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Abstract

The Discrete Gaussian model is a Gaussian free field on lattice restricted to take integer
values. In dimension two, it was proved by the seminal work of Frohlich-Spencer that the
Discrete Gaussian model exhibits localisation-delocalisation phase transition. The phase
transition is ubiquitous in two-dimensional statistical physics models, intriguing the need for
a unified framework for studying these phenomena.

The goal of this thesis is to apply rigorous renormalisation group method to study the
two-dimensional discrete Gaussian model in the delocalised phase, thereby obtaining central
limit theorems in long-distance limit—in physics literature, the renormalisation group is
a standard apparatus used to study scaling phenomena, in particular computing critical
exponents and proving scaling limits and universality.

We study the central limit theorem in three different regimes, first on macroscopic scale,
second on mesoscopic scale and the third on microscopic scale. The first two amount to
studying the scaling limits of the spin model under different limit regimes, while the final
one discusses both pointwise and limit results. The final results have in particular prolific
by-products, producing analogues of a number of results proved for different interface
models.

The entire thesis is devoted to solving these problems, but the strategy of the proof
we develop is expected to have general applicability. Indeed, we develop renormalisation
technology in the first half (Chapter 2—4) that only has weak requirements on the model.
Then in the rest of the thesis, we develop an analysis specific to our model to prove the main

theorems.
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Chapter 1
Introduction

The aim of this chapter is to motivate the study of the two-dimensional Discrete Gaussian
model and to give an outline of the forthcoming chapters. In Section 1.1, we give an overview
of the two-dimensional Discrete Gaussian model and present the main results of this thesis.
In Section 1.2, we discuss some implications of the main results and also introduce related
open problems. In Section 1.3, we introduce the method of the proofs and given an outline of

how these are implemented in the rest of the thesis.

1.1 Motivation and main results

1.1.1 Motivation

The main player of this thesis is the two-dimensional Discrete Gaussian (DG) model. In
any dimension, the Discrete Gaussian model is an effective model for discrete interfaces,
while if we only focus on the two-dimensional case, then the Discrete Gaussian model can
also be thought of as a dual representation of the two-dimensional lattice Coulomb gas
model with charge symmetry (see Section 1.3.3). The two-dimensional Coulomb gas model
can be used to represent a broad range of two-dimensional field models, thus giving direct
and indirect connections with various two-dimensional statistical and quantum physical
models. An incomplete list of such models includes the Ising model, three and four-states
Potts model (see [60]), Solid-On-Solid model, the sine-Gordon model, the dimer model,
the square ice models, the XY model, each of which has been a central object of study in
the mathematical physics and probability community, partially because of their interesting
physics properties and partially because of their exact solvability (for a subset of models
above such as the Ising model, the dimer model, and some specific 6 and 8 vertex models,

see [16], for example). The Discrete Gaussian model and height functions associated with
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some of these models, such as dimer model, the square ice model, Solid-on-Solid model,
the sine-Gordon model and the dual of the XY model (as a discrete height function), also
exhibit localisation-delocalisation phase transition. The definition and detailed exposition
of the phase transition will be discussed in Section 1.1.2. Here, we just mention that, for
the case of the Discrete Gaussian model, the localisation-delocalisation transition can be
interpreted as a type of Kosterlitz-Thouless phase transition, which was originally observed
in the charge-symmetric Coulomb gas model by Berezinskii [18] and Kosterlitz—Thouless
[66].

With this motivation, the aim of this thesis is to study the delocalised phase of the two-
dimensional Discrete Gaussian model in detail, using the renormalisation group, explained
in Section 1.3.1.

1.1.2 The localisation-delocalisation phase transition

The model
Given N € 2N+ 1, N € N, let Ay be the LN x LV discrete torus with distinguished 0 € Ay.
It can be realised as Ay = [—LNZ’I , LNz’l]2 N Z? with toroidal graph structure, i.e., we let

{(x1,x2),(y1,y2)} C Ay be an edge of Ay if x; —y; = +1(mod L") and x; = y; or x, —y, =
+1(mod L") and x; = y;. We also denote (x1,x3) ~ (y1,y2) in this case. Then the Discrete
Gaussian model on Ay with temperature 3 is the random height function ¢ ~ IP’ﬁ b given
by

Pyhg(o) = e Lo Wz =e ~p(0—40) ) Z5%
1.1)
AN o~ 35 Ly (0)x-0())? (
BG = G%

where Y., counts each edge twice, A is the Laplacian Af(x) = ¥.,., f(y) — f(x) and the
state space is

QM = {c € (27Z)™ : 5(0) = 0}. (1.2)
The expectation with respect to P4 8.DG is also denoted (- ) B.DG" Note that, although ¢ € Q"
is pinned to take 0(0) = 0, we really want to study distribution of the gradient of ¢. Thus

any function F : (27rZ)AN — R satisfying F (o) = F (o + ¢) for any constant ¢ € 277 can

be tested against (-)AV DG
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We use % instead of 8 in (1.1) (thus B is the temperature, not the inverse temperature)
to relate better to the Coulomb gas literature—by duality, B corresponds to an inverse
temperature for the dual Coulomb gas.

For comparison, we also state the definition of the Gaussian free field. With the state
space {¢ € R : ¢(0) = 0}, the real-valued discrete Gaussian free field on Ay is the random

height function ¢ with measure

PGte(d9) e 2072 T do. (1.3
x€An\{0}

The moment generating function of the gradient of ¢ can be computed explicitly by

()t = exp (5(,(~An) 1)), (1.4)

for any f € R such that ¥, c s, f(x) =0.

Phase transition

The phase transition is observed when f is varied. When f is sufficiently small, then the
Peierls” argument shows that the variance of the height function is bounded uniformly in the
volume, so

AN

ﬁ,DG(Gx —0p) < eo. (1.5)

sup sup Var

N>0xeAy
In fact, a sophisticated Peierls’ argument [19] even shows the exponential clustering at small
B, that is, the correlation function between any two spin sets decays exponentially in their
distance. While, if B is sufficiently large, then (1.5) is violated, and it is said the height
function is delocalised, or exhibits roughening transition. The existence of the delocalisation
phase was first proved by Frohlich—Spencer [41]. In fact, they prove a stronger statement
that the Discrete Gaussian model exhibits approximate Gaussianity when combined with a
Gaussian domination inequality [38]: when f is sufficiently large, and f is a function on Ay

such that Y 5, f(x) =0,

s —1)2
(el ~RI )y [i] (ef (f’a)ﬁi\ﬁ)G [3<8] CR (1.6)

(see also [65] for a detailed review) for some so = so() > 0 and ¢ ~ PéﬁF If we set
f(x) =1(6(x) — 6,(x)) applying (1.4), then differentiating twice the first inequality of (1.6)
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in t proves

Vargﬁ)a(oz —0p) > CBlogdisty(z,0) (L.7)

for some C > 0, where dist, is the ¢2-distance, thus the first inequality of (1.6) implies
delocalisation. Moreover, it is proved that so(f8) — 0 as B — oo, so (1.6) shows that the
scaling limit of the Discrete Gaussian model is a Gaussian Free Field in the limit § — oo.

The proof of the lower bound of (1.6) in [41] is based on a multi-scale expansion of
spin-waves, whose name originates from the XY model. The spin-wave is also what is
responsible for the lack of spontaneous magnetisation in the XY model at all temperature,
as proved by Mermin—Wagner [76, 75]. The Mermin-Wagner-type argument has a wide
range of application in statistical physics, see [40, 82, 31]. Also, applications of the multi-
scale expansion of [41] can be found in [46, 91]. However, the spin-wave expansion is
not the only approach to delocalisation. For example, some recent alternative accounts on
the delocalistion includes [67, 68, 70, 3, 88], all of them using percolation arguments. The
percolation arguments can be generalised to different settings more flexibly, for example to
various types of planar graphs (not necessarily square lattice), but relatively lack quantitative
control.

The main results of this thesis consists of improving (1.6) in certain limit regimes. In
particular, by considering the infrared limit on the torus (Theorem 1.1.1) or on the infinite
plane R? (Theorem 1.1.3), we prove that the scaling limit of the Discrete Gaussian model for
any sufficiently high, but finite temperature is a multiple of the Gaussian free field. Proving
the scaling limits involves testing a (discretised version of) smooth function against the
Discrete Gaussian model and taking 0-mesh size limit. Thus the scaling limit does not see
the microscopic detail of the model. A complementing result on multi-point functions is
also proven (Theorem 1.1.5). The multi-point functions will contain the information about
the microscopic structure, but it can be seen that these only contribute as a constant in the
large-distance limit, thus we will also be able to prove a type of central limit theorem for
the two-point function when scaled appropriately (Corollary 1.2.5) and compute the scaling
dimension of the fractional charge correlation (Corollary 1.2.6).

The delocalisation is actually a widely observed phenomenon in two-dimensional height
function models, and also had been extensively studied under different settings, see [20, 79,
59, 28, 93], for example. More detailed analysis had been performed for the gradient models
with sufficiently smooth uniformly convex potential, with some classical results including
[80, 44, 43]. There are also works [27, 1] using the renormalisation group approach. Discrete

height functions exhibiting delocalisation transition includes dimer models [71, 63, 54, 53,
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32, 83] and six-vertex models [55, 33, 34, 92]. Reviews [90, 43] contain more extensive list

of models and problems related to the delocalisation.

1.1.3 Finite-range interaction

We present our result for Discrete Gaussian models with general finite-range interactions.
In the rest of the thesis, we only use finite-range step distribution J C Z?\ {0} that respects
lattice rotations and lattice reflection symmetries and contains the nearest neighbour of 0. In

this case, define the (normalised) J-Laplacian A; by

(M) =17 T X () — (), (1.8)

yeJ

for f: Z¢ — R, where |J| is the cardinality of J. The Green’s function of A; satisfies

asymptotics
1
-1
(A7)~ (x,y) ~ —Wlog x—yl, as |x —y| — oo (L.9)
where
2 _
v 1 |2, x = (x1,x2) (1.10)
7 2|J| ;,

see [72, Theorem 4.4.4], for example.

If we let the normalised standard nearest-neighbour Laplacian to be given by J = Jy, =
{(1,0),(0,1),(—1,0),(0,—1)}, then the usual Laplacian is related by A = 4A; . Another
particular case is the range-p Laplacian, for p > 1, defined by

Jp = {x € Z\{0} : |[x]| < p}. (1.11)

We do not treat them as special cases in our main theorems, but it will be convenient to
consider them as model examples where J is allowed to vary. One may also see Theorem 1.2.1
to motivate the use of J-DG model—we can study near-critical points by taking J sufficiently
long-ranged.

The Discrete Gaussian model with periodic boundary condition will be extended to
general J-range interactions. Let L,N > 0, A = Ay and Q™~ be as in Section 1.1.2 and recall
that there was a distinguished point O € A. Then for J as above, the J-Discrete Gaussian (or
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just J-DG) model on Ay at temperature § > 0 is the probability measure

PAN (G) _ Le—ﬁ(a—AJG) 1 *ﬁZx—yeJ(O'x*Qy)z

J7ﬁ Z - ZTNe ’

AN

J.B 1 J’ﬁz (1.12)
Z;\f[\j[: Z e—m):x—ye](ox_cy)

ceQAN

and expectation is written either E?% or ()3\’2’3, where we again use the convention that

AN

8.DG in Section 1.1.2 apply the same

Y.« yes sums over each pair {x,y} twice. Remarks on P

A
for P J’%.

1.1.4 Summary of the main results

The main results of this thesis have three parts, which can be considered as quantitative
refinements of (1.6) in three different regimes. In particular, under certain scaling limits, we

see that the DG model at high temperature converges to a continuum Gaussian free field.

* The first is on the convergence of the torus scaling limit (Theorem 1.1.1 [12]) on T2,
the unit square torus, to a Gaussian free field. We study the limit of the canonical
ensembles (closed system with fixed temperature) on a sequence of discrete tori, so the
limit is also called the ensemble scaling limit. Since the tested observable is smooth on

T2, the ensemble scaling limit describes the thermal system in the macroscopic scale.

* The second is on the convergence of the R2 scaling limit (Theorem 1.1.3 [13]) to
a Gaussian free field. We first define the infinite volume J-DG measure in Propo-
sition 1.1.2, and then a smooth function on R? is tested against the infinite volume
measure with varying mesh sizes. Then the 0-mesh size limit is studied. The macro-
scopic scale is not visible in the infinite volume measure, thus it is necessary to think

of observables that live on multiple scales.

We also mention Theorem 1.1.4, the mesoscopic scaling limit, for comparison. While
Theorem 1.1.3 first takes volume to infinite and then manipulates the scales of the

observables, Theorem 1.1.4 manipulates these two scales simultaneously.

* The third is on the multipoint functions (Theorem 1.1.5 [81]). We still consider the
infinite volume measure, but the observables are more singular under the scalings
of Theorem 1.1.3. Thus one has to consider different scalings to obtain meaningful
limits. These results are summarised in Section 1.2.3, see Corollaries 1.2.5 and 1.2.6

for example, which matches with Gaussian computations.
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The three results all indicate that the DG model is in the Gaussian universality class
(see Section 1.3.1). The main theorems will be stated in Sections 1.1.5, 1.1.6, and 1.1.7.
Results in this chapter without proof are proved in Chapter 9, if not mentioned otherwise.
The technical differences of the three regimes will be discussed in Section 1.3.4.

1.1.5 Torus scaling limit

For the first result, let T? be the (continuous) unit square torus, i.e., T?> = (R/Z)? ~
([_Z’ Z] /7)?, with geometry inherited from R?. The torus scaling limit considers a suf-
ficiently smooth function f € C*(T?) (or any sufficiently smooth function) tested against the
J-DG measure, scaled to fit in T2. More precisely, we take f such that [ f(x)dx = 0 and
for each N > 0, we let fi be the discretised version of f given by

fzv(x)zi(f( Z o ) X € Ay, (1.13)

|AN’ yEAN
sothat Y, fv(x) = 0. Then fy is tested against J-DG measure.

Theorem 1.1.1. [12] Let J C 7?\ {0} be any finite-range step distribution that is invariant
under lattice rotations and reflections and includes the nearest-neighbour vertices of 0. Then
there exists Bo(J) > 0 and an integer L = L(J) such that for the J-DG model on the torus
Ay of side length LN at temperature B > By(J), there is Beo(J, ) > O such that for any
f€C™(T?) with [ fdx =0, as N — oo,

log (el P ) % — B‘“'ffzuzﬁ N (1.14)

Moreover, Bei(J, B) = B+ Os(e=B) for some ¢ > 0 (independent of J).

On the left-hand side of (1.14), (f,g)a, is |A1_N| Yxeny f(x)g(x). On the right-hand side,
(f,8)m2 = [ie2 f(x)g(x)dx, A is the Laplace-Beltrami operator on T? and the domain of
(=Ap)~tis {f: [ f = 0}. The constant v} was defined in (1.9).

It can be shown that (see Lemma 9.1.3 for a related result)

_ 1 _
(s (=An) " fw)ay = 5 (f, (=Ap2) " f)p (1.15)
7
and we may recall that £ (f, (—Ag2) ™! f) g2 = log (el "P))%f F when ¢ is the standard Gaussian

free field on T2. Then we see that there is a multiplicative correction on the scaling limit of the
J-DG model compared to the standard Gaussian free field by a factor w =1+0 J(e_"ﬁ ).
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This was partially predicted by (1.6) (in particular, we need B < ). There is also a
quantitative estimate in [45] saying w —1 < —c Be*‘?ﬁ for some cy,c; > 0 when
J = Jmn, the nearest neighbourhood interaction, ruling out the possibility of Begt(Jun, B) = B.
This bound is due to the spin-vortex contribution (a terminology again originating from the
XY model), which can be taken into account rigorously by using a coupling of the Villain
XY model with discrete random variables and map it to the lattice Coulomb gas. Then each
charge in the lattice Coulomb gas contributes as a spin-vortex. The exact value of Be/p can
be understood to arise from the competition between the spin-waves (the mechanism used to

prove (1.6)) and the spin-vortices.

1.1.6 RR? scaling limit

The second result considers the scaling limit when a smooth function is tested against the
DG model on the whole plane. For this purpose, we extend the DG measure to Z2. For the

case of the nearest-neighbour interaction (when J = Jyp), it is proved using cluster-swapping
ZZ
ﬁaJnn
. . . . 2 .
with tilt 0. Having tilt 0 means E%", [0, — o,] = O for any x,y € Z>. However, this is not
ﬁ :Jnn y

argument [86] that there exists a unique (translation) ergodic gradient Gibbs measure P

known for J-DG with general finite-range interaction J. Instead, we make a specific choice
of infinite-volume measure obtained as a limit of DG measures on a specific sequence of
tori. For the case of the nearest-neighbourhood interaction DG model, the infinite volume

measure corresponds to the infinite volume Gibbs measure.

Proposition 1.1.2. Let AN be a sequence of tori with side lengths 3N. Then the limit
<>%% = limN%m<~)3\% exists and has tilt 0. Moreover,

2 . A
<e(f,6)>%ﬁ :$ﬂ<e(f7c)>2% (1.16)
forany f:7? — R with ¥, f(x) = 0 and when Ay is realised as a subset [—%, ﬂ%] NZ?
of 7.

The proof is given in Appendix 1.A.

We now define the discretisation of given f € C°(R?) (smooth function with compact
support) with [p2 f(x)dx = 0. For each € > 0, let the discretisation of f with mesh size € be
fe :Z? — Rsuch that Y, 2 fe(x) = 0 and, with d = 2,

—1g\k 1+d/2 —1 —1yd
max max|(e 'V < Cre , S C |—Rre ",Rse ,
(max max (& V) fe(x)] < Cy upp fe C [=Ry el

1.17
max e 79/2 £y (x) — f(ex)| =0, (17
xezd
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for some constants C¢,Ry > 0 (that do not depend on €) and V is the vector of discrete
gradients on Z2. For example, if f = V,g for some g € C(R?) and i € {1,2} then one
can take f¢(x) = £%/2(g(ex+ €e;) — g(€x)). In the statements, we take € — 0 to obtain the
scaling limit.

In the next theorem, we test the discretised field f against J-DG model on Z?.

Theorem 1.1.3. [13] Let J C 72\ {0} be any finite-range step distribution that is invariant
under lattice rotations and reflections and includes the nearest-neighbour vertices of 0. Then
there exists Bo(J) > 0 such that the following holds for B > Bo(J) and f € CZ(R?) with
| fdx =0 such that there exists discretisation f¢ as in (1.17). As € — 0,

(fe,0) Beff (-] B )

>Jﬁ S (f (< AR2) T f)Res (1.18)

log<e
where Begs is the same as Theorem 1.1.1 and - ) b [3 is the infinite volume measure defined by

Proposition 1.1.2.

The order of taking limit N — o and € — 0 does not matter too much, as long as LN g — oo,
This is stated as a separate theorem, which can be understood as the mesoscopic limit of the
J-DG model.

Theorem 1.1.4. Under the setting of Theorem 1.1.3, there exists L= L(J) such that, whenever
(en)n>0 is a sequence such that ey — 0 and LN ey — oo,

log(e (fey+0) > Jp BEH(J B)( (—Ag2) " fge (1.19)

2vJ

as N — oo,

1.1.7 Multi-point functions

Before stating our result, we characterise the most general class of multi-point observables in
the following assumption, where we also take care of multi-cluster observables f, expressed
as a linear combination of clusters fy. In the following, we think of n as the number of
clusters (allowed to be 1) and Mp? as the L! size of each cluster, so nMp? is the L' size
of the observable. For y € Z?, T, is the translation by y, i.e., for any f: 7> — R, we have

Tf(x) = flx—y).
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(Ay) fisdecomposed as §f = Yy, T, fa Where each fq € RZ’ is a function with compact
support, 0 € supp(fg) and Y5, _; ¥ fo(x) = 0. Also,

Jmax {{lfall=(z2)} <M, max _{diam(supp(fa))} < P (1.20)

(X—l,”',
with nMp? < 1.

We briefly explain these assumptions. Each y, can be thought of as the centre of each
cluster T, fo. For convenience, we denote?z (f1,---,fn) and ¥ = (y1,--- ,yn) when such f

is given. Also, let

dy, = min{||ya1 —ya2||2 T 00 7& 062}. (121)

Since ||y, — Yo, |2 = dy, each pair of clusters are separated by distance at least dy —2p,
and we will be interested in situations where dy — eo. However, the clusters do not have
to be disjoint in principle, so we do not impose any restrictions on y,’s. We are restricting
the L' size of the observable because we treat the observable as a perturbation to the
renormalisation group flow (explained in Section 1.3.1), and the perturbation only has finite
radius of convergence. In fact, we have an extra parameter 4, that restricts the observable
size in the next theorem, but thanks to nM p2 < 1, we can choose h, independent of the other
parameters.

We test of against & ~ IP%Zﬁ for o € Dy, in the following theorem, where we use the
notation D, = {w € C: |w| < r}.

Theorem 1.1.5. [81] Let J C Z*\{0} be any finite-range step distribution that is invariant
under lattice rotations and reflections and includes the nearest-neighbour vertices of 0. There
exists a translation invariant covariance matrix &g = €; 5, Bo = Bo(J) and he = he(J)
such that the following holds. Let @ € Dy, with hey >0, B > By and © ~ IP’%Zﬁ. Then for

f=X0, Tf; satisfying (Ap),
~1/2 2 1 Il -
log(eP "0y = 0 (.¢p0) + Y g [il(@) + g BFl(0)  (1.22)
i=1

where h(ﬁa) (a € {1,2}) are analytic functions in Dy, > o satisfying the following.
* |h;32) 5, l(w)] = Op (d;“) uniformly in @ € Dy, and some o > 0.

o h(ﬁl)[fl] — h(ﬁl)[_fl], hél) [O] =0and hEZ) [y,fboa T 70] =0.
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We will see that €g roughly behaves like the Green’s function for the Laplacian in long
distances as in Lemma 1.2.3, for example. Thus in the theorem, %a)z(f, €gf) consists of
the effect of the Gaussian part of the field, while each hg) [fi] is a y;-independent correction
coming from each cluster. The final term hg) are corrections due to the interactions between
the clusters, decaying polynomially in the distance between the clusters. Some interesting
corollaries of this theorem are summarized in Section 1.2.3, where the interpretations will

get more clear.

