< IEDf((]w -C - MO)fn < HEfn - fn||1) < 6_L2n5%,

since by assumption supsep, ||f — Efnll; < C28,. This verifies (2.4.3)). O

2.5 Other proofs

Before proceeding, we recall some facts that will be used when applying Theorem to
the examples presented in Section Recall that both the sieve and Gaussian priors of
Sections and are defined directly in the spectral basis {ex}. For simplicity, we
assume below that the singular values {py} are arranged in decreasing order so that the
ill-posedness factor takes the simple form J; = p.

Establishing contraction results in these cases therefore reduces to verifying the con-
ditions of Theorem the bias conditions on the prior and true parameter fo,
the small-ball condition and balancing the rate . Recall also that in the
mildly ill-posed case (Condition with regularity p), it is optimal to balance the terms
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in (2.2.3)) so that we take resolution level k,, ~ ne? yielding contraction rate &, ~ nPePtt,
In the severely ill-posed case, (2.2.3)) is generally a strict inequality, which must be verified

in practice.

2.5.1 Proofs of Section (Sieve priors)

Proof of Proposition[2.3.1. By hypothesis, the true regression function takes the form

= >0 forer for some mo € N. We first verify the small-ball condition (2.2.5).
Let f be a finite series generated from II, conditionally on M = mg. As noted in Section
2.1.2} since A satisfies Condition (M)} it is sufficient to prove (2.1.5)) to establish ([2.2.5]).

Therefore,

(Hf fOHH P <€n = <Z|fk_f0k| (1+k2) p<€ >

2
g <|fk — forPA K< T for k=1, m0> (2.5.1)

mo
~ en(1+ k2)P/2
= H P (’ fi — < en(l 4 £5)P°
k=1
by the independence of the fi’s.

VAL
Note that if ¢ satisfies Condition [2| with 0 < w < 1, then it also satisfies the same
condition with w = 1 and possible different constants D’,d" > 0 instead of D,d > 0.

In what follows, we therefore take w > 1. Now if X is complex-valued with density
q: C — [0, 00) satisfying Condition [2, then for all z € C and t > 0,

P(X — 2 <t) / / De= =71 gy g

(2.5.2)
> 27D / dl=41)" g > 27 Dte~ D",

If X is real-valued, then the same estimate holds without the 7 term; we shall therefore

stick to the real-valued case, but note that everything below holds also in the complex

case with slightly different constants.

en(14+k2)P/2
Vo

Thus there exists £ > 0 such that a,, , < E for all 1 <k < mg and n > 1. Using ,

Let a1 = and note that for fixed %k, o, — 0 as n — oo since g, — 0.
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2.5. Other proofs

we lower bound the right-hand side of (2.5.1]) by

my
T 202k o dri (U focl+an0)”
HQD e~ 0,k |+ an K

k=1 Tk
mo o mo

= Crexp (Z log <:kk> —dy 7 2 (| forl” + af,k))
st h=1

70 1+ k2)p/2
> Cyexp (mo log e, + Z log HT)
e
k=1

> 03604 logen 7

where we have used that (a + b)¥ < 2¥~1(a¥ + b%) for a,b > 0 and w > 1. Now since mg
is fixed and h(mg) > 0 by assumption,

I(f €P:||Af — Afolly < €n) > h(mg)CaeC4lo8en > Cslogen

for some constant C5 > 0. The choice ¢, = (lo%) 12 then satisfies .

Consider now the bias constraint . Take ky,, to be an integer satisfying Lyne2 <
kn < Lone? for some constants Ly, Lo, and let P, = {f € H; : f = Z’,ﬁ’;l frex}. By the
assumptions on h, we have II(PS) < Ce bhn < e*L”EZ, where L is a constant that can
be made arbitrarily large by choosing L, sufficiently large. Now for all f € P,, we have
the trivial bias result ||f — Py, (f)||; = 0, so that choosing L large enough to match the
constant used to establish above, we verify . Finally, for the true function
fo the bias condition follows immediately since || fo — Py, fol|; = 0 for k,, > mg. Applying
Theorem [2.2.7] with
< CenkP = C'nPePtt = C'i(bg n)rt2

vn

completes the proof. ]

En

Proof of Proposition[2.3.2 By the triangle inequality

f = follg—» < IIf = P (f)ll gr—» + 1P (fo) = foll s »

where j, is to be selected below. Since fy € H?,

[e.o]

1P (fo) = follzro = D fosl?(L+ K7 < Co 2 | fol s -
k:jn+1
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1
Taking j, ~ €, 7"’ gives

P(|f - fOHH—p <ep) > P(Hpn(fo) — fHH_p < clsn)

2)p/2 . . ..
for some ¢ > 0. Let oy, = %, and suppose that f is a finite series in the {ex}

basis of degree j,. Then using (2.5.2)) as in the proof of Proposition m,

Jn
P (Hf = P, (fo)ll gy < €n) > H Dlan’ka—lefdrk*w(\fo,k|+an,k)w
k=1
Jn Ot
> exp | jnlog Cy + Zlog <"> (2.5.3)
k=1 Tk
Jn
—Ca > i (1foul” + a::,k>> .
k=1
By the hypotheses on {7},
Jn
> tog (7' (1+ K%)= = E1julog jn,
k=1

for some E1 > 0. Since fo € H®, we have |fo x| < (1 4+ k%) 752 || fol|ys < C(fo)k™? for all
k > 1. Moreover, for k < j,,, note that

Qe = G PPV (1+ KPR < Bpj P2,

for some FEy > 0. Substituting these bounds into (2.5.3) and using that 7, > Bs(1 +
k2)=Po/2(log k)~1/* yields the lower bound

In 2 /2
‘ ) ) 1+ k=P
exp (Csyn log ey, — Cyjn log jn + § log <( - ) )
k=1

Jn
—Cs ) 7 (kP 4, Y 2>’“}>)
k=1

Jn
> exp <—Cﬁjn log jn, — F1jnlog j, — Cr Z log k) > exp (—Csjn log jn) ,
k=1

where we have also used that loge, ~ —logj,. In conclusion, using the lower bound on

h, we have shown that

. . —1/(p+8)
B(If — follg-s < en) = h(jn)eCoin1osin > Cro T oa 2.
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p+B
Condition ([2.2.5) is then satisfied by the choice ¢, = (loﬁ) ra

n
Again take P, = {f = Zﬁ’;l frex}, where kj, is an integer satisfying Line? < k, <
LoneZ. Proceeding as above, we get || f — P, (f)|]; = 0 for all f € P,, and II(PS) < e~ Lnen
for a suitable constant L, thereby verifying (2.2.4). This yields contraction rate
(2p+1)(p+B)

e _ B
& = 5771 < an(ngi)p = C’(log n) 2p+2B+1 p 2p+2B+1
kn

Finally, for the true regression element fj,

_ 2B(p+B) B
1 fo = Pr, (fo)ll1 < Cky,? || foll s = (ne2) P = (logn) " 2vr2sin” r2art < ¢,

as required. Applying Theorem [2.2.1| completes the proof. O

Proof of Proposition|2.3.5. By exactly the same reasoning as in the proof of Proposition
is satisfied with €, = \/W. Take k, to be an integer satisfying
(Lilogn)/O0+D) < k., < (Lylogn)Y/O+Y for some constants L; and Ly. Again taking
Pn = {f = Zi’;l fkek} yields II(PS) < eUi" < e~Lne for some constant L that can
be made arbitrarily large by increasing L. This verifies and the bias condition on
fo follows exactly as above. Since the bias in both cases is equal to 0 for sufficiently large

n, we can apply Theorem with contraction rate

5 1 PO b
- en(1 2\po/2 log n) 2T y+1 eco(Lg log n)Y/(v+ w
N < C ]{; 0/ COk' < C/ ( 7n

O]

Proof of Proposition|2.3.4 The proof is similar to that of Proposition though we
must notably keep more careful track of the constants involved due to the exponentiation
resulting from the severe ill-posedness. If A satisfies Condition consider the norm

induced analogously to the Sobolev norm H P in the mildly ill-posed case:
15 = D IAlP (1 + ) Prem2e0k
k=1

P18 o —co(in+1)T en and using the same truncation argument as in the proof

Taking 7y,
of Proposition gives ||P;,(fo) — fol|4 < cen for some constant ¢ > 0. Thus for f
a finite series of degree j, in the {e;} basis (and using that ¢ standard normal satisfies

Condition [2{ for w = 2), we can lower bound the probability P (||P;, (fo) — f|| 4 < ce) by

exp <]n log C1 + Z log <

k=1

> CQZTk ‘f0k| —|—Oé )) , (2.5.4)
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where Gy = jn 2en(1 + k2)P1/2e0k" < 3P 20 =Gt D)) < 0P for | <
and by the definition of j,. Now since 7, = (1 + k2)_%_i and fy € H?, we have that

Jn

1~ . 1. . .
§ log(Tk 10‘n,kz) > jnloge, — 5]11 log jn > El]g_ﬂa
k=1

J J
Z 7_];2|f0,k’2 — Z k2a+1725k25|f0’k|2 < j(2a725+1)V0 HfOH?{B ’
k=1 k=1

jin jn
ZTEQ&%,k < Cj20+1/2) Zk2(a+l/2) < Byjlt2a—s)

k=1 k=1
for some constants Ej, F; > 0. Substituting these into (2.5.4) gives the lower bound
exp (—Cg j}ﬁe), where § = max (v,2(a — )). In conclusion, the small ball probability

satisfies

140

~

. . _ 1
P(IAS — Afolly < en) > h(ja)e O™ > Bre=Cut™ 5 o~Ca(os2r) 7

146
so that (2.2.5) is satisfied by the choice &, = (logn) 2 n~/2,

Take kj, to be an integer satisfying (a1 logn)'/? < k, < (azlogn)'/" for some constants
_a—0/2

a; and ag. For this choice of ky,, (2.2.3)) is verified for the choice &, = (logn)™ ~ ~

2pg+v+1
(587" < Den(1+ k%)po/ZeCOkl < D'(logn) - elcoaz—1/2)logn _ o (&)

as long as we take cpag < 1/2. Recall that for f € supp(Il,,) we have Karhunen-Loeve
expansion f = Y ', 7k(rex, where {(;} are ii.d. standard normal random variables.
Thus for any such f, we can bound the bias by || Py, (f) — f||? < > rek 41 TRCE We verify
by applying Borell’s inequality in a similar fashion to that used in the proof of
Theorem Using the same notation, write ||Py, (f) — f[|; = supsep, Gn(h), where
By is a weak*-dense subset of {h € Hj : ||h||; < 1} and G, is the Gaussian processes

o0

Gu(h) = (b, P, (F) = )i = Y mCrlh,ex)r.

k=kn+1

We can control the bias and weak variance terms as follows. Using that Ziikn kv <
kL= /(w—1) for w > 1 and applying Jensen’s inequality to the bias gives E || Py, (f) — f|l; <
Zic’:knﬂ 7',3 <k, . For the variance, note that for any h € By,

[e.9]

EGu(h)?= Y 7ilhyenl® <7 lIbll} < 7, =~ k20l
k=kn+1
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Using these bounds, apply Borell’s inequality for the supremum of a Gaussian process as
in [2.4.1) with z = \/2Lne2k, 2>~ to obtain

P (1P, (/) = Sl = L' (k™ + v/neahyo712) ) < emneh, (2.5.5)

where L’ is some constant that increases with L. Substituting in our choices of ¢, and k&,
yields that for n > N,

P (H%(f) — flly > M(N, L)aogn)ﬂ%‘)) < ek

6/2

for a sufficiently large constant M, so that II(P¢) < e~Lmn for &, = (logn)” ~ . This
is satisfied by our above choice of €, and so, choosing L sufficiently large to match the
constant obtained in the small-ball probability above, this verifies . Lastly, as
fo € HP, then || P, (fo) — foll; < Cky” = O(&) exactly as above. Apply Theorem m
to finish. O

where the constant M increases with L. Let P, = {f € Hy : || P, (f) — fll; < M&.}

2.5.2 Proofs of Section (Gaussian priors)

The small-ball asymptotics of a Gaussian measure in a Hilbert space have been exactly
characterized by Sytaya [78] and using the techniques of large deviations in [29]. However,
while exact, the asymptotic expression is rather complicated and relies on the solution
of an implicit equation that does not yield an explicit rate in terms of the radius of the
shrinking ball. We therefore obtain suitable lower bounds using either direct lower bound
methods [44] or the link with the metric entropy of the unit ball of the RKHS [57] (both
of which yield the same result).

As mentioned above, a Gaussian distribution has support equal to the closure of its
RKHS H and so posterior consistency is only achievable when A fj is contained in this set.
Since f is a Gaussian random variable in a Hilbert space with Karhunen-Loéve expansion
f =1 > i TkCkex, where the {(;} are i.i.d. standard normal random variables, we can easily
characterize its RKHS in terms of ellipsoids (see [83] for more details). Letting H; denote
the RKHS of f, we have that if a = ), ages, then

2
2 a

acHy <« HaHHf::E T—§<oo.
k=1

The RKHS norm therefore consists of a weighted fo-norm, weighting the eigenvectors of
A with the inverse of its eigenvalues. Recall that the concentration function of a Gaussian
random variable W in a Banach space (B, ||-||) with RKHS H is defined as

wa(€) i= inf hl|2 — log P(||W]| < €). 2.5.6
Puy (€) heH:||}£wo||<sH |l — log P(||W]| <€) (2.5.6)
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By Theorem 2.1 of [82], choosing &, to satisfy ¢u,(,) < ne2 is sufficient to obtain the
lower bound P(||W — wo|| < 2e,,) > e "%, and consequently establish ([2.2.5).

We firstly establish upper bounds for the concentration function ¢4y, of the Gaussian
random variable Af. When the prior oversmooths the true parameter, the approximation
error in ¢4y, (¢) dominates as € — 0, whereas when it undersmooths the centred small ball

probability dominates. This is quantified by the following lemma.

Lemma 2.5.1. Suppose that f ~ N(0,A), where A satisfies Condition [3, and let fy €
HP(H,) for some B > 0. Then Af is Gaussian random variable in the Hilbert space Hs.
If A satisfies Condition then Af has RKHS equal to HPt+t1/2(Hy) (where H®(Hy)

is the Sobolev scale with respect to {gr}) and the concentration function of Af satisfies

_ 2a—28+1 ) <
+8
baf(e) <C ) Vh<a
s iff>a

as € — 0 for some C = C(p,«, fo). If A satisfies Condition then Af has RKHS equal
to
Hay = {b =D beon € a2 bl = DOBR(L k2Tt ek < oo}
k=1 k=1

and the concentration function of Af satisfies

20-28+1

(logl) ifB+3<a

<C <
Paf(e) < { (log %)1“/7 ifB+3>a

as € — 0 for some C = C(po,~, a, fo).

