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Abstract

A numericalmodelfor thedescriptionof the combinedcontinuous/disattinuaus fail-
urein a regularisedstrain-softeningcontinuumis proposed.The continuumis regu-
larisedthroughthe introductionof gradienttermsinto the constitutive equationsAt
thetransitionto discretefailure,the problemfieldsareenhancedhrougha discontinu-
ousinterpolationbasedn the partition of unity concept.Thediscretisatiorprocedure
is describedn detail and numericalexamplesillustrate the performanceof the com-
binedcontinuous/discoirtuous approach.
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1 Intr oduction

Theintroductionof strainsofteningnto acontinuummaterialdescriptiorrequiresreg-
ularisationto presere objective numericalresults. A commonlyusedtechniquerelies
on the introductionof non-localinteractionglf]. The performancenf theseso-called
non-localmodels,n eitherintegral or differentialformat,deterioratesn thefinal stage
of failure []. At completefailure of a materialpoint, which is understoocasa dis-
continuity (i.e. a physicalcrack)in the continuumdescriptionnumericalinteractions
betweerthetwo physicallyseparategartsof thebody persistandcauseanexchange
of information betweenthe two sidesof the discontinuity This information,in the
form of locally extremely high strain values,stimulatesdamagegrowth away from
the processzone,i.e. aspuriousextensionof the continuumdamagedone.This phe-
nomenonmostevidentin problemswith large crackopening(e.g. compositefailure
[7]), manifestdtself alsoin problemswith smallcrackopening[i].

In thiswork, theintroductionof discontinuitiedn a differentialversionof a non-local
damaganodelis presentedDiscontinuitiesareintroducedwhenthe materialreaches
afully damagedtate By introducinga discontinuity non-localinteractionsacrosghe
crack ceaseand the unboundedstrain at the surface hasno influenceon the global
responseDiscontinuitiesare introducedusing the partition of unity concept[i¥, [,
which allows discontinuitiesin the problemfieldsto crossarbitrarily througha finite
elementmesh[]. It is shavn thatthroughtheintroductionof discontinuitiesn agra-
dientdamageamodel,the spuriousrespons@ften obsered prior to completefailureis
avoided. Besidesthis appealingnumericalfeature,the combinedmodel can realisti-
cally describemacroscopicracks.

2 Enhancedfields

In the gradient-enhancedamagecontinuummodel proposedn [[f], the problemis
characterisethy the displacementield u andby the scalamon-localequivalentstrain
fielde. The bodyﬁ, depictedn Fig.ll, is boundedy I' andit is crossedy adisconti-
nuity surfacerl ;. Displacements areprescribedn[, while tractionst areprescribed
on ;. Theinternaldiscontinuitysurfacel ; dividesthe body into two sub-domains,
Q" andQ  (Q = Q" UQ"). The boundarysurfaceof the body Q consistsof three
mutually disjoint boundarysurfacesy, 't andl™ (T = Ty UTY). In the body Q, the
displacementield canbedecomposeds

U(X,t) = O(th) —}—%d(X)CI(X,t), (1)

where%d(x) is theHeavisidefunctioncentredat thediscontinuitysurfacer (,if}d =

lif xeQ™, (%”rd = 0if x € Q™) and( andii arecontinuoudunctionson Q. A similar
decompositiorholdsfor thenon-localequivalentstrainfield:

e(x,t) = é(xt) +<%ﬂrd(X)é(X,t), (2)

whereé and & are continuousfunctionson Q. In the geometricallylinear case,the
strainfield is computedasthe symmetricpartof the gradientof thedisplacementield
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Figurel: Body Q crossedy adiscontinuityl .

whichyields:
e=0°% +%”rd 0% if x¢ Ty, (3)

where(-)® refersto the symmetricpartof (-).