1.2 Remarks and related problems

1.2.1 Novelties of this work

Compared to earlier works on the renormalisation group method, we develop a new finite-
range covariance decomposition that admits a 0/ scale part covariance with range 0, see
Chapter 2. This permits integrating a preliminary renormalisation group which smooths out
the discreteness in the model. Once combined with the renormalisation group analysis of
[9, 7, 10], we expect this to have applications in the analysis of the Ising model or the spin
O(n) model or strictly self-avoiding walks in dimension > 4, and even near the critical point
if we use the spread-out interactions.

In the renormalisation group analysis, we provide a novel systematic way to study the
mesoscopic and microscopic observables by investigating how the tilted expectation interacts
with the fluctuation integrations of the RG analysis. Complex tilting is allowed, and tracing
the complex analyticity along the renormalisation group flow gives the analyticity statements
of Theorem 1.1.5.

1.2.2 Near-critical scaling limit

If we consider the nearest-neighbourhood interaction J = Jy,,, our proof requires choosing
Bo(Jnn) sufficiently large, well above the expected critical point. However, if we consider
interaction J with a sufficiently large range, then fy(J) is allowed to approach the critical
temperature as much as desired. At the level of our first-order renormalisation group analysis,
we cannot determine the critical temperature constructively, so we instead state the result

with reference temperature

Btree(J) := 87rv3, any step distribution J. (1.23)
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If we let B.(J) be the conjectured critical point, then it is expected that Bree(Jp) ~ Be(Jp)
as p — oo and PBrec(Jp) < Be(Jp), so we are only allowed By > (14 0)Birec(Jp) for some
0 >0.

Theorem 1.2.1. Consider By(J) of Theorem 1.1.1. For the standard range-p distribution
J = J,, there exists C > 0 such that for any § >0, p> > C|logd| and L = L(J,,§), the
conclusion of Theorem 1.1.1 holds with By(Jp) = (14 0)Biree(Jp)-

This theorem was the motivation for studying the DG model with interaction J in the first
place. This result actually also applies to By(J)’s of Theorem 1.1.3 and Theorem 1.1.5, but
we will not mention this explicitly.

In fact, we expect that for sufficiently large p, the critical point is also admissible to our

analysis. In the following conjecture, we state what we expect could be proved.

Conjecture 1.2.2. Let J =J, = {x € Z*\ 0: |x|w < p} be the standard range-p step distri-
bution. Then there is pg € [1,00) such that for p > po, one can choose Bo(J) = B.(p) in the
above theorem where B.(p) is such that, as B | B. = Bc(p),

ﬁeff(Jpaﬁc) = ﬁfree(-]p) = 875"%,,7 (1.24)

As p — oo, the critical temperature satisfies

4 ,

Bc(p) ~ Bfree(-]p) ~ ?P . (125)

and the criticality can be detected from logarithmic corrections on pointwise correlation

Sfunctions.

The final sentence is verified for the 2-component critical lattice Coulomb gas in [36] by
computing the fractional charge correlation. Although we also expect the conjecture to be
true for any finite-range step distribution, so in particular also for the nearest-neighbourhood
interaction J = Jyy, this proof currently seems to be out of reach.

1.2.3 Corollaries of Theorem 1.1.5
Multi-point functions

Theorem 1.1.5 has a number of interesting applications, for which we first need to present
the role of &g.
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Lemma 1.2.3. With Cg as in Theorem 1.1.5 and f, = 0y — Oy,

Bete(J, B)/B
T

(fy,€pfy) =C(B) + log|lyll2+O(lyll;") (1.26)

for some C(B) € R and Begt(J, B) as in Theorem 1.1.1.

The lemma says that €g only behaves like the usual lattice Green’s function in long
distances. Whenever f; = ¢;8p and f = }}' | ¢;0,, is a multi-point function such that y;’s are
well-separated, and then we can disentangle (f, &gf) using the lemma.

Corollary 1.2.4. Consider the setting of Theorem 1.1.5 and suppose (c;)?_, are such that
il <1and ¥} | ci =0. Then for ® € Dy,

2
B12oYl | cioy, 2 ﬁeff/[3 2927 -
log (e 190 = T 0L (E )+ 1l (@) (1.27)
where
£(¢,y) = Zc,cjlogHy, yill2 (1.28)
i<j

and f; g is such that f; g(0) = de f; g(0) = 0 and

sup |f7,5(¢,5)(@) — f ¢, | (@) | < O(d; ) (1.29)

(J)Eth
for some f; g[c,oo]. Both f; g|¢,y] and f; g|c, ] are analytic functions of ® € Dy,

Since f; g is bounded uniformly in the corollary, we see that £(¢,¥) is the dominant term

in the limit djy — eo. We have an intuitive interpretation when we scale the variables.
Corollary 1.2.5 (Central limit theorem). Consider the setting of Theorem 1.1.5 and let

(z:)1, be distinct points in Z2, (w;)"_, be such that ¥ w; = 0. Then

- _, B, B) l3
1 < (tl K)2Y wio )> eff 2: 22 1.30
og  exp ( (logk) LVi%) ), (1.30)
as k — oo, for any t € C. Thus we have convergence in distribution

i1 WiGky; ﬁeff J 13 >
e (o, lZW) (1.31)

n
=1
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Proof. Take y; = kz; and @ = B'/2(logk)~'/*t and ¢; = (logk)~'/*w; in Corollary 1.2.4.
Then @ and ¢; satisfy the conditions for sufficiently large k and

1 n
£(6k2) = 5 Y cilogk+£(¢.2) (1.32)
i=1

using — Y, jcicj = —%(Z,-c,-)z—k%xiciz. O

The central limit theorem for the multi-point functions is in a similar flavour to that of
Theorem 1.1.3, as they both show the Gaussianity of scaled variables in the long-distance
limit. However, the multi-point functions are microscopic observables, making the control
more delicate.

When the field is allowed to take continuous values and the interaction potential satisfies
uniform convexity condition, the same observable as in Corollary 1.2.5 was shown to satisfy
the central limit theorem in [28], and recently, the local central limit theorem was also
proved in [93]. These results are obtained by applying stochastic homogenisation on the
Helffer-Sjostrand representation of the field. This technique has wide-ranging applications in
this context, but it is not directly applicable to integer-valued systems. There are also results
on some specific integer-valued models. The height function for the dimer model was studied
extensively in [64] and the central limit theorem was proved in [71]. Also, a central limit
theorem (with unknown scaling factors) was obtained for the square ice model in [92] using
the Russo-Seymour-Welsh estimate on the level lines.

We obtain another application of Corollary 1.2.4 when @ = in is purely imaginary.

Corollary 1.2.6 (Cosine correlation). Under the setting of Corollary 1.2.4, whenever 1 €
(_h(D7 h(D))

.a— noo 2 12 e cicj _
(P ey T — (B [Tlvi—will” =P (14 0(a5%)) (.33

i<j
for some C(B,1) smooth in 1.

This is exactly like the Gaussian free field prediction (see [61] for an in-depth study and
[32, (2.6)] for a brief introduction). The interpretation is not so clear for the DG model. But
using the analogue for the sine-Gordon model, the cosine correlation with n =2, ¢; = £1
corresponds to the correlation function of two test charges 7 inserted into the 2D lattice
multi-component Coulomb gas system dual to the generalised sine-Gordon model. For this
reason, this observable is also called the fractional charge correlation or the electric correlator.

The polynomial decay of the fractional charge correlation also characterises the delo-

calisation, and the polynomial lower and upper bounds were established in [41, 42]. In the
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localised phase, the Debye screening (cf. [24, 94] for the lattice sine-Gordon model and
[19] for the Discrete Gaussian model) induces exponential decay of the truncated charge
correlation. The same type of result was studied for the dimer model in [83, 32]. A similar
result was also obtained for the interacting dimer model in [53] but only after properly
smoothing the point observables. We mention again that, for the lattice sine-Gordon model
at the critical point, the fractional charge correlation was computed by Falco [36].

Falco’s method of using observable fields also extends the range of 1 to (0, 8'/2) when 8
is near the critical value. (It was seen in [12, 13] that the near-critical values of these models
are within the scope.) It does not give the required bounds for the usual Discrete Gaussian
model where we can implement the renormalisation group method only for large values of 3
(well above the critical point), but by Theorem 1.2.1, this extension has a better chance to

hold when J has sufficiently long range.

Conjecture 1.2.7. When J = J, with sufficiently large p and B is sufficiently close to
Btree (J), Corollary 1.2.6 holds for n € (0, ﬁl/z] (with o depending on ), but with C(B, 1)
discontinuous at N = % Bl/2,

Note that we have only included 1 < % B 1/2 because

<eiﬁ71/2n(60—%)>%zj — <eiﬁ71/2(ﬁ1/2—17)(00—%)>%72J7 (1.34)

9

~1/2p-charge correlation for 1 € (%ﬁl/z,ﬁl/z) can also be

since o takes 27mZ-values, so 3
obtained from the statement. Then (1.33) does not hold anymore, but 1 on the right-hand
side has to be replaced by 8'/2 — 1. Thus one may also expect that C(1], 8) has a point of
discontinuity at n = % B 1/2 This is not weird, because there is actually a subleading term of

the fractional charge correlation coming from fractional charge 1 — [3_1/ 2

n. This conjecture
can be compared with [36, Theorem 2.1].
Using the observable fields is more common in this context, for example, as in [8, 87, 58],

but we do not use it here.

Gradient correlation of the Villain XY model

Finally, we mention an application of Theorem 1.1.5 to the 2D Villain XY model. For M € N,
let Oy = [~M,M]*> NZ? and we define the Villain XY model with free boundary condition

on [y and inverse temperature 3 by

P%,Vil(de)“ H Z ¢ 2(6:=0,-m)’ H do, (1.35)
{x,y}€E(Oy) me2nZ xely
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for € [0,27)™, where d8, is the uniform measure on [0,27) and E([Jy) is the set of

edges. The infinite volume correlation functions are given by

E%?Vil[exp(i Y neoy)] = hm 1 Eg Bvilexp(i Y neoy)] (1.36)

XEA XEA

for a finite set A and n, € Z such that ), .4 n, = 0. In fact, E ﬁ Vl is a (translation invariant)
Gibbs measure on Z?, whose existence and uniqueness are proved by [21, 77] (their works
are on the 2D XY model, but they can be extended to the Villain model using the fact that
the Villain model can be represented as a limit of XY model on the cable graph of Z?).

In 2D, the Villain XY model and the (nearest-neighbourhood interaction) DG model are
dual to each other. The Villain XY model on Z? is mapped to the DG model on the dual
of Z? (the faces of Z?), denoted F(Z?) and isomorphic to Z?, according to the following
procedure: if A C Z? is a finite set and (1,)e4 sums to 0, then let y : E(Z?) — Z (the set of
1-forms) be such that dy = n (which is non-unique), where d : ZF (Z%) _5 727 is the exterior
derivative mapping the set of 1-forms to O-forms. Also letting d* : ZF (Z%) — 7F(Z) pe the

exterior coderivative, we have

< i(n,0),, > <eﬁ_l(d*%6)p(zz)>F(Zz) (1.37)

B /47:2 Vil — B.DG

where now the DG model is defined on F(Z?) instead (cf., [6, Section 5]).
We use this duality to study the gradient correlation of the Villain XY model. Suppose
ni,ny : Z* — 7 have compact support and ¥, 1 (x) = ¥, n2(x) = 0. Then by (1.37), there

exists fi,f» such that ' f;(x) =Y, f2(x) =0 and

. 2 -1 _ 2
(ele(nl( x) - (x— Y))9x>%/4n2 it = (e B La(Fr (1) +fa(x y))Gx)%’DG (1.38)
where (60y)y ~ IP’%,ZV1 is the unique translation invariant infinite volume Gibbs state of the

Villain XY model at temperature  and (- > ﬁ’ vy 18 the expectation. Thus for sufficiently large

B, by Theorem 1.1.5,

og(e'L () +na (x— y))ex>[Z3j47r2,Vil

’%((mrfz) Ep(hi+ 1)) +h 1B )+ . 1B 2) + (vl )
(1.39)
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while

. —1

log(e B2 o o = P (s B oyl ), (.40)
) -1

log 2 = B (i) + 1 B2 0. (4D

But (Tyf2,€sf1) decays polynomially in [|y]|.
Lemma 1.2.8. If J = Jy, and ¥, fi(x) = Y, fo(x) =0, then

(Tyf2,€p11) = O(|lylly %) (1.42)

This lemma is proved in Chapter 9. Thus we have the following.

Corollary 1.2.9. Let ny,n; : Z> — 7 have compact support and ¥ n(x) + ¥, nz(x) = 0.
Then for sufficiently large B > 0, there exists o = () > 0 such that

Covg 'y [Tae™ W05 T, | = o(y))5). (1.43)

Proof. The case Y, ni(x) = Y, na(x) = 0 is covered by the argument above. The case
Y. ni(x) = =Y, no(x) # 0 is dealt with by the McBryan—Spencer inequality [73] (which
works for any 8 > 0). O

1.2.4 Potential extensions

As was explained, the Discrete Gaussian model is related to several important problems in
two-dimensional statistical physics. We list some interesting problems together with potential

extensions or refinements of our method.

1. Due to the exact duality relationship (1.37), refinement of the method is expected to
give correlation functions of the Villain XY model at low temperatures. Up to date,
unmatching upper and lower bounds polynomially decaying in the distance are known
via [41] and [73].

One may also see [89] for more about this duality and it is proven by Lammers [69]

that the point of phase transitions exactly coincide in the two models.

2. Currently, our proof strongly relies on the quadratic form of the interaction potential,
but there are also models with non-quadratic interaction, such as the Solid-On-Solid
model and the dual height function of the XY model [41]. It would be of considerable

interest if the renormalisation group method can be extended to those models.
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3. Studying the effect of the presence of the boundary on the DG model is also of interest.
For example, it is most convenient to study the level line when we impose Dirichlet
boundary conditions on the system, cf., [84, 78]. A serious obstacle to applying the
renormalisation group analysis to the DG model with Dirichlet boundary condition is
that the renormalisation group flow is not stable near the boundary, so we need a new

method to control this.

1.3 Methodology

1.3.1 Renormalisation group

The renormalisation group (RG) method is a systematic apparatus in statistical and quantum
physics that enables the study of limits. In statistical physics, one usually studies the infrared
limit, which corresponds to the long-distance limit where macroscopic physics arises from
microscopic physics laws.

Suppose we are working on a lattice A C Z¢ and a spin system ¢ € R” is described by
Hamiltonian

Ho(0:4) = (9, (~A-+ m)0) + ho(9:A)

ho(9:4) = — Y Axp(x) +2 ) Vo(9(x), Vo(x))

XEA

(1.44)

for an external source field A € R, some potential function V and a probability measure
1 : :
EAlF(0)] = 53y [dor(@)e D, z(a)= [age o), (1.45)

The truncated correlation function is given by EX[@(x1);- -+ ;9 (x,)] = ﬁ logZ(A), so
Z(A) will be the primary object of study.

The renormalisation group can be used to study the limit of Z(A) in the limit |A| — oo.
For example, let A be a d-dimensional cube parametrised by a scale parameter N, thus
|A| = L for some L > 0, and we study N — . Z(A) can be reformulated in terms of a

Gaussian integral
Z(A) = N(m*)EC[e @] o~ 4(0,(~A+m*)7) (1.46)

where .#(0,C) is the Gaussian distribution with covariance matrix C and N(m?) is a nor-

malisation constant. The renormalisation group analysis decomposes the Gaussian integral
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into a multiple number of progressive integrals of successive scales, each associated with
coarse-graining and rescaling. Each progressive integral can be viewed as a decomposed
component of the Gaussian integral. Equivalently, if (~A+m?)"! =Y ;Cj where C; con-
tains the information of (—A+m?)~! at length scale L/ and {; ~ .#(0,C;) are independent
Gaussian random variables representing the fluctuation of the field at scale j, then ¢ =4 }; g
(where =; means that they have the same distribution). Then progressive integral at scale j
means integrating against the variable {;. After scale j progressive integral, we group L4
neighbouring lattice sites into blocks B € %;(A) and the rescaling reparametrises the field
by multiplying L‘3" so that the size of the field fluctuation stays normalised at each scale
J. These steps are called coarse-graining and rescaling, respectively. The resulting function

would have a generic form
Zi1(9j41:A) = exp(—hj(9)41:A)) = BT [e 0(04) (1.47)

where @; 1 = Y-~ ; G and ES<) only integrates the variables (i, - - -, {; (note that the rescaling
is not reflected in this representation). Then the fundamental postulate of the renormalisation
group states that there exists a family of local interaction functions (V) gen and a family of

coupling constants (A ja)aeN such that

hi(@:0)~ Y A% Y Va(ols Vols, ). (1.48)

ocN  Be%;

(The notation for Vj indicates that it can have higher-derivatives dependence, but not in-
finitely many, to keep the locality of the interaction.) Then /;(¢;0) is the effective potential
describing the renormalised theory at scale j. When A # 0, there should also be extra
coupling constants associated with the linear potential terms. Putting aside the problem of
how to justify the postulate, we focus on the dynamical system of the coupling constants
(A7) =0 constructed from the renormalisation group steps. By our hypothesis (1.48), Z;,
blurs out the microscopic detail of the system, thus the limit j — oo will effectively describe
the macroscopic limit of the probability measure, and the limit is parametrised in terms of
Jj — oo limit of the coordinates (A/")q. The interaction functions can be divided into three
classes according to how they evolve: Vg is called (i) irrelevant if () > is contracting,
(ii) relevant if (A j‘-x) j>0 is blowing up and (iii) marginal if it is neither irrelevant nor relevant.
Usually (but not always), the cases of interest occur when all but a finite number of the
interactions are irrelevant and the dynamical system is stable. In this case, the limiting theory
is described in terms of only a finite number of coordinates. Moreover, due to the stability of
the dynamical system, it does not respond sensitively to the microscopic detail, leading the
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limiting measure of any perturbed system to be effectively described by the same coordinates,
giving emergence to the universality.

In conclusion, the strength of the renormalisation group analysis is in the presence of a
systematic way to study scaling limits and the potential to detect universality. However, in
general, a postulate of type (1.48) is not easy to verify, nor is it easy to prove the convergence
of the coupling constants (A{)q as j — . One of the problems making the rigorous
implementation difficult is that it is not easy to control the divergence of the series sum of
(1.48) when they are exponentiated, and it easily happens that not even the integrability of
(1.47) is easily justified. This is the problem of large fields (cf. [23, 47]). Thus, instead
of using the full expansion of (1.48), it is desirable to find a way to reduce the mode of
complexity, for example as in Section 1.3.2 using polymer gas representation, even if it
means losing track of detailed information.

We also mention a partial list of incidents where the rigorous renormalisation group
method has been applied. The ¢*-model is a fundamental field-theoretic model taking
Vo(¢) o< |@|* [56]. It had long been a subject of the renormalisation group analysis, especially
at the upper critical dimension d =4 [37, 48, 7, 57, 87, 14]. Also, due to the supersymmetric
representation, the weakly self-avoiding walk (WSAW) is a subject of a similar type of
analysis obtained in [15, 8, 9]. Some (continuous-valued) interface models had also been
studied, when V(¢; V@) is only a function of V¢. Classical examples include [47] when
Vo(Ve) < |V§|*, [27] when Vo(V¢@) o< cos(aVe), and [2, 1, 58] when V, (V@) is a more
general sufficiently smooth function. There are also a number of renormalisation group
works on the dimer and the Ising model using fermionic variables—their partition functions
have (relatively simple) exact formulae that can be represented using fermionic variables
[62], [85] (also see [16, 74]). Based on these observations, the interacting dimer model
[53, 52] and non-integrable Ising model [51], also with boundary condition [4], were studied.
One may also see [49, 17] for more examples and a pedagogical display of the method. The
most related to our analysis are the works by Dimock—Hurd [30, 29] and Falco [35, 36]
studying the lattice sine-Gordon model, where Vy(¢) = zcos(a@) and z is the activity. Their
implementation of the renormalisation group method can be traced back to [27] where the
two-dimensional dipole gas had been studied, and we would also have to mention [23] where

[35] is built. Our implementation also imports important inputs from [23].

1.3.2 Polymer gas representation

The polymer gas representation of the renormalisation group writes the renormalised theory
Z;(¢) in terms of normalising constant E, finite number of leading terms, combined into U,
and a remainder term K, put together by polymer expansion. The leading terms inside U;
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are chosen so that it reflects the key structure of the model (or its limit), while the remainder
K is chosen to be irrelevant in the renormalisation group flow. If we recall % is the coarse-
graining of the lattice A (for example, take (L/7Z)?-translations of [—(L/ —1) /2, (L’ —1)/2]%),
we call X C %, a polymer of A. Then we seek for a representation

Zj((p):e*EfW Z eZBGXerBUj((P(X)vV(P(x))KJ.(A\X’(p) (1.49)
XC%]'

by letting K;(Y, ) to be a function of polymers. The polymer gas representation can be
considered as a multiscale version of the cluster expansion, which were proved to be useful
in various mathematical physics contexts, see [22, 56] for example. It can also be motivated
by the expansion of the effective potentials in the hierarchical models [23, 11].