Proof. 1t is obvious that Af is a Gaussian element in Hy with Af ~ N(0, AAA*). By
Condition AAA* has eigenvectors {gx} with corresponding eigenvalues {72p2}. Consider
firstly the case where A satisfies Condition Using the above remark about Gaussian
measures in Hilbert spaces, we have that for any b =Y 7 bpgr € Ho,

HbH]%IAf = Z % = Zbi(l + k2)p+ +1/2 - |‘b’|?{p+a+l/2(H2) )

so that Hap = HPTo+Y/2(Hy).
Letting fo = > poy foxek, define h; = Zi:l prfo kgr to be the projection of Afy onto
its first j coordinates in the conjugate basis {gx}. Then

Iy = Afoll; = 32 pilforl” <€ 37 (k) PUfoul® < Clfo, )=,
k=j+1 k=j+1
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since fo € HP. Taking j ~ e~/ ®+H) gives ||h; — Afy||, < e and

2a-2841 ()

J
hliE,, < 37203, < C'(fo, A)JER—25HIV0 o 5510,
k=1

thereby giving a bound on the first term of ¢ 4,. For the second term we use the explicit
lower bound (4.5.2) from Example 4.5 in [44]:

(Z(l _’_k2)7p7a71/2€~£ < €2>
k=1
(3

P(|lAfll, <e)=P
> Bef

) exp (~w(l + p)Pe ),

where (i are i.i.d. standard normals, B > 0 is a constant, w = p+ a + 1/2 and p =

(2w —1)~' = (2p + 2a)~!. Using these values gives
do(e) < —log B — p(3 —w)loge + w(l + p)Pe 2 < CeV/PFe)

as € — 0 for some constant C = C(p,a, B). Comparing these two rates, we see that
the approximation term dominates when 8 < « while the centred small-ball term term
dominates when 8 > «, thus giving the desired form for ¢4y, (¢).
In the case of Condition substituting in the lower bounds for the eigenvalues {py}
gives the specified Hy. If we repeat the approximation argument above, taking h; with
~ (log 1)!/7, then ||h; — Afol|, < € and

(2a—28+1)V0
vy

j
« a— 1
thH]%IAf §Z|f0k| 1+ k?) +1/2 < ((20-26+1)V0 <10g5>
k=1

The centred small-ball probability can be dealt with using results on Gaussian processes
that link this quantity to the metric entropy of the unit ball of the RKHS [57]. Applying
Theorem 2 of [57] and using Lemma [2.5.2] below, we get ¢p(e) < (10g )Hl/ 7. It is also

possible to derive this result using a careful rearrangement of the lower bounds proved in

[44]. Balancing these terms we have that this quantity dominates when a@ < 8+ 3 and

the approximation term dominates otherwise, hence the result. O

Lemma 2.5.2. Consider the RKHS Hyys of Af under Condition as described in
Lemma and let Koy denote the unit ball of Hay. Then the covering number
N(Kag, ||||g, »€) of Kay with the usual Hilbert space distance satisfies

1+1/~
log N(ap e, 0 % (1ox7)
Using this result and Theorem 2 of [57], we obtain the bound —logP(||Af||, < &) <
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C (log %)Hl/ 7. This matches the bounds obtained in [20] when considering the general

setting of heat kernels (v = 2) on manifolds.

Proof. Writing b = >"p7, brgi, we know that for any b € K5 we have |by| < C(1 +
k‘z)_p‘)_a_l/Qe—C‘)m < Ce_COkW, so that K 4y is contained in the infinite rectangle

ﬁ[ C’e_com e_cokq.

Taking J = D(log 1)!/7 for a suitable constant D, we that for k& > J, the width of the
above intervals is smaller that €/2. Thus any point in the infinite rectangle is within €/2 of
the finite dimensional cube X = Hi:l [—Ce0*" Ce~0*"] and so it suffices to construct
an €/2 cover for this latter set. By considering a J-dimensional cube, we see that it is
enough to cover this set by a considering a regular lattice with distance ¢/(2v/.J) between

adjacent vertices. Therefore

J e J
N(X»H'Heucl»*) 1:[ Ce ™ (Cl\/j> e_c()zg:lk’y‘

€

Now by a simple integral comparison test, Zi:l kY > J7H1 /(v +1), so that the logarithm
of the right-hand side is bounded above by

1 Jo+l 1\
c'J <logJ + log > — ¢ <c"” <log > .
€ v+1 €

O]

Proof of Proposition[2.3.5 Let us verify the small ball Condition (2.2.5). Let H4; denote
the RKHS of Af and ¢4y, denote the concentration function of Af at Afy. Since Af is a

Gaussian random element in Hy, we have by Theorem 2.1 of [82] that if Afy is contained

in the Ha-closure of H 4y and ¢, satisfies ¢4y, (€,,) < ne2, then P (||Af — Afolly < 2e,) >
_ _pt+BAa
e~men, By Lemma the choice ¢, = n 21201 satisfies this condition in both the

cases § > a and f < «, thereby verifying (2.2.5)).

Recall that we have Karhunen-Loeve expansion f = > 77| 7,(ke, where {(;} are i.i.d.
standard normal random variables. Proceeding as in the proof of Proposition and
taking k, ~ ne? in (2.5.5)), we obtain that for n > N,

2

P(”Pkn(f) - f||1 > M(L,N)(ng%)_a) < 6—Lnan’

where the constant M increases with L. Let P, = {f € Hy : || P, (f) — fl|; < M&,} for
a sufficiently large constant M, so that II(PS) < e —Lnl, as long as (ne2)= < ¢, for

some C' > 0. This is satisfied by our above choice of ¢, and so, choosing L sufficiently
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large to match the constant obtained in the small-ball probability above, this verifies
(2:2:4). Finally, since fo € H?, we again recover that || Py, (fo) — foll; < Ckyp” || foll s =~
(ne2)=#, which is smaller than &, = e,(ne2)P for our choice of ¢,. Applying Theorem

2.2.1| completes the proof. O

Proof of Proposition [2.3.6, Consider firstly the case where §+ 3 < a. As above, (2.2.5)) is
a—pB+1/2
verified if ¢y, (€,) < ne?. By Lemma [2.5.1} the choice &, = (logn)~ + n~!/2

satisfies

this condition. Now let k, be an integer satisfying (L; logn)Y/7 < k, < (Lzlogn)Y/7 for
some constants L1, Lo, and which therefore satisfies k,, < cnsi for some constant ¢ and
the above choice of €,,. The quantity in the left-hand side of (2.2.3)) then satisfies

5 < Ceu(1 4 2 2 < O (logn)™m™>~1/2 = o ((logn)/7)
kn

as n — oo provided that Laco < 1/2. To verify (2.2.4), substitute our choices of €, and
k, into (2.5.5) to get

e 1% = P (||, () — flly > Cllogn) ™5 +C(logn) ™).

Since o > 8 + 3 the second term is asymptotically larger, so that taking L sufficiently
large, we obtain the required exponential inequality with rate (log n)_ﬂ/ 7. Since
fo € HP, we have that exactly as above || Py, (fo) — foll; < Ckn? < C'(logn)~P/7, so that
we can apply Theorem [2.2.1

Consider now the case where 343 > a. Arguing as above, the choice &, = (logn) WTJ;lnfl/ 2
satisfies the small-ball condition and for the bias we recover the exponential in-

equality

(a—~/2)
RS (upknm il > Cllogn) 5~ ) .

By our choice of «, the above rate is larger than the bias of fy and so yields the contraction
rate. O

2.5.3 Proofs of Section (Uniform wavelet series)

Since we are working the deconvolution setting described in Section we firstly note
that the Sobolev scale with respect to the Fourier basis corresponds to the classical no-
tion of Sobolev smoothness on T, so that H*(H;) = H#*([0,1]). As mentioned above,
periodized Meyer wavelets are band limited and so satisfy Condition [1| which is needed
for Theorem Moreover, since supp(Fr[y]) C [—a,a] for some a > 0, we have by
the standard properties of the Fourier transform that the dilated and translated wavelets
satisfy supp(Fr[v;x]) C [~27a,2’a]. Recalling definition (2.2.2)), we therefore have that
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under Condition |(M)]

by = _inf_ |Fr[ul(m)] < C(1+2%)70/2
meZ:m|<2ia
Since the ill-posedness affects the rate &, through (2.2.3)), we see that using the periodized
Meyer wavelet basis rather than the SVD (Fourier basis) only affects the constants and
does not negatively affect the rate. In this section note that ||-||, refers to the L%([0,1])-

norm rather than the Hy-norm.

Proof of Proposition[2.3.7. We firstly verify the small-ball condition (2.2.5). Consider
the case where @ < . Using the wavelet characterization of the periodic Besov space
B3,([0,1]) = H*(]0,1]) for s € R gives

2
o0

)\ /2
(13 wll,) )

2l—1

< dmax 4 [a(h)?,> 225> " B(h)?
=0 k=0

17lf7re = S la(n)| + (
=0 (2.5.7)

Let &, B denote the wavelet coefficients of fy and note that if || fo||os < B then |a| < B
and |G| < B271FH1/2) for all 1, k. By (2.5.7), we lower bound P(||fo — Ual||;—» < €n) by

00 2l—1
P | max{ |a—ul? Y 278 " |Gy — 27 0T Dy 28 < oped
1=0 k=0

2.5.8
o (2.5.8)

o0
=P (|5¢ — u!Q < clsi) P 22—2113 Z |Blk — 2_l(a+1/2)ulk|2 < Cl€i
=0 k=0

using the independence of u and the u;’s. The first probability satisfies
_ Cc1€
P(la —u| < \eie,) > (\/Q;ﬁ) — g2 tlos(en/B) > ceslog(en/B)

for some constant ¢z = c3(®,¥). Let by, = 2!8+1/2)3, and pick J = J(n) as defined
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below. The second probability in (2.5.8)) becomes

o 2l—1
S o @28 N, 9 aBlyy, 12 < o
1=0 k=0

oo
>P Z 2 2(p+5) sup |bi — 2*l(a*’3)ulk|2 < 015,21
=0 0<k<2!

)
Z 2—2l (p+8) sup ’blk _9— l(a— )ulk‘2 + CB2 Z 2—21(17"1‘01) < 61531 i
=0 0<k<2! I=J+1

Pick the truncation level .J = J(n) so that B2272/(P+®) ~ ¢2 ‘that is 2/ ~ (¢,,/B) "1/ P+e),
Note that since |by;| < B and o < 3, we can lower bound the individual probabilities via

_ o—l(a—p _Cn

Then, choosing the constants defining J(n) appropriately, we have

Z 2728 sup by — 271 Py |? < 162 — e(p, a) B2~ (P
0<k<2!

>P (max sup |bg — 2~ Ha— )ulk| < C4€n>

Osl<T o<t
J 21 J 2l-1 ae
! 4
—HHP(VM—? (= UZk!§C4€n) ZHH <2l 113>
=0 k=0 1=0 k=0

> exp <C5 log(e,,/B) Z - C6Zl2 ) cr(en/B) ™1 (PFe) log(en/B)

=0

for n > N(p,«a, B,v) and we have used that J ~ —log(e,/B) in the last line. Using
(2.5.8) and that h(Bp) > 0 for some By > || fo|| s, we have that for n > N(p, o, By, ),

P(|| fo — Uallgg-p < n) > h(Bg)ecs08(En/Bo) ger(en/Bo) =/ ) log(en/ Bo)
(2.5.9)

> 6085;1/(p+a) logen

so that is satisfied by the choice ¢, ~ <10%> m

Consider now the case § < a < 8+ %, where we can establish in a similar
fashion by using an approximation argument. Recall that fo € C4([0,1]) and let h, be the
best H ~P-approximation of fy such that ||h|| o < r. Write hy = 0o+ >, Zilz_ol O,

where 0] < r and |0;;,] < r2742+1/2) "and recall that the wavelet coefficients of fy satisfy
|Bi| < Bo27'+1/2) for By > || fol|cs- Let I, be the smallest integer such that 2+(@=5) >
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/By, so that in particular 6z = fy, for all I < I,. Then

e 2
1fo = haellfyp <> 27200 (Bo - r2*“a*5>) < CBg2 2wt
=,

ﬂ

integer such that r, " < 5é, s0 that by the triangle inequality, P (|[fo — Uallg—» < €n) >

P (||hr, — Ual|gy-» < cep) for some 1/2 < ¢ < 1. Since ||y, ||ca < 7n, we use (2.5.9)) to

obtain

ptB
so that |[fo — hyl|y-» < C’(fo)rftjfﬁ by the definition of I,. Pick r, to be the smallest
P+

En _p%a En
P([lfo = Uallg-» < €n) 2 hlra) exp |1 | = log 2 | .

Tn

_a=B
Since v < 8 + %, h(r) > e P for all r € N, and r, > cog, ** for some c3 > 0 and

_1
sufficiently large n, we obtain the lower bound exp (—dz&‘n P8 Jog aln> Bounding this

Cne

p+B
_ T +2ATT
from below by e lo% g )

n yields the choice ¢, = (

Consider now the bias condition and, using the notation of wavelets, take
kn = 277 ~ ne2. Let B, = supp(II*") denote the C*([0,1])-ball of radius 7. Let 7,
be an integer satisfying (Llnei)l/” <7r, < (Lgnai)l/” for some constants Lq, Lo and
take P, = B,,. Then I[(PS) = 1 — H(r,) < e P < e Lneh where L is a constant
that can be made sufficiently large by increasing L;. Now for all functions f € B,,
supy, |G (f)| < r27He+1/2) for all [ > 0. Consequently,

oo 2l—1

s 2
WK () = Flla=D_ D 1Bu(HPF <D Z (2a+l) < Cop2g=200n
I=Jn k=0 I=Jp k=0

so that for all f € Py,

1K 1, (f) = fllg < C'(ne2)/"= < C"¢, = C"ep(ned)?,

which is verified with the choice ¢, = nfz’ﬁxi%. Comparing this ragﬁat_ci/‘ghe rates
obtained when verifying (]& we obtain the minimal choices €, = n~ 2r+20-2/v+1 when
a < B+1ande, = (logn/n) THIFHT when o = B+ 1. For the true function fo € C?([0,1]),
using a standard approximation bound gives ||K, (fo) — foll, < C(f0)278/n =~ (ne2)=# =
O(&y,) for all the above choices of &,. In both cases, apply Theorem [2 - to obtain rate
&, = en(ne2)P.

Consider now the stronger tail condition 1 — H(r) < exp (—

v
ebr ) as r — oo for some

pto

v > 0. When a < 3, (2.2.5) is satisfied as above by the choice & ~ (10%) preatt Letting

7, be an integer satisfying (log(Line2))'? < r, < (log(Layne2))'/¥ for some constants L1,
Ly and taking P, as above we obtain II(P5) < exp (—eP™n) < e~ Lne: for some constant
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L that can be made arbitrarily large by increasing L;. Using the above bias calculations,

1K, (f) = flly < Crp2=%n < C'ry(ne2)~ and so setting this equal to &, = nPeal !
1/v _ +a

yields that (2.2.4]) is satisfied by the choice &, = (logn)2r+2aFin et Substituting

this expression into that of &, gives the desired contraction rate. O

2.5.4 Abstract contraction results

Following the proof of Theorem 2.1 in [36] with the formula (2.1.4) for the posterior
distribution in the inverse setting, we recover an analogous theorem for the sampling

model (2.1.1)). We include the details for completeness.

Theorem 2.5.3. Let &, — 0 be a sequence such that \/ne, — oo as n — oo. Suppose
that the sequence of priors (I1,,) satisfies for some C' > 0

I, (f € P: ||Af — Afollf, < 2e2) > e Cnen,

Suppose moreover that there exists a sequence P, C P such that IL,(PS) < e~ (el gnd
for which there exist tests ¢n, = ¢ (Y ™) such that

Esé — 0, sup Ef(1— ¢p) < Le (€9, (2.5.10)
FEPu:||f—follyg, >Mén

Then the posterior distribution IL,(-|Y') contracts about fo at rate &, in ||-||g,, where M

s a fized constant.

In this section, we denote by IP; the law of the model when the operator A
equals the identity (as opposed to P¢ in the rest of Chapter |2, which implicitly considers
general A). Let w/ = Z%g denote the density of P, with respect to the law Py of the pure
white noise process. We can write the log-likelihood ratio as

h
log v

who

(V) = Vi Y — o) Zi— o (1, ~IlholZ, )
k

Under Py, the above expression can be rewritten as

wh

log —(¥) = v/t Y (ki — ho) (ko + Zi) — 5 (I1AllE, = I1hol )
k (2.5.11)

~ n
=vn > (hi = how) Zk — 5 l1h = hol g, »
P

where the (Z;) are i.i.d. standard normal random variables under Py,. In particular,

taking an expectation under PPy, of this likelihood ratio yields

’LUh n 2
Eng 1og 3 (V) = =2 [|h = hol . (2.5.12)
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Proof of Theorem [2.5.5. By assumption on the tests

Ep [Mn(f € P2 If = follw, = M&a|Y)¢n] < Egypn — 0.

Thus we need only consider the remaining event (1 — ¢,,), that is

IL(f €P:||f — foll. > MEY)(1 — én) = f{||f—f0||H12M§n} ﬁTA;;(Y)dHn(f)(l — ¢n)
n : Ollm, = n n) — A ;j)T‘L‘ff()(Y)dHn(f) )

By Lemma [2.5.4] we have that for all ¢ > 0 and probability measures v with support in
By ={f € P:||Af — Afollfy, <227}

one has a5
7 w —(c+1)ne? 2
o (/B e (Vv (f) < eV > < Zna

Letc=1and v = 1%1”(%:) and consider the events

Af
w _ _
A= { [ 0 (1) 2 1 (B > ent
c 2
By Lemma Py A5, < =7z and so Py (A,) — 1 as n — oco. Thus

St follg, 2603 s (V)AL () (1 = )

IPJf > €
i b o (Y )dIL(f)
Af
< Py (47) + Py ((1 ~ gn)elCroret [ L (V)L (f) > ) .
{11 foll, >Mén} W0

Since w?/ and w7/ are densities (Radon-Nikodym derivatives),

Ey

[ wAf wAf
0

wAfO(Y)} =1 and Ey [wAfO(Y)(l - %)] =Ef[(1—=¢n)].