3 Problem statement

The boundaryvalue problemfor the gradient-enhancedontinuumis expressedoy

two field equationsin termsof displacements andthe non-localequivalentstraine,

which arelinkedthroughthe stresdield []. The equilibriumequationsandboundary
conditionsfor the bodyf_z without bodyforcescanbe summarisedby

0-0=0 inQ (4)
on=t onl, (5)

where o is the Cauchystresstensor The strongform is completedby the essential
boundarycondition

u=u only, (6)
whereu is a prescribedlisplacementandby the constitutve relationfor theisotropic
descriptionof continuumdamage

o=(1-w)D:e in Q (7)

in which w is theisotropicdamageparametef0 < w < 1), function of the monoton-
ically increasingdeformationhistory parametek, D is the constitutve fourth order
elasticitytensorande is the straintensor The evolution of the history parametek is
governedby the Kuhn-Tucker relations:

K >0, e—K <0, K(e—k)=0, (8)
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while anexponentialsofteninglaw is usedfor the evolution of damagdi]:
K
©=1--0 (l—a+ae‘3(““‘0)) if K > Ko, (9)

with a andf3 materialsparameterandk, thethresholdfor damagenitiation.
The differential format of the non-local integral averagingof the local equivalent
straingeq resultsin a modifiedHelmholtzequatiorfor e [&]:

e-cl’e=¢gq INQ, (10)

wherecisthegradienparameteflengthscale)which,togethemwith thehomogeneous
naturalboundarycondition

Oe-n=0 onl, (12)

completeshe coupledsystemof equationsThe equialentstraineq in equation(iil)
is expressedhroughthe modifiedvon Misesdefinition []:

€ _L| _}_i (k_1)2|27 1% ]
T 2k(1-2v) 2k 1202t (1+v)??

(12)

with 1, andJ, the first invariant of the straintensorandthe secondinvariantof the
deviatoric straintensoyrespectiely, k theratio of thecompressie andtensilestrength
andv thePoissors ratio.

Fromthe decompositiorof the non-localequivalentstraine andusingequation(iill),
the boundaryconditionsat the discontinuitysurface(cf. Fig.l) canbewritten as:

0é.-v
O(é+8&-v

=0 only (13)
=0 onl. (14)

Sincethefunctionéis a continuousunction,&" = &, whereé'/~ indicateshevalue
of éon I'j/*. Therefore,

(0é-v)| =(0é-v)| =o0. (15)

Fromequation{il andtheabove boundaryconditionsonT 7, it followsthaté-v =0
onT . In summarytheboundaryconditionsfor thenon-localequivalentstraine atthe
discontinuitysurfacecanbewritten as:

Dé-v=0 onlj/~ (16)
0&-v=0 onfly. (17)

4 Variational formulation and discretisation
The governingsystemof coupledpartial differentialequationscanbe castin a weak

form. To this end,equation is multiplied by aweightfunctionw,, whichis decom-
posednto W, andw, consistentvith thedisplacementiecompositiorin equation(l),
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andintegratedoverthedomainQ:
/Q (Wt 1, - (0-0) do =0, (18)

Following standargroceduresindusingthe additionalcondition

et}

=0 only (19)

for themagnitudeof thedisplacemenjump [, the abore weakequilibriumequation
leadsto two variationalstatements:

/ 0%:0 dQ — Wutdr (20a)

. O%y:0 dQ = o Wy-t dr. (20b)
t

In asimilarfashion,equation{l for thenon-localequivalentstraincanberecasin a
variationalform by multiplying it by a scalarweightfunctionwe (split up into We and
We) andby integratingover the domainQ:

/Q (W + 722 e (87 &) d—c /Q (Wet 2 o) (% (6:+ 77, 8) dO
_ /Q (we+%dwe) £6qdQ. (21)

Using the productrule for the Laplacianof a discontinuousscalarfield, the term
2 (%d(p) in the previous equatioris equalto:

2 (%ﬂrdcp) =z [P+ @00 -v + 25 Og-v. (22)

Substitutionof the above relationinto equation(ill) leadsto theterm |, (pEIérd-v dQ
which canbe expandedisingthedirectionalderivative of afunction ¢ in thedirection
of agenericunit vectorv (D@ = Og-v):