The restriction on K; will be specified in Chapter 3 by defining the normed space in
which such polymer functions reside. These normed spaces should be large enough to
embrace sufficient amount of freedom, but it should also restrict the mode of divergence as
the field ¢ tends to infinity, as we need to take guaranteed the convergence of the progressive
integrals (1.47). Also, the space needs to encode the essential symmetries of the system.
These properties are used in Chapter 5 to prove crucial contraction inequalities. Compared to
this, the choice of U; is usually relatively straightforward, and is composed of the leading
terms in the expansion. The leading terms can be identified by testing the relevance and
irrelevance. In the long run, only E; survives, as we will prove (U;,K;) — (0,0) as j — oo.
Thus E. := lim; , E; is the negative (infinite volume) free energy per volume. It will
not be a subject of interest in this thesis, but free energy also arises from the variational
characterisation of the Gibbs measure [50, 86], and plays important role in the abstract
formulation of statistical physics. It is also an important tool for studying phase transitions,
as the point of phase transition usually coincides with the point of non-analyticity of E..

More detailed outline will be given in Section 1.3.4.

1.3.3 Renormalisation group on the Discrete Gaussian model and map-
ping to a Coulomb gas
The general theme of this thesis is to develop a method of how to rigorously implement the

renormalisation group analysis using the polymer gas expansion. We achieve this goal by

considering the Discrete Gaussian model as a multi-component lattice Coulomb gas with
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charge symmetry: on the level of partition functions and with extra mass m? > 0,

A o —g(0.(~A+m*)o) _ —25(9.(=A+m?)9)
Zgyepc= L ¢ = [, 407 [1 ¥ 86w
c€(2rZ)?N XEAN ne2nZ
_i(¢7(_A+m2)¢) iqd(x
o RANd(pe 2B H Zeqff’()
XEANqEZ
-y [ dpe” B (AHm)0) ilG.0)
GeTAN R
_ e 5@ (-a+m?)7'g) (1.50)
geziN

with the constant of proportionality only depending on [Ay/|. In the limit m? — 0, the sum
on the right-hand side concentrates on {g : Y, ¢(x) = 0}, thus we see that the (nearest-
neighbourhood interaction) DG model is mapped to a system of ‘charges’ g that are subject
to Coulomb interaction (—A)~! with inverse temperature 8 and neutral in the sense that
Y g(x) = 0. Similarly, if we allow ¢ to talk only value 0 or -1 (so the Coulomb gas has two
components) and add activity z € R, then this system is mapped to the lattice sine-Gordon
model:

@ 5 L
y (z’/qz')’ LG (—a+rm)1g) [ dpe™ B O (AmI0) e Eueaycos(6() () 57y

ge{+1,0}M

where |G| = Y, |g(x)|. For the lattice sine-Gordon model with small activity, the renor-
malisation group method was used in [35] to study the critical line. The small parameter
assumptions are often necessary for renormalisation group arguments because renormalisa-
tion group flows are treated as perturbations of the Gaussian free field. However, since the
activity of any charge is of order 1 for the Discrete Gaussian model, we need an extra step
that puts the activity small prior to the analysis. In this thesis, this is done by trading the
‘ultra-local’ part of the interaction with the activity. The ultra-local part of the interaction can
be as large as desired by taking the temperature high, so the activity can also be suppressed as
much as desired. This also has the effect of smoothing the discreteness present in spin values
of the Discrete Gaussian, thus making it feasible for the usual analysis. This reformulation to
the model will be explained in the first half of Chapter 6. As a result, this will give rise to a

new covariance

-1

C(s,m*) = (A7 +m*) ' —y) 1 —sA) (1.52)
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studied in Chapter 2 and the leading terms of the expansion (1.49) will be given by

U0, Vo() = 35 VWP + ¥ o cos(aB o) (159

gzl

The first term of (1.53) reflects the gradient interaction and is marginal. The second term
reflects the periodicity of the integer-valued restriction of the Discrete Gaussian model and is

irrelevant or marginal depending on the temperature 3 in the delocalised phase.

1.3.4 Outline of the thesis

We now explain the strategies for proving the different scaling limits and give an overview of
the thesis.

Difference between the scalings

To understand the scaling limits, it is essential to understand how observables in different
scales affect the renormalised theories Z; in various scales. Suppose f is the observable
of interest. After the change of variable in the Gaussian measure with covariance C(s,m?),
the observable roughly amounts to perturbing the field by C(s,m?)f ~ (—A)~! f. First, we
consider the case of the torus scaling limit, so A = A, the Laplace operator on the discrete
torus, and f is smooth on the torus. Then both the discretisation fiyy and (—A)~! fy are
smooth in scale N, the scale of the torus. It turns out that both functions U; and K in (1.49)
are ‘smooth’ functions of their field variables, for fields that are smooth in scale j, therefore
Zn(@ + (=A)~! fy) is also a smooth in f. Moreover, since (Uy,Ky) — 0 in appropriate
norms, we see that the perturbation made by the external field fy vanishes as N — oo, which
is an indication that we can compute the scaling limit.

Next, we consider the R? scaling limit, so A = Aj> and fe is smooth in scale ¢! in
the sense of (1.17). Then (—A)~! f; is not smooth in the macroscopic scale anymore—it is
rather very singular. Thus we decompose the perturbations by letting fe =} ;>0 fe,; and
fe.j = Cjfe, where we recall that (-A) =Y i=0Cj (when m? = 0). We will then see that
fe,j is smooth in scale max{ ¢!, j}, so each fe,j can only contribute to a bounded amount
of perturbation on Z;(@ + fe ;) if j > €' (and by a negligible amount if j < €~ 1). In fact,
the amount of perturbation is also controlled by the norm of (U;,K;), so the total amount of
accumulated perturbations is roughly bounded by } ;> .1 |(U;,K;)|| (again in some norm),
which vanishes as € — 0, if ||(U},K;)|| is summable.

Finally, we consider the multipoint functions. We still have A = Ay», but f is not scaled,
so we do not have a parameter that plays the role of € above. However, as long as L'-norm on
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f is controlled, we will see that the perturbation generated by C; f is still an analytic function
of f. Also, the size of the perturbations decay like ||(U;,K;)||, soif || (U;,K;)|| is summable,
we see that the accumulated perturbation is still an analytic function of f.

Structure of the thesis

As explained in Section 1.3.1, the renormalisation group analysis proceeds from a covariance
decomposition of a Gaussian field, which is used to approximate the Gaussian free field
with renormalised stiffness in the scaling limit. We use a particular form of covariance
decomposition where each covariance has finite range, whose existence and regularity are
proved in Chapter 2. Expectation in each decomposed covariance is the fluctuation integral.

In Chapter 3, we define polymer activities, which become the building blocks of the
polymer expansion. The large field problem is taken care by introducing large field regulators
and bounding the polymer activities with them. A large part of the chapter is devoted to
studying how the polymer activities or the large field regulators interact with the fluctuation
integral. We start discussing about how polymer expansions are handled in Chapter 4. We
define various polymer expansion operations that are used to define the renormalisation group
map on the polymer expansion. We also obtain estimates on these operations.

Chapter 2—4 are designed to apply to generic type of renormalisation group analysis,
but Chapter 5 restricts the type of interactions to those relevant to the discussion of the
high-temperature Discrete Gaussian model. The potentials are characterised by periodicity
in global constant field addition, and the polymer activities also inherit this periodicity. We
collect estimates that are ultimately responsible for the contractiveness of the renormalisation
group map for periodic polymer activities.

In Chapter 6, we define the (bulk) renormalisation group map that applies to systems
with periodic potentials and reformulate the Discrete Gaussian model that is admissible to
this analysis. If the initial condition is tuned correctly, the sequence of (bulk) renormalisation
group maps defines a convergent dynamical system of coupling constants (parametrising U)
and polymer activities. This tuning is equivalent to constructing the stable manifold of the
dynamical system, which is done in Chapter 7. The equivalent results for the observable
renormalisation group are then proved in Chapter 8, using the bulk renormalisation group as
the reference point.

We finally conclude the proof of our main theorems in Chapter 9. These are not of
particular surprise once we have the (bulk and observable) renormalisation group flows, but
certain technical points have to be verified, such as removing the coarse-grained structure of

the polymer expansion for the final result.
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Last but not least, we mention that there are various constants and parameters used to
define the renormalisation group map. We have tried to summarize them in Section 3.2.3 and

list of frequently used assumptions also appear in (As),(A%), (A;,), (A,) and (Pic).
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Appendix 1.A Existence of infinite-volume limit

We prove Proposition 1.1.2 in this appendix.

We recall the Frohlich-Park—Ginibre inequalities. Let A be finite, let C be a positive
definite matrix, and let (-)¢ be the expectation of the associated (generalised) Discrete
Gaussian model:

(F)eos ¥ e 209 F(q). (1.54)
oczZA
By taking limits, the definition of (-)¢ can also be extended to C positive semidefinite.
Then the finite volume states (>§\ﬁ given by (1.12) correspond to C = B(—A;)~! when
o is identified up to constants (as we do). The results of [39, Section 3] (see also [65,
Proposition 1.2]) then imply that for f : A =+ R with } f =0:

Y

(elFoyA g < o3 (=80 f) (1.55)
p < (f(=A0R 1), (1.56)

Moreover, [39, Corollary 3.2 (1)] implies that
(N, < (0, i Gy <. (1.57)

Proposition 1.A.1. Let L > 1 be an integer. For any finite-range step distribution J and any
sequence of discrete tori Ay with side lengths LV, with N € N, the measures <>3\’Z3 converge
weakly as N — oo (when the field is identified up to constants). For any f : Z¢ — R with
compact support and Y. f =0, one also has <e(f’c)>;\_‘% — (el1:9)) where () = limj\r_ﬂx,(-);\ji’3

is the weak limit.

Proof. We consider the Laplacian —A™ as an operator on ¢?(Z%) with domain
D(-AM) = {f € (Z%): f(0) = 0, f(x) = fx+LVy) foranyye 2} (1.58)

Then clearly D(—AM) € D(—AM-+1) and —AM = —AM+1 on D(—AM). This implies
—AM > AN and hence (—AM) T < (—=AMW+1)~1 From (1.57), it follows that for any
f: 24 — R compactly supported and with ¥’ f = 0, Sy (f) = (e/(/ "P)>ﬁ% is decreasing in N. In
particular, since also Sy(f) < 1, the limit S(f) = limy_, Sy (f) exists. To show S(f) is the

characteristic function of a probability measure on (27IZ)Zz /constants to which (>§\% con-
verges weakly, we will apply Minlos’ theorem. To this end, we consider (271"Z)Z2 /constants
as a topological vector space with the topology defined by the condition that ¢, — ¢ in
(ZJTZ)ZZ /constants if (¢, g) — (¢, g) for all compactly supported g : Z¢ — R with ¥ g = 0.
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In particular, (2717Z)Z2 /constants is the dual of a nuclear space. To apply Minlos’ theorem we
need to check that S is continuous in this topology. But this is immediate from the correlation
inequality (1.56) which implies that for any g : Z?> — R with compact support and ¥ g = 0,

S(f+8) =S| = lim [Sy(f +8) —Sy(/)] < lim (g.(~A7")""g) = (8.(=A)"9),
(1.59)
from which the continuity is clear.
The final statement about the convergence of (e(/ "’)>/J\’% follows from the weak conver-

gence and (1.55) which implies that the random variables e/*®) are uniformly integrable. [

It is also standard, see [5S0] and analogous extensions to the gradient Gibbs setting as in
[43, 44], that any limit as in the previous proposition is translation invariant and satisfies the

gradient Gibbs property. Moreover, the limit satisfies the analogous correlation inequalities.

Proposition 1.A.2. The measure <>%2ﬁ has tilt 0, i.e., for each gradient Gibbs state in the

ergodic decomposition of ()?i} the gradient field has mean 0.

Proof. The proof is analogous to that of [44, Theorem 3.2]. The correlation decay can be
replaced by the following application of the Riemann—Lebesgue lemma. For g : Z2 — R?
with compact support, where now Vo : Z¢ — R¢ denotes the vector of discrete forward

derivatives, (1.56) implies

- 2
Vo)) 2 <c/ &) -pl” 1.60
<(g 6) >]7ﬁ (772 ‘p|2 p ( )

Thus the distributional Fourier transform of (V,.6(0)V,,c(x)) is integrable in the Fourier

variable. From this, the Riemann-Lebesgue lemma implies that
2
(Vo (x)Ve,0(0)) 75 =0 (lx—y| = oo). (1.61)

In particular, for every i = 1,...,d, with Qg = [-R,R]*NZ?,

<(hmmfL y Veic(x))2>zz < liminf —— Y, (Ve 0(x)Ve,0(0)) 55| =0.

R=reo |QR|X€QR J,B R=e |QR|2X,y€QR
(1.62)

This implies that every measure u in the ergodic decomposition of ()%} has mean O for
Vo (see e.g. [44, Theorem 3.2] for a similar argument): indeed, for any such u, by (1.62)
and ergodicity, one deduces that |Qg| ™' ¥cp, Ve,0(x) converges jt-a.s. and that the limit
vanishes, whence E,[V,,0(x)] = 0. O
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Proof of Proposition 1.1.2. We obtain (-) %2[3 when we take limit N — oo in Proposition 1.A.1.
The measure has tilt 0 due to Proposition 1.A.2. [



Chapter 2
Finite-range decomposition

The starting point for our analysis is a finite-range decomposition for a covariance modified
from the lattice Green’s function for Laplacian. We expect that this construction will be
useful for the analysis of other models where an initial renormalisation step can be carried
out. Since it comes at no additional cost, we formulate the decomposition in any dimension
d > 2. The main results of this section are Propositions 2.1.2 and 2.1.4 below, which exhibit
the desired decomposition, first on Z¢ and then on Ay = (Z/LN7Z)?, respectively.

2.1 Existence of the finite-range decomposition

First, recall our convenient convention that A denotes the standard unnormalised nearest
neighbour lattice Laplacian while A; is the normalised Laplacian with step distribution
Jczd \ {0}. As was introduced in Section 1.3.4 (cf. (1.52)), we will be interested in
modified versions of the lattice Green’s functions. First, we will see that for any small y > 0
and any finite-range step distribution J, we can then decompose

(—Aj+m*) = y+C(m?), (2.1)
with C(m?) = C;(m?) a J-dependent positive-definite symmetric matrix. We also let
C(s,m?) := (C(m*) ™' —sA) ™! = C(m?)(1 —sAC(m?)) !, (2.2)

which makes sense and is positive definite for |s| small (depending on J; see Proposition 2.1.2
below), as can be seen from the second representation. The main result of this section yields
a decomposition of C(s,m?) into an integral of covariances with a finite-range property.

Available results on such decompositions (see Remark 2.1.5 for some reference) apply to
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s = 0 or without subtraction of the constant ¥, i.e., to (—A+m?)~! instead of C(s,m?), but
for our purposes it is important to permit both s 0 and the subtraction of 7.

Recall that the step distribution J C Z¢ \ {0} is assumed to satisfy the conditions above
(1.8). The estimates for the resulting decomposition depend on the following parameters
specific to J:

ps = sup{|x|e : x € J} (range), (2.3)

v% = L Z |x1 |2 (variance), (2.4)
2|‘]| xeJ

0, = i%(l;(p)/?t (p)) (spectral lower bound). (2.5)
p

In the spectral lower bound, A;(p) and A(p) are the Fourier multipliers of —A; and —A,

defined precisely in Section 2.2 below.

Example 2.1.1. For the standard range-p step distribution J, = {x € Z¢\ {0} : x| < p},

1 _
Pr=p, Vi ~ePh 6, =37 (2.6)

see Lemma 2.2.2 below.

We now state the main results of this section. We refer to Remark 2.1.5 below regarding
a version of these findings for the (simpler) choice ¥ = 0 in (2.1), which implies various
known results of this type (notably for the usual Green’s function in the nearest-neighbour
case). In the following proposition, we first consider (2.1) and (2.2) as operators on Z?; the
inverses are then well-defined as bounded operators on £?(Z?) if m*> > 0. Thus the proposition
considers the infinite-volume case of Z¢ rather than the finite torus relevant for our application
to the Discrete Gaussian model. The torus case is treated thereafter in Proposition 2.1.4.
Proposition 2.1.4 can be obtained in large part as a corollary of Proposition 2.1.2. Indeed the
contributions to the torus decomposition comprising ranges smaller than the torus size are
directly inherited from the decomposition on 74, cf. (2.7) and (2.15) below. Scales which
‘feel’ the periodic boundary condition however must be treated separately. In what follows, a
multi-index o is a vector o = (04, -+, 0,) with each o; € é = {+ej,+er}, where eg, e, is
the standard basis of Z?. Then we denote |at| = n and V¥ = V% . V%,

Proposition 2.1.2. Let d > 2. There exist absolute constants y > 0 and & > 0 (both purely
numerical) such that for any finite-range step distribution J C 74\ {0} as specified above
(1.8), the following holds. For all |s| < &6y and m* € (0, 1], one has a decomposition of the
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form
C (s,m?) := (C%' (m?) ™' = 5A) ) = / D% (s,m?) dt, 2.7)
P

where the DtZd (s,m?) are positive-definite symmetric kernels with range less than t, i.e.,
D,Zd (x,y;5,m?) := (5X,D,Zd (s,m*)8,) = 0 whenever |x—y|o >1t. (2.8)

The left-hand side depends only on x —y € Z% and is invariant under lattice rotations.

Moreover,

(i) uniformly in (s,m?) € [—&:0y,&6;] x (0,1], all multi-indices o (including |ot| = 0),
t=py,

+al d+\a\ o1/
]VO‘DZ (0,x;5,m%)| < Cap; > <pjt> +Ca91d |a|pj_2t(lt)zj) —c(6,/n)'/*
Vi
(2.9)
(note: if 0y is bounded from below by a positive value, the second term can be omitted

since vy < py/2<t/2);

(ii) for all |s| < &6y and all t, the map m* — DZ (s,m?) is continuous and has a limit
D% (s) = D% (5,0) = lim D%’ (s,m?), (2.10)
m2,0

and the map s — DtZd (s) is analytic in |s| < €6y;
(iii) if d =2, then for all |s| < &6,

2.2

D% (0,0: :—(1+0(p’+p—’+ J v’)),
r (0,0:5) 27t (v3+5) var2 12
-2 2
s &+’;—;2+ 2’—>0. (2.11)

In the above estimates, all constants are independent of J (and s).

In the particular case of the standard range-p step distribution the conclusions simplify

as follows.

Remark 2.1.3. For J = J, (see Example 2.1.1) the uniform lower bound on GJP in (2.6)
implies that the domain of s can be chosen independently of p. For such s, using the bounds
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from (2.6), the estimates in items (i) and (iii) above become (see also the note below (2.9)),
fort > p,
IVEDZ (0,x15,m2)| < Cop 2417121, (2.12)

and (ind = 2)

D (0,09 = a5 (1+0(5)): .13

with all constants independent of p, s and m2.

Proposition 2.1.2 applies to covariances defined on all of Z¢. By periodisation, Proposi-
tion 2.1.2 and its proof also imply an analogous statement for the discrete torus, which we state
next. Since this is the decomposition we will use in the present thesis, we consider the torus
Ay of side length LV (even though an analogous statement holds for any side length). For
< %LN , the covariances D,Zd from Proposition 2.1.2 are translation invariant and have range
less than half the diameter of the torus. They can thus naturally be identified with covariances
on the torus Ay by projection. More precisely, with @y : Z¢ — Ay denoting the canonical
projection and for any f: Ay — R, 1 < %LN, one sets D, f(mn(x)) := DtZd (fomy)(x), for
x € Z%, and readily verifies that this is well-defined, i.e. the right-hand side does not depend
on the choice of representative x in the equivalence class. In the sequel, we normally do not
distinguish between D; and DtZd fort < %LN and often omit the superscript. On the other
hand, for ¢t > %LN , the periodisation of the covariance DtZd does depend on the torus.

Proposition 2.1.4. Letd >2, L>1,N > 1,and Ay = (Z/LNZ)d. With the same constants
Y > 0 and & > 0 as in Proposition 2.1.2, m? e (0, 1], the matrix

(A +m?)) —y=CM(m?) (2.14)

is positive definite and for all |s| < &6},

17N—-1
ZL

AN () — sA) =) —
(CM () — ) /p

J

DtZd(s,mz)dt—}—/l y 1Df\l\’(s,mz)dt—{—tN(s,mz)QN (2.15)
1yN—
i

where the DtZd (s,m?) are the same as in (2.7) (with the identification discussed above), for
all t > %LN ~1 the covariances DM (s,m?) satisfy the same upper bounds as D,Zd in (2.9),
the same analyticity in s, and the same continuity in m? ( including as m? | 0). Finally, Qn
denotes the matrix with all entries equal to 1/|Ay| = L™ and ty(s,m?*) € (0,m™2) is a
constant satisfying

ltn(s,m*) —m 2| < Cp LN, (2.16)
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Remark 2.1.5. Analogues of Propositions 2.1.2 and 2.1.4 continue to hold for the choice
y=0in (2.1), yielding for |s| < &8y and m? € (0, 1] the decomposition

(=As+m?—sA);) = / D% (s,m?) dt, 2.17)
0

(along with a corresponding analogue on Ay); the properties (2.8)—(2.11) remain valid for all
t > py. Moreover, the range of D,Zd is 0 forz < py, i.e., D,Zd (0,x) = IXZOD,Zd (0,0) and (2.9)
is complemented by the fact that D,Zd (0,0) > 0 is constant for all # < p;. The decomposition
(2.17) 1s obtained by following the arguments below, which simplify when y = 0 (essentially
boiling down to [11, Section 3]). In particular, for J the usual nearest-neighbour interaction
and s =0, (2.17) recovers a well-known decomposition for the Green’s function (—A+m2)*1,
see e.g. [5, 11, 25].

The rest of this chapter is devoted to proving Propositions 2.1.2 and 2.1.4.