Consequently, we have

wAf
Faa | (17 0n) /{||f—fo|H1>M§n} s (D)
wAf wAf
< =, )] dm) + et e B (-6 2 )
=1, (Py) + sup Ef(1—¢n).

fE’Pn:Hf*fOH]Hll >Mén
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Combined with Markov’s inequality and (2.5.10f), we have the result. 0
Lemma 2.5.4. Let ¢ > 0 and v be a probability measure with support on the set
B={feP:|hhlls, <22

Then for every ¢ > 0

h
P [ 25 )ivli) < e lerin) < 2
B

who

Proof. By Jensen’s inequality we have

wh wh
We can then bound the probability in question by
h h
Py, < / S (Y)dv(h) < e—<c+1>n62) <Py, ( / log <w,m(Y)> du(h) < —(c+ 1)ne2>
BW w
wh wh
_ Py, ( / log (Vv (1) — B, / log - (V) (1)

h
< —n(c+1)e — Ep, /log gho(y)du(h)> .
(2.5.13)

Using Fubini’s theorem, the definition of B and the expression (2.5.12)) for Eho%(y) we

have

wh wh n 9 9
—Ep, [ log W(Y)du(h) = [ —Ep, log %(Y)dy(h) =/5 |[h = hollg, dv(h) < ne”.
(2.5.14)
Moreover, taking the variance with respect to Y and using (2.5.11))

U}h ~
varp, (/ log W(Y)du(h)) = varp, (/ \/ﬁ%:(hk - h07k)de1/(h)>
2
< nlp, (/ > (hw - ho,k)dey(h)>
k
2
<n / Eg <Z(hk — ho,k)2k> dv(h)

k

= n/ ||h — hOHIQHIZ dv(h) < 2né’.

Applying the bound (2.5.14) to (2.5.13) and then applying Chebychev’s inequality with
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the previous display yields
wh wh 9
P, log W(Y)dv(h) —Ep, [ log W(Y)dy(h) < —nce

1 wh 2
< 3,92 VaTho (/ log W(Y)dl/(h)) < 2,2

2.6 Possible extensions

The testing approach based on the concentration properties of estimators that is intro-
duced in this chapter could possibly be extended in a number of directions. A natural
question is to what degree Condition (1| can be relaxed with the goal of analzing priors
not based around the SVD of A. The following extension we discuss was suggested by
Madhuresh Roy. The required exponential inequalities for the tests can be obtained for
any basis {¢x} of Hj that lies in the ”Cameron-Martin” space of the eigenpair {p;,e;},
that is for which

lowllZ =" p; 2o en))* <00 k=1,2,... (2.6.1)
=1

In particular, note that Conditionimplies (2.6.1)). Under Conditionthe sum in (2.6.1)) is
finite, which allows one to conveniently separate the ill-posedness in the rate by extracting

the factor 1/6; = 1/(infica, |pil) (see (2.2.1) and (2.2.2))) from the sum. Under ({2.6.1)),
the exponential inequality (2.4.2) is replaced by

2

P(|[fo = Efall; = Menoy,) < et

where o7 <

2=, qukHi, yielding that the rate &, must satisfy epor, < C§,, where as
usual k,, is the degree of the linear estimator. A contraction rate can be computed by
studying the size of the quantities oy, instead of dy,, .

Such an approach can be applied to other statistical settings, such as nonparametric
regression and deconvolution density estimation, where exponential inequalities are already
known for linear estimators. However, in spite of there being conceptually little difference,
this latter setting involves significant technical hurdles due to the additional structural
constraints involved in modelling densities. In particular, the more complicated prior
models require significant work to establish the required small-ball estimates.

There is also the possibility of extending this approach to non-linear inverse problems
by constructing analogous tests based on frequentist estimators (or otherwise). In par-

ticular, it may be possible to use the more developed frequentist theory for non-linear
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inverse problems to extend this study to the Bayesian framework. This will be the object

of future study.
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Chapter 3

Bernstein—von Mises theorems for
adaptive Bayesian nonparametric

procedures

In this chapter, we investigate Bernstein—von Mises theorems for adaptive nonparametric
procedures in linear inverse problems. We use this general approach to construct optimal
frequentist confidence sets based on the posterior distribution and illustrate this method
via a numerical study. This chapter is structured as follows: Section outlines the
general approach, Section introduces the required mathematical material, Section
contains the Bernstein—von Mises results, Section contains the results on confidence
sets, Section [3.5] provides a numerical study and Sections [3.6] and [3.7] contain proofs.

3.1 Introduction

A key aspect of statistical inference is uncertainty quantification and the Bayesian ap-
proach to this problem is to use the posterior distribution to generate a credible set, that
is a region of prescribed posterior probability (often 95%). This can be considered an
advantage of the Bayesian approach since Bayesian credible sets can be computed by
simulation. The Bayesian generates a number of posterior draws and then keeps a pre-
scribed fraction, discarding the remainder which are considered ”extreme” in some sense.
From a frequentist perspective, key questions are whether such a method has a theoreti-
cal justification and what is an effective rule for determining which draws to discard. A
natural approach is to characterize such draws using a geometric notion, in particular by
considering a minimal ball in some metric.

In finite dimensions, the Euclidean distance has a clear interpretation as the natural
measure of size. However in infinite dimensions such a notion is less clear-cut: the L?

metric is the natural generalization of the Euclidean norm, but lacks a clear visual inter-
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pretation, while L can be easily visualized but is more difficult to treat mathematically.
From the Bayesian perspective of simulating credible sets, the practitioner ultimately seeks
a practical and effective rule for sorting through posterior draws and such geometric in-
terpretations can be viewed as somewhat artificial impositions. The aim of this article
is therefore to study possible geometric choices of credible sets that behave well from a
frequentist asymptotic perspective.

We study the behaviour of the posterior distribution II(- | Y ™) when Y (™ is drawn
from the probability distribution Py, for some non-random true fo € F as the data size
or quality n — oco. From such a viewpoint, the theoretical justification for posterior based
inference using any (Borel) credible set in finite dimensions is provided by the Bernstein—
von Mises (BvM) theorem (see [60), [81]). This deep result establishes mild conditions on
the prior under which the posterior is approximately a normal distribution centered at an
efficient estimator of the true parameter. It thus provides a powerful tool to study the
asymptotic behaviour of Bayesian procedures and justifies the use of Bayesian simulations
for uncertainty quantification.

A BvM in infinite-dimensions fails to hold in even very simple cases. Freedman [33]
showed that in the basic conjugate ¢ sequence space setting with both Gaussian priors
and data, the BvM does not hold for ¢>-balls centered at the posterior mean — see also
the related contributions [27, 47, 61]. The resulting message is that despite their intuitive
interpretation, credible sets based on posterior draws using an ¢s-based selection procedure
do not behave as in classical parametric models. Recently, Castillo and Nickl [21 22] have
established fully infinite-dimensional BvMs by considering weaker topologies than the
classical LP spaces. Their focus lies on considering spaces which admit 1/4/n-consistent
estimators and where Gaussian limits are possible, unlike LP-type loss. In particular, for
the posterior to have a weak limit requires tightness of the limit distribution, taken to be
the lo-Gaussian white noise process, which can only occur in strictly weaker topologies
than LP (see below). Credible regions selected using these different geometries are
shown to behave well, generating asymptotically exact frequentist confidence sets. In this
paper, we explore this approach in practice via both theoretical results for adaptive priors,
as well as numerical simulations.

Before going into more abstract detail, it is useful to consider an example from [22] to
numerically illustrate this approach in practice. Suppose that we observe Y7, ..., Y, i.i.d.

samples from an unknown density fy on [0, 1]. We take a simple histogram prior II,

2Ln —

1
f=2 > hil I =10,271"), Lo, = K27 (k+1)275], k>1,
k=0

where the hy are drawn from a D(1,...,1)-Dirichlet distribution on the unit simplex in

R2". Here we ignore adaptation issues and select L = L, based on the smoothness of the
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true function. Consider the standard Haar wavelets

Y10 = 1[071}’ i = 2!/ <1(k k+1/2] - 1<k+1/2 k+1]) )
ol 7 ol ol 7 ol
where [ € {~1,0,1,...} and k = 0,...,2" — 1. Letting w; = [1/2+¢ for € > 0 small, consider

the multiscale credible ball

Co= {15 s w4F = )| < B2}, (3.1.1)
where f, denotes the posterior mean and R, = R(Y1,...,Yy) is chosen such that II(C,, |
Y1,....Yn) = 0.95. By Proposition 1 of [22], Py, (fo € Cn) — 0.95 as n — oo, whereas
no such result is available for the L*°-credible ball. Due to the conjugacy of the Dirich-
let distribution with multinomial sampling, the posterior distribution can be computed
straightforwardly and R,, can be easily obtained by simulation.

For convenience we take fy to be a Laplace distribution with location parameter 1/2
and scale parameter 5 that is truncated to [0, 1], that is fo(z) e*5|$*1/2|1[071} (x) with
fo € H5([0,1)) for s < 3/2. In Figure we plotted the true density (solid black) and
the posterior mean (red) in the cases n = 1000, 2000, 5000, 10000. We generated 100,000
posterior draws and plotted the 95% closest to the posterior mean in the M (w) sense
(grey) to simulate C,,. We also used the posterior draws to generate a 95% credible band
in L* by estimating @, satisfying II(f : ||f — anoo < @n |Y)=0.95 and then plotting
fn £ Q, (dashed black).

We see that the L°° diameter of C), is strictly greater than that of the L°°-credible
band, with this difference particularly marked at the peak of the density. However, the
diameter of C), is spatially heterogeneous and has greatest width at the peak, whilst
having smaller width around points where the true density is more regular. In all cases,
C,, contains the true fjy, whereas the L* confidence band has more difficulty capturing
the peak.

The main message of this numerical example is that simulating the credible set C,,
which uses a slightly different geometry, yields a set that does not look particularly strange
in practice and in fact resembles an L*° credible band. Both approaches are methodolog-
ically similar, the only difference being the rule for discarding posterior draws. From a
theoretical point of view, the difference between the two sets is far more significant, with
C, yielding exact coverage statements at the expense of unbounded L*° diameter. It is
however possible to improve upon the naive implementation of such sets to also obtain the
optimal L diameter (see Proposition 1 of [22] and related results below). Modifying the
geometry in such a way to obtain an exact coverage statement therefore comes at little
additional cost from a practitioner’s perspective.

Nonparametric priors typically involve the use of tuning or hyper parameters, and it
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Figure 3.1: Credible sets based on the Dirichlet prior with the true density function (solid
black), the posterior mean (red), a 95% credible band in L> (dashed black) and the set Cy,
given in (3.1.1) (grey). We have n = 1000,2000, 5000 and 10000 respectively.

is a key challenge to study procedures that select these parameters automatically in a
data-driven manner. This approach avoids the need to make unreasonably strong prior
assumptions on the qualitative properties of the unknown parameter of interest, since
incorrect calibration of the prior can lead to suboptimal performance (see e.g. [53]). It
therefore makes sense to use an automatic procedure, unless a practitioner is particularly
confident that their prior correctly captures the fine details of the unknown parameter,
such as its level of smoothness or regularity. Adaptive procedures are in fact widely
used in practice, with hyper parameters commonly selected using a hyperprior or an
empirical Bayes method. In the case of Gaussian white noise, a number of Bayesian
procedures have been shown to be rate adaptive over common smoothness classes. Most
such frequentist analyses restrict attention to obtaining contraction rates and do not study
coverage properties of credible sets. The focus of this paper is therefore to investigate
nonparametric BvMs for adaptive priors, with the goal of studying the coverage properties
of credible sets.

In the case of Gaussian white noise, there has been recent work [53, 61] circumvent-
ing the need for a BvM by explicitly studying the coverage properties of certain specific
credible sets. Of particular relevance is a nice recent paper by Szabé et al. [79], where the
authors use an empirical Bayes approach combined with scaling up the radius of ¢>-balls to
obtain adaptive confidence sets under a so-called polished tail condition. Their more hands

on approach relies on explicit prior computations and provides an alternative to the more
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general abstract point of view taken here. One of our principle goals is exact coverage
statements and this seems more difficult to obtain using such an explicit approach. Since
adaptive confidence sets do not exist in full generality, we also require self-similarity con-
ditions on the true parameter to exclude certain ”difficult” functions [40],[42],[16]. Such
conditions ensure that functions look equally smooth at all resolution levels and allow
consistent estimation of the unknown regularity, something that is not possible in general.
In the absence of such a condition a function may ”mislead” an adaptive procedure into
thinking a function is overly smooth, leading to a serious failure in the statistical proce-
dure. For example, in Theorem 3.1 of [79] the authors construct a Bayesian credible set
that has zero coverage asymptotically. We shall consider the procedure of [79] in Section
[3.3.1) and obtain exact coverage statements under the self-similarity condition introduced
there.

Another key motivation in studying BvMs is to establish the plug-in property of Bickel
and Ritov [7]. In high dimensions, the problem of estimating functionals of the unknown
parameter is involved and the nonparametric BvM allows for the simultaneous estimation
of a large class of such functionals at 1/y/n-rate. In this case, the results of Castillo and
Nickl [2I] describe the behaviour of the induced posterior for sufficiently regular (both
linear and non-linear) functionals. In particular, this justifies the use of the induced
posterior as an efficient procedure with correct uncertainty quantification.

We note other work dealing with BvM results in the nonparametric setting. Leahu [61]
has expanded upon the problem of Freedman [33] to study the impact of prior smoothness
on the existence of BvM theorems in the conjugate Gaussian sequence space model. Bickel
and Kleijn [6], Castillo [18] and Castillo and Rousseau [23] provide sufficient conditions
for semiparametric BvMs, while Rivoirard and Rousseau [73] consider linear functionals
of probability densities. For the case of finite-dimensional posteriors with increasing di-
mension, see Ghosal [35] and Bontemps [12] for the case of regression or Boucheron and
Gassiat [14] for discrete probability distributions. Much of the approach taken here can
equally be applied to other statistical settings such as sparsity, but we restrict to the

nonparametric regime for ease of exposition.

3.2 Statistical setting

3.2.1 Function spaces and the white noise model

We use the usual notation LP = LP(]0,1]) for p-times Lebesgue integrable functions and
denote by £, the usual sequence spaces. We consider the canonical white noise model,

which is equivalent to the fixed design Gaussian regression model with known variance.
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For f € L? = L?([0,1]), consider observing the trajectory

1
ay;™ = (Af)(t)dt + —dZ tefo,1 3.2.1
: (Af)(®) + 4% € [0,1], (32.1)
where dZ is a standard white noise and A : L2([0, 1]) + L?([0, 1]) is a known, injective and
continuous linear operator. By considering the action of the orthonormal basis {e)}xea

on (3.2.1)), it is statistically equivalent to consider the Gaussian sequence space model

Y\ =Yy = pafy + \}HZA, A€ A, (3.2.2)
where the (Z))xea are i.i.d. standard normal random variables, the unknown parameter
of interest f = (fa)aeca is assumed to be in ¢5 (i.e. square summable) and {py} are known
constants. We denote by Py, or Py the law of Y arising from under the true function
fo. In the following, A will cover two principal cases: a Fourier-type basis and a wavelet
basis. In the {>-setting, can be interpreted purely in sequence form with A = N
and we do not need to associate to it a time index ¢ € [0, 1] as in . We consider the

moderately ill-posed case where
Clk_p < |pk‘ < Cgk'_p, k= 1,2, ceey

for some C1,Cy > 0 and p > 0. The parameter p determines the level of ill-posedness of
the problem and quantifies the observed signal to noise ratio. In the case where we do
generate the model by considering the action of an L2([0, 1])-basis {ey}, we have
that f(t) = 3 vea Pxfaen(t) in (:2.1). For a more general overview of inverse problems
see Section |1.2{ or Cavalier [26].