/Q(Dérd-v)(de:/QDvdl-d(de:—/rde(pdl':—/rd Opvdr. (23)

Equation(l hasbeenderivedusingthefollowing relationfor theDirac-deltafunction
G, [
/Q(Dard)mgz—/rd Oedr. (24)

Using Gauss'theoremand after the applicationof the boundaryconditions,the two
variationalstatementgeneratedrom equation(iilll) canbe written in theform:

/WeédQ+/ WeédQ+c/ Dwe-nédg+c/ OWie- D& dQ
Q Q+ Q Qt

Q
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/WeédQ+/ WeédQ+c/ Dwe-DédQ+c/ OWe-0& dQ
o o+ o+ o+

Q+

Finally, usinga Bubnos-Galerkinapproachandengineeringrectornotationfor g and
€ andfollowing standardprocedure$d], the discretisecboundaryvalueproblemcan
bewrittenin matrix form as:

Kaat Kapt Kapt Kagt |_ Aa -| fa(t,aytert fint,a,t

K bat K bbit K bp;t K bait | Ab | _ fe(t,b7t+dt fint7b,t (26)
Kpat Kppe Kpp o Kopg |- Ap J 0 finept |

Kgat Kgor Kap  Kag Aq 0 finta.

whereA(-) indicatesanincrementof (-), a andb areregularandenhancedlisplace-
ment degreesof freedom,p and q are regular and enhancedhon-local equivalent
strain degreesof freedomand with the symmetrieskK, = K, K, = Ky, = Kag,

Kga = Kgp = K ppy Kap = Kqq = Kpg and
Kaa:/g; B! (1— w)DB, dQ (27a)
Kab:/ B! (1— w)DB, dQ (27b)
Q+
Jw]| [k
- T2 (22
Kap = /QBU [ax} [0e] DeN, dQ 27¢)
dw]| [ dk
_ T|0W) oK
Kaq= /Q Bl L)K] [0e] DeN, dQ (27d)
Kbb:/ B! (1— w)DB, dQ (27e)
Q+
dgeq] "
— T €q
K pa = /QNebs] B, dQ 27f)
. &, T
_ T €q
K o= — /Q+ N] [ 08} B, dQ (279)
K pp = /Q (NgNe+BcBe) dQ (27h)
K pg = /Q . (NgNe+BgcBe) dQ. (27i)

As in the standardyradientdamagdormulation,the stiffnessmatrix is not symmetric.
In equation<fill), N is amatrix containingthe usualfinite elementshapeunctions,B

is amatrix containingspatialderivativesof the shapdunctionsandk is themaximum
valueof thenon-localequivalentstrain(seeequationfll)). Thetermsin theRHS of the
discretisecboundaryvalueproblemread:

finta = /Q Blg dQ (28a)

Fine = /Q Blodo (28b)
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fintp = /Q (NENep + BEcBep — Nigeq) dQ + /Q . (NeNeg +BgcBeq) dQ  (28c)

fintq = /Q . (NENep + BEcBep — Nigeg) dQ + /Q . (NgNeq+BgcBeq) dQ. (28d)

5 Finite elementimplementation

The finite elementimplementationmainly follows the one proposedin [f] for the
gradient-enhancemiodel.In thefollowing, someissuegpertinentto the currentimple-
mentationof the discontinuousnodelarediscussedOtherissuessuchasthe choice
of thenodesto enhancearediscussedn [].

Intr oducinga discontinuity A discontinuityis introducedwhenthe damageat all

integrationpointsin theelementaheadf a discontinuityis largerthana critical value
setto w,; = 0.999.

Numerical integration ~ Whendealingwith integrationof theelemenimatricesonly
on partof anelementdomain,it is necessaryo consideralternatve integrationrules.
Whenan elementis intersectedy a discontinuity the two resultingsub-domainsre
triangulatedand eachsub-domainis mappedto a parentunit triangle over which a
three-pointsymmetricquadratureule, with interior pointswithin the triangularsub-
domain,is considered™].