2.2 Preliminaries on Fourier transforms

Before proving Proposition 2.1.2, we collect some preliminaries and conventions about
normalisation of Fourier transforms and of the lattice Laplacian A and its generalised version
Ay with step distribution J. Throughout, A is a discrete d-dimensional torus of integer period
R with Fourier dual

A ={27R Y%k ke {-[(R=2)/2],...,|R/2|}*} C (—m,m]". (2.18)

For an integrable function f : (—m, 7] — R, we define

d A , d
1 n .
) = Al Y F(p)e, (2.20)
PEA*

where |A| = R? denotes the number of points in A. Then by the Poisson summation formula,

MA@ =Y 2 x+yR). 2.21)

yeZ4

This notation also applies for translation invariant covariances, i.e., when a function f(x,y)
depends only on x — y we will usually identify it with the function f(0,x).
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We write A = A(p) and 4, ,2 = A;,,2(p) = 0 for the Fourier multipliers of —A and
—Aj+ m?:

Alp ||Z_ (I —cos(p-e)),
1

171

(2.22)

2a(p)= o= Y (1—cos(p-x)).  Aypp(p) = As(p) +nr”

xeJ

(recall our convention regarding normalisation of A and A;). The following elementary
lemma provides some comparison estimates for A;(p) and A(p), which will be useful in the

sequel.

Lemma 2.2.1. For any step distribution J as above (1.8) (with implicit constants independent

of J),
Ai(p) =vilpP+0(ppvilpl*)  (p—0) (2.23)

As(p) <min{1,vj|p[*}  (p€ (-m, 7]?), (2.24)

with py and vy defined by (2.3) and (2.4). Moreover, A(p) = |p|*> +O(|p|*) as p — 0 and

A(p) € [%]p|2, \p|?] for p € (—m, m), hence in particular 6; < Fv3.

Proof. Let v3 be as defined by (2.4). Then as p — 0, substituting 1 — cosx = %2 +0(x*) in
(2.22), one finds that

\J! Z( COS(Z”””))

J(p)
el (2.25)
=55 Y IpPyi 7 Z\yl pI*) =vilp|* +O0(p7vilp").
| |y€J ‘ ’yEJ

The upper bound in (2.24) follows similarly, using the inequality 1 —cosx < x?/2 valid for
all x € R instead.

To see the lower bound for A(p), consider the function g(q) = 1 — cos(q) — %qz on
g € [0,7]. Then g(0) = g(m) = 0 while g'(g) = sin(q) — %q has only one non-zero zero,
hence g(q) does not attain 0 on (0, 7), i.e., g(g) = 0 on [0, xr|. Therefore

1 —cos(pi)) =) ]p\z (2.26)

||M&

which is the claimed lower bound. ]
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Lemma 2.2.2. For the step distribution J = J, = {x € Z¢\ {0} : |x|- < p},

1
2 .2 2
p‘]p:p7 Vjp:Vpng y asp—>°°,

and with Ap = ljp,
A(p) <392, (p),

ie, 0;, =6, =inf,2Ap(p)/A(p) > 37,

Proof. Using that Z’; 1j2 ~ %pg’ as p — oo,

To show A < 3d7Lp, first note that since ):Z: | cos(ax) = sin((p+1/2)x) _ %,

2sin(x/2)
Ay (p) = ; Z (1 _ﬁeipi)’i)
SN R VR AN T
B (2p+1)d d P eip,-x
S e+ (1 _gx:p (2p+1>)>
2p+1)¢ d 2 1 ¢
T (2p+1)—1 <1_i—12p+1(§ "‘)CZ,]COS(sz))))
_ (2p+1) 4 sin((2p +1)pi/2)
T (2p+1)d—1 <1 —,Q (2p+1)sin(p,-/2)>'

But

sup sin((2p+1)p1/2) _ sin(3p1/2)
p>1 (2p+1)sin(py/2)  3sin(p1/2)

and so Ay (p) = (1—-3"%Ay—1(p). But

d d
(3'—=DAp=i(p) = Y. (1—cos(} piyi) > Y. (1—COS(ZPiyi)):7L(P)

V=1 i=1 yh=1 i=1

so the claim holds since (1 —379)/(3¢ —1) =374,

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

]
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2.3 Proof of Proposition 2.1.2: finite-range property

The starting point for the construction of the finite-range decomposition is the following
lemma, from which one can directly obtain the finite-range decomposition when s = 0. The
lemma originated in [5], but we obtain here a better decay estimate, which is important for

our construction of the finite-range decomposition for s # 0.

Lemma 2.3.1. Fort > 0, there exist polynomials P, of degree at most t such that for A € (0, 3],
1 * 5 dt
== t°P(A)—. 2.33
7= erS (2.33)

For A € (0,3] and t > 1, the polynomials satisfy P,(A) > 0 and there is an entire function f

that is non-negative on the real axis and satisfies |3 t*f (t)% = 1 such that

1/4

P(A) < Cec1) (2.34)
P(A) — (V)| < Cr e (2.35)

Fort < 1, P(A) = y/t for some constant y > 0.

Proof. Let f :R — [0,00) be any non-negative function with the following properties: the
Fourier transform of f is smooth, symmetric and has support in [—1, 1], and [ 12f (t)% =1.
Then by [11, Lemma 3.3.3], (2.33) holds for A € [0,4] with the function P; given by

P,(A) = f; (arccos(1 — %l)) (2.36)
where
fFx) =Y flxr—2mne). (2.37)
nez

By [11, Lemma 3.3.5], (2.36) defines a polynomial P (-) on (0, 3], of degree bounded by ¢.

We will now choose f as follows. Let
1 (a2 -1
k(s)=e "By (2.38)

be the standard bump function with support [—1/2,1/2]. By Proposition 2.A.1,

k()] <
Ce M for all x € R. We set f(s) = c¢(x*x)(s), with ¢ > 0 chosen as to ensure the
normalisation [, #f(¢)dt = 1. Then f has all the required properties. In particular, since its
Fourier transform has compact support, it extends to an entire function, as easily seen by

expanding the exponential in the Fourier integral, yielding an absolutely convergent power
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series. Also, f(x) = ck(x)? < C'e2W" for x € R. Fort > 1,

1) < C o (2x)'? Z o VA < ' o~ (22 (2.39)

n=0

Since arccos(1 — %QL) > V/A, the estimate (2.34) follows immediately from (2.36) and (2.39).
The bound (2.35) follows similarly using | f/(x)| < C"” ¢~ (which follows from the explicit
form of f and that k has compact support) and using that arccos(1 — %l) — VA =0(A); see
[5, Proposition 3.1] for a similar argument. The constant ¥ is given by f (0)/2m, see [11,
Lemma 3.3.6]. ]

By applying the previous lemma, we first construct a finite-range decomposition for s = 0.
To this end, insert 4, ,2(p) into (2.33) for m? < 1 (so that A2 <3 and Lemma 2.3.1 is in
force). Since A 7.m2 has range py, in the sense that it is the Fourier multiplier of an operator
with range p;, and since P, is a polynomial of degree at most #, it follows that (4, ,2) has
range py¢. We therefore set in Fourier space

Di(pim®) = p; 1Py 1, (Ay 2 (p)), P € (@] (2.40)

By (2.33) and the explicit form of P; for ¢ < 1, it follows with D, (m?) = D;(-;m?) that

Lo / TDmydt = y+ [ Dy(m?)di = y+C(m?), (2.41)
A’J,mz(.) 0 ps

with the last equality defining C(m?) = C(p;m?), p € (—m, x]¢, and we used that

pJ 1
-2 . _
/0 o thj—ltdt = /0 tPdt =v. (2.42)

By (2.41), the function C(m?) thus defined in terms of D, (m?) is indeed the Fourier transform
of C(m?) appearing in (2.1). With a view towards our aim (2.7), we expand for |s| < 8; =
inf,,»inf(A;,,2/A) and m* € (0, 1],

A

Cls,m?) L (E(m?) " +52) 7 = E(m?) (1 +sAC(m?)) !

= ¥ 222 (m)2H (1= sAC(mP)). (2.43)
=0



38 Finite-range decomposition

The expansion is absolutely convergent since |s|AC(m?) < |s|A/ Ag 2 < |s|/6; < 1. More-

over, this condition implies that the following integrand is positive:

. A . .
1 —sAC(m?) = A’ M AC(m?) = /O Ay — $A115p,) Dy (m*) dt. (2.44)
J,m2

This motivates the following definition of the finite-range decomposition for |s| < 6.

Definition 2.3.2. For m?> € (0,1), all |s| < 8 and t > 0, let
Dy (s,m*) =
1 & o 2141
— VY s A sAl )D AD, (m*)dt; dt
42 lg%) /07°°)X[PJ7°°)2”12):H(t—PJ)/4( dun = ShLiy>ps )i H il o

(2.45)

In this definition, the integral th 7 sz“ dt; over the simplex is the push-forward of the
Lebesgue measure on R**! along the map (¢1,...,t241) — (T — ZZH] listl, .. tya1)s 1€

2041 2041
f(to, - ty1) H dtj = /[p, selp et FT=Y tit1,.. o) H dt;
(2.46)
for T > (21 + 1)py, and the left-hand side is interpreted as O when 7' < (2] + 1)p,. The same
remark applies to various similar quantities below. In particular, D, (s, mz) =0 fort < 5py,
and if Dy (s,m?) is nonzero, then T = (¢t — p;) /4 in (2.45) satisfies T € [it, 11].

‘/[0>°°) x[py.0) T =T

Proof of Proposition 2.1.2: finite-range property. We will show that the covariances DtZd (s,m?)
with Fourier transforms given by (2.45) define the desired decomposition (2.7). First, it is
clear from (2.40) and Lemma 2.3.1 that DtZd (s,m?) is positive definite. That the decomposi-
tion (2.7) holds follows by substituting (2.41) and (2.44) into (2.43) and using the change of

variables

/[0700)2”2 dio- -~ diy1 f(to, -, t211) = /0 ar /[0700)2”21264 dto -+~ dtyr1 f (10, - -, t2111),
(2.47)
with T = (t — py) /4.

Next we verify the finite-range property. Since A has range 1 and D;,(m 2) has range
ti, we see that AD;, (m?) has range at most 1 +#; < 2t; fort; > p; > 1 and 4 7, 2Dy (m 2) has
range Py +1o < py+2ty. Since Y t; = %(t — py), from the definition (2.45), it follows that the
range of Dy (s,m?) is at most p; + 3(t —py) = 5(t +py) <t fort > p;. On the other hand,
D;(s,m?) =0 fort < p;. O
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We now proceed to prove the estimates asserted in items (i)-(ii1) of Proposition 2.1.2 for

the above finite-range decomposition.

2.4 Proof of Proposition 2.1.2: (i) and (ii)

To prove the estimates (i) and (ii), we begin with the following lemma which we will use

repeatedly.

Lemma 2.4.1. Let g(x) = e~ V* and C = max{||xg|«, ||xg||1} € (0,c0). Then for all integers
k>1,

2k—1
/[O,w)kﬂf e ZHI g(VAt)tdt; < VA mm{ck ((\g:) W (\/It)}. (2.48)

In fact, the same estimate applies to any supermultiplicative g : [0,0) — R, i.e., g(x)g(y) <
g(x+y).

Proof. We bound the left-hand side in two ways. First, the left-hand side equals

: k—1 ~k

VI [ g o gt < Vilgulligalf™ < VACS 249

On the other hand, since g(x)g(y) < g(x+y), we can also bound it by

k
/{0 . tH?Lg(\/Iti)tidtiélkg(\/_t/ Ht,dt,
) i=1 L=l =]

[0,00)k:YK | 1=
\/_t 2k—1
_‘/_((21(_)1) g(VAr) (2.50)
where we used
2k—1
o 2k—1 _ !
hy(t) := /[0 o Ht,dt,—t /[ij)kzzf ul_IHu,du,— - (2.51)

The last equality can be seen by induction: 4(1) = 1/6 and

hk(l):/Olshk_l(l—s)dSZ/()ls(l—s)zk_3hk_1(1)ds: (Zkilk2_)l((21k)—l) (2.52)

advances the induction. O]
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Lemma 2.4.2. Let g(x) = e “V*. Then there is & > 0 and constants C,é such that for

|s| < &,
21 £ —&(VAr)1/4
7 2 /[0 b | | Atig(VAn)dt; < Cre (2.53)

L =0

Proof. By Lemma 2.4.1, the left-hand side is bounded by

_Miszzm i, {sz, %g(ﬁg} (2.54)

where C = max {1, ||xg||1, ||xg||}. We assume C|s| < 1/4, i.e., set & = 1/(4C). For At> <2

by using the second term in the minimum, this immediately gives the desired estimate since
2 o (Ars) 2 o
t(Var)’g(Van Y @ <t(VA) (VA Y 27 <drg(VAr). (2.55)
=0 : =0

Thus assume Az> > 2. By switching between the two terms in the minimum at [ = [y, the
left-hand side of the claim is bounded by the sum of the following two contributions:

(2.56)

S
|

im
iM
aw

and

ly )4
g(\/\/%t)g)(\/?;l)—f—(;)/?f) (\/_t)Z(\/_t) te(VA) (VA2 (2.57)

Choosing Iy = (¢/16)(v/At)/?(log(v/At))~! gives the upper bound

—log(16)i
; (e i( 2)0 +g(\/)—u)eslog(\/%t)zo> <t (e—log(m)zo+e—c(ﬁt)1/zeglog(\/%z)1o>
VAt

< 1 (e RO/ OVEN R oa(VI) ! o5 (VE')

< 2te_5(\/2,)1/2(10g(\/xt))71 (2.58)

which is less than the claimed bound. ]
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Proposition 2.4.3. There are constants C,é & > 0 independent of J, m?, s such that for
C|s| < &6y and m* € (0,1],

0 < Dy(pis,m?) <Cpf2texp<—5<pflmt>l/4>. (2.59)

Proof. Let g(x) = e V¥ so that P,(1) < Cg(v/At) by (2.34). By the definition (2.45), then

R 1 0 A 2 2]+1
D,(s,mz) S 7 Z s sup (—) /[0 w2425 (=T H Py A’J m? tl (AJm )dtl

Ay (5 A2 s
< 1 21 g2 2z+1)L N "
4p.]2']m2 ZZO J /[()7 Y2y fi=p 1T H J,m? ' fz( Jm2) i
< Y (Cs/6,)” Zﬁll tig(\/ Ay oti) dti,  (2.60)
4pJAJm2 =0 T Joeprirgimptt g 80\ Ay ati) tiy 2.

where T = (t —py)/4 € [%t, 1t]. Thus the claim follows from Lemma 2.4.2 with s replaced
by Cs/6;, with ¢ replaced by T /p;, and with A replaced by A, 2. N

Proof of Proposition 2.1.2 (i) and (ii). We will show (2.7), i.e.,

dtlal - aHol _ )2
’VOCDtZd(O’x;S,m2>| gcap‘] t(p‘;) +Caejd |a|p‘;2t<lt)‘21> ( r [)]/4.
vJ
2.61)
Clearly, (2.59) implies that [V*D; (0, x;s,m?)| is bounded, uniformly in s and m?, by

. 2. _é&lto- dp
C/ Alal/2 =2, ,~ep; '\ (p)*_4P_ 2.62
—xmd Py te (2m)4 ( )

To apply the lower bound on 4, > from Lemma 2.2.1, i.e., &) = vipl2(1+0(p7|pl?)), we
will split the above integral into integrals over |p| > 1/py and |p| < 1/py. The former integral
is bounded by (with other constants C, ¢)

v

C(x/ y _1d|p‘\a\p;2 clpy tvatlpl) dp, (2.63)
[_pj 7pJ ]

which yields the main term in (2.7), as can be seen by substituting p — p, ijlt_l p. For the
integral over |p| > 1/p; weuse A4y > /4 > 46;|p|* on [—, m]¢ to obtain the bound (again

with possibly different constants)

|(X| -2 —c(p [‘ |)l/4
Ca/[n,n]d\[ g1y a PIPteT SR, (2.64)

—Py Py
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which by substituting p — pyp is seen to be bounded by

Cop 1%, ]l eet P gy < oo g 1)/ pd =2l 1o —d (0, 1),
RA[-1,1)¢
(2.65)

1/2 1/2
Also using e“'(’el/ I < Cn(tejl/z)_”e’%c(’ef/ " with n = d+|of,

d-2+ M2 14 o o Ppr\AHlel 1 spt/20174
Capy i Ré\[1,1]4 |pll®et8lrD) dP<C/a9J( |a|)pJ 2t<t_2> e 20T
(2.66)

Now using this bound and assuming Ofl bounded, ¢ > p;, we directly have the required
bound.
Since all estimates above are uniform in m?, the continuity claim of Proposition 2.1.2 (ii)

18 immediate. L]

2.5 Proof of Proposition 2.1.2: (iii)

Next we collect the last piece of our proof of Proposition 2.1.2, which are the asymptotics of

the covariances in two dimensions.

Proposition 2.5.1. Let d = 2. Then for |s| < &8y, as py/t + (pFv; 2 +6,2v3) /1> — 0,

4,-2 ~2.2
D% (0,0:5) = /{ﬂmzﬁ(p;s) (za;f)z = Znt(\/l%—i—s) <1 +0(% n pjt‘;J n ejtz‘)J)).
(2.67)
Proof. To estimate the integral over (2.45), we will approximate
1 o2yl
4 /[ovoow[m./w)ﬂ“:Zri—<r—pj)/4()” = A Lup) Dy I} ADydtidio— (2.68)

as follows: replace P,(A) by f(v/At) using (2.35); replace A by |p|? and A; by v3|p|? using
(2.23); remove the constraints #; > p; from the integration domain and similarly 7o > p; from
the integrand; and replace (1 — py)/4 by t/4. After these approximations (which we will
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justify afterwards, in inverse order), we are left with

I 5 2041
4’P‘2(VJ_S)/[0700)2I+2 =t /4 1 H |p| Py i (pJ thJ|P|)dfz

Zﬁ(ﬁﬂ) /[07 - /42ﬁ1\p! p; uf (py ' tvy|pl) di
- e / T1 o 2epPuss (Lo o1l du
pl? 0. )21+2~2ui:1 =0 ¥ 4
=#( Vi —s)vy 1fzz( p; 'tvilpl) (2.69)
with 2[+1
= [ vngay LSO Pudis (€ 0.0), (2.70)

Note that f5;(0) = 0, that f5; decays rapidly, and that for all / € N and t > 0,

dp ~ B a’_p~
L oo = [ T uClpl)
ood -
227T/0 %fzz()’)

*dy 20+1 )
:2%/ _/ o
0 Y J0e0)2+2: Y ui=1 gf(y ,)y idu;

2141 oo 21+2
= 271:/[0700)%2 ,'I:Io f(uj)ujdu; =2m (/0 f(u)udu) =2 (2.71)

where the last equality follows from Lemma 2.3.1. By definition, DtZZ (0,0;s5) is the integral
of (2.45) over p € [—m, wt]> with respect to dp/(27)?, and (2.45) is the sum over (2.68)
multiplied by s?. Using the above approximation (2.69) for (2.68) and then replacing the
integration domain [—7, r]* by R?, we obtain the main contribution to DtZd (0,05s) as

1 L, 4 A2l

1
—4 2 -1
27rt 3 —s)v; E _ZEI(VJ_S)VJ (1—v,7s —Wi+s) . (272

2t

In the remainder of the proof, we show that the approximations we made above are
smaller than the claimed error term.
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Error from replacing (t — py) /4 by t/4: the same computation with 7 /4 instead of (1 — p;) /4
gives

1
27(t —py)

1 1
(V‘%+S)_l:Z_M(v3+s)_l(1+lfjl)J)_27tt(VJ+S> ((1+0(pj)), (2.73)

so the error is smaller than claimed.

Error from extending the integral from p € [—m, 7r]2 to p € R?: By changing to polar
coordinates, this error is of order

1 5 a2 2/ -1
—(vi—s)v v, °s le p; tvylp
H03 =9 B 07) Rz\mpp (3P7 o)
< 277:( 2 ) / Z 72 21/ Zﬁl f d (2 74)
< —((5—s)v;, — rou; f (ru;)du; .
t I I Py [VJ7I'/4 yl )2l+22ul_1

By Lemma 2.4.2, the right-hand side is bounded, up to some absolute multiplicative factor,
by

1 [ s gecor i)t 1 pvy! 1 /py
;(v%—s)v,4/l dye =0< 5 >=2 20( J >:2 20(—)
p; tvym/4 vyt Tty t vy t

(2.75)

where we used that v; > 1/4 for all J.

Error from removing the restriction on ty > py from the integration: The error is bounded by

1 & 20+1
dp— 521+1/ 1 2024 F(vrp = plr )
/Rz p}L I;O [0,00)242:¥ 1=t /4 fh<ps g ’P| Py f( Py |p‘ ) ;

< [T o 7 (] T1 05 2P ey ol
X R2 A “= J 0 [ oo)ZIHZt . o 6 JFJ l J i i

<Cs [ dpp; I [ 1o(e/4—t0)e <0 ) o0l 2.76)

where the final inequality follows from Lemma 2.4.2 and the fact that f(x) < Ce=P"? which
follows from (2.34)~(2.35). But since e~<'(Ps ' 1P1t/4=10)'"* £(3, o1 | p|2g) < Cle=¢" (upslpl)
for some ¢”,C’ > 0 and t/4 — 1y >t /20 because ¢ > 5p; > Sty, the last integral is bounded by

_Clslpj _ 1 _rpj L ps
C / =21 512" (ap; PN gy < S < 0<—J> < 0(—), 2.77
s | pylplie dp < Vi3 2mvat \ 12 2avit \t 7D
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where the second inequality holds because |s| < &6 < cssv% and the final inequality because
= 5py.
Error from removing the restriction on tj > py from the integration: Similarly as above, the

Z
error for removing the restriction on 7; (j > 1) in the integral ftj> p) X iti—t /4 is bounded by

2041
/[0 S Ly<pviPy 2IpProf (vapy Hplto) T 1Py tif (vapy plti)dridto

i=1
< (Cy-2)21+!1 /
< / ) [0,00)242:Y 1=t /4

TT 21 pRo-2pe—cloros 1ol 2
<, [T vilpl oy “tie <P P ay;. (2.78)
i=0

But since the last expression is symmetric in j, we can just replace 1;,<p, by ls<p,, S0
summing the errors over j € {1,---,2/+ 1} and applying [podpA~' Y7 s* ! gives the
bound

2[+1

d (21 +1)(Cv; 21+1/ c(vipy ‘p|t’)1/2dt-
Pz p ‘2 Z )(Cvy%s) [0700)2”2:2”:[/4 <ps U vilplPp, 2 ;

4 [P oy ol )V, o
<C/depvjpj /0 to(t/4—1o)e 7 Fovup; | plto)dto. (2.79)

Comparing this with (2.76), this integral is bounded by #VJZZO(’:—;) = #vjztO(%) because
= 5p;.