In our setting, the ¢2-Sobolev spaces {Hj }scr are insufficient to sharply characterize
the law of the limiting distribution of the posterior (see discussion after Theorems
and . We therefore consider Sobolev spaces at the logarithmic level. For s,6 > 0,
define

00

H* = Hy® = {f €Ly ||fl1205 = k*(ogh) | fil” < oo} :

k=1
From this we recover the usual definition of the Sobolev spaces H®* = Hj = H, 0 and by
duality we define for s > 0, H, ® := (H5)*. Note that these spaces equal the classical peri-
odic Sobolev spaces if we restrict to the square integrable periodic function f € Lfm([O, 1))
and consider f = (f,ex)2, where (ex(-) = e*™* . k € Z) is the classical Fourier basis.
By standard Hilbert space duality arguments, we can consider ¢, as a subspace of H; ®
and can similarly define the logarithmic spaces for s < 0 and § > 0 using the above series

definition, yielding spaces satisfying the continuous embeddings Hj C H§’5 C HS for all
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s < r. In the fs-setting we shall classify smoothness via the Sobolev hyper rectangles

Q(B,R) = {f € ly : sup k25+1f§ < R}
k>1
for B > 0, where 8 = 0 corresponds to the f3-hyper rectangle.
In L*> we consider a multiscale approach so that A = {(j,k) : j > 0,k =0, ..., 2 _ 1}.

In particular, we consider an S-regular (S > 0) wavelet basis of L?([0, 1]):
W :1>Jo—1, k=0,..,2" =1},  JeN.

For notational simplicity, denote the scaling function ¢ by the first wavelet 1z, _1)0. We
consider either periodized wavelets or boundary corrected wavelets (see e.g. [65] for more
details). Moreover, in certain applications we require in addition that the wavelets satisfy

a localization property

(@)= sup > |p(z—k)| <oo,  c(y))= sup Y |p(x—k)| < oo (3.2.3)
z€(0,1] z€(0,1]

This property is satisfied by a number of wavelets, for example Meyer wavelets. The
sequence model therefore corresponds to estimating the wavelet coefficients fj, =
(f, ), for all (I,k) € A, since any function f € L? generates such a wavelet sequence.
Conversely, any such sequence (fj;) generates the wavelet series of a function (or distri-
bution if the sequence is not in ¢3) Z(l’k) Skt In the multiscale setting, we shall not
consider the ill-posed case, that is we assume that py = p, = 1 for all A = (I, k) € A.
This is mainly due to technical considerations since our method of proof only extends in a
straightforward manner to operators that are diagonalized by a wavelet basis. Since this
is not the case for the majority of inverse problems of interest, we omit this generalization.
In the L°([0, 1])-setting we consider multiscale spaces: for a monotone increasing

sequence w = (w;);>1 with w; > 1, define

1
M=Mw)=<z="(z1) : ||z := sup — max |z;| < oo
(w) { (@)« [2]| pg ) P, e |1k | }

(for further references to multiscale statistics see [22]). A separable closed subspace is

obtained by considering the restriction

l—o00 Wy

1
Moy = Moy(w) = {33 € M(w) : lim —m]?x|a3lk| — 0}7

that is those (weighted) sequences in M(w) that converge to 0. Note that M contains the

space (2, since |[z]|,, < [[x]|,, as w; > 1. In this setting, we consider norm-balls in the

73



Adaptive nonparametric BvMs

Besov spaces Bgo,oo([Q 1]),
H(B.R) = {f = (f)amyen : || < R27'ETY2 (1 k) € A}

We recall that Bfo,oo([o, 1]) = C?([0, 1]), the classical Holder (-Zygmund in the case 3 € N)
spaces. For more details on these embeddings and identifications see [65]. Whether an #5-

white noise defines a tight random element of My(w) depends on the weighting sequence

(wy).
Definition 4. We call a sequence {w;};>1 admissible if w;/V1 7 00 as | — oo.

Let Z ={Zy = (Z,e)) : A € A}, where Z, ~ N(0,1) i.i.d., denote the Gaussian white
noise in ([3.2.2). We have from [21) 22] that for § > 1/2 and w; = V1 ,

E|Z||_y/p25 < oo, E|Z]| ) < o°- (3.2.4)

Moreover, for § > 1/2 and (w;) an admissible sequence, Z defines a tight Gaussian Borel
probability measure on H, /29 and My (w) respectively.

To establish weak convergence of the posterior distribution, we require tightness of the
limit distribution by Prokhorov’s theorem. Since the law of Z is tight in these spaces, we
can consider (3.2.1]) as a Gaussian shift model. Denoting by Z the centered Gaussian Borel

random variable in either H, /20 o Mo (w) with covariance equal to the ({o-)identity,

(3.2.1) can be rewritten as
1

vy — -7 3.2.5
f+ N (3.2.5)

where the above inequality is in the H, V29 op Mo (w)-sense. By (3.2.4) and since
V(Y™ — £y =7 in Hy " or Mo(w),

it immediately follows that Y™ is an efficient estimator for f in either norm.

Among the two classes {HQS’(S}SGR,(;EO and {Mo(w)}, of spaces considered, one can
show that s = —1/2, 6 > 1/2 and admissibility of w determine the minimal spaces
where the law of the fa-white noise Z is tight (see [21} 22] for further discussion). We
therefore focus attention on these spaces since they provide the threshold for which a weak
convergence approach can work. For convenience, we denote H = H(8) = H, " ~U/28 e

further denote the law of Z in H or My(w) by N as appropriate.

3.2.2 Weak Bernstein—von Mises phenomena

To use the notion of weak convergence in defining a nonparametric BvM we need to metrize

the weak convergence of probability distributions. For u and v probability measures on a
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metric space (S, d), we define the bounded Lipschitz metric by

Bs(u,v) = sup

willul[ g <1

/Su(s)(d,u(s) —dv(s))|, (3.2.6)

il =gt + e PG
Thus for random variables taking values in (S, d), X, =% X if and only if Bs(£(X,), £L(X)) —
0, where £(X) denotes the law of X. In particular, we shall consider the choices S =
H($) = H;p_l/w or S = HP% for s > 1/2 in ¢ and S = My(w) for {w;};>; an
admissible sequence in L.

Due to the continuous embeddings ¢o C H and ¢35 C My(w), any Borel probability
measure on /o yields a tight Borel probability measure on H and My(w). Consider a prior
IT on ¢ and let II, = II(- | Y(™) denote the posterior distribution based on data (3.2.2).
For z € S (where here we require in addition that S is a vector space), consider the map
T, : S — S given by

T f = Vn(f - 2).

Let II, o TQ&) denote the image measure of the posterior distribution (considered as a
measure on H or Mo(w)) under the map 7y). Thus for any Borel set B arising from
these topologies,

I, 0 7oy (B) = I(v/n(f —Y™) € B|Y),

so that we can more intuitively write Hnoﬁ?(i) = L(/n(f=Y™) | Y®) where L(f | Y™)
denotes the law of f under the posterior. Recalling that we denote by N the law of the
white noise Z in (3.2.2)) as an element of S, we define the notion of nonparametric BvM.

Definition 5. Consider data generated from (3.2.2)) under a fized function fo and denote
by Py, the distribution of Y. We say that a prior II satisfies a weak Bernstein-von
Mises phenomenon in S if, as n — oo,

Bs(TLy 0 70, N) = Bs(L(Vn(f = Y™) [ V), N) =F 0,

Y

Here S is taken to be one of H(d) for 6 > 1/2, H7P~* for s > 1/2 or Mo(w) for (w;)i>1

an admissible sequence.

The left-hand side consists of the rescaled posterior distribution centered at Y, an
efficient estimator of fy in S. The weak BvM says that the (scaled and centered) posterior
distribution asymptotically looks like an infinite-dimensional Gaussian distribution in some
'weak’ sense, quantified by the bounded Lipschitz metric . The lack of a BvM in
total variation prevents the user from deducing that II, o 7y Land NV are asymptotically

close, uniformly over all ¢5-Borel sets (see e.g. Theorem 2 of [61]). On the other hand,
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weak convergence in S implies that these two probability measures are approximately
equal on certain classes of sets, whose boundaries behave smoothly with respect to the
measure N (for more discussion see Sections 1.1 and 4.1 of [21]). This allows a uniform
control over certain geometric classes of subsets and allows the user to perform useful
inference in certain cases discussed below. We also note that by Proposition 4 of [22], a
BvM in My(w) implies one in H(d), where the parameter § depends on the growth of
the sequence (w;). Neither notion is strictly more general since the limiting case w; = Vi
yields the condition 6 > 1 by that Proposition, rather than the threshold § > 1/2.

It is interesting to note that following this approach requires the geometry of the
credible sets to depend explicitly on the level of ill-posedness p of the problem (since we
consider an H, " -1/ 2’(s—badl). In the moderately ill-posed setting, only linear functionals
whose representors are in HY +1/2 are estimable at a 1 /v/n-rate (see e.g. [63]). In view of
this, we see that these spaces are sharp within the classes { H5}secr since a weak BvM in
a stronger topology would entail the uniform estimation of less regular functionals at a
1/y/n-rate.

The study of adaptive BvM results naturally leads to the topic of adaptive frequentist
confidence sets. It is known that confidence sets with radius of optimal order over a
class of submodels nested by regularity that also possess honest (i.e. uniform in the
parameter fy) coverage do not exist in full generality (see [42], [68] for recent references).
We therefore require additional assumptions on the parameters to be estimated and so
consider self-similar functions, whose regularity is similar at both small and large scales.
Such conditions have been considered in Giné and Nickl [40], Hoffmann and Nickl [42] and
Bull [I6] and ensure that we remove those functions whose norms (measuring smoothness)
are difficult to estimate and which statistically look smoother than they actually are. The
smoothness of such parameters can be accurately estimated and this information can in
turn be used to construct adaptive confidence sets, which we do in a Bayesian way. We

firstly consider the fs-type self-similarly assumption found in Szabé et al. [79].

Definition 6. Fiz integer Ng > 2 and parameters 7 > 0, p > 1. We say that a function
f € Q(B, R) is self-similar if

[pN]
> fizenRNTH for all N > Ny,
k=N

for some sequence {en} € (0,1) with ey > (log N)™7. We denote the class of self-similar
elements of Q(5, R) by Qss(f, R, ¢).

The parameters €; are permitted to depend on the resolution level j merely to weaken
the condition slightly, since logarithmic (or smaller) deviations from the polynomial lower
bound have little effect. This condition can be shown to be necessary for the likelihood

based procedures considered here, though it is possible to do better using a strictly fre-
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quentist approach [68] - see also [67] for further discussion. In L> we consider Condition
3 of Giné and Nickl [40], which can only be slightly relaxed [16].

Definition 7. Fix positive integer jo. We say that a function f € H(B, R) is self-similar

if there exists a constant € > 0 such that
1K5(f) = flloo = €277 for all  j > jo.

We denote the class of self-similar elements of H(8, R) by Hss(B, R, ¢).

In particular, since f € H(B, R), we have that ||K;(f) — f||., =< 2797 for all j > jj.
What we really require is that there is at least one significant coefficient at the level
(n/logn)'/ (A1) that the posterior distribution can detect. However, this level depends
also on unknown constants in practice (see proof of Proposition and so we require
a statement for all (sufficiently large) resolution levels as in Definition [7] See Giné and
Nickl [40] and also Bull [I6] for further discussion about this condition. These conditions
conveniently allow concise and efficient proofs of BvM phenomena, but can possibly be

relaxed.

3.3 Bernstein—von Mises Results

3.3.1 Empirical and hierarchical Bayes in /,

We continue the frequentist analysis of the adaptive priors studied in [52] [79, 80] in ¢5.

For a > 0 define the product prior on the £s-coordinates by the product measure

I, = Q) N0, k727, (3.3.1)
k=1

)
so that the coordinates are independent. A draw from this distribution will almost surely
(under the prior) be in all Sobolev spaces HS" for o’ < o. We use the notational convention
of [79] in that the first coordinate of fj is assumed to be 0, since for k = 1, the prior does
not depend on the smoothness parameter a. Otherwise, this results in some (minor)
technical nuisance in establishing a parametric BvM for the projections of the hierarchical
prior. As mentioned in [79], this can be circumvented by trivially changing the prior
variances to (k +1)72¢~!in , but setting fo,1 = 0 is notationally simpler.

If fo € H? and o = 3, it has been shown [53] that the posterior contracts at the
minimax rate of convergence, while if a # 3, then strictly suboptimal rates are achieved.
Since the true smoothness 3 is generally unknown, two data-driven procedures have been

considered in [52]. The empirical Bayes procedure consists of selecting the smoothness
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parameter by using a likelihood-based approach. Namely, we consider the estimate

Gn = argmax /p(a), (3.3.2)
a€0,logn/vy)

where v, — 0o is any sequence such that v, = O(logn) as n — co and

14 (a)——li log {1+ " - n’ Y2
mMES T Ty 8 k2a+1p]:2 k2a+1:01;2 4k

k=1

is the marginal log-likelihood for « in the joint model (f,Y) in the Bayesian setting
(relative to the infinite product measure ®° ;N (0,1)). The case v, < logn corresponds
to prior knowledge of an upper bound on the smoothness, whereas taking v, = o(logn)
allows the method to eventually cover the entire range of Sobolev scales. The introduction
of v, is needed to establish a parametric BvM for the finite dimensional projections of the
empirical Bayes procedure (see Theorem . The posterior distribution is then defined
via the plug-in procedure
s, (- 1Y) = Hal- [ Y) |o=a, -
If there exist multiple maxima to , then any of them can be selected.
A fully Bayesian approach is to put a hyperprior on the parameter «. This yields the

hierarchical prior distribution
o
1= / AMa)Ida,
0

where A is a positive Lebesgue density on (0, c0) satisfying the following assumption (As-
sumption 2.4 of [52]).

Condition 4. Assume that for every c; > 0 there exists co > 0,c3 € R, with c3 > 1 if
co =0 and ¢4 > 0 such that

et exp (—caar) < Ma) < csa”% exp (—caar)

fora > cq.

The exponential, gamma and inverse gamma distributions satisfy Condition [ for ex-
ample. Knapik et al. [52] showed that both of these procedures contract to the true
parameter adaptively at the (almost) minimax rate, uniformly over Sobolev balls of fixed
radius, and the result follows similarly for Sobolev hyper rectangles. In general, it is
impossible to estimate the smoothness § of fy from the data Y. However, if the true
parameter is self-similar in the sense of Definition [6] 3 can be estimated by either &, or
the posterior median of A(- | Y) at rate Op,(1/logn) (see Lemmas and below).
Both procedures satisfy a weak BvM in the sense of Definition
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Theorem 3.3.1. Consider the empirical Bayes procedure described above. For every
B,R>0 and s > 1/2, we have

sup  Bpr-s(la, 0751, N) =700
foeQ(8,R)

as n — oo. Moreover, for § > 2 we have the (slightly) stronger convergence

sup B (s, oy L N) =700
fo€Qss(B,R,e)

as n — oQ.

Theorem 3.3.2. Consider the hierarchical Bayes procedure described above, where the
prior density A satisfies Condition . For every B, R > 0 and s > 1/2, we have

sup  By-ps(yorg L N) =F0 0
fo€Q(B,R)

as n — oo. Moreover, for § > 2 we have the (slightly) stronger convergence

sup Bri(sy(Iy, o v L N) =Fe 0
fOEQSS(ﬂzRvs)

as n — 00.

The requirement of self-similarity for a weak BvM in H () could conceivably be relaxed,
but such an assumption is natural since it is anyway needed for the construction of adaptive
confidence sets in Section Weakening the Sobolev exponent —1/2 by an arbitrary
amount renders this assumption unnecessary, but results in a polynomial suboptimality
in the diameter of confidence sets derived using this method. It is not clear whether this
is a fundamental limit or a technical artefact of the proof.

Whilst minimax optimality is clearly desirable from a theoretical frequentist perspec-
tive, it may be too stringent a goal in our context. Using a purely Bayesian point of view,
we derive an analogous result to Doob’s almost sure consistency result (Theorem .
Specifically, a weak BvM holds in H(9) for 6 > 2 for prior draws, almost surely under
both the empirical Bayes and hierarchical priors. For this, it is sufficient to show that

prior draws are self-similar almost surely.

Proposition 3.3.3. Let f ~ Il,, where I, is the conditional prior distribution given in
(3.3.1). Then, Ily-almost surely, f is self-similar in the sense of Definition @ and hence
satisfies a weak BuM in H(6) for § > 2. Consequently, if f ~ Il is drawn from the full
hierarchical prior distribution, then f satisfies a weak BuM in H(0) for § > 2, II-almost

surely.