6 Failureanalysisof a concrete beamin four-point bending

To illustrate the combinedcontinuous/discdmuous approacha four-point bending
testof a concretebeamwith different notchsizesd is analysedFig. ). To enable
comparisonwith the experimentglif], the vertical displacemenof a point placedat
the bottomof the beamandwith anoffsetof 7.5 mm from the centrelineof the beam
is usedfor themeasuremendf thedeflectionv. Thefollowing materialparameterf],
fitted’ for the continuumproblem,areadoptedfor the simulation: Youngs modulus
E = 40000MPa; Poissors ratio v = 0.2; exponentialdamageevolution law (equa-
tion () with damagehresholdk, = 0.000075damagdaw parametersr = 0.92 and
B = 300; modifiedvon Misesdefinition of the local equivalentstrain(equation(iill))
with k = 10; gradientparametec = 4 mn¥. The simulationis performedunderplane
stressconditions.The loadis appliedvia animposeddisplacementQuadrilaterakel-
ementswith quadraticinterpolationfor the displacemenaindlinear interpolationfor
the non-localequialentstrainhave beenused.A 2 x 2 Gaussquadratureule is used
in the continuumfor elementsot crossedoy a discontinuity The notchis simulated
asatraction-freediscontinuity[] andthe directionof the discontinuityis prescribed
to bevertical. Theanalysedor the 10 mm deepnotchbeamarereportedn Fig.lafor
differentmeshsizes.In the processzone,the coarse mediumandfine meshelement
sizesare,respectiely, 10 mm, 5 mm and2.5 mm. Due to the small differencein the
responsdetweerthe mediumandthefine discretisatiorn(Fig. lla), the former, with a
10 mm deepnotch,hasbeenusedfor the resultsdepictedin Fig.ll andFig.ll From
the analysisof the resultsit is evidenthow the introductionof a discontinuityduring
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Figure 3: Load-deflectioncurves for simulationswith (a) differentmesheg10 mm
deepnotch) and (b) differentnotchsized (mediummesh)and experimentalresults

(=]

the computationinfluencesthe globalandlocal behaiour. In particular Fig.ll shavs
how the activity of the non-localequialent strainis mobilisedonly aroundthe dis-
continuity tip for the continuum/discretenodel. This translatesn the morerealistic
damageprofilesdepictedn Fig.ll However, the useof anexponentialsofteningrela-
tionshipwith a high residualstressat the momentof the enhancementaround10 %
of thetensilestrength)causethe marked dropsin Fig. lla andmakesthe comparison
with experimentdifficult (Fig.lb). Theuseof differentstress-straimelationshipsvith
lower residualstressvaluesproducedan unsatisctory comparisorin the post-peak
responselntroductionof displacementliscontinuitiesequiresa re-assessmeunf the
materialparametersf the continuummodelwhich governthe post-peakesponse.
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Figure4: Fourpointbendingtest:non-localequivalentstrainevolution (mediummesh
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Figure5: Fourpoint bendingtest: damageavolution (the discontinuityis represented

by thewhite thick line; mediummesh/ 10 mm deepnotchbeam).

7 Conclusions

enhancethmagemodelfor fracturehasbeenpresentedAn

A discontinuougradient

implicit gradient-

enhancedamagemodelis enrichedwith discontinuousnterpola-

tions of the problemfields throughthe partition of unity concept.The discretisation

procedurefor the enrichedmodel hasbeencompletelydescribed By introducinga
discontinuityat a fully damagedmaterialpoint, macroscopicrackscanbe realisti-

cally describedAs a discontinuitypropagatesheactity of thenon

localequivalent

strainis mobilisedat the discontinuitytip and ceasesehindit. Spuriousgrowth of

-localinteractionbetweerthetwo sidesof

damagecanthusbe preventedsincethenon

thediscontinuityis avoided.
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