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Abstract
A numericalmodelfor thedescriptionof thecombinedcontinuous/discontinuous fail-
ure in a regularisedstrain-softeningcontinuumis proposed.The continuumis regu-
larisedthroughthe introductionof gradienttermsinto the constitutive equations.At
thetransitionto discretefailure,theproblemfieldsareenhancedthroughadiscontinu-
ousinterpolationbasedon thepartitionof unity concept.Thediscretisationprocedure
is describedin detail andnumericalexamplesillustratetheperformanceof thecom-
binedcontinuous/discontinuous approach.
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1 Intr oduction

Theintroductionof strainsofteninginto acontinuummaterialdescriptionrequiresreg-
ularisationto preserve objective numericalresults.A commonlyusedtechniquerelies
on the introductionof non-localinteractions[1]. Theperformanceof theseso-called
non-localmodels,in eitherintegralor differentialformat,deterioratesin thefinal stage
of failure [2]. At completefailure of a materialpoint, which is understoodasa dis-
continuity(i.e. a physicalcrack)in thecontinuumdescription,numericalinteractions
betweenthetwo physicallyseparatedpartsof thebodypersistandcauseanexchange
of information betweenthe two sidesof the discontinuity. This information, in the
form of locally extremely high strain values,stimulatesdamagegrowth away from
theprocesszone,i.e. a spuriousextensionof thecontinuumdamagedzone.This phe-
nomenon,mostevident in problemswith large crackopening(e.g. compositefailure
[2]), manifestsitself alsoin problemswith smallcrackopening[3].
In this work, theintroductionof discontinuitiesin a differentialversionof a non-local
damagemodelis presented.Discontinuitiesareintroducedwhenthematerialreaches
afully damagedstate.By introducingadiscontinuity, non-localinteractionsacrossthe
crack ceaseand the unboundedstrain at the surfacehasno influenceon the global
response.Discontinuitiesare introducedusing the partition of unity concept[4, 5],
which allows discontinuitiesin theproblemfields to crossarbitrarily througha finite
elementmesh[6]. It is shown thatthroughtheintroductionof discontinuitiesin a gra-
dientdamagemodel,thespuriousresponseoftenobservedprior to completefailureis
avoided.Besidesthis appealingnumericalfeature,the combinedmodelcanrealisti-
cally describemacroscopiccracks.

2 Enhancedfields

In the gradient-enhanceddamagecontinuummodelproposedin [7], the problemis
characterisedby thedisplacementfield u andby thescalarnon-localequivalentstrain
field e. ThebodyΩ̄, depictedin Fig. 1, is boundedby Γ andit is crossedby adisconti-
nuity surfaceΓd. Displacements̄u areprescribedonΓu, while tractions̄t areprescribed
on Γt. The internaldiscontinuitysurfaceΓd divides the body into two sub-domains,
Ω
�

andΩ � (Ω � Ω
���

Ω � ). The boundarysurfaceof the body Ω̄ consistsof three
mutuallydisjoint boundarysurfaces,Γu, Γt andΓd (Γ � Γu

�
Γt). In thebody Ω̄, the

displacementfield canbedecomposedas

u � x � t �	� û � x � t ��

� Γd
� x � ũ � x � t ��� (1)

where� Γd
� x � is theHeavisidefunctioncentredat thediscontinuitysurfaceΓd ( � Γd

�
1 if x � Ω

�
, � Γd

� 0 if x � Ω � ) andû andũ arecontinuousfunctionson Ω̄. A similar
decompositionholdsfor thenon-localequivalentstrainfield:

e� x � t ��� ê� x � t ��

� Γd
� x � ẽ� x � t ��� (2)

where ê and ẽ are continuousfunctionson Ω̄. In the geometricallylinear case,the
strainfield is computedasthesymmetricpartof thegradientof thedisplacementfield
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Figure1: Body Ω̄ crossedby adiscontinuityΓd.

whichyields:
εεε � ∇∇∇sû 
�� Γd

∇∇∇sũ if x �� Γd � (3)

where ����� s refersto thesymmetricpartof ����� .