In particular, f satisfies Definition [6] with smoothness o and parameters 7 =0, p > 1

and ey = ¢(a, p, R) > 0 sufficiently small and random N sufficiently large, II,-almost
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surely. As a simple corollary to Theorems and we have that the rescaled pos-
teriors merge weakly (with respect to weak convergence on H(9)) in the sense of Diaconis
and Freedman [30]. By Proposition 2.1 of [70], we immediately have that the unscaled
posteriors merge weakly with respect to the fo-topology since they are both consistent.
However, in the case of bounded Lipschitz functions (rather than the full case of continuous

and bounded functions), we can improve this result to obtain a rate of convergence.

Corollary 3.3.4. For every 3,R >0, s > 1/2 and § > 2, we have

sup  Bg-»-s(I, 0 T§1, I, o T{l) —Fo
fo€Q(B,R)

sup Br(s) (Il 0 T§1, I, o T§1) —Fo
fOeQSS(ﬁvRvs)

as n — oo. In particular, for S = H P~ or H(J) as above,

on ()

This yields a rate of convergence when dealing with functionals that are sufficiently

sup
wlull g <L

/Sud(Hn —1Is,)

smooth, i.e. those which are continuous with respect to the S-topology. Since convergence
rates are a property of the metric rather than the underlying topology and weak conver-
gence is generally a purely topological phenomenon, these rates can not be extended to the
full space of continuous and bounded functionals. In particular, since testing a measure
against the unit ball of continuous and bounded functions yields the total variation norm,
if we could uniformly extend to such functionals then we would obtain strong merging of

the measures in the sense of total variation.

3.3.2 Slab and spike prior in L*®

Consider the slab and spike prior, whose frequentist contraction rate has been analyzed
in Castillo and van der Vaart [25], Hoffmann et al. [43] and Castillo et al. [24]. The
assumptions in [43] ensure that prior draws are very sparse and only very few coefficients
are fitted. We therefore modify the prior slightly so that the prior automatically fits
the first few coefficients of the signal without any thresholding. This ensures that the
posterior will have a rough approximation of the signal before fitting wavelet coefficients
more sparsely at higher resolution levels. This makes sense from a practical point of view
by preventing overly sparse models and is in fact necessary from a theoretical perspective
(see Proposition [3.3.7).

Let J, = |[logn/log2] be such that n/2 < 27/ < n and define some strictly increasing
sequence jo = jo(n) — oo such that jo(n) < J,. For the low resolutions j < jo we fit a

simple product prior where we draw the fj;’s independent from a bounded density g such

80



3.83. Bernstein—von Mises Results

that
g(x) >0, Vx € R.

For the middle resolution levels jo < j < J,, the fii’s are drawn independently from the

mixture
IL;(dz) = (1 — wjn)do(dz) + wjng(z)dz, n K < wjp < 2_j(1+T),

for some K > 0 and 7 > 1/2. All coefficients at levels j > J, are set to 0. Since this is
a product prior, it is possible to sample from the posterior distribution using an MCMC
scheme on each component separately. We have a weak BvM in the multiscale space
Mo(w), where the rate at which the admissible sequence (w;) diverges depends on the

how many coefficients we automatically fit in the prior via the sequence jo(n).

Theorem 3.3.5. Consider the slab and spike prior defined above with lower threshold
given by the strictly increasing sequence jo(n) — o0o. The posterior distribution satisfies a
weak BuM in Mo(w) in the sense of Definition [5, that is

SUp  Bug(w)(n o 751, N) =500
fOEH(BvR)

as n — oo, for any admissible sequence (w;) satisfying wj,m)/vlogn / oo.

Note that in the limiting case w; = /1, we recover jo(n) ~ logn, so that the prior
automatically fits the same fixed fraction of the full coefficients for all n. Since we consider
only admissible sequences, we have that compared to the full scale 2/» ~ n of coefficients,
the fraction of coefficients that the prior fits automatically is asymptotically vanishing. An
alternative way to consider this result is in reverse: based on a desired rate in applications,
we prescribe an admissible sequence w; = v/lu;, where v; is some divergent sequence, and
then pick jo(n) appropriately. Since the rate jo(n) is obtained via an implicit relation, we

include a specific case here for clarity.

Corollary 3.3.6. Consider the slab and spike prior defined above with lower threshold

1

jo = jo(n) = (logn)2+T,

for some € > 0. Then it satisfies a weak BuM in Mo(w) in the sense of Deﬁm’tion@ that
18,

sup BMo(w) (Hn ° T§17N) _>IPO 0
fo€H(B,R)

as n — oo for the admissible sequence w; = M2 ey, where w; is any (arbitrarily slowly)

diverging sequence.

Note that for e > 0, 200(n) = gc(logn)!/ (D) grows more slowly than any power of n.
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While the requirement to fit the first few coeflicients of the prior is very mild and of
practical use in nonparametrics, it is naturally of interest to study the behaviour of the
posterior distribution with full thresholding, that is when jy(n) = 0, which we denote by
IT'. In general however, the full posterior contracts to the truth at a rate strictly slower
than 1/y/n in M(w), so that a \/n-rescaling of the posterior can not converge weakly to
a limit. This holds even for self-similar functions, which can be see from the proof of the

following proposition.

Proposition 3.3.7. Let (w;) be any admissible sequence. Then for any B > 0 and R > 0,
there exists fo € H(B, R) such that along some subsequence (1),

Eoll'(|[f = Y| gy = Muyutton ™2 | Y)Y 1

for all M,, — oo sufficiently slowly. Consequently, for such an fo, a weak BoM in My(w)
in the sense of Definition [5 can not hold.

On the level of a y/n-rescaling as in Definition [5, the rescaled posterior distribution
asymptotically puts vanishingly small probability mass on any given M (w)-ball infinitely
often and there is therefore no hope that it can look like the required mixture of Gaussian
distribution and Dirac mass at zero. This occurs because the posterior selects non-zero
coordinates by thresholding at the level \/W rather than the required 1/y/n (Lemma
1 of [43]). The weighting sequence (w;) acts to regularize the extra \/logn factor at high
frequencies, but it remains present at low frequencies. This is the reason that the weighting
sequence (w;) depends explicitly on the tresholding factor y/logn in Theorem m

It seems that using such an adaptive scheme on low frequencies of the signal causes
the weak BvM to fail. This prior closely resembles the frequentist practice of wavelet
thresholding, where such a phenomenon has also been observed. For example, Giné and
Nickl [39] require similar (though stronger) assumptions on the number of coefficients
that need to be fitted automatically to obtain a central limit theorem for the distribution
function of the hard thesholding wavelet estimator in density estimation (Theorem 8 of
[39)).

3.4 Applications

3.4.1 Adaptive credible sets

We propose credible sets from the hierarchical or empirical Bayes procedures, which we
show are adaptive frequentist confidence sets for self-similar parameters. We consider the
natural Bayesian approach of using the quantiles of the posterior distribution to obtain
a credible set of prescribed posterior probability. By considering sets whose geometry is
amenable to the space H(¢), the weak BvM implies that such credible sets are asymptot-

ically confidence sets.
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For a given significance level 0 < v < 1, consider the credible set

Co={f:IIf =Y|lu < Ru/v/n}, (3.4.1)

where R,, = R, (Y, ) is chosen such that Il;, (C,|Y) =1 —~ or II(C,|Y) = 1 — ~. Since
the empirical and hierarchical Bayes procedures both satisfy a weak BvM, we have from
Theorem 1 of [2I] that in both cases

Pp(fo€eCn) =1 -7 and R, = 0,(1)

as n — 00, so that C), is asymptotically an exact frequentist confidence set (of unbounded
lo-diameter). We control the diameter of the set using either the estimator &, or the
posterior median as a smoothness estimate, and then use the standard frequentist approach

of undersmoothing. In the first case, consider

én = {f : HfHHdn*En S an Hf - Y”H S Rn/\/ﬁ}7 (342)

where M,, — oo grows more slowly than any polynomial in n, R, is chosen as in C), and
0 < €, < Gy, (chosen possibly data dependently) is such that €, — 0 and ¢, = O(1/logn).
Geometrically, C), is the intersection of two fe-ellipsoids, C,, and an H% ¢ -norm ball.
For a typical element f in C),, the size of the low frequency coordinates of f are determined
by C.,, while the smoothness condition in C,, acts to regularize the elements of C,, (which

are typically not in ¢3) by shrinking the higher frequencies.

Proposition 3.4.1. For any fo € Qss(B, R,e), where R > 1 and [ € (0, Bpaz, the
confidence set Cy, given in (3.4.2) satisfies

P (fo€Cn) = 1—7 and I(Cp|Y) =1 =+ op, (1)

asn — oo. If My, — oo grows more slowly than any power of logn (e.g. M, < loglogn),
then the lo-diameter of Cp, satisfies

~ B 258 5 2p;»1 i
|Crl2 = Op, | n~ 25+20%1 (log n) 2542051 M, 7720+ )

If M,, =< (logn)¢ for some ¢ > 0, then the lo-diameter of C,, increases to

- _ B 268+¢(2p+1)
|Cpla = Op, | n~ 2+2r+1 (log n)  26+2p+1

The above result is uniform over Qgs(3, R, €) as can be seen from the proof. The extra

power of M, in the diameter is similar to the penalties that commonly arise in frequentist

procedures due to undersmoothing (see for example [40]) and in particular, M, can be
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taken to increase arbitrarily slowly. On the other hand, the logarithmic correction in the
definition of H(J) that is required for a weak BvM imposes a strict suboptimality on the
diameter of C,,. Since the function z +— z/(z + ¢) is strictly increasing for any ¢ > 0, this
suboptimality is of order (logn)?, uniformly over B > 0. This is the price required for
using a plug-in approach in H(§). The extra undersmoothing due to €, is necessary to
obtain the posterior credibility statement, but €, can be set to 0 if the frequentist coverage
statement of Proposition is sufficient.

Replacing the estimate &, with the median o} of the marginal posterior distribution
An(+]Y) yields a fully Bayesian analogue. To obtain the necessary undersmoothing over a
target range (0, Bimaz), we consider the shifted estimator Bn = day — (C + 1)/ logn, where
C = C(R, Bmaz€, p) = MaX0<B<Bma. C(R,B,€,p) is the constant appearing in Lemma

(which can be explicitly computed). Consider

Cr={f:I1fllys. < Mn, |If =Y|la < Ru/vn}, (3.4.3)

where M,, — oo grows more slowly than any polynomial in n and R, is chosen as in
C,. Taking C, arising from the hierarchical Bayesian procedure, C’;L is therefore a fully

Bayesian object. Using the same approach as above, we have an analogue of Proposition

B.41

Proposition 3.4.2. For any fo € Qgss(B,R,e), where R > 1 and 5 € (0, Bmaz], the
confidence set C', given in (3.4.3) satisfies

Pr,(fo € Cp) —1—17, and  TI(C)|Y) =1—7+ op,(1)

as n — oo. If M, — oo grows more slowly than any power of logn (e.g. M, =< loglogn),
then the lo-diameter of CN’;L satisfies

- _ 8 258 _2p+1
|C! o = Op, [ n~ 28+20%1 (log n) 28+20+1 M7 TP )

If M,, =< (logn)¢ for some ¢ > 0, then the {a-diameter of C’;L increases to

~, _ B 2684+¢(2p+1)
|Cyl2 = Op, | n~ 28+2r+1 (log n) ~ 2+2p+1

3.4.2 Adaptive confidence bands

We provide a fully Bayesian construction of adaptive confidence bands using the slab and
spike prior. The posterior median f = ( fn,lk)(l,k)GA (defined coordinate-wise) takes the
form of a thresholding estimator (c.f. [1]), which we use to identify significant coefficients.
This has the advantage of both simplicity and interpretability and also provides a natural

Bayesian approach for this coefficient selection. Such an approach was used by Kueh [56]
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to construct an asymptotically honest adaptive frequentist confidence set on the sphere
using needlets. In that article, the coefficients are selected based on the empirical wavelet
coefficients with the thresholds selected conservatively using Bernstein’s inequality. In
contrast, we use a Bayesian approach to automatically select the thresholding quantile
constants that then yields exact coverage statements.

Let Buy(w)(9, B) = {f : [|f = 9ll p(u) < R} denote the ball of radius R and centre g in
the space M(w). We firstly select the radius R, = R,(Y,~) such that II(B ) (Y, Rn/v/1)|Y) =
1—7, that is the M(w)-ball centered at Y with posterior credibility 1 —~. We then define

the data driven width of our confidence band

2l—1

Oy = 0nH(Y) = sup Z Z {flk;,go}WZk z)|, (3.4.4)

{L‘E[O 1= 0

where (vy,) is any sequence such that v, — co. If ones wishes to scale different frequencies
by varying amounts, one can replace (v,) by (vn1)n>0 (possibly random), where vy, ;, —
oo for any subsequence [,, — oo. For example, a posterior choice based on the multiscale
approach might be v, ; = R, (Y, y)wy, since R, = Op,(1) [22]. Under a local self-similarity
type condition as in Kueh [56], one could possibly remove the supremum in (3.4.4)) to
obtain a spatially adaptive procedure. However, we restrict attention to more global self-
similarity conditions here for simplicity Since we consider wavelets satisfying (3 , we

immediately have

JIn
On~y < —n sup Z Z |t (z)| < C (¢ )%221/2 < (v, <00 a.s.,
=0

:J:E[Ol]l 0 k=0

for all n and v € (0,1). Letting m,qs denote the projection onto the non-zero coordinates

of the posterior median, we consider the set

Dn=A{f : lf = Yllm@) < Bu/Vn,  If = Tmea(Y)lloo < ony(Y)}- (3.4.5)

This involves a two-stage procedure: we firstly calculate the required M(w)-radius R,

and then use the posterior median to select the coefficients deemed significant.

Proposition 3.4.3. Let fy € Hgs(B, R,e), where R > 1 and € [Bmin, Bmaz) for 0 <
Bmin < Bmaz < 00. Consider the slab and spike prior defined above with threshold jo(n) —
oo and let (w;) be any admissible sequence that satisfies w;,yn)/v/logn / oo. Then the

confidence set Dy, given in (3.4.F), using the choice (w;) and on~(Y) defined in

for v, — oo, satisfies
Psy(fo € Dy) = 1=
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as n — oo. Moreover, the L*°-diameter of D,, satisfies

B8
logn\ 28+1
|Dn|m:0po<< i > vn>.

Under self-similarity, D,, has radius equal to the minimax rate in L* up to some

factor v, that can be taken to diverge arbitrarily slowly, again mirroring a frequentist
undersmoothing penalty. The choice of the posterior median is for simplicity and can
be replaced by any other suitable thresholding procedure, for example directly using the
posterior mixing probabilities between the atom at zero and the continuous density com-
ponent:

Gny(Y) = sup ZZ =1{(fis =01 Y) < 1/2} [Yuw(2)] -

JJE[O U= %

An alternative to a fully Bayesian procedure would be to consider an empirical Bayes
approach such as in Section For example, one could use a Lepski type bandwidth
choice (e.g. [40]) to estimate the truncation level J,(3), and hence the true smoothness
B (again under Definition , thereby allowing an optimal truncation similar to that in
(13.4.4]).

3.5 Simulation examples

We now apply our approach in a numerical example. Since the key idea is to briefly
illustrate this geometric approach rather than perform an extensive simulation study, we
restrict to the conditionally conjugate case for simplicity. Following on from the example
of the M(w)-based credible set (3.1.1)), we now consider the space H, 1/2:0.

Consider the Fourier sine basis
er(z) = V2sin(krz), k=1,2,..,

and define the true function fo, = (fo,ex)2 = k=3/2sin(k) so that the true smoothness is
B = 1. We consider realisations of the data at levels n = 500, 1000 and 2000 and use
the empirical Bayes posterior distribution. We plotted the true fy (black), the posterior
mean (red) and an approximation to the credible sets (grey). To simulate {2 credible
balls, we sampled 2000 curves from the posterior distribution and kept the 95% closest
in the ¢y sense to the posterior mean and plotted them (grey). While the true fs-ball is
unbounded in L this gives some visual idea of the posterior spread. We performed the
same approach to obtain the full H(d)-credible set C,, given in and then plotted the
full adaptive confidence set C, given in with M,, =log logn and €, = 1/logn. We
also present the approximate credibility of Cn by considering the fraction of the simulated
< M,.

curves from the posterior that satisfy the extra constraint of C,, that ||f]| Hon e,
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Figure 3.2: Empirical Bayes credible sets for the Fourier sine basis with the true curve
(black) and the empirical Bayes posterior mean (red). The left panels contain the o
credible ball and the right panels contain the set Cn given in . From top to bottom,
n = 500, 1000, 2000, with the right-hand side having credibility 73%, 95%, 95% respectively.