Error from replacement of Aj(p) by v3|p|? and A(p) by |p|?: As in the argument following

(2.62), the contribution from |p| > p; ! is bounded by

2.2
1/4< 1 09] VJ)

2.80
S 2mvat o (2.50)

/ dpD,(p;s,m*) < Co6; 2 3e —e(0,1)
pl=p; !
It remains to consider the contribution coming from |p| < p;”'. But then by Lemma 2.2.1,

0< [pl*=A(p) <O(IpI*) < O(|p) (2.81)
0 <Vi[pl* = A(p) < O(pviIp*) < O3 Ip). (2.82)
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With & as in in the proof of Lemma 2.3.1, we have f = cKZ2, s0

f(Pflf\//l_J)—f(VJPflflpl)|<CPI1I(VJ|P|—\//1_J)maX{K(PJ tAr), R(vip; 't|pl)}
<Cp, tmln{ prv J]p‘ } Y p )12

—2,—=2 ,—c(vsp; 't[p])'/?

< Cpjv; (2.83)

where the first inequality holds because ||K’||.. < oo and the second because k(x) is decreasing
: " 112 : o

in |x| and |&(x)| < Ce™2M " Thus the error from this approximation is, up to an absolute
multiplicative factor, bounded by

4 2 o0
p.];;] / dp 2(21+2)(C/S)2l+1/
[7

I<p;! |p| [0,00)2142:Y 1;=1 /4

2041 T
i=0
(2.84)

-2
lv%t0(p ’l /), comparing this expression

Since |s| < &6 < O(v3), this error is again of order 5
with (2.69).

Error from replacement P;(x) by f(+/xt): We consider the difference between

2041
-2 -2 .
(1) /[O,oo)21+2;2ti=t/4 )LJPJ tOprlto(}LJ) ,131 ;tpj thPfI’i(lj)dtl (2.85)

and

2[+1

(1—s) /[O T Moy tof (VA py o) T Apy 2tif (VAspy ') dei. (2.86)
00)2H2:Y fi= i=1

By (2.35). one has P, 1,(4) — F(VArp; ') = (ps/t)g(v/Ast) with g(x) = Ce™*V*. This
is essentially the same bound as P;(Ay) or f(v/Ast) except for an additional factor py/z.
Therefore, again using Lemma 2.4.1, the difference between the above two displays is
bounded by

a1 _
0 (%C’v, M2 ga (Vi 1t>) : (2.87)

when g, is defined analogously to f»;. As in (2.71) the integral of g (¢|p|) over dp/|p|? is
bounded by 22C? with C > [ g(u)udu, for all # > 0. Hence possibly decreasing |s| relative
to C we obtain the claimed relative error O(p;/t).

Summing up the bounds gives the claimed error. 0
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2.6 Proof of Proposition 2.1.4

Having proved the estimates for the full plane covariance decomposition, the torus analogue

is not difficult to prove.

Proof of Proposition 2.1.4. By definition,

o dp
pZ* 0,x;5,m’ :/ eP*Dy(pys,m? 2.88
t ( ) [—71',77:}‘1 f(p ) (27r>d ( )
and we define |
DM(0,x;5,m?) = Z ePED,(pis,m?), (2.89)
|AN| pEA*

where Ay C (—, )¢ is the dual torus. For ¢t < LV the finite-range property and Poisson
summation (2.21) imply that

DZ(0,x;5,m?) = D™ (0, x;5,m?). (2.90)

So we are only left to prove (2.16) and the bound on Df\N .Letty = fﬁN_l 15,(0; s, mz) dt and

. 1 A
DM (0,x;5,m?) = vl eP Dy (pys,m?). (2.91)
AN e A o)
To see the bound for ¢y, just notice that
oo %LNfl
ty = / D, (0:5,m)dr — / Dy(0:5,m?)dt < m™% —Cpy 22N 2 (2.92)
0 0

by (2.41) and Proposition 2.4.3. The proof of the bound on Df\ N is analogous to the argument
below (2.62) using that all p that contribute satisfy [p| > 27L " and that# > 1LV. Indeed,

Y Alel2p 2 00 P (2.93)
p#0

Z l‘“‘/th(p,s m?

‘AN’ p#0

IAI

The contribution from 27L~" < |p| < pJ_1 is

1/4

_ _ _ 1 .
p; 2t(p; vt |“|A— y (pJ Lyt | p|) el ectes 'vatlp)

< Capy t(py i) e~ 2Py vl D', (2.94)
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crl/4

but since r — e~ is decreasing for r > 0 and 2nL~N < pjl, we have the domination

1/4 _1 -1 1/4
m Z e 2¢py vatlpl) <2d/<2p s¢(py vylplt) dp. (2.95)
J

0<|pl<p;
Hence the contrlbutlon from |p| < p, ! is bounded by Clp; t( Lrylal+d_ Finally, the contri-
bution from |p| > p; ! is bounded by

C Y (pllolpy 2eele O 0 < (e oyl Y s

An _ _
| | Ip|=p; ! [pI=p; !

1/4 1/2 1/4

|plr)

(2.96)

but again by the same domination, the estimate for |V*D| is the same as that for [VED, |,

The claim that D;\ N(s,m?) is continuous in m?> and attains a limit as m? | 0 is deduced from

the fact that the partial absolute sums Y, <z |D;(p;s,m?)| have a bound uniform in R and
2

m-. [
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Appendix 2.A Fourier transform of the standard bump func-
tion

In the proof of Lemma 2.3.1, the decay rate of the Fourier transform of the standard bump
function k was used. Since we were unable to locate a reference, we include the elementary

proof here.

i
Proposition 2.A.1. Define k(x) = e 1=+ 1.1, for x € R and &(p) to be its Fourier
transform. Then K(p) = O(e"p‘lﬂ).

Proof. Letting 7(x) = k(x/2) = efl/(17x2)1|x|<1, it is sufficient to prove 7(p) = O(e*‘zml/2

—ipx

).
o
One has T(p) = [i_y e 12 dx. Since 7 is analytic and bounded on the rectangle

S={ze€C:Re(z) € (—1,1), Im(z) € (—2,2)}, one may write alternatively

ipr— 1 T
)= [ e TRamaRe [ [ TR 2.97)
r_ur, T,

where I'y = {£1+4 (F1+i)r € C:t € (0,1]} (with orientations as appropriate). Without
loss of generality, take p > 0. Then change of parameter v = (%)_1\/ 2p(1 —z) gives

i1 1 . 2P 1 1y g Lt
G(p) == /F e TR d = ——emirmi [ VPRV gy (2.08)
+

where g(x) = ;5= Since g(;7Lv) is bounded uniformly on v € [0,2,/p), there is C > 0
such that

2P .
|G(p)| < % / Lo VB gy < co VP (2.99)
0

utilising v +v=1 > 2.






Chapter 3
Polymer activities

In this chapter, we discuss the polymer activities, and the building blocks of the polymer
expansions. The polymer activity depends on a polymer X and a field ¢. It is allowed to
be any real-analytic function in ¢ with a restricted growth rate as V¢ — o and decay as
|X| — oo. They deal with the problem of large fields and the large set, respectively. The
main results of this chapter are Propositions 3.3.5 and 3.3.7 which discuss how the large field

bound is preserved under progressive integrals, i.e., integrating the fluctuation field at scale j.

3.1 Scales, polymers and polymer activities

In this chapter, Ay always denotes a discrete torus of side length LV, for integers L € 2N + 3,
N > 1. Later we will further assume that L = ¢V ' for integers £ € 2N+ 3, N’ > 1. We also let
iy : Z¢ — Ay be the canonical projection with 0 = 7y (0) € Ay.

3.1.1 Blocks and polymers

We follow the setup for the renormalisation group coordinates of [23]. For any scale
j=0,1,...,N, we call j-block any set B = x+ ([—ngl,ngl] NZ) for x € L/Z%. The
j-blocks in Ay are the projections 7y (B). The set of j-blocks is denoted by %; = #;(A*)
for either A* = Z? or Ay. It induces a partition of A* into j-blocks. A j-polymer is any set
X which is obtained as a finite union of j-blocks, and we then denote by %;(X) C %4; the
set of j-blocks contained in X. The set of j-polymers is denoted by &2; = &7;(A*). Note

that the family &7; is decreasing in j. For X € &}, its closure XeZ j+1 1s the union of all
(j+ 1)-blocks which intersect X, i.e., X is the ‘smallest’ ¥ € £ such thatX C Y.

Next, a connected polymer is a polymer X # @ which forms a connected set in £*-sense.
Two connected polymers X1, X, are called connected if X; UXj; is a connected polymer; this
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is denoted by X; ~ X, and we write X| +¢ X, if X; and X, are not connected. The set of
connected j-polymers is denoted by &¢ = &¢(A”). It is worth highlighting that @ ¢ &7 by
this definition. For X € &; we write Comp; (X) C 9; for the set of constituting connected
polymers, i.e., each ¥ € Comp;(X) is a maximal connected polymer in X and the union
over all such Y is X. A connected polymer X € 9; is called a small set if |X| ji< 24 where
1X|; =|%;j(X)| denotes the number of j-blocks contained in X. We write .; = .%j(A*) for
the set of small sets (at scale j). For any X € &7;, we define its small-set neighbourhood
as X* = (JS where the union ranges over all § € .%; such that SNX # 0. Finally, we call
polymer functions for functions having polymers as their arguments.

For later reference, we note that the combinatorial results of Lemmas 6.15-6.19 from
[23, Section 6.4] all hold in the present setup.

3.1.2 Massless finite-range decomposition

As usual, let J C Z?\ {0} be a finite-range step distribution that is invariant under lattice
symmetries, and recall the finite-range decomposition of the associated covariance matrix
C(s,m?) from Propositions 2.1.2 and 2.1.4. To simplify the conditions, we will from now
on always assume that d = 2 and that there is a constant C > 0 such that the parameters from
(2.3)—(2.5) satisty

s|<e&b;, 6,=2C',  Clpy<v<ps/2 (3.1)

All constants in the sequel are permitted to depend on this constant C but will be otherwise
independent of J. In particular, this assumption holds for any fixed J as in the statement
of Theorem 1.1.1, and it also holds uniformly in p for the standard range-p distribution J,
discussed in Example 2.1.1.

Since Dy is independent of Ay for scales < %LN -1 setting D; = 0 for ¢t < py (cf. (2.7)),
we define for j > 0,

17+l
Tiyi(s,m?) = 14‘ D, (s,m?)dt,

Y (3.2)
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./
and setI'; = Z]j(:j 1Tk so that, in view of (2.15), we obtain

cAv (s,mz) = Fl(s,mz) + .. +FN,1(s,m2) +F]/\\,N(s,m2) +tN(s,m2)QN
= FO’N,I(s,mZ) +FJ[\\,N (s,mz) +tN(s,m2)QN. (3.3)

The matrices I'; have range Alij by (2.8) and satisfy the following bounds, which are
straightforward consequences of Propositions 2.1.2 and 2.1.4.

Corollary 3.1.1. Let d =2 and assume (3.1). Then ;| is analytic in |s| < &6},

Capy 2L~ if |a| > 1

VAT j11(0,x;5)| < °, . (34)
Cop; “logL ifa=0
and ool
0og —ly—j
' 1(0,0;8) = ———+0 L), 3.5
]+]( S) 27T<V‘%+S) (pJ ) ( )

and the estimates (3.4) also hold for Fll\\,N and we have ty(s,m*) = m=2+0(p; *L*).

We are ultimately interested in taking m? | 0. While the zero mode #y(s,m?) diverges as
m—2 as m? 1 0 like the torus Green function, the covariances I'; and their discrete derivatives
are continuous as m> | 0, and this allows to directly set m?> = 0 in these. This is made precise
by the following lemma. To simplify notation, we let Eg be the expectation of a Gaussian
field { with covariance I". We omit I" or { whenever the choices are clear from the context,
and we will abbreviate from now on I'; =T';(s) =T';(s,0) and FII\\,N = FI/\\,N (s) = FQN (s,0),

2

1.e., m”~ is set to 0 and the dependence on s is often made implicit.

Lemma 3.1.2. Let s be as in (3.1), let k < 0y +s, and let F : R® > R be a smooth function
satisfying |F ()| < eX(V®V®). Then as m? | 0,

L? ¢ /
ECAN (S,mz)F EIN(Sva)QNEFO’Nil (S)+F1/:;N (S)F((P + C)’ (36)
where on the right-hand side ¢’ is (centered) Gaussian with covariance ty(s,m*)Qy and {

is (centered) Gaussian with covariance T'o n—1(s) + F]I\\,N (s), and a ~ b means lima/b = 1.

Proof. Provided sufficient integrability holds, by (3.3) and the fact that the sum of indepen-
dent Gaussian vectors is Gaussian with covariance the sum of the convariances, we have the

identity

F=g" E* F(o' +¢) 3.7)

E
CoN ( I (5m2)ON T (5.02) 4+ Ty (5,m2) + TN (5,m2)

5,m?)
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and thus

E(P/ EC F((P/+C)
t (s7m2)Q 5 (s N (s
[ N T (5,0) 44Ty 1(5,0)+ThY (5,0) (m%o)? (3.8)
II:?‘CAN (s,mz)F

where we used that I'j(s,m?) and F]/\\,N (s,m?) are continuous as m? | 0 which implies that
the inner Gaussian expectation in the numerator is continuous as m? | 0 if F is integrable
uniformly in m?.

To see the integrability of the function @ — ¢X(V?:V®) = ¢¥(9.-49) it is enough to check
that k(—A) < C™(s,m?)~! for each m?> > 0 and sufficiently small k. But by definition

CMW(s,m?)~! > —A;—sA = —(6;+s)A, so this holds as long as k < ) +s. O

Now suppose we have a function ZJ(-|Ay) : R™ — R that describes the distribution
of the field ¢ € RAV, i.e., the field theory of ¢, whose precise form is given later in (6.40).
Then functions Z?( -|An) : R — R are defined inductively by

20\ (9|Ax) =Er,,, [Z%(p + S |AN)], (3.9)

where the expectation is taken over { ~ .#7(0,I"j;1); here we emphasise again that I'j| =
I'j+1(s,0), and we assume that Zy is such that the integrals exist. Then by the previous
lemma, and again using that the sum of independent Gaussian vectors is Gaussian with

covariance the sum of the covariances,

¢ 0 A )
ECAN(S7m2)ZO((p + C‘AN) ~ EF;\\]N(S)'FIN(S,mz)QNZN_l ((P + CN + CNlAN) (m J/ O),

=By (s.m2)0n 28 (@ + E 1 AN) (3.10)

where as usual the expectations are over { ~ .4 (0,C™ (s,m?)), {y ~ N (O,FQ,N (s)) and
Cx ~ A (0,1 (s,m*)Qn). For the purpose of Theorem 1.1.1, we will see the integral over
Co ~ A (0,15 (s,m?)Qn) as N — oo only in Section 9.1. Therefore we can and will focus on
the massless covariances I';(s) and FIQ,N (s) in Sections 3.2—Chapter 8.

We conclude this short section with the following factorisation property implied by the
finite range property of the covariances.

Lemma 3.1.3. Let X,Y C Ay with min{dw(x,y) : x € X,y € Y} > [L/T\. Then for all
functions F(X) : RX — R and F(Y) : RY — R such that the following integrals exist,

Bt (FOX0+OF(Y,0+0)) =Bf (FX,0+0)ER (F(Y,0+0)). (1D

J+1 Jj+1
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2442 this applies if X and Y are scale-(j+ 1) polymers that do

In particular, assuming L >
not touch, i.e., X and Y are distinct elements of Comp ;| (X UY), and F (X) : RY" — R and

F(Y):RY" — R where X* and Y* denote the small set neighbourhoods of X and Y at scale
J-

Proof. (3.11) is immediate from the finite-range property of the covariance I';; (recall that
I'j 11 has range at most %Lj+1, cf. (3.2) and (2.8)) and the fact that two jointly Gaussian
random variables are independent if their covariance vanishes.

The claim below (3.11) then follows from the fact that if X and Y are scale-(j+ 1)
polymers that do not touch, their £*-distance is at least L/*! and their scale-j small set neigh-
bourhoods X* and Y* then still have distance at least L/+1 — 2411/ = [j+1(1 —2d+1 =1y >
%Lj—b—l > %Lj-i—l. ]

In the rest of the thesis, we write [E for EF; ., (respectively, ]EFAN) when we are working
’ N

at scale j (respectively, N — 1), where I'j;; =Tj1(s,0) (respectively, F][\\,N = F]/\\,N (5,0)) is
the covariance introduced below in (3.2). Typically, j without further specification is allowed
to take values j =1,...,N — 1, where N > 1 refers to the exponent of the underlying torus

size LV, for some L > 1.

3.1.3 Scale subdecomposition

In some places, it is necessary to subdecompose each I'; | further to obtain better integrability
and related better contractivity of the renormalisation group map. (For example, in the proof
of Proposition 3.3.5 below this subdecomposition allows to choose k;, of order 1/(logL).
Since 1/K;, appears in various error terms, this integrability is especially important to get to
the critical temperature or close to it). More precisely, we subdecompose each scale j further

into fractional scales j+ s with
s€ly:={0,1/N',....1—1/N'} (3.12)
where N’ is an integer such that L = ¢V " for an integer ¢. Corresponding to the fractional

scales, we define covariances analogously to (3.2), i.e.,

Lpj+s
3 , 1
Tjpajir = /L Dy, sely, s Ely+ (3.13)



56 Polymer activities

for j < N—1,and for j =N —1,

leJrs/ - ]
FAN f14Lj+s D;\N dt if S/ <1
= 4

MY e = (3.14)

oo ~A .
[fuDMdr i =1,

In particular I'; ;11 = I'j . These covariances admit estimates that are analogous to those
for I'j; 1 in Corollary 3.1.1 and they are again corollaries of Proposition 2.1.2 and Proposi-
tion 2.1.4.

Lemma 3.1.4. Let d = 2 and assume (3.1). Then for s € Iy and s' = s+ (N')~!,

Cap;2L_(j+~V)‘a‘ lf ‘(x’ >1

|Varj+s,j+s’| < o .
Copy “logt if a=0.

(3.15)

. Ay
and the estimates also hold for I'y" | S N—Tts"

Finally, for each fractional scale j + s, we also introduce the corresponding division of
the torus into blocks and polymers, exactly as in Section 3.1.1. Thus &2;; is the set of
polymers composed of blocks in %, of (integer) side lengths L/*S = L/ 0k if s = k/N'.
Given X € &}, we define Xy (s < s’) to be the smallest j + s’-polymer that contains X,
i.e., Xy consists of all blocks of side length L’ + that intersect X. In particular, (X)y = X5y
and X = X;.

3.1.4 Tilted expectations

When we consider the Gaussian integration with covariance I', we also consider tilted
expectations E ) given by

Er[e®00F ()]
Er[e®F:0)]

E o) rlF(§)] = . JeRr® (3.16)
for a (complex) parameter @ in order to facilitate the computation of the moment generating
function, and we drop I" whenever the choice is clear from the context. The tested function §
is called the external field. We restrict the amount of tilting by restricting |®| < A, for g
sufficiently small and imposing the following condition on f for given M, p > 0 and n € VAS

and confine the support in a range defined by the observable scale j.
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(A}) f is decomposed as | = ' Tyji where each §; € R%” is a function with compact
support, 0 € supp(§;). Also, given an observable scale j; > 0,
1

ax {diam(supp(fi)} <p < L, max {[fil-} <M, (3.17)
7...71“ l: 7“'7“

i=1 12

with nMp? < C for some absolute constant C (that does not depend on any other

parameter).

Note that we allow ¥, ¥ f(x) # 0 compared to (A ) and take nMp? < C. In principle,
the estimates coming below should be depending on this constant C, but as C does not depend
on any other parameter, we never make this explicit. Thus the condition nMp? < C makes
the estimates uniform in the choice of M and p. | will be defined in terms of f or f for
Theorem 1.1.3 and Theorem 1.1.5, but we leave freedom of choice for now. We also mention
that, since f is a function on Z?> with compact support, f can also be considered as a function
on Ay as long as LV is sufficiently large compared to max;{||y;||»} and p. There are no
restrictions on y;’s other than this (so in particular, Tyji’s are allowed to overlap).

In most situations, we will see that the tilted expectation can be treated by complex shift

of variables, yielding

E (o), [F (§)] = E[F({ + oL j)]. (3.18)
Thus it is helpful to define
. Lifi (> Jjs)
uj= Zuj,i, Uji= / o (3.19)
i=1 0 (J < Js

for i = 1,---,n, where each §; is as in (A}) Then we may simply note the following,

according to the properties of I';.