3 Problem statement

The boundaryvalue problemfor the gradient-enhancedcontinuumis expressedby
two field equations,in termsof displacementsu andthenon-localequivalentstraine,
which arelinkedthroughthestressfield [7]. Theequilibriumequationsandboundary
conditionsfor thebodyΩ̄ without bodyforcescanbesummarisedby

∇∇∇ � � � σσσ � 0 in Ω (4)

σσσn � t̄ onΓt (5)

whereσσσ is the Cauchystresstensor. The strongform is completedby the essential
boundarycondition

u � ū on Γu � (6)

whereū is aprescribeddisplacement,andby theconstitutive relationfor theisotropic
descriptionof continuumdamage

σσσ ��� 1 � ω � D:εεε in Ω (7)

in which ω is the isotropicdamageparameter(0 � ω � 1), functionof themonoton-
ically increasingdeformationhistory parameterκ , D is the constitutive fourth order
elasticitytensorandεεε is thestraintensor. Theevolution of thehistoryparameterκ is
governedby theKuhn-Tucker relations:

κ̇ � 0� e � κ � 0� κ̇ � e � κ ��� 0� (8)
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while anexponentialsofteninglaw is usedfor theevolution of damage[7]:

ω � 1 � κ0

κ
1 � α 
 αe� β � κ � κ0 � if κ � κ0 � (9)

with α andβ materialsparametersandκ0 thethresholdfor damageinitiation.
The differential format of the non-local integral averagingof the local equivalent
strainεeq resultsin amodifiedHelmholtzequationfor e [7]:

e � c∇2e � εeq in Ω � (10)

wherec is thegradientparameter(lengthscale),which,togetherwith thehomogeneous
naturalboundarycondition

∇∇∇e � n � 0 onΓ � (11)

completesthecoupledsystemof equations.Theequivalentstrainεeq in equation(10)
is expressedthroughthemodifiedvon Misesdefinition[8]:

εeq � k � 1
2k � 1 � 2ν � I1 


1
2k

� k � 1� 2
� 1 � 2ν � 2 I2

1 �
12k

� 1 
 ν � 2 J2 (12)

with I1 andJ2 the first invariantof the strain tensorand the secondinvariantof the
deviatoricstraintensor, respectively, k theratioof thecompressiveandtensilestrength
andν thePoisson’s ratio.
Fromthedecompositionof thenon-localequivalentstraine andusingequation(11),
theboundaryconditionsat thediscontinuitysurface(cf. Fig. 1) canbewritten as:

∇∇∇ê � ννν � 0 onΓ �d (13)

∇∇∇ � ê 
 ẽ��� ννν � 0 onΓ
�
d � (14)

Sincethefunctionê is acontinuousfunction,ê
� � ê� , whereê

� � � indicatesthevalue
of ê onΓ

� � �
d

. Therefore,

� ∇∇∇ê � ννν �
Γ!

d

��� ∇∇∇ê � ννν �
Γ"

d

� 0� (15)

Fromequation(15) andtheaboveboundaryconditionsonΓ
�
d , it followsthat∇∇∇ẽ � ννν � 0

onΓ
�
d . In summary, theboundaryconditionsfor thenon-localequivalentstraineat the

discontinuitysurfacecanbewritten as:

∇∇∇ê � ννν � 0 on Γ
� � �
d

(16)

∇∇∇ẽ � ννν � 0 on Γ
�
d � (17)

4 Variational formulation and discretisation

Thegoverningsystemof coupledpartial differentialequationscanbecastin a weak
form. To thisend,equation(4) is multipliedby aweightfunctionwu, which is decom-
posedinto ŵu andw̃u consistentwith thedisplacementdecompositionin equation(1),
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andintegratedover thedomainΩ:

Ω
ŵu 

� Γd

w̃u � � �#� ∇∇∇ � � � σσσ � dΩ � 0� (18)

Following standardproceduresandusingtheadditionalcondition

ũ � 0 onΓu (19)

for themagnitudeof thedisplacementjump [9], theabove weakequilibriumequation
leadsto two variationalstatements:

Ω
∇∇∇sŵu:σσσ dΩ �

Γt

ŵu � � � t̄ dΓ (20a)

Ω! ∇∇∇sw̃u:σσσ dΩ �
Γ !t

w̃u � � � t̄ dΓ � (20b)

In asimilar fashion,equation(10) for thenon-localequivalentstraincanberecastin a
variationalform by multiplying it by a scalarweight functionwe (split up into ŵe and
w̃e) andby integratingover thedomainΩ:

Ω
ŵe 
�� Γd

w̃e ê 
�� Γd
ẽ dΩ � c

Ω
ŵe 

� Γd

w̃e ∇2 ê 
�� Γd
ẽ dΩ

�
Ω

ŵe 
�� Γd
w̃e εeq dΩ � (21)

Using the product rule for the Laplacianof a discontinuousscalarfield, the term

∇2 � Γd
φ in thepreviousequationis equalto:

∇2 � Γd
φ �$� Γd

∇2φ 
 φ∇∇∇δΓd
� � � ννν 
 2δΓd

∇∇∇φ � � � ννν � (22)

Substitutionof theabove relationinto equation(21) leadsto theterm Ω φ∇∇∇δΓd
� � � ννν dΩ

whichcanbeexpandedusingthedirectionalderivative of a functionφ in thedirection
of a genericunit vectorv (Dvφ � ∇∇∇φ � � � v):

Ω
∇∇∇δΓd

� � � v φ dΩ �
Ω

DvδΓd
φ dΩ ���

Γd

Dvφ dΓ ���
Γd

∇∇∇φ � � � v dΓ � (23)

Equation(23) hasbeenderivedusingthefollowing relationfor theDirac-deltafunction
δΓd

[10]:

Ω
∇∇∇δΓd

φ dΩ �%�
Γd

∇∇∇φ dΓ � (24)

Using Gauss’theoremandafter the applicationof the boundaryconditions,the two
variationalstatementsgeneratedfrom equation(21) canbewritten in theform:

Ω
ŵeê dΩ 


Ω ! ŵeẽ dΩ 
 c
Ω

∇∇∇ŵe� � � ∇∇∇ê dΩ 
 c
Ω! ∇∇∇ŵe� � � ∇∇∇ẽ dΩ

�
Ω

ŵeεeq dΩ (25a)
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Ω ! w̃eê dΩ 

Ω! w̃eẽ dΩ 
 c

Ω ! ∇∇∇w̃e � � � ∇∇∇ê dΩ 
 c
Ω ! ∇∇∇w̃e� � � ∇∇∇ẽ dΩ

�
Ω ! w̃eεeq dΩ � (25b)

Finally, usingaBubnov-Galerkinapproachandengineeringvectornotationfor σσσ and
εεε andfollowing standardprocedures[7], thediscretisedboundaryvalueproblemcan
bewritten in matrix form as:

Kaa& t Kab& t Kap & t Kaq& t
Kba& t Kbb& t Kbp & t Kbq& t
K pa& t K pb& t K pp K pq

Kqa& t Kqb& t Kqp Kqq

∆a
∆b
∆p
∆q

�
fext & a& t � dt

fext & b& t � dt

0
0

�
f int & a & t
f int & b & t
f int & p & t
f int & q & t

� (26)

where∆ ����� indicatesan incrementof ����� , a andb areregular andenhanceddisplace-
ment degreesof freedom,p and q are regular and enhancednon-local equivalent
strain degreesof freedomand with the symmetriesKba � Kab, Kbp � Kbq � Kaq,
Kqa � Kqb � K pb, Kqp � Kqq � K pq and