This is given in Figure (3.2

For a given set of 2000 posterior draws, we also computed the credibility of C, at a
chosen significance level and the credibility of the posterior draws jointly discarded by
both methods. We repeated this 10 times and the average values are presented in Figure
B3

The posterior distribution appears to have some difficulty visually capturing the result-
ing function at its peak. In fact the credible sets do ”cover the true function”, but do so in
an fo rather than an L°°-sense. Indeed, any fo-type confidence ball will be unresponsive
to highly localized pointwise features since they occur on a set of small Lebesgue measure
(as in this case). Similar reasoning also explains the poor performance of the posterior
mean at this point. The posterior mean estimates the Fourier coefficients of fy and hence

estimates the true function via its Fourier series. The discrepancy at this point is thus

87



Adaptive nonparametric BvMs

n=1000 n=2000
Chosen significance 95 90 85 80 95 90 85 80
Cred. of C, 92.92 | 87.15 | 81.45 | 76.40 | 93.63 | 89.29 | 84.49 | 78.49
Cred. of joint rejections | 0.28 | 1.26 | 2.90 | 4.73 | 0.30 | 1.06 | 2.31 | 4.23

Figure 3.3: Table showing the average credibility of Cy, and the average credibility of the
posterior draws that are jointly discarded by both methods (all as percentages).

due to the poor pointwise convergence properties of Fourier series.

In Figure we see very little difference visually between the ¢ and H(J)-credible
balls. However, the number of posterior draws that are jointly discarded by both methods
is low (the last line in Figure and so the two approaches do actually use different
rejection criteria in practice. For example, for n = 2000 and significance level 95%, only 6
(= 0.30 x 2000/100) of the 2000 curves were jointly rejected by both methods on average,
indicating almost completely different selection outcomes. The visual similarity in Figure
is therefore a result of the posterior draws themselves looking similar, rather than the
methods performing identically.

We note that the credibility of C), is strictly less than the f5 credible ball due to the
additional smoothness constraint in C,, but that this difference is small by n = 2000.
The posterior distribution already strongly regularizes the high frequencies so that the
posterior draws are very regular with high probability. This can be quantitatively seen by
the rapidly decaying variance term of the posterior distribution . This is indeed
the case in the simulation, where the credibility gap is small, thereby demonstrating that
most of the posterior draws already satisfy the smoothness constraint in C,,.

Finally, we repeat the same simulation using the same true function fq ; = k=3/2 sin(k),
but with basis equal to the singular value decomposition (SVD) of the Volterra operator
(c.f. [53]):

er(x) = V2cos((k — 1/2)7z), kE=1,2,..

and plot this in Figure [3.4] for n = 1000. Unlike Figure the resulting function has no

”spike” and so both credible sets have no trouble capturing the true function.

3.6 Proofs

3.6.1 Proofs of weak BvM results in ¢, (Theorems and 3.3.2))

To prove a weak BvM we need to show that the posterior contracts at rate 1/4/n to the
truth in the relevant space and that the finite-dimensional projections of the rescaled pos-
terior converge weakly to those of the normal law A/, which are simply standard Gaussian
random variables. The latter condition is implied by a classical parametric BvM in total

variation.
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Figure 3.4: Empirical Bayes credible sets for the Volterra SVD basis with the true curve
(black) and the empirical Bayes posterior mean (red). The left panels contain the o
credible ball and the right panels contain the set Cn given i . From top to bottom,
n = 500, 1000, 2000, with the right-hand side having credibility 86%, 94 %, 95% respectively.
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Theorem 3.6.1. For every B, R > 0 and M, — oo, we have

sup  Eolla, (f : ||f — follg = MaLnyn2|Y) — 0,
fo€Q(B,R)

where S = H(8) or HP=% for s > 1/2. If S = H(6) then L, = (logn)*?(oglogn)'/?; if
in addition fo € Q(B, R,¢), then the rate improves to L, = 1 for 6 > 2. If S = H P~5 for
s> 1/2, then L, = 1.

Proof. This contraction result is proved in the same manner as Theorem 2.3 in [52], with
suitable modifications for the different norms used. The proof is presented in Section

for completeness. O

A classical parametric BvM for the projections of the empirical Bayes posterior, whose
proof we delay to Section [3.6.3] can be obtained by modifying the classical arguments of
Le Cam [60].

Theorem 3.6.2. The finite dimensional projections of the empirical Bayes procedure sat-

18fy a parametric BuM, that is for every finite dimensional subspace V' C {3,

sup |, (-]Y) o Tyt — Ny (0, 1)| |7y =" 0,
fo€Q(B,R)

where wy denotes the projection onto V and T, : f — /nwy(f — 2).

Proof of Theorem[3.3.1] Fix n > 0, let S denote HP~% or H(§) as appropriate and set

-1

s, =14, o7y . By the triangle inequality, uniformly over the relevant class of functions,

Bs(Ma,, N) < Bs(Ma,, a, o m; ") + Bs(Ma, om; L N om 1) + Bs(N om; 1, N),
for some j > 0. Using the contraction result of Theorem [3.6.1] and following the argument
of Theorem 8 of [21I], we deduce that the first term is smaller that n/3 for sufficiently
large j (in the case of H(§) the result holds for all § > 2 - we recall from the proof of
that theorem that if the required contraction is established in H(¢’), then the required
tightness argument holds in H(d) for any § > ¢’). A similar result holds for the third
term. For the middle term, note that the total variation distrance dominates the bounded

Lipschitz metric. For fixed j, we therefore have that for n large enough,
Bs(Ma, om; N om; ) < [[Ha, (1Y) o Ty = Ny (0, )l [rv < n/3,

using Theorem with V' = span{ey : 1 <k < j}. This completes the proof. O

A similar situation holds true for the fully Bayesian approach.
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Theorem 3.6.3. Suppose that the prior density X satisfies Condition[f} Then for every
B, R >0 and M, — oo, we have

sup EoIl (f :[1f = folls = MaLun™?Y) = 0,
fOEQ(ﬁvR)
where S = H(8) or HP~° for s > 1/2. If S = H(5) then L,, = (logn)3/?(loglogn)'/?; if
in addition fy € Qss(B, R, ), then the rate improves to L, =1 for § > 2. If S= H P~*°
for s >1/2, then L, = 1.

Proof. This contraction result is proved in the same manner as Theorem 2.5 in [52], with

suitable modifications arising as in the proof of Theorem [3.6.1 O

Theorem 3.6.4. Let V. C {y be a finite dimensional subspace such that my(fo) # 0,
where my denotes the projection onto V. Then the finite dimensional projection of the

hierarchical Bayesian procedure satisfies a parametric BuM, that is

sup  |[IL, o Tyt — Ny (0, I)||rv —F0 0,
Jo€Q(B,R),
vy (fo)#0
where T, : f— /nmy(f — 2).

Proof of Theorem[3.3.3 The proof is exactly the same as that of Theorem [3.3.1] using
Theorems B.6.3] and 3.6.4] instead of Theorems B.6.1] and 3.6.4 O
3.6.2 Proof of weak BvM result in L> (Theorem (3.3.5)

Following Theorem 2 of [43], define the sets

Ta) = {Gk) € At fogel > 7/ logn/n}

for v > 0. In what follows, we denote by S the support of the prior draw, that is the set
of non-zero coefficients of f = (fjx)(jx)ea drawn from the prior. We require the following

contraction result.

Theorem 3.6.5. Consider the slab and spike prior defined in Section with lower
threshold given by the strictly increasing sequence jo(n) — 0o. Then for every 0 < Bpin <
Bmam; R >0 and Mn — 00, we have

sup  BoTI(f : [|f = follpuy = Man™ /2| Y) =0
fOeH(ﬁ7R)

uniformly over B € [Bmin, Bmax), where (wy) is any admissible sequence satisfying w;yny >

cv/logn for some ¢ > 0.
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Proof of Theorem[3.6.5. Fix n > 0. Consider the event

An ={5°NTn(7) = 0}0{SNT; () = 03N{ = max |f0,]k fikl <7/ (logn)/n}. (3.6.1)

],)jn

By Theorem 2 of [43], there exist constants 0 < 7 < 7 < oo (independent of 5 and R)
such that

sup EoII(AS | Y) < n B, (3.6.2)
fOeuﬁg[Bminvﬂmaz]H(ﬁ7R)

for some B = B(Bmin, Bmaz, R) > 0 (this follows since the probabilities of the complements
of each of the events constituting A,, satisfy the above bound individually). We then have
the following decomposition for some D = D(n) > 0 large enough to be specified later,

Eoll (|1 = folly = Man ™ | Y)
< Boll ({115 = follpg = Man™ 2} 0 {lJmio(f = follg < D72} 0 4, | V)

+ Eoll ({11 = fol e = Man ™2} 0 {{Imio(f = fo)ll g > D2} 0 A4, | Y)
+ BoTI(AG | ).

(3.6.3)
Firstly note that the first term on the right-hand side of (3.6.3) is bounded by
Eo ({101 = m30)(f = fo)llpy = (Mo = D)™} 0 4, | V), (3.6.4)

where I is the identity operator. Combining this with (3.6.2)), we can upper bound the
right hand side of (3.6.3) by

Eoll({||( = mjo)(f = folllpg = Man™ 2} N A, | Y)

(3.6.5)
+EoTL(||mjo (f — fo)ll g > D2 | Y) + o(1),

where M,, = M,, — D — oo as n — oo. We bound the two remaining terms in (3.6.5)
separately.

For the first term in (3.6.5)), we can proceed as in the proof of Theorem 2 of [43].
By the definition of the Hélder ball H(B, R), there exists J,,(8) such that 2/n(%) <
k(n/logn)/5+Y) for some constant k > 0 such that J,(7) C {(j.k) : 7 < Ju(B), k =
0,...,2 — 1} and

R2—In(B)(B+1/2)

1
-1
sup  sup w; max|fou| < < C(B,R)—.
JoeHB.R) 15 0n(8) | K Jn(B) vn
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Consider now the frequencies jo <1 < J,(8). On the event A,, we have that

1 1 _ logn 'y 1
sup  —max|fig — fou| < —74/ <
Go<I<Jn(B) WL K wj, cyn’

since wj, () > ¢v/log n by hypothesis. We thus have that on the event An, H( — i) (f = fo)llpg =
O(n 1/2) for any fo € H(B, R), which proves that the first term in is 0 for n suffi-
ciently large.

Consider now the second term in . We shall use the approach of [19] using the

moment generating function to control the low frequency terms. Recall that on these

coordinates we have the simple product prior II(dz, ..., dz;,) = io:1 g(z;)dx;. One can

prove as in Lemma 1 of [I9] that we have the subgaussian bound
EOEH(et\/ﬁ(flk_Ylk) 1Y) < Cet’/2

for some C' > 0. Denote by Pr the law with expectation E¢E!, where E!' denotes the
expectation under the posterior measure. By a standard application of Markov’s inequality

we have the subgaussian bound

Pr(v/n| fur. — Yir| > v) < C'e™

for all v > 0 and universal constants C, C’ > 0. We then follow the proof of Theorem 2 of
[22], which we include here for completeness. For some fixed constant M > 0, using the

above bound yields

E()EH (Supl I/Qmaxf|flk — lk| | Y) < M+/ Pr (Supl 1/2 maxf|flk _lek’ > u) du

J<Jjo M 1<jo

<M+ Z / Pr \f|flk—Ylk\>\/u)du

<M+C’225/ e~ gy
I<jo

S M + Cl Z 2l€_ClM2 S C//.
1<50

By Markov’s inequality and then the triangle inequality, the second term in is then
bounded by

vn It
—EoE
D 0

C//

.
(7 = ol 1Y) < SR (¥ = follae 1Y)+ 5

"
< EolZllv | C"
- D D
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By Proposition 2 of [22] and the fact that (w;) is an admissible sequence, the first term in
(3.6.6)) is also bounded by C/D for some C' > 0. Taking D = D(n) > 0 sufficiently large,
(3.6.6) can be then made smaller than 7/2. O

Proof of Theorem[3.3.5. Fix > 0 and denote II,, = II,, o Ty 1. By the triangle inequality,

uniformly over the relevant class of functions,
Bto (T, N) < Bty (T, Ty 0 757) + Bty (T 0w N o) o Bty (N o L N,

for fixed j > 0. Since we have a 1/ /n-contraction rate in M for the posterior from
Theorem we can make the first term smaller than 7/3 by taking j sufficiently large,
again using the arguments of Theorem 8 of [21]. We recall from the proof of that theorem
that if the required contraction is established in M (w) for an admissible sequence (),
then the required tightness argument holds in Mo(w) for any admissible (w;) such that
wy/w; /* 0o. A similar result holds for the third term.

For the middle term, note that jo(n) > j for n large enough. For such n, the projected
prior onto the first j coordinates is a simple product prior which satisfies the usual con-
ditions of the parametric BvM, namely it is has a density that is positive and continuous
at the true (projected) paramter, and hence converges to 0 in total variation (see Chapter
10 of [8I] for more details). Since the total variation distance dominates the bounded

Lipschitz metric, this completes the proof. ]
3.6.3 Proofs of finite dimensional BvM results (Theorems and
3.6.4)

We recall some definitions from Knapik et al. [52]. Let hy, : (0,00) — [0, 00) be

14+20+2p o= kT f3, logk

h, (o) =
(o) nl/(2a+2p+1) 10gnk:1 (k2a+1p’;2+n)2

and for 0 < ! < L define the bounds

a, = inf{a > 0: hy(a) > 1} A /logn,
@, = inf{a > 0: h,(a) > L(logn)*}.
We recall (a slight modification of) Theorem 2.2 from [52]:

Theorem 3.6.6 (Knapik et al.). For every R > 0 the constants | and L can be chosen
such that

inf Py (argma lo() € [, @) — 1,
fo€Q(B,R) o (argmax,>oln(a) € (o, @n))

where £, () denotes the log-likelihood for «.

94



3.6. Proofs

The proof of Theorem modifies the classical approach of Le Cam [60] by showing
that the projections of the conditional posteriors I, (- | Y') satisfy a BvM uniformly over

the typical range of the estimator d&,.

Proof of Theorem|[3.6.3. For fo € Q(B3,R), fix € > 0, define I,, := [a,,, @] and consider
the event A,, = {&, € I,,}. By Theorem m

Py (|| s, (1Y) o Ty — N(0, 1) ||7v > €) < Py (sgjp |, (-|Y) o Tyt — N(O, I))||7v > e> +o(1),
uniformly over fy € Q(8, R) as n — oo. It is therefore sufficient to show that the first term
on the right-hand side converges to 0, that is to establish the parametric BvM uniformly
over the set of posteriors {IIo(- | Y) : a € I,,}

For integer J > 1, let V; = span{e; : 1 < k < J} be a finite-dimensional subspace
of ¢5 and let 7y : {5 — R denote the projection onto R”. Fix the smallest J such that
V' C V; and without loss of generality it is sufficient to prove the result with V; instead of
V. We shall firstly establish this result conditional on an arbitrary compact set K C R”
and then use an approximation argument to extend this to the full space. Abbreviate the
conditional posterior distributions of the scaled and centered parameter /n7m;(f — fo) by
ﬁom =I,(-|Y)o Tj%l and let @, denote the normal distribution N(A,, ¢,,1), where
Ay fy = /(Y — fo). For an arbitrary probability measure p and a compact subset K
such that p(K) > 0, define the conditional version u* of u by u*(B) = u(BNK)/u(K).

Let K C R’ be a compact subset. Let ¢, : K — R denote the Lebesgue density
of ®,, Tan : K — R the Lebesgue density of (rescaled and centered) prior Il, o T f_o 1
and s, : K — R the likelihood ratio s, (h) = py p-1/2,/Pf(Y) = exp(hT A, 1, — 3hTh).
Consider the (random) functions ¢4, : K x K — R defined by

¢n(h)3n(g)7~ra,n(9)>
Gn(9)sn(h)Tan(h) + '

anlos) = (1-

Since we are exactly in a Gaussian shift experiment, we have that for any two sequences
(9n), (hp) in K,

¢n(hn)3n(gn)7~ra,n(gn> —1lo ﬁ'a,n(gn)
& ¢n(gn)5n(hn)7}a,n(hn) =1 & 7:I'oz,n(hn).