Lemma 3.1.5. Let § satisfy (A’f) and u; o be defined by (3.19). Then uj q is supported on
B(J), the unique block in i that contains 0 and

CoMp?loglL. (n=0
|V - < 4 P08 (1=0) (3.20)
peer CuMp*L="  (n>0).
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Proof. Since u;j o = 0 for j < js, we only considerj > js- If x & BY, then d..(0,x) > %J SO
for y € A such that d.(0,y) < p, we have du(x,y) > p)%. Thus
uja(x)= Y Tjx—yiy) =0 (3.21)
\|y||m<P

since I'j(x —y) = 0 whenever dw(x,y) > L/ /4. Thus u; ¢ is supported on B(])-.
To see the bound on u o, we may use the bound ||T';||z~ < ClogL (Corollary 3.1.1) to

se€e

ura()l=| ¥ Tilr—y)f)| < CMplogL, (3:22)
IYll<p

while for the derivatives, we have even better bounds because ||V'T ||~ < C,L ™", s0

Vit o y_’ Y VIj(x— yﬁ(y)‘gMpzan*"f. (3.23)
Ivle<p

]

Although u; ¢ is supported inside B!, its translation T,,u; o is not necessarily contained
in a j-block. Thus we let 0, be the j-polymer of four blocks that necessarily contains
Ty utj.a. More precisely, let yo = (ya,1,Va,2) € 72 and

Bj 1 = unique block in %, that contains (y; — (L —1)/2,y2— (L' —1)/2)

, . . , . , (3.24)
B{x , =Bl +Le, Bl y=B|+Le;, B),=Bj +LY(e; +er)
where {e},e,} is the standard basis of Z> and
U? IBJ (J > Js)
Pl=Up 10, G, =10k (=i (3.25)

We have only seen the case j > js, but we have also defined Qia for j < j, for later use. We

summarise the list of properties of u; o as the following, where we use

HuHCz = max_ sup LY || VHul| . (3.26)
sty ‘u_een
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(Al,) The sequence (u;) ;=1 has decomposition u; =Y | Ty,u;; such that ||u; ;|| -» < Cn~'log L
. i
and u; ; is supported on B{) for each j, . Thus Ty,u;; is supported on Qy, € ;. Also,

uj; =0 when j < j, for the observable scale j;.

Again, C will be a constant independent of all the other parameters, so we do not mention

the dependence on it.

3.2 Polymer activities and their norms

Our choices of norms are almost the same as that in [35, Section 5.1], which are closely
related to those of [23, 30]. Compared to these references, we simplify the construction
somewhat and make the estimates explicit to obtain uniform control in the range of the step
distribution.

Recall that Ay denotes the discrete d-dimensional torus of side length LV, for integers
N,L > 1. Unless explicitly stated otherwise, all results in this section (implicitly) hold for any
choice of N and L. In the sequel, we make frequent use of the notation and setup introduced
in Sections 3.1.1-3.1.2. In particular, E is IE‘,IEJ,+1 if j+1 <N and Eﬁx if j+1=N.

Basic definitions

Following Section 1.3.2, we suppose that a renormalised ‘bulk’ theories are described by
(Z?) j>0 inductively defined as

Zj11(9|n) =E[6,Z] (9] A)] (3.27)
where we use notation 6y F (-) = F (- + {) now, and each Z;) admits expansion

ACNET R B WS b &) (3.28)
XeZ;(A)

where we recall the definition of polymers &7; from Section 3.1.1. Compared to Section 1.3.2,
we added superscripts 0 to indicate that the external source field is set to 0, and to distinguish
them from the ‘observable’ theories introduced later. In this representation, E; is going to be
a suitable scalar, and U; and K;) will be scale j polymer functions. U; will be the leading
term and Kﬁ-’ will be a remainder coordinate, which are both functions of both the polymer

X € Z; and the field ¢. Their main features will be characterised by factorisation properties:

ViX0) = (ViONX - KO(X, ) = (KY)¥ (p) (3.29)
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where we have used polymer powers

FX(o)= [] F®B9), FX@)= ][] F0) (3.30)

BeA;(X) YeComp;(X)

for any F : &} x RA — C, with the convention that the product over the empty set equals
1. In particular, the tuple (K;) (X))xew, is determined by (K;) (X))xe ¢ The latter is an
example of a polymer activity. We formalise the space of polymer actitivities as follows, and
then define norms on polymer activites in the remainder of this section. We also allow the

dependence on a complex variable @ € D, = {z€ C: |z| < hg}.

Definition 3.2.1. For X € &; and hg > 0, we write N;(X) for the space C*(RX") and
N o (X) for C*(RY" x Dy,), analytic in the second component. For F € A;(X) (or €
Niho(x)) and @ € RA, we make the identification F(@) = F(@|x+). In particular, F(¢)
only depends on @|x+ and we have the natural inclusions Nj(X) C N;(Y) (and N}, (X) C
Nine(Y)) X CY.

A scale-j polymer activity is a tuple K = (K (X)) xe 75 where for each connected polymer
X e 3”; the corresponding component is a function K(X) € Aj(X). Any polymer activity
K is identified with its extension (K(X))xe», to all (not necessarily connected) polymers
by K(X) = K*X. Tuple (K(X) € N, (X)) Xey is called ®-polymer activity and the same
remark applies.

We denote the space of scale-j polymer activities by A; and the scale-j ®-polymer
activities by N p,,.

Note that (3.29) implies that K(@) = 1 for any polymer activity K according to Defini-
tion 3.2.1, and that, with the restriction to connected polymers, the scale-j polymer activities

form a linear space with 0 element given by K(X) = ly—g.

3.2.1 Norms

To define norms on polymer activities, we first define norms of lattice functions which will
enter the definition of norms on polymer activities. Recall that {ej,e,} is the standard basis
of unit vectors with nonnegative components spanning Z? or the local coordinates of Ay,
and é = {4e|,+e;} and for any multi-index (u) € &", VI®) = VHi ... Vi For functions
f,g: Ay — C and n > 0, we denote V" f for the collection (VA : |fi| = n), define inner
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products

(f,e)x =Y, f(x)g(x),

xeX

(V"f,V'g)x =27" Y Y VEF(x)VAg(x)

()=(t1, - pn)€€" XEX

(3.31)

(the factors 27" in (3.31) are natural because each coordinate direction appears with positive

and negative sign in the sum) and
V"% = (V"f, V" f)x (3.32)

so that (f, —Af)a, = |Vf|/2\N by summation by parts.

At scale j, it is further natural to consider the rescaled derivatives
V?f:Lf”V"f. (3.33)

Definition 3.2.2. Letn € N, X € & and f : {x:d (x,X) < n} — C where d; is the graph
distance on Ay. With (1) ranging over {+e, ey }" in the sequel, define

IVl = maxmax V)] (3.34)
IViflae =L IViflk (3.35)
IV3 122 0x) =L 1V3F1ox (3:36)
1flle2xy = ng%i‘iizHV?fHL‘”(Xy (3.37)

(In (3.36) and elsewhere, U refers to the inner vertex boundary of U C Ay with respect to
the graph distance d;.)

These norms on lattice functions provide the basis for the norms on polymer activities that
we use and which we introduce next. The norm is scale-dependent and measures smoothness
of polymer activities with respect to typical fields at scale j, which are lattice functions ¢
with bounded C]2~ norm. The norm needs to permit growth when V¢ is large and give small
weight to large sizes of polymers X. These two aspects are accounted for by two weights:
the (large-field) regulator G; for growth in V@ (see Definition 3.2.3 and (3.44)) and the
parameter A > 1 (the large-set regulator) for decay in the size of the polymer (see (3.45)).

We start by measuring the size of a polymer activity for fixed ¢ and X. For all n € N,
given K(X,-) € Aj(X), its n-th order derivative DK along the directions fi,... f, € RY" is
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given by

DRE. Q) f) = Y oK)

dp(x1)---do(x )f(xl)"'ﬂxn), (3.38)
Xp e X EXF n

with the convention D°K = K. For X € ¢, K(X) € Aj(X) and @ € RAV, set

HDnK(X7 (p)Hn,Tj(X,(p) = Sup{|DnK(X7 (p)(f17 T 7fl’l>’ : ka”c]z(x*) <1, k=1,... ,l’l},
(3.39)
with the convention ||[D°K (X, @) lo,7;(x.¢) = |K(X, @)]. Then, for a parameter b > 0, define

(o)

h.T;(X.0) = ) ;HD”K(X,(/))
n=0"""

IK(X, 9)

nT;(X,0)- (3.40)

In the subscripts, we used labels ‘T’ to indicate that the (semi-)norms are obtained by
summing the absolute values of each term in the Taylor series. On the other hand, n, j, X, @
and b are objects that actually appear in the definitions. Note that (3.38) only depends on the
f in X*, but that the norms || kaC]g (x+) in (3.39) actually depend on f in a neighbourhood of
X*. The supremum in (3.39) is thus over all f; € R® or equivalently over all extensions of
fi € RX to a suitable neighbourhood of X*.

The |[-[[g,7;(x,)-n0rm measures the size of K in a manner depending on ¢ and X. The
norms on functions of (X, @) are defined by weighted supremum norms. The large-field
regulator which is the ¢-dependent weight is defined next.

Definition 3.2.3. Given c;,k = ki > 0, define the large-field regulator for X € &; and

@ € RMW py
. _ .02 .2 . 2.\2
G;(X,0) —eXP{KOWJ(PHL?(X)+C2HVJ(PHL3(3X)"’W](Xavjfp) )} (3.41)
where
Wi(X,Vie) = Y [IViolli-()- (3.42)
BEP%]‘(X)

The particular form of the regulator is motivated by its properties stated in Section 3.3
below. Finally, the definition of the norms on polymer activities is given by the following

definition.
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Definition 3.2.4. For a j-scale polymer activity K and X € 2}, define

D" KX ) |ln7;x) = sup (Gj(X,(P))_lHDnK(X,(P)HmT,-(X,(p) (3.43)
PERX"
IKX)g,7,x) = Slll:;(Gj(Xa(p))_lHK(X»(P)“h,TJ-(X,(p) (3.44)
QERX"
IKllo.r;a = sup  AFUIK(X) g 7,0x0)- (3.45)
XeP5 (M)

We will sometimes abbreviate ||K||j = ||K|[s,7; = ||K||y,7,.4 whenever the choice of h and A

are clear form the context.

Analogues on @-polymer activities can also be defined. Derivative in variable @ € Iy,
will be denoted d,.

Definition 3.2.5. Given hgy > 0 and a complex analytic function f : Dy, — C, let

w
1 llno,r = 3 —5105f(O)]. (3.46)

m=0

If 6 = (8, he), then for a j scale ®-polymer activity K, let

(o) hm m
1K @3 7, x0) = Z_Lom—“;\lawK(X,fp;w)\m:o b.7;(X.9) (3.47)
KOG 7,06 = Sup, (X, 0) " IKX,9)ll; 7 x.) (3.48)
1K1 7, 4 :XE;J}()A )A|X|-f||K(X)||E’TJ_(X). (3.49)
j N

We will sometimes abbreviate || K||; = HK”E 7= HKHE 7.4 Whenever the choice of h and A
ta ] Rl b

are clear form the context.

There is a slight abuse of notation for |K||; since it could either mean ||K||y 7,4 or
|K HH,T]' . depending on the context, but there should be no confusion since we almost always
measure ||K HRT,‘ 4 for K that depends on .

These norms and the associated spaces (of polymer activities of finite norm) implicitly
depend on the choice of Ay. However, the definitions are essentially local and it is thus
possible to define an infinite-volume analogue of the norm, see Section 7.2. The space of
polymer activities in .#;(X) with finite ||-||y 7,(x) norm is complete, see Appendix 3.B, and as

a consequence the space of polymer activities in ./#; with finite [|-|| 7, norm is also complete.
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3.2.2 Norm on U;

In the expansion (3.28), we use a specific form of U; given by

1
Uj(X,p) = 5Sj|V§0|§ +W;i(X, 0)

o (3.50)
WiX.0)= Y Y. L ¥z cos(gB o (x))
xeX g>1
for some s; € R and (z&q))q% C R, where we recall (3.32) for [Vo|%. We will see qu) has an

exponential decay as g — oo, so it will be natural to define the following norm on U;.

Definition 3.2.6. Let y be as in (2.1), A the large set regulator and cy = %y. Then given U;
of form (3.50), let

111 = 10l = Amax { I, superPe[2] }. (3.51)

g=1
Denote Q;J for the space of U; with HUjHQj < oo,

In particular, note for later purposes that |W;||; = ||W]||Q§/ is also defined by (3.51) and
corresponds to s; = 0.

We will see the legitimacy of ¢y = %y in Chapter 6 once the decay rate of ]zg.q)] is known.
We will now partially clarify the relationship between ¢y and ) in Lemma 3.2.8, where we
also establish the relation between ||- ||97 and ||| 7;. For this purpose, we state the following

preparatory lemma.

Lemma 3.2.7. For B€ %, u,v € éand b >0,

|(VFQ,VVe)p

0.7j(B,p) S 4(h>+ ||Vj¢||%w(3)) (3.52)

and

|eVBaOEO) | 1 gy = VBl 3y € B. (3.53)

Proof. One has the following exact derivatives of %|V(p|129:

Do((V*@,VY@)p)(f) =Y 0*/,0"o(y)+ 2" 0  ¢(y) (3.54)
yEB
DL (V*@.V'0)s)(f.g) = Y, 0" £,0"gy+ 9" gd" £, (3.55)
yeD

and hence [|(V¥@,VY @)l 18,9 <2(h+ ||Vj(p|\Lm(B))2, from which (3.52) follows.
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The identity (3.53) also follows easily from the definition of the norm since
Dipe VP (fy o f) = (iy/Ba)"eVBaol) ka (3.56)

which gives the claimed bound when substituted in the definition of the norm. It can
conceptually be understood from the fact that the right-hand side is the supremum of |’ VB4 ?|
for ¢ in a strip of width h around the real axis. [

Lemma 3.2.8. Assume 3 > 262 2 and h> c;/z. Then for any B € A,

IV @Iz Iy 7,000 < Clsj (0% + 1V 7))

W;(B <CcA Y|w; (3.57)
W (B, @)lln7,x) < | ]Hgg-

Proof. The first line of (3.57) is just (3.52). For the norm on W}, we use the triangle inequality
and the conditions on 3, ¢ r, b and (3.53).

IW)(B, @)l 1,5.0) < X 1€V 1 5 17
g=>1
<AV Y emalerB=VBY |y, loy < CA™ [Wjllg (3.58)
g=>1
for any B € %;. [

3.2.3 Choice of parameters

We now give an overview of how the parameters h, A, c3, k7 will eventually be chosen; see also
Definition 6.3.2 and Remark 6.3.3. The constants c,, k7, will be fixed below Proposition 3.3.5
(see Remark 3.3.8) as ¢, > 0 sufficiently small (independent of L), and kg, of order (log L)’1
The large set weight A will be chosen large enough as a function of L in Theorem 6.1.3
(essentially in such a way that the conclusions of Proposition 4.1.5 below hold). This leaves
b, which we allow its dependency on j by letting ) = h; where

hj = (3.59)
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where /1 will be picked large enough so that the conclusions of Lemma 5.4.7 hold. To be

specific, if we are given § > 2max{c}1 , c}z} and some parameter » > 0, we let

h=max{cy> reyp;\/B.p; '} (3.60)

¢y 1s a constant specified by Lemma 5.4.5 later (but is an absolute constant that only depends
on the finite range decomposition of Chapter 2). If we further choose r sufficiently small so
that sz > \/Erchcfl, then 8 and h = h; satisfy the assumptions of Lemma 3.2.8. But since
only the order of magnitude of h matters in most of the inequalities, we will persist with
using b instead of making the dependence on j explicit. We also try to make these choice of

parameters explicit whenever it seems appropriate.

3.3 Properties of the norms and the regulator

We start by remarking that [|-||y 7,(x,p) can be considered as ||- ||6 T.(X.0) with A = 0. Thus,
’ ) ] I

unless otherwise stated, all the properties on the ) would also apply to |-

M 2 0x.0 1 0)
Conversely, since ||- HE T(x,¢) €an be thought of as [[[6,7;(x o) With an external block with
't ? I ?

field value ®, some results we cite from [23] should hold the same for |- HB T.(X.0)"
] 9’

3.3.1 Key inequalities

The most fundamental properties of the seminorm HHE T.(X.0) is its submultiplicativity
] )

property, and its monotonicity in the base polymer X and in the scale j. These properties

will be used heavily, but not always explicitly.

Lemma 3.3.1. Suppose X,Y € & withY C X, and let F(Y) € N, (Y) (here recall the
inclusion N, (Y) C N p,(X) from Definition 3.2.1). Then for each n > 0,

(i) |ID"F(Y,0)ln1,, 1 (v.0) S ID"FY, Q) 7,v.0) and (3.61)
(ii) [[D"F (Y, @) |ln.1;v,0) < [[D"F (Y, 0)|l0.7;x.,0)- (3.62)

Hence,

IEY 01, v.o) S IF O 70.0)  IFX O 7v.0) S NFX ) 1 x0)-
(3.63)



3.3 Properties of the norms and the regulator 67

Moreover, for Y1,Y2,X € &; with Y1,Y, C X (with Yy and Y not necessarily disjoint), and
F(Y;) € N p, (Yi), the following submultiplicativity property holds:

1F1 (Y1, @) B2 (Y2, 0[5 7 x 0y < IF1 (Y1 @)l 7,1, 0 12 (V25 @)l 71, ) (3.64)

Proof. To see (i), notice that for any f € R?, we have Hch]?(Y*) < HfHCfH(Y*)' Hence
{feRA: ||f||C2 (%) <1} Cc{feRr: ||f||Cz y+ < 1} and (i) follows readily in view of
(3.39). For (ii), we have forany f: A — R that H f ch v < If HCz x+)» and the result follows
similarly. On account of (3.40), the inequalities in (3 63) are 1mmed1ate consequences of (i)
and (i1), respectively. For the submultiplicativity property, see [23, Lemma 6.7]. 0

Corollary 3.3.2. For each k > —1,

ko1 S|
F1X<P(D _ .
L 10O g < B POy G0

with convention ¥, L (--+) = 0.

Proof. Consider the sequence of polymer activities

!
1
H/(X,p; —(F (X 3.66
;0 g —(F(X,9)) (3.66)
Then by the submultiplicativity, (3.64), we have
1H(X, 9307 x ) < X0 (IF1 (X, 033 0) 5 1 5. ) (3.67)

Since ef1 is a pointwise limit of H; and D"/ Hy (X, @; ®) — D"0Me (X, @; ®) as [ — oo for

each n,m > 0, we have

n+m<N' W bn

D"l 1X-9:0) < limsup||H; (X, ¢; 0)||= (3.68)
méo m'n! H HnT X,p) Isoo h,T;(X,0)
for any N’ > 0 so we see in fact
(X, ..
e 1(X.0:0) HRT,'(X,(P) <exp (HFI<X7(p”w)H67Tj(X,(p)) < %, (3.69)
which is (3.65) with k = —1. Bounds for k > 0 are obtained similarly. [

The next property of the regulator is the following basic inequality that allows to absorb

polynomial error bounds in the fields when changing from one scale to the next.



68 Polymer activities

Lemma 3.3.3. For all c3,k; > 0, X € .7} for some 0 < j <N, all xo € X and ¢ € RAW,
defining S (x) = @(x) — @(xp), one has

k/2||5<p||cz ) SCIGH(X,9), kEN. (3.70)

Proof. See Section 3.7.2. 0

The next property of the regulator involves what is called the strong regulator in [23]:

wiX, 0= Y melleV"(pHLm By XEP; (3.71)
BG:@]‘( )

(The term strong regulator refers to the left-hand side of (3.72) below.)

Lemma 3.3.4. For all x; > 0 and sufficiently small c;,c,y,

e iX0’ < Gi(X,9), X e P (3.72)
Moreover, for all XY € 2} satisfying X NY =0,

X0 G (Y, 9) < Gj(X LY, 9). (3.73)

Proof. See Section 3.7.2. 0

3.3.2 Supermartingale property

We will need to analyse how the norm of the polymer activities is bounded after taking
the Gaussian expectation with respect to the covariances I'j (recall (3.2)). For a scale-j
polymer activity F, a common strategy to bound E[6; F (X, ¢’)], for fixed ¢’ and X € &%,
will be to first bound [|6:F (X, ¢") ||y 7,(x,¢) < [[F(X)|ly,7,0)0¢G;(X, 9'), which follows
immediately from (3.44), so that the fluctuation integral acts effectively on the large field

regulator G; only. In this regard, the following Proposition 3.3.5 yields that the form of
the large field regulator is stable under the fluctuation integral up to a factor 2/Xli, where X
denotes the closure of X, cf. Section 3.2.

Recall that E means we are taking expectation over { ~ .47(0,I';) if j+1 < N and
£~ 4(0, F]’}N ) if j+ 1 = N. The non-random part of the field is often denoted ¢’.

Proposition 3.3.5. Assume (3.1) and that L = ¢V / for integers £,N' > 1. For c, sufficiently

small, there exists an integer ¢ = {(cy) and a constant ¢ = c(cp) > 0 such that with ¢, =
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c(c2)t72 € (0,1), the following holds: for all 0 < j < N — 1 and all k1, < cxp?(logL) ™!
E[6;G;(X.¢)] <2¥G(X.¢)).  XeZj ¢ eRM. (3.74)

Proof. See Section 3.7.4. 0

The following lemma is a simple consequence of Proposition 3.3.5.

Lemma 3.3.6. Suppose the assumptions of Proposition 3.3.5 hold. Let F € A;(X) with
|D"F ||n,7;(x) < oo for X € &5 and @' € RM. Then

1D B[O F (X, @) lln7;0x,0) < 2XVID"F (X)||.100) Gj41 (X, ). (3.75)

Proof. The derivative D can be exchanged with the expectation [E, hence for all functions
fk Wlth kaHCJZ(X*) < 1’ k = 1, ceey N, by (339)’

IDGE[F (X, 0"+ )(f1,++ )| E[DGF (X, + O)(f1,+ . fu)]
< E[HDZ)’F(Xa (P/“‘ C)HmTj(X,(p’—Q—C)] (3.76)

and so, taking suprema over the f;’s, recalling Definition 3.2.4 and applying the bound
(3.74),

IDGE[6¢F (X, ¢)]ll,1 ID"F (X) .7, B0 G(X, )]

S
< 2Kl ID"F (X)|n,1;00)Gj+1 (X, 9). (3.77)

As a particular application, by multlplylng and summing over n > 0, this implies

IE[0F (X, @)llg.1;0x.00) < 2XVIIF 1y 700 G0 (X 9) (3.78)

whenever [|F|[y 7,(x) < e. In practice, we will also be needing similar estimate with E
replaced by E ), as stated in the next proposition.