Kaa �
Ω

BT
u � 1 � ω � DBu dΩ (27a)

Kab � Ω! BT
u � 1 � ω � DBu dΩ (27b)

Kap ���
Ω

BT
u

∂ω
∂κ

∂κ
∂e

DεεεNe dΩ (27c)

Kaq ���
Ω ! BT

u
∂ω
∂κ

∂κ
∂e

DεεεNe dΩ (27d)

Kbb � Ω! BT
u � 1 � ω � DBu dΩ (27e)

K pa ���
Ω

NT
e

∂εeq

∂εεε

T

Bu dΩ (27f)

K pb ���
Ω ! NT

e
∂εeq

∂εεε

T

Bu dΩ (27g)

K pp �
Ω

NT
eNe 
 BT

ecBe dΩ (27h)

K pq �
Ω! NT

eNe 
 BT
ecBe dΩ � (27i)

As in thestandardgradientdamageformulation,thestiffnessmatrix is notsymmetric.
In equations(27), N is amatrix containingtheusualfinite elementshapefunctions,B
is amatrixcontainingspatialderivativesof theshapefunctionsandκ is themaximum
valueof thenon-localequivalentstrain(seeequation(8)). Thetermsin theRHSof the
discretisedboundaryvalueproblemread:

f int & a �
Ω

BT
uσσσ dΩ (28a)

f int & b �
Ω! BT

uσσσ dΩ (28b)
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f int & p � Ω
NT

eNep 
 BT
ecBep � NT

eεeq dΩ 

Ω! NT

eNeq 
 BT
ecBeq dΩ (28c)

f int & q � Ω ! NT
eNep 
 BT

ecBep � NT
eεeq dΩ 


Ω ! NT
eNeq 
 BT

ecBeq dΩ � (28d)

5 Finite elementimplementation

The finite elementimplementationmainly follows the one proposedin [7] for the
gradient-enhancedmodel.In thefollowing, someissuespertinentto thecurrentimple-
mentationof thediscontinuousmodelarediscussed.Otherissues,suchasthechoice
of thenodesto enhance,arediscussedin [9].
Intr oducing a discontinuity A discontinuityis introducedwhenthedamageat all
integrationpointsin theelementaheadof adiscontinuityis largerthanacritical value
setto ωcrit � 0� 999.
Numerical integration Whendealingwith integrationof theelementmatricesonly
on partof anelementdomain,it is necessaryto consideralternative integrationrules.
Whenanelementis intersectedby a discontinuity, the two resultingsub-domainsare
triangulatedand eachsub-domainis mappedto a parentunit triangle over which a
three-pointsymmetricquadraturerule, with interior pointswithin the triangularsub-
domain,is considered[9].

6 Failur eanalysisof a concretebeamin four-point bending

To illustrate the combinedcontinuous/discontinuous approach,a four-point bending
testof a concretebeamwith different notchsizesd is analysed(Fig. 2). To enable
comparisonwith theexperiments[11], thevertical displacementof a point placedat
thebottomof thebeamandwith anoffsetof 7.5mm from thecentrelineof thebeam
is usedfor themeasurementof thedeflectionv. Thefollowing materialparameters[3],
‘fitted’ for thecontinuumproblem,areadoptedfor thesimulation:Young’s modulus
E � 40000MPa; Poisson’s ratio ν � 0� 2; exponentialdamageevolution law (equa-
tion (9)) with damagethresholdκ0 � 0� 000075,damagelaw parametersα � 0� 92 and
β � 300;modifiedvon Misesdefinitionof the local equivalentstrain(equation(12))
with k � 10; gradientparameterc � 4 mm2. Thesimulationis performedunderplane
stressconditions.The load is appliedvia an imposeddisplacement.Quadrilateralel-
ementswith quadraticinterpolationfor the displacementandlinear interpolationfor
thenon-localequivalentstrainhave beenused.A 2 ' 2 Gaussquadraturerule is used
in thecontinuumfor elementsnot crossedby a discontinuity. Thenotchis simulated
asa traction-freediscontinuity[9] andthedirectionof thediscontinuityis prescribed
to bevertical.Theanalysesfor the10 mmdeepnotchbeamarereportedin Fig. 3a for
differentmeshsizes.In theprocesszone,thecoarse,mediumandfine meshelement
sizesare,respectively, 10 mm, 5 mm and2.5 mm. Due to thesmalldifferencein the
responsebetweenthemediumandthefine discretisation(Fig. 3a), the former, with a
10 mm deepnotch,hasbeenusedfor the resultsdepictedin Fig. 4 andFig. 5. From
theanalysisof the resultsit is evidenthow the introductionof a discontinuityduring
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Figure2: Four-pointbendingtest(thickness50 mm;dimensionsin mm).
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Figure 3: Load-deflectioncurves for simulationswith (a) different meshes(10 mm
deepnotch)and(b) differentnotchsized (mediummesh)andexperimentalresults
[11].