Recall that by definition, the estimator &, is constrained to the interval [0,logn/vy,],
where v,, — oo is such that v, = o(logn). Since I, = ®g:1N(—\/ﬁf07k,nk*2a*1) and
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K C By(0) for some M > 0 (since K is compact), we can bound the above quotient by

77"04 n (gn)
1 k)
8 o (hm)

J J
1 1
“on D K gk — hig) - 7n > B fo k(gn ke — i)
k=1 k=1

_ J2o+1 2 . 2J2FIN |7y (fo)| |
< o vn

21 1
SC(M,R)exp(( Og‘]—z)logn>%0
Un,

as n — oo. In particular, the bound holds uniformly over a € I,,. Since the functions ¥ 5,

are continuous on the compact set K x K, we have that

sup sup Ya,n(g,h) — 0 (3.6.7)
a€el, g,he K
as n — oo uniformly over fy € Q(8, R), where the convergence is deterministic (unlike in
[51]) since we are exactly in a Gaussian shift experiment.

Consider now K compact containing a neighbourhood of 0 (so that ®,,(K) > 0) and
let =, = {ﬁam (K) > 0 for all « € I}, where the x signifies the inner measurable cover
set in case the event is not measurable. Moreover, for given i > 0, we have by that
SUPser, SUPg hek Van(g,h) < m for all n > N = N(n, 8, R) a non-random integer. Since
the total variation distance between two arbitrary probability measures P and @ can be
expressed in the form ||P — Q|| =2 [(1 — p/q)+dQ, we have for n > N,

*1E Hﬁ - o H vl =K / — i dﬁ 1
su K K =, = su = =
2 0 aeg o n V= ’ aeg dHa,n wnen

— Eo sup /K (1— / S”Eg)ﬁa’”(hi(ﬁ”(h)d@f(g)) diis , (h)1s, .

Oleln

(3.6.8)

Applying Jensen’s inequality to the convex function x + (1 — ), for the ®X-expectation
yields that (3.6.8) is bounded by

B sup [ onlo B (I (1=, < 085 sup [ vl (g)aitl, (1) =1
acl, JKXK acl, JKXK
for n > N. We thus have that for any K compact containing a neighbourhood of 0,
Ef supger, |15, — @5 |lrvis, — 0.
Let K., = By, (0) denote a sequence of balls in R” centered at 0 with radii M,,, — oo.
Since the convergence above holds for all m > 1, we can use a diagonal argument to extract
a subsequence (m,,) such that the above convergence can still be obtained going through

the sequence (K,,,) simultaneously. We firstly note that by the proof of Theorem m
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(see Section |3.7| for more details), we have for s > 1/2,

n
iz sw Eysw [ F = ol aldrlY) - (36.9)
TLfOGQ(ﬁ, a€n

for any M,, — oo. Consider the events =, = {ﬁan(Kmn) > 0 for all @« € I,},, which
we check satisfy Pf(Z,) = 1 asn — oo. Fix 0 < r < 1 and s > 1/2 and define
R, = M,,, J P75 — co. Applying Markov’s inequality twice yields that

M(ZS) = P2 (M n(Km,) = 0 for some a € 1,,)
L (f = Vnllms(f = fo)lls < My, | Y) =0 for some « € I,,)
0

(Lo (f = 1 = follg-p-s < My, JP=5n~ Y2 | Y) = 0 for some a € I,)

<P (supn G lF = ol > Ran 12| ¥) 1—7~)

OAEn

< 7B sup Ia(f < [|f = follg-p-s > Ron™ /2| V)
O{Gn

< " g / 1F = foll2ype TLa(df[Y) =

S ol 11

where the last term converges to 0 uniformly over fo € Q(, R) by (]3.6.9] -

As a result, we have that there exists a sequence of balls (K,,, ) with radii M,,, — oo
such that Eqsup,¢;, HHK’”" — Km"||TV1— — 0, where the conditional probabilities are
well-defined on events Z,, with Pj(Z,) — 1. Note that for any set K and measure II the
total variation distance satisfies ||TI — IT¥ || < 2I1(K°). Since Lemma 5.2 of [51] yields
that ®(K7, ) —"% 0, we have that combined with the above

Eo sup |[an — @ llry < Eo sup [|an HKm"HTV + Eq sup ||HKm" OB ||y,

acl, acly acl,

+ Eol| @ — @n|rv
< 2Eq sup M, (KE, L)+ o(1).

acly
Since ||m;(f — fo)llrs < JP**|[f — follgz—»-s, We have by (3.6.9) that

Eoy sup Mon(KS, ) < Eo sup a(f 2 |f = follg—s—s > My, T 27507 V2Y) = o(1),
a€ln acln

which completes the proof. O

Proof of Theorem[3.6.4} Recall that we assume that fo; = 0 (otherwise as indicated
above, the following arguments still hold true under a slight modification to the prior).
Let Vj be as in the proof of Theorem [3.6.2] Since the hierarchical prior is conditionally a

product prior, we have that the distribution II o W;l is absolutely continuous with respect
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to J-dimensional Lebesgue measure with density function

py(x1, . zy) = (2m) /2 / OO(J!)QH/?@—?Q%?—% Y= KMl ) () da.
0

The integral is finite on R7\{0}, so that the above expression is well-defined except on a

set of J-dimensional Lebesgue measure 0. The density p; is positive on R’ and continuous

by a dominated convergence argument.

For fop such that my(fo) # 0, we verify the conditions of Theorem 2.1 of [51], which
we note can be made uniform over Q(f3, R) by carefully keeping track of the constants in
the proof. As shown above, the prior II o 77‘71 has a Lebesgue density that is continuous
and positive at my (fy). Since we are in a Gaussian white noise model, the model trivially
satisfies the stochastic local asymptotic normality condition (2.1) of [5I] at any point
mv(f) € R7, with random vectors A, = /nmy (Y — f), non-singular matrix V; = I; and

—-1/2

norming rate d, = n . For any M, — oo,

EoILy(f = |lmv (f = fo)ll = Man™"|Y) < EolLu(f : |If = follg-p-s = Mad P70~ 2|Y) = 0,

by Theorem [3.6.3] By Theorem 2.1 of [51], we thus have that for T, : f — /nmy(f — 2),
ot = N2 V)|, = 1Mo T = N L)l = 0
as n — oo in Py-probability. O

3.6.4 Other proofs
{5 confidence sets

Self-similarity ensures that we can estimate the unknown smoothness g of the signal fy at
the rate Op,(1/logn) using the estimator é,; this is necessary in order for the radius of
any confidence set to adapt to the unknown smoothness. The behaviour of &;, is contained

in Lemma 3.11 of [79], which is summarized below for convenience.

Lemma 3.6.7 (Szabé et al.). For any 0 < 8 < A—1 and R > 1, there exist constants
Ky and Ko such that Po(8 — K1 /logn < &, < f+ Ka/logn) — 1 uniformly over fy €
QSS(B? R7 E)‘

As mentioned in the discussion following the lemma in [79], the constant K is negative
for large enough R so that the estimate &, undersmooths the true 5. We recall that the
posterior distribution corresponding to the prior I, in (3.3.1)) is given by

o0 —1 —2
(- | Y) :®N< Py, P ) (3.6.10)
k=1

5 k> —
k2oe Hl 4o ket
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Proof of Proposition[3.7.1} By (3.6.10]), we see that for f ~ IL,(- | Y), we have EM[||f]|? ., |
Y] < oo if and only if o/ < «, from which we deduce that g, (|| f|| gan—en < My | Y) —Fo 1
since M,, — oco. Since R, is selected such that I, (Cy, | Y) = 1 — =, the claim about the

posterior credibility of C,, follows.

For the coverage, we have by Lemma [3.6.7] that for sufficiently large n, &, < 8 and
consequently || fol|an—en < My, eventually under Py, uniformly over fy € Qss(3, R). For
n large enough, we therefore have that Po(fo € Cy) = Po(||fo — Y|z < Rn/v/n) and the
proof of coverage then follows by Theorem 1 of [21I] since H(d)-balls form a uniformity
class for the measure N

Consider firstly M, growing more slowly than any power of logn. Let fi, fo € C,, and
set g = f1 — fo. Picking J,, ~ [nM?2/(log n)?9]'/(142an=22+2p) yields

00 JIn 0
”gHg _ Z ‘gk|2 _ Z k2p+1kf2p71(10g k)25725|gk|2 + Z k?(anfen)fQ(anfen)|gk|2
k=1 k=1 k=Jn+1

< I3 (log Jn)® Mgl sy + I 2= gl Fgan—en

O, (2P log im0z

___2(&n—en) 465(&n —en) 2(2p+1)
— OIP’O n~ T+2an—2en+2p (]Og n) T4 2&7—2en+2p MnHZO‘n*QEn*QP ,

where the constants do not depend on g. Since |, — 8] = Op,(1/logn) by Lemma [3.6.7]

and €, = O(1/logn) by assumption, some straightforward computations yield that ||g||3 =

O]po(n_m/(w”pﬂ)(logn)455/(25+2p+1)M£4p+2)/(2ﬁ+2p+1)) as n — oo. If M, =< (logn)¢,

then the diameter result follows exactly as above taking .J,, ~ n!/(2an+2+1) (Jog n) =200/ (26n+2p+1)
O

We have an analogous approach in the fully Bayesian case.

Lemma 3.6.8. The posterior median o™ of the marginal posterior distribution Ap(-|Y)
satisfies

inf Py (oM € [a,,an]) =1
foeQ(B,R) o & )

as n — oo, where o, and &, are defined in Section [3.6.5 above. Moreover, for C' =

0(57R787p)7

nf  Po(jex’ 8] <C/1 1.
foeQs(8.R.) o (Jan’ =B8] < C/logn) —

Proof. The proof follows directly from the proof of Theorem 2.5 of [52]. O

Proof of Proposition[3.4.9. Using Lemma the proof follows in the same was as that
of Proposition [3:4.1] O
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L*>® confidence bands

To prove Proposition [3.4.3] we need to understand the behaviour of the posterior median

under the law Py, which is the content of the next lemma.

Lemma 3.6.9. Let f = f,, denote the posterior median (defined coordinate-wise) of the

slab and spike prior. Then the event

By ={fu=0 Yk €T} N {fu#0 Y(.k)€T.(7)}
NIV — four] < (811og2 + alogn)Y/? Wi < J,,Vk=0,..,2' —1}
(3.6.11)

satisfies inf s 38, r) Po(Bn) — 1 as n — oo, for some constants 0 < y < ¥ < oo and
a>0.

Proof. We show that the Pyp-probability of each of these events individually tends to 1.
For the first event

{(fe=0 Y(,k) e T} 2{(fi=0|Y)>1/2 Y(,k) € T()}
2 {I(fix =0 V(,k) € T, (7)) > 1/2}
={Il(SNT;(y) =0) > 1/2}.

By Lemma 1 of [43] the Py-probability of this last event tends to 1 for some v > 0 as
n — oo.
Consider the third event,

Qn = {(Vn|Yir — fou| < (81log2 + alogn)/? VI < J,,Vk=0,...,20 — 1},

where a > 32log?2 is a constant. Using the standard inequality /z +y < \/z + \/y and
that | < J,, <logn,

(v/8llog2 + alogn — \/8llog 2)? = 16l1log 2 + alogn — 2/6412(log 2)2 + 8al log 2logn
> 16l1og2 + alogn — 16logl(log2) — 2+/8alog2logn

=a’logn,

where a’ > 0 by the choice of a. Using the Borell-Sudakov-Tsirelson inequality [62] and
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that Eo max;<i<p |Z;| < v/8logn for (Z;) i.i.d. standard normal random variables yields

JIn
Po(€2) < ZIP‘O (m?X\ZM > \/2l log2+ — logn>

=1

JIn

< ZIF’O (m}gx\Zm —]EoHl]?X|Zlk| > \/2llog2—|— logn — \/8llog2>

=1

Jn
< ZZexp <; (\/8llog2+alogn— \/8l10g2>>
=1

/

< 2J, exp (—C; log n) < op /2 logn — 0.
as required. We shall lastly show that

Qn C{fi #0 Y, k) € T,(7)}, (3.6.12)

which then completes the proof.
Consider firstly the case fo i € Jn(7') with fo, > 0. Write

I(fy, <0]Y) =TI(fy, = 0] Y) +I(fyx <0 Y). (3.6.13)

By the proof of Lemma 1 of [43], we have that on the event ,, and for sufficiently large 7,
the first posterior probability in (3.6.13)) is bounded above by a multiple of n€ +1/2-(7)?/8,

Again on the event ,, we use (42) of [43] to bound the second term via

]nf e 2@ Y”“)Qg(x)dx

O(f <0|Y) = -
win [ € @Y g (1) da + (1 — Wjn) (3.6.14)
9l 2™k &3 dy ]
< S — d(/nY;
< WEITSIE CvVn®(v/nYiy),

where ® = 1 — ® with ® the distribution function of a standard normal variable. On €,
we have for [ < .J,,

2J, log2+llogn . llogn loen
szZ(sz—fo,m)Jrfo,mZ—\/ = - 2 +7 %25 TgL

for some 0 = 6(5') > 0 that can be made arbitrarily large by taking 7 large enough. Thus
applying the standard tail bounds for ® we have that the right-hand side of (3.6.14) is
bounded above by a multiple of

11
®(54/logn) < _vn _%521%”:0(6)”2 :
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Combining the above results, we have that for sufficiently large 7’ (and hence ), (3.6.13))
is bounded above by a constant times n~2 for some B > 0, uniformly over the positive
coefficients in 7, (7). In particular, the posterior median satisfies fi, > 0 for all (1,k) €
TJn(7') with fy, > 0 and n large enough. The case fo;, < 0 is dealt with in exactly the

same way, thereby proving (3.6.12)). 0

Proof of Proposition[3.4.53 By Lemma [3.6.9] it suffices to prove all the results on the
event B, defined in (3.6.11)). We firstly establish the diameter of the confidence set.
Taking fi, f2 € D,, and setting 2/7(%) ~ (n/logn)/#+1  we have on By,

11 = Folloe <11 = Tmea(Y)loo + 112 = Tmea(Y)l |

In(B) 2t—1

<2 sup Y Z ~[Yu (@

z€(0,1] =0 e 0
Tn(B) Lo 2Jn(ﬁ)/2vn log T
Gy arset oo, o).
N4 n

We now need to establish asymptotic coverage. Split fo = 77, (,)(fo) + T7e(y)(fo)-

Since 7 z¢(y) © Tmed(Y) = 0 on B, we can write

[ fo = Tmed(Y)lloo < [|Tmea(fo — Y)loo + |[(id — Timea) © an(l)(fO)Hoo + HWJﬁ(Z)(fO)HOO‘

(3.6.15)
For the third term in (3.6.15)), note that since fy € H(B, L),
. oo < 2l/2 ’
17752 (fo)lloo < ; ) |(fos tur)|
Jn(8) lOgTL ]Ogn 2,3[11 (3616)
< Z 21/21‘/T+ Z 21/5<C(5,L)< > )
=0 1>Jn(B)

For the second term in (3.6.15), we note that any indices remaining satisfy (I, k) € J<(¥')
and so by the same reasoning as above, this term is also O((logn/n)?/(2#+1)),

It is shown in the proof of Proposition 3 of [42] that self-similarity in the sense of
Definition [7] implies the existence of infinitely many coefficients of significant size in the

following sense. Firstly observe that for fy € Hgs(8, R,¢) and any j > jo,

||¢|\ooz2l/2 S%P|<f0’¢lk>| > ||K;(f) = fllo > 2777,

1>

Let N be a fixed integer and let 7 > jy. Lower bounding the maximum by the average
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over the range [j,j + N — 1] yields

1 J+N-1
sup f 7¢ AT Sup f 7¢
(lak):leK 0wl 2 7 ; 1p [(fo, Vie)|
9—(+N)/
> Zgl/zsup\ (fo, Yix)| Z 2l/2811p|(fo,wlk>|
I=j+N
N)/2
L 27U < € Q—jﬂRQ_(jHV)B)
- N 19]loo 1_27
9—(j+N)/2 |
> 2798 > d(e, R, B, )27 PH1/2)
2N ([l ( )

for some d(e, R, 3,1) > 0 if N is chosen sufficiently large (but finite), depending only on
e, R, 8,v. Let J,(3) be such that $(n/log n)l/(28+1) < 2‘]”(/3) < e(n/logn)Y D) where
e =€(b, R, 8,9) > 0 is small enough so that d/e’T1/2 > 7. Using this yields

d ba R7 ﬁ) logn _ logn
sup [ (fo, Yuk)| > ( ﬂ+1/2¢)F > ’y’\/?.
(Lk):1>Jn (B) € n n

We therefore have that on the event B, there exists (I',k’) with I’ > J,(3) such that
frir # 0 and a non-zero coefficient therefore appears in the definition (3.4.4) of 0y, . We

can thus lower bound

vnQJn(ﬂ)/2 logn 2T
On~y > —= sup |y (z)| > c(yp) ———n— = v, (> .
02 e )] > o) .