Proposition 3.3.7. Let | be as in (A%), uj1 beasin (3.19), j € [js,N — 1] and the parameters
be chosen according to Proposition 3.3.5. Let F € N (X) be such that ||F (X; o) HG,T,-(X) <
oo and hegy < (CrlogL)™ 3/2 for sufficiently large Cy > 0. Then Dy, 2 @ = E ) [D"F (X, o+
{;w)] is analytic in @ € Dy, for each n > 0 and satisfies

||]E((D)[F(X7(p/+C;w)]HB,Tj(X7(p’) C22|X|’||F(X a’)“;] Ti(X )GJ+1(X ®') (3.79)
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for X € &5 and some C; > 0.
Proof. See Section 3.8.2. [
We conclude this section by fixing the parameters c¢,, k7 appearing in (3.41).

Remark 3.3.8. We choose ¢, > 0 small enough such that both i) the estimate (3.73) in
Lemma 3.3.4 holds whenever ¢,, < ¢(c3) and ii) Proposition 3.3.5 is in force. Having fixed
¢y, we choose ¢ = Cp; according to Proposition 3.3.5 and set k7 = c,cpjz(logL)_1 with
cx = cl~2, so that the conclusions of Proposition 3.3.5 (i.e. (3.74)) hold. We can thus freely
apply the bounds derived in Lemmas 3.3.3 and 3.3.4 (in the latter case whenever c¢,, < ¢(c2))
and Proposition 3.3.5 in the sequel. Throughout the rest of this thesis, we always implicitly
assume that the base scale L is of the form L = ¢V with ¢ as fixed above. Unless stated
otherwise, all statements hold uniformly in N’ > 1, and when we write L > C in the sequel,

we tacitly view this as a condition on N’ being sufficiently large.

3.3.3 Subdecomposition of the regulator

The final property of the regulator is a technical property involving the scale subdecomposi-
tion from Section 3.1.3 and that is needed to obtain sharp integrability estimates. It is used as
an ingredient of the proof of Proposition 3.3.5 above and also in the justification of complex
translations in the proof of Lemma 5.4.6 below.

Throughout this section, assume L = ¢V " with integers ¢ and N'. For a parameter ¢4 > 0
and X € &, fors € Iy :={0,1/N’,...,1 —1/N'} (recall the notion of fractional scales
from Section 3.1.3), let

gis(X,E) = exp <C41<L W) s(X, V4 +sg)Z) , (3.80)
a=0.1.2

with W, defined analogously to (3.42). Then, with obvious notation, define G (X, -) for
X € P asin (3.41) but with j+ s in place of j everywhere. They will be stated explicitly
in (3.107) again.

The following Lemmas 3.3.9 and 3.3.10 can be extracted from [35, Lemma 19] and its
proof. For completeness, we have again included proofs in Section 3.7.3 and 3.7.1.

Lemma 3.3.9. There exists C > 0 such that for any X € & s and { € RAV,

1 4
g+s(X.0) Sexp(3045(X. £)) = exp <Ccm y Z||v§iicui§+_(x*)), (3.81)
a=0 (n) ’
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where the sum ranges over multiindices (L) = (U1, .., ) € {*e1,Ter}?. Moreover, for
any c4 > 0, any integer ([, there is cx = cic(ca,£) > 0 such that if kK, = cxp3(logL) ™! then

Er,,, ., (e2®8) oW Kl (3.82)

Lemma 3.3.10. For c¢; > 0 small enough, there exist c4 = c4(cy) > 0 and an integer {y =
lo(ca) > 1 (both large), such that for all £ > £y, N' > 1,0 < j< N, s € Iy, s' = s+ (N')~!

and ki, >0, forX € 25, 9,8 € RAV,

GjJrS(Xa(P"i_g) <ngrS(Xs’ag)GjJrs’(Xs’v(P)- (3.83)

3.3.4 Continuity of the expectation

The next property shows that the expectation is continuous with respect to the parameter s of

the covariances.

Lemma 3.3.11. For any X € & and F (X)) with ||[F (X)|[y 7,0x) < oo, for |s|,|s'| < 6y,

im|[Er, () [F X, + )] =By, (9 [F X+ Ol 75,00 = 0 (3.84)

More precisely, for any C > 0, the convergence is uniform over all F with ||F (X) thj(x) <C.

The same conclusion holds when X € 4@5 11 and we assume
Slql)pGj(Xv(p)_lHF(Xa(p)||h7Tj+1(X,(p) < oo, (3.85)

i.e., the convergence is uniform in F for which the left-hand side of (3.85) is bounded by a
given C > 0.

3.4 Analytic polymer activities

We use the observation made in [29] that the finiteness of the norm enforces analyticity of
polymer activities in a strip. For open U C C?, the function F : U — C is called complex
analytic in U if it admits a local representation as a convergent power series around any point
inU.

Proposition 3.4.1. Let b = (0,h0), X € 2; and ||F(X)|; 1, (x) < +oo. Then F(X,-10)
can be extended to Sy(X) = {@ +iy € CM : @(x), y(x) € R, 1Wllc2(x+) < b} where each
J
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D"F(X,-; ) is complex analytic and satisfies

F(X,0+0:0)| < [F(X,0:0) s 1.0 (3.86)

whenever @ € RAV, (NS CAwv,

¢||c12.(x*) <b.

Proof. Let Dy(0) = {y € C*: [Wllc2x+y < b}. Note that Dy(0) C C» is open because
J
(Wl =) < ;{L_zjh implies y € Dy(0). For ¢ € RX" and y € Dy (0), let

[ee]

1
Fig) (X, 9 +v) =}, —D"F(X,0)(y™"). (3.87)
n=0"""
Since [|F [, 7,x.,9) < [IF[lg,7,0x)Gj(X, @) < 4o and since ||‘V||Cj2.(x*) < b, the series (3.87)

converges absolutely. These considerations also imply that F (X,-) : Sy — C given by

F(X,z) def. Fio/(X,¢+vy), foranye¢ e R*and y € Dy(0) st.z= @+ y (3.88)

is well-defined and extends F. Moreover, in view of (3.87), F (X,-) is (plainly) given by a
convergent power series in a neighbourhood of z = @, for any ¢ € RA.

Now consider an arbitrary point { € S. It remains to argue that F (X,-) defined by (3.88)
can be represented as convergent power series around §. Write { = ¢ + v where ¢ = Re({)
componentwise. Now observe that for §§ € C* small enough (such that y + 8¢ € Dy (0)),
one has

~ 1 1
FX,§4+60) =" Y —D'F(X,0)((w+80)™") = ¥ A8, (3.89)
nz0""" k=07
where
|
Ak(fl?' o 7fk) = Z l_'Dk—HF(Xv(P)(W@lafl?' e 7fk) (3.90)
1=0""

and the right-hand side of (3.89) is obtained by expanding (¥ + 6z)®", using multilinearity
and re-arranging terms according to the number k that 8z appears. Now use ||F ||, < +oo
once again to show the series in (3.89) converges. All in all, it follows that F' is complex-
analytic, as desired.

The bound (3.86) is a result of (3.87). L]
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By the proposition, we can make complex shift of variables in each Gaussian integrals
using the Cauchy’s integral theorem as long as the shift is not too large. This result is

summarised in the next lemma, whose proof is presented in Section 3.8.1.

Lemma 3.4.2 (Gaussian complex shift of variable). Let f be as in (A’;), uj;1 be as in (3.19)
and j 2 js. Also, let F € Aj(X) with ||F (X) ||y 7,0x) < e Then for he < (ClogL)™ 'y with
C > 0 sufficiently large and ® € Dy,

E) [F(X,¢'+8)] =E[F(X, ¢+ + wuji1)] (3.91)

As the norm ||F HG 7. exploits the analyticity of F even further, we would have to study
A
this a bit further.

Lemma 3.4.3. Let ) = (h,he) and F € N'j he (X) be such that | F (X; o) Hb 7,0x) < o where
X € Z¢. Then E[0gD"F (X, 9"+ §; )] = dgD"E[F (X, 9" + §; 0)] for any n,m > 0 and
Dy, > 0 +— E[D"F (X, ¢’ + §; )] is a complex analytic function.

Proof. Let @ € D(j_»5),, for some 6 > 0. Then by the Cauchy’s integral formula, for any
n,m =0,

D'F(X,;z)

”amDn (X (p (O)”nT XQD Hzﬂl /|z|—(1—5)hw Wdz

(1—06")n! _
<o P i GiXo0) - (3:92)

nT;(X,p)

where we have used, for z € D,

lel*
1D F(X,952) 1.0 Z 195DF (X.9: @) w-ollre) < IF 0571
(3.93)
By Proposition 3.3.5, E[G;(X, ¢’ + §)] < 2KliG;, (X, ¢') for each ¢’ € RA, so the Domi-
nated convergence theorem guarantees that E[dgy D" 68, F (X, ¢'; ®)] = dgy D"E[6, F (X, ¢'; ®)],

and they are continuous functions of .

Now let 7 be any piecewise C' curve in Dp,,, and we consider

/}E[D"F(X, ¢+ 0)do. (3.94)
Y
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Again by (3.93) and Proposition 3.3.5, we have
n! —
E[|D"F(X.9'+ :0)[| < (L IFX)ll 700G (K. ) (3.95)

so D"F (X, @'+ {; ) is integrable under the product measure P(d{) @ d® of (3.94), and by
the Fubini’s theorem,

/E[D”F(X,qo’JrC;a))]da):]E[/~D”F(X,(p’+c;a))da) , (3.96)
Y Y

but by the Cauchy’s integral theorem, [;D"F(X,¢'+ {;®)dw = 0, making the whole
integral vanish. Hence by the Morera’s theorem (recalling continuity in @ proved above),
E[D"F (X, ¢’ + ;)] is also complex analytic on D, .

O]

Lemma 3.4.4. Let | satisfy (A}) and ujy be defined by (3.19). Let h,hq > 0 be such that
he < (ClogL)~'b for sufficiently large C. Let F € N}, (X) be such that ||F (X; o) (0" 1) Ti(X) <
+oo where ' = b+ hel[uj1 |2 and X € P5. If we define

J

F'(X,0;-):Dyp, - C, o~ F(X,0+0uji1;0), (3.97)

then D"F'(X,@;-) and E[D"F'(X, @' + ;)] are complex analytic functions of @ € Dy, for

each n > 0, and satisfies

10X 0:0) 5 7 g1 < 1F X 050) )01, (3.98)
2 ) [0+ E0)ll 1 g < IEF 0 4 L0 i) gy (B99)

Proof. By Proposition 3.4.1, z+— D"F(X, ¢ +zu1; ®) is analytic whenever [|zu 1| c2(x+) <
J
h. However, since [|u;1/|c2(x+) < Ck ™', this condition is satisfied whenever |z| < hg <
J
C~'xh, making F'(X,¢;m) analytic in @ € Dy,,. Now by the Chain rule,
dm m

dme”F’(X, p;0) =Y (’Z) DR (X, 0+ 0ujy; 0)(u5f) (3.100)
k=0
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(D and dy, are partial derivatives) so

oo m nhm
IF"(X, ¢;0) ”(]T (X,0) <Y Z
m=

|
alls n!m'

oo hnhk m ' P
Z ‘k' /' Huj“'IH HDn+ 8(117)1 F(X7(P;0>Hn+k,Tj(X,(p)

< ) ID" 9~ F (X, 930) s 1, 0x ) a1

L,
Z |<9’" (X, 930l 1 .7;(X.0) (3.101)

where the second line follows from change of variable m’ =m —k and |Ju 1| = |Ju 41 chz (xX+)-
This yields (3.98), hence by Lemma 3.4.3, we also have that E[D"F'(X, ¢’ 4+ {; ®)] complex
analytlc in @ € Dy, for each n > 0. Now (3.99) follows from Lemma 3.4.2, saying that
Ew)[F(X,9 + {;0)] = E[F'(X,¢"+ {; )] and applying the same type of argument on

E[F'(X,¢'+ {;m)].
[

This lemma is usually used after setting C| > 0 sufficiently large so that h” < 2h. Then if
we bound the right-hand side of (3.99) using the definition of ||- HH 7,(x)-horm, we have
oL j

IE (o) [F (X, ¢+ S0l 7,0x.1) < C2XUIF (X, 0)]ll 2 ) 1,060 G (X, @), (3.102)

which is similar to the conclusion of Proposition 3.3.7, but weaker. However, (3.99) has use

(X)-

3.5 Proofs of the technical claims: organisation

In the rest of the chapter, we prove the unproved claims from the previous sections. The

proofs do not come in linear order, so it ill be helpful to give an overview of the proofs.

* In Section 3.6, we prove Lemma 3.3.11. This statement depends on Proposition 3.3.5,
but it is not used to prove any other statements.

* In Section 3.7, we prove Lemma 3.3.10, Lemma 3.3.3, Lemma 3.3.4, Lemma 3.3.9
and Proposition 3.3.5 in order. They share the common theme of controlling the
large-field regulators G; and e“* "/ (B:9)* We see that the subdecomposed regulator
of Section 3.3.3 will be necessary to control the expectation of G, so Proposition 3.3.5

is proved the last.
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* In Section 3.8, we prove Lemma 3.4.2 and Proposition 3.3.7. We prove them by
exploiting the properties of the regulator and analyticity of the polymer activities.
Subdecomposition of the regulator also plays an important role in the proof of Proposi-
tion 3.3.7.

3.6 Continuity of the expectation

Proof of Lemma 3.3.11. We start from the following elementary identity for the derivative of
a Gaussian integral with respect to its covariance: abbreviating I'j ;1 (x,y) = T'j1(x,y;s,m?),
considering first the centered Gaussian vector on Ay with covariance I'j, 1 =111 +
eld with density fe, computing the derivatives d f¢/dI'j | ¢(x,y) and letting € — O using
dominated convergence, one finds that

9 Ly ) OFX0 D)

mErj+1(s) [F(X7(P+C)] =3

s (3.103)
2,2 95 YL 9e()e()

Let f*(x) =T'j;1(z,x) and g°(x) = 6(z,x). It then follows with the notation from (3.38) that

Er,.,lF(X,0+0)] ~Er,, )[F(X,9+)]

sl
S ds”IEer(su)[DzF(X,(p—kC; 589 (3.104)
zeX*

1
2

By taking the || - Hh,TM(Y) norm of this and using Proposition 3.3.5, it follows that the
left-hand side of (3.84) is bounded by

s —s'| <2th2 Z HfZHCJZ(X*)||gz||cjz-(X*)HF(X) h,Tj(X)> . (3.105)

zEX*

Since X™ is finite and || f*[| 2y~ and [|g(|c2(y+) are bounded uniformly in [s| < &6 (their
J J
dependence on j and X is not relevant), the claim follows. The case X € 4@; 1 assuming

(3.85) follows using the same proof, and we now obtain

F(X)||pr
_ g1 [ o2l g2 . : 1E )1 (x.0)
s =] (2 7+h ZEZX,*Hf ||cj2+1(x*)||g ||CJ2.+1(X*)S‘;)P G,(X,0) (3.106)

instead of (3.105). O
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3.7 Properties of the regulator

We prove Lemma 3.3.10, Lemma 3.3.3, Lemma 3.3.4, Lemma 3.3.9 and Proposition 3.3.5 in

this section.

3.7.1 Proof of Lemma 3.3.10

In this section and the next, we focus on purely geometric results on the > and L™ function
spaces on the lattice. The proofs heavily depend on formulas derived from the lattice versions
of the Sobolev estimates, see Appendix 3.A.

Proof of Lemma 3.3.10. We state the definition of G explicitly as

Gyis(X.9) = exp {kIVyes0l )+ eRLlVinsl o)+ KLWss(X. V5y0)? |
Wj+s(X7V?§0) = Z |Wj+s90HL°°(B*)
Be%j—‘-x(x)
(3.107)

For brevity, s + M —1 will be denoted 5" and Xy will be denoted X’. We will bound each term
appearing in log G (X, ¢ + ). First, ”V‘PHiz(x) will be isolated from ||V (¢ + é)Hiz -
Let B € #j4(X) and without loss of generality, let B, I; (i = 1,2,3,4) be as above but
B = [1,L/*%]?. Then by discrete integration by parts,

Y VIpVIE() =~ Y SV o)~ ) Exten) Vo) + Y EVIV 0.

xeB x€lz xel; XEB

(3.108)

Hence in particular, summing this over each direction £e;,+e;, B € %;(X), and using the
AM-GM inequality,

t(Vo,VE)x TtHéH ntT 4)|v3 ﬂfp\le +Tt||§|! (o T t||VJ+s<P||Lz (%)
<27Wj+S(X>€)2+T7 (||Vj+quHL§+S(ax)+Wj+S(X7V§+s§D) ) (3.109)
for any 7 > 0, and hence

||Vj+S((P + €)||i§+S(X) < ||Vj+s/(P||124§H/(X) + ||Vj+s§ HZH(X)

+2tWips(X, 8 )2 +1! (HV]'-FS(PH%H(,;X) + Wi (X, V?-ﬁ-s(p)z)'
(3.110)
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Next, we will use rather trivial bound on the other two terms of log G :

||Vj+5(q) + é)Higﬂ(ax) < 2”Vj+s¢||%§+s(ax) + 2Wj+s(X7Vj+s€)2 (3.111)

IV + )75y < 20Vl +21V5E =51 (3.112)

By (3.110), (3.111), (3.112) and setting ¢4 = max{2,27,2c¢; },

1 _
K—IOng—H(X,QD‘i’é) < ||Vj+s(P||i2 (X)+(2C2+T 1)||Vj+s(P||i2, (9X)
L s o (3.113)

_ 1
+2<1+T 1>Wj+S<X7V§+s(p)+K_L10ggj+S(X7€)'
Now by repeated application of the discrete Sobolev trace theorem [12, (3.174)],

||Vj+S(P||%§+S(3x HVH-sq)H 8X’ + 1O||VJ+S(P|| X/\X) + 10Wj+S(V§+s§D7X,\X)
(3.114)

hence by choosing 7 = ¢, Uand 30¢;, < 1,

log(Gj+S(X> O+ 5)/gj+S(Xaé))
KL

< ij—ks(PHiZ (X7 +3c2”Vj+s(PHi2 aX,)—i—2(1—|—‘L'_1)Wj+s(V§+S(p,X/)
< ||Vj+s’(P||L2 X/)‘{'SE C2||V1+S’(P||L2 aX/)"{'zg_z(l‘}'T_l)Wj—ks( ]-H’(P X/)
(3.115)

Hence the conclusion follows upon taking ¢ large enough. O

3.7.2 Proof of Lemmas 3.3.3 and 3.3.4

Proof of Lemma 3.3.3. We first collect the following elementary but fundamental inequality.
For any function f : Ay — R, any connected polymer X € ,@]C (not necessarily small) and
xo € X,

max |£(x) — f(x0)| < 20X ;L7 |V £l =) = 21X IV ] =) - (3.116)

xeX

Observing that 2|X*|; < C, for some C; > 0 when X € .}, this gives

160 1=(x+) < CallVi@ll=(x+), X € (3.117)
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Similarly, applying (3.116) with the choice f = V? @ for u € é = {+ej,+e;} to obtain that
|V5.L(p(x)| < |V§.L(p(y)| +Cd||V§gD||Lm(X*) for any x,y € X*, averaging over y in X and [ in ¢,
taking squares and using that (a + b)? < 2(a? + b?), one obtains for any X € € that

IVl (x) < C(IX]; 1\|V,<pHLz +W;i(X,Vip)?), (3.118)
where we also used that
V201 x) < W(X, V30), (3.119)

which follows from (3.42). Recalling ||-|| c2(x*) from (3.37), combining (3.117), (3.118) and
J
(3.119) while noting that V;0¢ = V ;¢, one readily infers that

H5<PHCz X (HVJ(PHLZ WX, Vi0)), Xe, (3.120)

from which (3.70) follows in view of (3.41) by means of the elementary inequality * <
C(k)e", valid for all > 0. O

Proof of Lemma 3.3.4. The bound (3.72) is a direct consequence of the first estimate in
(6.100) of [23, Lemma 6.21] upon taking a product over B € %;(X) (for the reader’s

orientation, the quantity e“*:%i(?:B) for B ¢ %; corresponds to G2 B) in the notation

(
stron

of [23]). In particular, the presence of the factors 27" in (3.35) and g(.;ap.36), absent in [23,
(6.67)], is inconsequential for the validity of these results. The same applies to further
references to [23] in the sequel.

Note also that, while the value of ¢, is fixed in [23] as ¢,, = 2 and exponent inside
the definition of G; is multiplied by a factor (called c;) chosen large enough, we take ¢,
small, which is equivalent. Finally, note that (3.72) does not rely on the presence of the
||.||i§(ax)—term in G, i.e., (3.72) holds with ¢ = 0 in (3.41).

The inequality (3.73) is the content of (6.103) in [23]. Here G; and c, corresponds to
Gy and c3, respectively, in the notation of [23]. Whereas ¢; (mentioned above) is fixed
beforehand in [23], the asserted dependence of parameters above (3.73) on ¢ follows by

inspection of the proof of [23, Lemma 6.22], see in particular [23, (6.105)]. O
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3.7.3 Proof of Lemma 3.3.9

Proof of (3.81) of Lemma 3.3.9. By the Sobolev inequality, Lemma 3.A.3, for each a =

0,1,2, we have

Wi (X, V4, 0) < Cadl VoG limgey < Cha X IV42El oy (B12D)
b=0,1,2

Plugging this into the definition of g;¢(X,{) with scaled coefficients give the desired
result. [

For the proof of (3.82), we will need the following general estimate for Gaussian fields;

see [23, Lemma 6.28] for a proof.

Lemma 3.7.1. Let { be a centered real-valued Gaussian field on a finite set X with co-
variance matrix C and suppose that the largest eigenvalue of C is smaller or equal to %
Then

E[exp(% Y C(x)?)] <™ (3.122)

xeX

Applying this lemma to gradients of the slices & (see Section 3.1.3) gives the following

lemma.