thecomputationinfluencestheglobalandlocal behaviour. In particular, Fig. 4 shows
how the activity of the non-localequivalentstrain is mobilisedonly aroundthe dis-
continuity tip for the continuum/discretemodel.This translatesin the morerealistic
damageprofilesdepictedin Fig. 5. However, theuseof anexponentialsofteningrela-
tionshipwith a high residualstressat themomentof theenhancement(around10 %
of thetensilestrength)causesthemarkeddropsin Fig. 3a andmakesthecomparison
with experimentdifficult (Fig. 3b). Theuseof differentstress-strainrelationshipswith
lower residualstressvaluesproducedan unsatisfactory comparisonin the post-peak
response.Introductionof displacementdiscontinuitiesrequiresa re-assessmentof the
materialparametersof thecontinuummodelwhichgovernthepost-peakresponse.
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notch

continuumfailure

continuumwith transitionto discretefailure

Figure4: Four-pointbendingtest:non-localequivalentstrainevolution(mediummesh
/ 10 mmdeepnotchbeam).
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Figure5: Four-point bendingtest:damageevolution (thediscontinuityis represented
by thewhite thick line; mediummesh/ 10 mmdeepnotchbeam).

7 Conclusions

A discontinuousgradient-enhanceddamagemodelfor fracturehasbeenpresented.An
implicit gradient-enhanceddamagemodel is enrichedwith discontinuousinterpola-
tions of the problemfields throughthe partition of unity concept.The discretisation
procedurefor the enrichedmodelhasbeencompletelydescribed.By introducinga
discontinuityat a fully damagedmaterialpoint, macroscopiccrackscanbe realisti-
cally described.As a discontinuitypropagates,theactivity of thenon-localequivalent
strain is mobilisedat the discontinuitytip andceasesbehindit. Spuriousgrowth of
damagecanthusbepreventedsincethenon-localinteractionbetweenthetwo sidesof
thediscontinuityis avoided.
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[1] G. Pijaudier-Cabot,Z. Bažant,Nonlocaldamage theory, ASCEJournalof Engi-
neeringMechanics,113,(1987),1512–1533.

[2] M. G. D. Geers,R. de Borst,W. A. M. Brekelmans,R. H. J. Peerlings,Strain-
basedtransient-gradientdamage modelfor failure analyses, ComputerMethods
in Applied MechanicsandEngineering,160,(1998),133–153.

[3] J.Pamin,R.deBorst,Gradient-enhanceddamageandplasticitymodelsfor plain
and reinforced concrete, in W. Wunderlich,ed., Proceedingsof the European
Conferenceon ComputationalMechanics ECCM’99, TechnicalUniversity of
Munich,Munich (1999),pp.482–483,paperno.636.

[4] C. A. M. Duarte,J. T. Oden,H-p clouds– an h-p meshlessmethod, Numerical
Methodsfor PartialDifferentialEquations,12(6),(1996),673–705.
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