Now, since v, — 0o as n — oo, we have from (3.6.16)) and the remark after it that for
sufficiently large n (depending on 8 and R), the first two terms in (3.6.15)) satisfy

(3.6.17)

logn T
16 = Timea) © 770y (o)l + Iy o)l < € (=2 < 0nn 2.

For the first term in (3.6.15)) we recall that on B,,, the posterior median only picks up
coefficients (I, k) with | < J,(8) < J,. Therefore on this event,

ITmea(fo = Y)lloo < sup > |four — Ykl [ ()]

2€[0.1] 1 pyemed

llogn Z 21/2 < <logn) 3T .

):I<Jn(

Using the lower bound (3.6.17)), we deduce that on By, ||Tmed(fo — Y)|| < ony(Y)/2 for
n large enough, uniformly over fo € Hgs(8, R). Combining all of the above yields that
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B C {llfo = ™med(Y)||oo < 0ny}. We therefore conclude that

Po(fo € Dy) =Po({llfo = Yime) < Ru/vVn} 0 {{lfo = Tmed(Y)|loo < oy} N Bn) +o(1)
=Po({l[fo — Ylm@) < Rn/vn} N By) +0(1)
=1-—vy+o0(1),

where we have used that Po(B,) — 1 and that Po(||fo — Y| pmqw) < Ra/v/n) — 1 — 7 by
Theorem 5 of [22]. O

Remaining proofs

Proof of Proposition[3.5.3 Fixp > 1,let ¢ = e(a, p, R) < (1—p~2%)/(2aR) be sufficiently
small so that ¢ € (0,1) and consider the events A,y = {Z,Lf):]\][\], f? < eRN—2*}. By a
simple integral comparison we have that Z;Li]\z[\; k=271 > (20) "I N729(1 — p=2%), so that

under the conditional prior,

[pN]
Mo(Aan) =P [ Y kg <eRN >
k=N
[pN]
<P kg —1) <eRN > -
k=N
[pN]
<P Z ki_m_l(g;% _ 1) < _5/N—2a ,
k=N

1
7N72a 1— —2a
5 (1=p=)

where the gi’s are i.i.d. standard normal random variables and & > 0 (by the choice of

g). By (4.2) of Lemma 1 of [59] we have the exponential inequality

[N (PN 1/2

Pl k2 N g-1<—2f) ki Vi | <e™®.
k=N k=N

For N > 2, again by an integral comparison we have that Z;Ep:]\]f\; k=102 < C(a)N 1L,

Using this and letting x = M N, the exponential inequality becomes
[PN]

P> B2 Mg —1) < —C(@VMN | <e MV,
k=N

Taking M sufficiently small so that C'(a)v/M < ¢, we obtain that II,(A, ) < e MV,
Since this sequence is summable in N, the result follows from the first Borel-Cantelli

Lemma. O
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Proof of Proposition[3.3.7. Under the law Po, v/nEo||Y — fol| p(w) = Eol|Z|| pm(w) < 00 by
Proposition 2 of [22]. By the triangle inequality it therefore sufﬁces to show the conclusion

of Proposition with Y replaced by fo. Rewrite the multiscale indices A = {(I, k) :
1>0,k=0,..,2" — 1} in increasing lexicographic order, so that A = {(l;n, k) : m € N},

where

I =1, if 20<m <2l i=0,1,2,..,

kp =m — 20, if  2<m<?2l i=0,1,2,..

Consider a strictly increasing subsequence (ny)m>1 of N such that (logny,)/w; — oo
(such a subsequence can be constructed for any admissible (w;) since w; /* c0). Define a

function fy € £s via its wavelet coefficients

(Jos Vb)) = TV 108 N0 [T,

where r < v for v the value given in the proof of Theorem Since

olm(BH1/D|(fo 4y 1 Y| < pmPHL/2 %’
Nm

we can ensure fy is in any given Hoélder ball H (3, R) by letting r be sufficiently small
and taking the subsequence n,, to grow fast enough. Let A, denote the event defined in
(3.6.1). We have that on A,, the posterior distribution IT'(- | Y (")) assigns the (I, km)

coordinate to the Dirac mass component of the distribution. Consequently, by the choice
of (nm),

EoIl'(||f = follpg € Muymm ™2 | YO'))
= Eoll'({|[f = foll s < Muprin ™2} 0 Ay, | Y)) 4+ 0(1)
< Bl ({| fimbm — Jortubion | < My n ™2} 0V Ay, | Y)) 4 0(1)
= EoIl'({r\/108 /1y, < M, wy, n /23 0 A, | Y)Y 4 0(1)
< EoIl'(ry/log i Jwy,, < My, | Y™)) 4 o(1)
=o(1)

for any sequence M,, such that M, = o(wlfmlx/log Np) &S M — 00. O

3.7 Proof of Theorem [3.6.1]

This is proved in exactly the same manner as Theorem 2.3 from [52] and is included only
for completeness. Throughout this section we assume that pk = k7P to simply notation.
Recall also that h,, is the function defined in Section [3 By Markov’s inequality and
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Theorem [3.6.6

sup  Eolla, (| = follgsy = MnLun™'2Y) < sup Eo  sup  Ry(a)4o(1),
fo€Q(B,R) M3 Ln foeB(B,R)  a,<a<anAlogn
(3.7.1)

where

= [11F = fallye) Bty

is the posterior risk. Letting fa’k = nkP(k?*+2P+1 4 1))=Y}, and using the explicit form
(3.6.10)) for the posterior distribution yields

- / S k2 (log K) B fy — fox 2dTTa(df|Y)
k=1

[e.9]

. k2
_ —2p—1 —25 B 2
- k:1 k (log k) ((foz,k fO,k:) + k2a+2p+1 | n) :

Using the triangle inequality, we can then split
(fark — for)* BN (fok = fox)?
k2p+1(10g k)z(s 0 — k2p+1 (log k)Qé

(fak — for)?

+ sup Eo
a,<a<anAlogn Z k2+1(log k)20

a, <a<anpAlogn gngagan/\logn

Eq sup R,(a) <Ey sup

o0

1
+ sup '
a,<a<anAlogn i3 k(log k)20 (k2e+2p+1 4 p)

(3.7.2)
Bound for the expected posterior risk

Using the definition of fa,k and a bias-variance expansion, the second term of (3.7.2))

equals

k4a+4p+2f2 e’} 1
su .
gnfagals/\logn Z k2p+1(10g k)25(k2a+2p+1 + n kz logk: 26 k2a+2p+1 + n)
(3.7.3)

Now the second term in (3.7.3) is smaller than the third term in (3.7.2]), which is itself
smaller than Cn~1, where C' = C(8) = 3272, k™ (log k)~ is finite for 6 > 1/2.
For the first term in (3.7.3]), consider the sets
P, ={foe QB,R) : for # 0 for some k > 2}

Qn={fo€ Q(B,R): for =0 for all k£ > 2}
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and note that by Lemma 2.1(iv) of [52], we have @, < logn if fo € P,. If fo € Qn,
then we trivially have that the first term in (3.7.3) is bounded by f&l /(1 +n)? < R/n

If fo € P,, we have a € |o,, @] and we split up the sum into three parts. Firstly, for
t, = nl/(2B+2H1),

k4a+2p+1fgk; R 1
) < < 5 _
]; (log k)20 (k20+20+1 4 )2 = kgt: 125212 (log k)P = C(6)Rn™,

since § > 1/2. Letting s, (o) = n/+2+1) | we have

R L g s
1<k< (10g k)?é(k2a+2p+1 + n)2 “n2 1+2a+ 2p " & 2<k<sp <10g k)26+1 ’
SRXSn

(3.7.4)

Now in the case of general fy, we have maxo<y<, k272 /(log k)21 < maxgcp<s, k20T =
n(2042p)/(e+2p+1) - Qince o < @, we have that h,(a) < L(logn)? and so the right-hand
side of is bounded by n~!(logn)3.

Now suppose that fy € Qgs(8, R). Basic calculus shows that the function z

20+1)/(2042p) and is monotonic

220t2(log 2)=2~1 on (0,00) has a single minimum at e
on either side of it. When restricted to the interval [2,s,], the function thus attains its

maximum value at either 2 or s,,. By Lemma [3.6.7 @, < 8+ Cy = C, so that

2a+2 2a+2
k,2o¢+2p 22a+2p , n2a+2pf_1 C”/ n2a+2pi1
max —— 555 — Inax , o) < max< l, ———— ¢ .
2<k<s, (logk)20+1 (log 2)20+1 (log n) Zatersi T20+1 (logn)20+1

Again using that h,(a) < L(logn)? yields that the right-hand side of (3.7.4)) is bounded

by a constant times

max {n 2a+2p+1 (log n) ’n(logn)%?} =0(n")

for all @ > a,, and 6 > 1. Now since z — x/(c + z) is increasing for every ¢ > 0, we
have that the sum in is maximized by the choice « = @, and thus we can take
Sp, = Sn (@) since the right-hand side is independent of «.

Let J = J(n) be the smallest integer such that @, A (logn)/(1+1/logn)? < B, which
is bounded above by a multiple of (logn)(loglogn) for all 5 > 0. Partition the summation

range using the following numbers

bj =142 )j—|—2p, i=0,..J,

_n
(1+1/logn
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which form a decreasing sequence. We then have

nl/(28+1) da+2p+1 2 J—1 nt/bi+1 J—1 nt/bi+1 bi—2
k P fok f()k nk® pfOk

ey < 4 .
k%\;sn (log k)zé(k2a+2p+l + n Z 7, k2p+1 logk: 26 jZO L Zl:/b logk 26 kbﬁl + n)2
Note that the right-hand side is independent of o and that since (bj —b;41)logn = bj11—1,
we have that kbi—bi+1 < pl/logn — ¢ for pl/bi < | < nt/bi+1, Consequently, the above is

bounded by a multiple of

| 222 (log k)Rt b

- Z Z k(log k)21 (kbi+1 + n)2

] Ok’ 1/b;
J-1 )
1 1/bj 41 b 1 1
5 ogn n hn ( j+1 L ) max . (375)
n =0 bj+1 2 2 nl/bj Skgnl/bj-u k:(log k‘)
_95 J—1 20+1

< L(logn)*> S /b1y bj ’

n =0 bj+1

since by the definition of @, and b;, we have that h,((bj11 — 1)/2) < L(logn)?. Since

bj > 1,
pl/b=1/b; _ <(bj —bjt1) log n) — exp <bj+1 — 1) < exp < 1 > <e.
bjbj+1 bjbj+1 bj

If fo € Q(B, R), note that by < logn and bj/bj1 < C(1+1/logn) < C'. The above sum is
therefore bounded by Le(logn)?n=1J(n) < (logn)3(loglogn)n=! = L2n~L. If in addition
fo € Qss(B, R), then @, < 8+ Ky/(logn) for n sufficiently large by Lemma We
can thus bound by a multiple of

J—1
n~"'(logn)2~% Z b?‘s < n Ylogn) = J(n)(1 + 2a,)*? < Cn~!
=0

for 6 > 2.

Bounds for the centered posterior risk

We now turn our attention to the first term in (3.7.2), which can be controlled using

empirical process techniques. Note that after expanding out the terms, this sum is equal

108



3.7. Proof of Theorem|3.6.1

to
acla, @nAlogn] P k logk 26 k2a+2p+1 _|_n — logk 26 k2a+2p+1 +n) (3 76)
V(a) 2W(a) o
= sup —_— = ,
a€la,, ,anAlogn] n \/ﬁ

where the Z;, are i.i.d. standard normals. The two terms can be controlled separately. By
Corollary 2.2.5 of [85],

Tn
Eo sup V()| < sup vargV(a) + \/N([gn,an Alogn),dy,,e)de,
0

a€la,,,anNlogn) a€la,, 00)

where d? (a1, ag) = varg(V(a1) —V(ag)) and Ty, is the d,,-diameter of [a,, @, Alogn). Now

| A

1 > 2

4

vargV(a) = 2n Z k2 (log k)46(k2a+2p+1 + n Z 7
k=1

In particular, this implies that T;, < C, for some C' independent of n and &,,. Note that
for 0 < a1 < ap

X n 1 1 2 )
varg(V(ay) — V(ag)) = Z k2 (log k) <(k2a1+2p+1 TR (k2eatrl g n)2> var(Zj;)
k=2

oo oo
<o’} k2(log k)46(k21a1+2p+1 ) D DL A
k=2 k=2
So for £ > 0, we can cover [K log(n/c),00) by a single e-ball (by letting s — 00), for some
K > 0. By an analogue of Lemma 6.1 in [52], we have the bound d, (a1, a2) < C(0)|ag —
ag\nfw;iﬁ for § > 3/4. Combining these facts yields that N([ay,, @, Alogn),d,, ) <
C((S)n_‘*ﬂﬁ%sfl log(n/e). We therefore have

w1 (C
Eo sup V()| < C+C(6)n San Fop T / e~ 1/2\/log(n/e)de. (3.7.7)
0

a€la,,,anNlogn)

n?

Using the substitution y? = log(n/¢), integrating by parts and then applying the standard

tail bound for Gaussian integrals yields

/ Wde_zf/

log(n/C log n/C’

< 24/Clog(n/C) + 2v/C(log(n/C)) /2
< C"\/logn.
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Using this and that «,, < 3, (3.7.7) is bounded above by some constant. In conclusion,
the first term on the right-hand side of (3.7.6) is O(n™!).

We perform a similar calculation on W. Consider now « € [a,,, @y] and note that

"\ vn ) £ (log k)% (k20+2p+1 4 p)d”

Splitting the above sum as above and using the definition of A, («) we have

Z nk4a+2pfg7k
(log k)45(k20¢+2p+1 + n)4

kSnl/(2a+2p+1)

141
&+ ha(a)n taatzii logn max

f§ . E2a+2p—1
< . .

If 2a 4+ 2p — 1 > 0, then the second term above is bounded by a multiple of

n_Hm(log n)3n~ Ttz — n_Q_m(log n)® = O0(n=?)

for all a > 0. If 2a + 2p — 1 < 0, then the sum is similarly O(n~2). For the upper part of

the sum, recalling that o € [a,,, @, A logn],

nk4a+2pf(ik n2k2a+1 f(?,k log k 1

IN
S

Z 2a+2p+1 2 ~ 2a+2p—1
k>nl/(20+2p+1) (k + n) n2 2a+2p+1 (].Og k)4(5+1

< p 727 /Ra20t D) g (0) (logn) ™ (1 + 200 + 2p)*0

Z (IOg k)45(k2a+2p+1 + n)4

k>nl/(2042p+1)

< CLn 2" Tt oI (log n)3_45 < O'n2.

In conclusion, we have that sup,c(a, ,Alogn) Vvargn=12W(a) < n~l.

By following the proof of Lemma 6.1 in [52], we similarly recover that in our case the
intrinsic covariance metric satisfies d(aq, a2)? = varg(n™V2(W(aq) — W(ao)) < (g —
az2)?>n~2. Using the same reasoning as above, we have that N([a,,, @, A log n],czn,z—:) <
Kn~llog(n/e)/e so that

W(a)
NG

Eq sup
a€la,, ,anAlogn]

C
Sumt st [ g
0

We thus have that is O(n™!) and consequently so is , thereby completing
the proof.

We note that fy being self-similar was only required to establish that the first term
in was O(n~1). In the case H P~% s > 1/2, following the steps above with this

weaker norm yields the required bound.
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