Lemma 3.7.2. For any j€ {1,....N}, ke {1,....N'}, s = %, s = ]%, let Y € ,@JC-H,

and let & be a centered Gaussian field with covariance I jyy. For a multiindex (p) =
(W1, Ha) € {Fe1,Fex}" fora € {0,1,2,3,4}, then let 0, () be the Gaussian field defined
by

May(u) (x) = p7 (logL) "' L-UTIVEL Mg (), (3.123)

Then there is a constant C' > 0 such that if t < (2C"¢*)~1, then (recall L = M)

B [ Zoer 107] €M (3.124)

where |Y | j+ denotes the number of L *S-blocks contained in Y.

Proof. By Lemma 3.1.4, for all x,y € Ay and (i) as above, defining @ = (1, —u) to be the

concatenated multi-index (of length 2a),

ES (VI £0 (VI E) ()] < Capy logt, (3.125)

which follows by considering the (worst) case estimate || = 0 in Lemma 3.1.4. Letting
Hy (1)(%,) = Cov(Ng, (1) (X), Mg, (u) (¥))s it follows from (3.123) and (3.125) that there is a
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constant C’ > 0 such that forall x,y € Y anda =0, 1,...,4,
x,y)| < 0 —1p=2U og/l. .
H, () C'(logL)~'L72U%9) 10g ¢ (3.126)

Since also H, (,y(x,y) = 0 for [x — y|e > IL””(N ) = LIS by the finite-range property
(2.8), it follows from (3.126) that
1

t sup  |Hyllop < tC'¢*(log)(logL) ™! :_g2 < <

1
~ 3.127
ac{0. .4} N’ N’ S 2 (-127)

whenever ¢ < (2C'¢%)~!. Thus \/fn&( u) satisfies the assumption of Lemma 3.7.1 so that with
(3.126),
E[e2 Lrer 10)°] < /€' V)™ ¥l (3.128)

as claimed. ]

Proof of (3.82) of Lemma 3.3.9. Letn, () be asin Lemma 3.7.2 and write k;, = cep?(logL)™!
with ¢, > 0. Then by (3.81) there is a constant C > 0 such that

C
gins(Y.E) < HHex (576529 a2y, ) (3.129)

and hence by Holder’s inequality,

4

C 1/(52%)
Elg;s(Y,E)] < HHE[exp( Cgcklma,(u)\@m)} . (3.130)

a=0 (u)

Applying (3.124) with ¢ = Ccacy, the right-hand side is bounded by eCcexC'V)™ ¥ ljss <
2(V)7I¥ljs when ¢ < (2CC’c4¢?)~! is chosen small enough.

For the analogous conclusion for the last step with FII\\, instead of I'j 1, we just need to use
the decomposition (3.14) instead of (3.13) and recall from Lemma 3.1.4 that F sN—14s
satisfies the same estimates as I'y_4s ny—14- [

3.7.4 Proof of Proposition 3.3.5

Proof of Proposition 3.3.5. Assuming that ¢, is sufficiently small so that Lemma 3.3.10
applies, fix (with the right-hand sides as in the conclusion of Lemma 3.3.10)

L= 1lo(c2), cq = c4(c2). (3.131)
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By the subdecomposition I'jy1 =17 ;1 + -+ 11113 j41 and the corresponding
decomposition of the field

Nl
gzkzlékwf/’/(oarjﬂ)» &k’\“rj+l<];7/l’j+%, (3.132)

by repeated application of (3.83), for all ¢/ € RA, X ¢ QJC , it follows that

Nl
E[G;(X, ¢+ O] < [TE¥[s,, u-n (X1 ,50]Gj11 (X, ¢). (3.133)
=1 p N N

Now by Lemma 3.3.9, and recalling |Y| s = |Xj+s|j+s < |X|;, we obtain the claim:

EG;(X,¢'+ )] < V)XY G (X, ¢) <2M5G141 (X, ¢), (3.134)

The proof of the analogous conclusion for the last step with FQN instead of I'; | is analogous.
O]

3.8 Complex shift of variables

We prove Lemma 3.4.2 and Proposition 3.3.7 in this section.

3.8.1 Proof of Lemma 3.4.2

We prove Lemma 3.4.2 here. We first prove a lemma the justifies the complex shift of

variables for subdecomposed fields.

Lemma 3.8.1. Let X € &}, F be a polymer activity such that ||F(X)||y 7,(x) < e and
v, W ERM have |\ y| 2, | W2 < /2. Also, form® >0, let Cy=T ;5 j1g+m?) if j+5 <N
J J

and Cy = F?jr"s i +m? if j+s' = N. Then for ¢ € R,

_1 -1 .
/Rx* dée 256 5“’F(X7qo+§s+w):/

RX* 4+

dEe GO (X 0+ &+ W)
iy
(3.135)

Proof. Consider the orthonormal change of coordinates of R¥™ (with L>-norm) from (Oc:x€
X*)to (e, :y € A) (with |A| = |X*|) such that y = aey, for some & € R and yy € A. Writing
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(&s.y)yea for the coordinates for & in this basis (so & = Y.yeq &,yey), (3.135) is equivalent to

/ A&, e 1 &SP (X @ + E+ ) = / &y, e 1 GCYOF(X @ + &+ ).
R

R+ia
(3.136)
Thus it is enough to apply the Cauchy’s integral formula and check
—3 (& +iy) .6 (& +iy) TLE i /
e 2 FX,0'+& +i(y+y))| >0 as& — oo (3.137)

to take the limits & ,, — £eo. But since ||+ y|| 2 < b, Proposition 3.4.1 and Lemma 3.3.10
J

give

FOOlly 7,0 G (X, @ + &)
FOlly 7,00 Gve Ko )85 (X €) (3.138)

F(X, ¢ +& +i(y+ )| <|
|

NN

for s = s+ (N’)~!. But also by Lemma 3.3.9,

1 /
/]RX* e 2 GE )gj+s(Xj+s', E') < oo, (3.139)
thus in particular (3.137) holds. ]

Lemma 3.8.2. Let X € &}, let F be a function such that HFHb T;(x) <o Let vy € RAV pe
such that ||Tj4, J+svz”c2 < b/2 for each s,5 € {0,(N')~! ,1} and s <5 If o € RM,

v =V +iv for some v| € RAY, then

1

E[F (X, +{+Tjiv)] =e 20THIE[EVF(X, o' +0)]. (3.140)

Proof. Since X does not play any role, we will drop it at most places. By change of variable
§ — {—Tj11vi, we have

E[F(¢+ ¢ +T v +i0j41v)] = e 200 TR F (@4 & +iTj v))]. (3.141)

So we aim to prove, for any m? >0 sufficiently small,

E[B(C(MZ)’VI)F((P‘i‘ C(mZ) —|—ZCV2)] — e*i(VlaCV2)+%(V27CV2)E [e(é’(m2>,vl+iv2)F((p+ C(m2))]
(3.142)
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where now C =T'j;1 +N'm* and C(’”z) ~ A (0,C|x+). Once this is obtained, we can take
the limit m> | O to conclude. But we have to be more careful than the real-valued shift of
variables, as we only have restricted amount of analyticity for F.

Also having done the subscale decomposition § (m*) — ZJSV:/O & with & ~ A (0,1 ;15 jig +
m?) (where s’ = s+ (N) 1), the proof of (3.142), upto an induction, reduces to proving

E [e(és.,m)p((p’ + & +i(Cy +C>s)vz)]
= ¢ GO [(ENHIE (o 1 E 4 iCo )] (3.143)

where Cg =Ty jig +m?*, Cog = Y5u i Cs, & ~ A(0,Cy) and @' = @ + Y5 &. But this
is just (3.135) with vy = Csv, and ¥ = C4v,, whose conditions can be checked by the
assumptions on v;.

O

Then we are only left to bound the size of I'; ¢ j+s’¥ in order to verify Lemma 3.4.2. In
the next lemma, we recall Iyy = {0,---,1 — (N")~'}.

Lemma 3.8.3. For e € {1,---,n}, let fo be as in (A;) and let

Uits jrsa =i jrstar, 5>8, s€Ey, 5€ (N) '+ 1y (3.144)

0

for j = js. Then ujys ji5,0 is supported on B s, the unique j+5-block containing 0 and for

each n > 0 and

- < CoMp?logL ifn=0 (3.145)
TS Y empr it a1 '

[V 'ujts ji3.a

Also, uj1 ¢ defined by (3.19) admits decomposition

uj+17a - Z uj+s7j+s+(Nl)—]7a. (3.146)
SEL

Proof. The proof is identical to Lemma 3.1.5.

Proof of Lemma 3.4.2. Recall, uj | = Fj+1f if j > 0. By definition,

E(o)[F(X,9' +{)] = e 2@ 0TDE|E0DF (X, ¢/ 4 ¢) (3.147)
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Also, Lemma 3.8.3 and the condition || < ke < (ClogL)~'h implies
@ jis jastllca <h/2, 5>s,s€Iy,5€ (N') '+ 1y (3.148)
J

whenever @ < (ClogL)~!h for sufficiently large C. This verifies the assumptions of
Lemma 3.8.2, completing the proof. [

3.8.2 Proof of Proposition 3.3.7

Lemma 3.8.4 (Gaussian integration by parts). Given | satisfying (A}), letujy =T 1} Let
F be a polymer activity such that HF”E 7.x) < o Then
0y

k

E[DF(X, 0/ + )] = ¥ (’;) (uj1,P) 2 Hey(O)EL. | [(Clx JF'F(X.¢' + )]

1=0
(3.149)

when Hes 1 1(0) = 0 and He,,(0) = (—1 ) zpp, L forp e Z>0.

Proof. We drop X so that F(X,¢) is written as F(¢). It is sufficient to prove this for
§ ~ A(0,C|x+) and uj1 = Cf, where C =T'j;1 +m? and m* > 0. Also, by integration by
parts and upto a normalisation factor, Ec[D¥F (X, @'+ &) (u j +1)] can be written in terms of
the Lebesgue integral

afe HETODR(g + )k = [ dg (D) HET Ok ) F (9! + ).

RX*
(3.150)
The derivative on the right-hand side can be written as
k d* — (G Hsuj1,C (CHsuji)) k d* —1As>—Bs—E
(_1) @ S:()e 2 j+1s j — (_1 ﬁ s:()e 2 (3.151)

where A = (ujy1,C 1) = (ujr1,§), B=(§,C 'uj1) = (6,§) and E = 5(£,C1C). By
the Leibniz formula,

dk 142 k k 14.2
(_l)k_efjAs —Bs—E _ Z l Hel(\/gs)Al/ZkalefjAs stfE’ (3.152)

k
ds 1=0
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where He;(x) is the Hermite polynomial of degree /. Therefore we obtain
Ec [Dknx o'+ )k ))]

o< Z ( ) uj1,§)"*Hey (0 )/Rx*dge—émIC>(C,f)k—1F(x,go’+c)]. (3.153)

To conclude, take limit m? — 0. O

Lemma 3.8.5. Let f be as in (A}) and uj be defined by (3.19) and j > js. If || D"F(X) ||n7Tj(X)

oo, there is some constant C > 0 such that

||]E1€j+1 [(C|X*>¥)anF(X> (P/+ C)} Hn,T,-(X,(p)

I B (3.154)
<C2Mi(ClogL)* (|3 !) G (X, @)ID"F(X)

Ti(X)

Proof. Again, we drop X. Since [D"F (¢’ + §)| < ||D"F ||,.1,x)G;(X, ¢+ £) we just need
to bound E[|({|x+,])|*G;(X, ¢’ + §)]. Firstly, after the subdecomposition §|x+ = ZISV:/BI Elx
(as in (3.132)) and using the Jensen’s inequality, we have

~ |k
Che DI = [EX5" (Gl D) < XS I E e
<)t N*lllfllullésllp X*) (3.155)

But since

k. (k+2
&£ ey < (eam) 2T (=5 ) exp (carl|&s o)) (3.156)

(T is the gamma function) and [[f||;1 < nMp? < 1, we see for some C > 0 that

N'—1

2
[(Clx= PIF < (V! Z Ch —q W > oE4l1Esl ooy (3.157)
Secondly, by repeated application of Lemma 3.3.10,

X P +C H 8j+(N")~ j-‘r (N)~ s7§s) ]+1(}_(7 (P/) (3.158)

SGIN/

<
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(as in (3.133)). But since ¢™ K&y V<8V 1,(X, &), combining this with (3.157), we
have

N -1

(€l DG 0.0+ &) < W)t [5]16,0(K. ) LT 510011 Xs1 001080
- (3.159)
Also Lemma 3.3.9 says
N'—1
[ H 8+ )15 (X w15, Gs) ] < 2K, (3.160)
so the conclusion follows from recalling that N’ = ll?éi and K = c,(pJ2 (logL)~!
]

Lemma 3.8.6. Let f and u;\ be as in the previous Lemma. Let hey < (C logL)~3/2 for

sufficiently large C and ||F (X )Hh 7,00) < Then

ELF(X, 0/ 48 - 0uj1:0))l 1 g < C2VIF ) g, 100G (K0 B16D)

for some C; > 0.

Proof. Again, we drop X. We prove this by making the bound

D'E[F(¢'+{+ wuji1;0)

H do! ’ nTi(X,0)

7 _ -
<2k 'y l—""]|8é,D”F(;a))||n7Tj(X)Gj+1 (X, 9" (3.162)
=0 "°

for each n > 0 and C independent of n. Also, since n does not play any role in the proof, we

will just prove this for the case n = 0. To show this, first make expansion

d! e ) i
W w:0F<(P/—|—C+COuj+];(D) :k;) (k) Dl ka(lxc)F((Pl+C;0)(u;®+llk) (3163)

and by Lemma 3.8.4,

E[D'*a5F (¢ + :0) (w1 Y)] (3.164)

=k (1 _k o )
- &( m >(ujH’f)zHem(O)E[(Qx*,f)’kmaclf)F(fpleC;O)L
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while by Lemma 3.8.5,

[E[(Slx=, )08 F (@' +&;0)]] (3.165)

, 3k (Tl —k—m —
< 2M(Ci10g L) (| 5= 1) Ga (X, )19 F llo 1,0

Combining these bounds, using (u;11,}) < C(M,p)logL and Hes,_1(0) = 0, He,,(0) =
(—1)? (22,,’2!! for p € Z>0, we have

F(¢'+{+0;0) (3.166)

Ll los® 0.1

hl’+k L J 5 (Cl logL)%l’—Zp l/_2p
< C2MiG (X, ¢ 3’ (=52 [ ) 196F locx
! ,;)Z,ZO k! [;0 3 2vpl(I'—2p)! 2 0" 110.75(X)

after reparametrising I’ = [ —k, m = 2p and C3 = (C}/C)'/2. This is bounded by

o v -

€2 ¥ 2106 (<o)l Gin (X9 x X () (3.167)

where
l
> > 2l (CilogL) =2 1 —2p
) = Y ((CilogL)3hy) =]~ (3.168)
l;0< ) zgo(( °) z:: 20p!(I'=2p)t1 2
But after using the trivial bound Z =0 Iﬁ V_#w ! < e and setting hy and L so that

1C3 (CrlogL)™? < 1and hg < (C1 logL)~ 3/2 we see that (3.167) is bounded by a constant
that is independent of L.

[
Proof of Proposition 3.3.7. By Lemma 3.4.2,
E[eCDF(X, ¢ + ;)
]Ew)[F<X7(PI;w)]: [ .27 = }
exp (;0(F,T'j+1))
=E[F(X,¢'+{+ ouji1;0)]. (3.169)

Hence in fact

E ) F X0+ G0l 1 o g = IEF L0 4 E - 0u:0)]l gy B-170)
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and we obtain the bound (3.79) by applying Lemma 3.8.6. Also the analyticity of ® —
E(o)[D"F (X, ¢’ + ;)] is already proved in Lemma 3.4.4. O
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Appendix 3.A Lattice Sobolev estimates

The proof of Lemma 3.3.10 heavily depends on formulas derived on lattice versions of the
Sobolev inequality and the trace theorem for Sobolev spaces. We include the versions we

need here. To simplify notation, from now on we fix d = 2.

Trace theorem Consider a block B € {1,...,R}? with [; = {0} x [1,R], L, = [1,R] x {R+
1}, 13 ={R+1} x[1,R], l4 = [1,R] x {0}. Note that /;’s are the outer boundary, which are

different from dB, which is the inner boundary.

Lemma 3.A.1. Foranyu: A — R, if (k) € {(1,—e1),(2,e2),(3,e1),(4,—e2)},

R Y u(e? <R Y (ulx)?+ RIVEu(x)?]). (3.171)

x€ly, XEB

Proof. Without loss of generality, fix k = 1. Define a function & : BU(U{_,lx) — R by
E(ae; +bey) = (R—a)/R. (3.172)

Then

R7! Z u(x)>=R"! Z E(x)u(x)?

x€l x€l

L L
—R! Z v [Z (key + bey)u(key + bey) ]

=R"! Z V= (E (x)u(x)?)
xeB
=RY, (<RV*elé<x)>u<x>2+€<x—e1)RV*€l<u<x>2)). (3.173)
xX€EB
But |&(x)[,R|V~&(x)| < 1 for x € B and hence the result follows. n

In particular, this lemma can be applied to the control the field on the boundary of the
box by the field inside the box.

Corollary 3.A.2. Let B be a box with outer boundary Uil as above and diameter R > 10.
Then for ¢ : A — R,

R Y VWP <10(R2Y VoW + [V20lom)).  (B174)

x€Url xEB
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Proof. In Lemma 3.A.1, set
u(x)? = |oHo(x)[%. (3.175)
Then for v € é = {£e;,+es},

Rlu(x+v)* —u(x)*| = RIV¥@(x+ V) + V¥ (x)|[V'VEo(x)|

1
< 5 VHe(+v) +VEQ() P + R V20l |~(s)- (3.176)
SO summation over x € B gives

RYIVu@? < Y [VFo)P+ R V20| (5. (3.177)

X€B XEBUI,

Therefore the lemma gives

R'Y Vo) <2R Y (Vo) >+ R V20| =5 (3.178)

x€ly, xeBUIy

If R > 10, we may send the /; part in the sum } ,cp y, to the left-hand side to obtain

_ 10/
R'Y |V<p(x>|2<7(R 22|V<p(x)|2+||V2<pHLw(B>). (3.179)

x€ly, XEB

]

Sobolev inequality While the large field regulator G contains exp( HVz(pH%m ( B*)) for B €
%, we have a nice estimate of Gaussian integration only for exponentials of quadratic forms.
Hence it is desirable to bound ||VZ¢)2.. (g+) in terms of IVéo ||%2 (B 4= 2. This follows from
the following Sobolev inequality. Here, we are using the convention || f{| ;2(x) = Yxex |f (%) .
Lemma 3.A.3. For B be square of diameter R as above. There exists constant C > 0 uniform

in R such that forall f : {x € A:d;(x,B) <2} = R,

2

11I7=(3) < C Y RV £lI72 ) (3.180)
a=0
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Proof. Take x € 1,212 B. By symmetry, the conclusion follows if we bound £(x)? in
terms of ||V“f||i2(3), a=0,1,2. Take

—1 -1 : 1
(1-3R'a)(1-3R"'p)  if0<a,b<iR

Ex(x+aey +bey) = (3.181)
otherwise
Also let D, = {x+ae| +be; : 0 < a,b < %R—l—Z}. Then
[R/3]
F@)? = F(x)?6(x) = Y VIVE(f(x+aer +ber)*E(x+aey +ber))
a,b=0
[R/3]
= Z (VEVef(x+ae -l—bez)z) E(x+(a+ e+ (b+1)er)
a,b=0
+ (VO f(x+ae —|—bez)2) (Velfx(x—kael +(b+ l)ez))
+(V9 f(x+aey +ber)?) (V2Ei(x+aer + (b+1)er))
1 f(x+aer +ber)PVEVEE (x + aey +be2)>. (3.182)
Noticing that ||V4&,|| =z < 3¢ fora=0,1,2,
2
F@? <9 Y RV (3.183)
a=0
but also the AM-GM inequality implies
1 _
IV Pl < 319y R gy + RIV Ay Go184)
IV 0y <Rz + RIVE R s (3.185)
which completes the inequality. [

Appendix 3.B Completeness of the space of polymer activ-
ities
We prove the following proposition in this appendix.

Proposition 3.B.1. For any h > 0, the space {F € Nj(X): ||F

space.

b.7;(x) < °°} is a Banach
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Proof. Suppose (Fj)i>1 is a Cauchy sequence in the norm ||-||s 7;(x). Without loss of
generality, we will assume || Fi — Fit1 [, 7;(x) < 2%, In particular,

D" (Fie= Fiee)(@)ll1,0x.9) < 27°G(X, 0) (3.186)

for each n > 0. Therefore the pointwise limit exists for (F¢)x>1, say F. From the completeness
of the spaces CK(RX"), it is also clear that F is smooth. In fact, if we define another normed

space
A} = {K polymer activity : ||K|[; 7 x 7,00 <% (3.187)
Kl gm0 = sup G, 0) " (sup 1D K(9) ) (3.188)

peRX" n=0 1

then the pointwise limit satisfies F' € .#;'. Now suppose ||F[|y 7,(x) = +e°. Then for each
M > 0, there exists @y € RX" and Ny € Z such that

Ny wn

an—HDnF(pr)

(X ,om) Z >MG (X (PM) (3.189)

But ZNM ‘r’l—THD"(F/< — Fier1)(0m) |07, 001) < < 27%G;(X, pu) for each k so if we set M >
1+ |Fi[lp,7;(x)» this gives a contradiction. This proves ||F ||y 7,(x) < c°.

Finally, we have to prove Fy — F as k — oo in the || - ||y 7,(x) norm. To see this, let
Fy = F—F, and notice that (Fy)y is still Cauchy in the || - | 7,(x) norm. Suppose F does
not converge to 0 as k — . By scaling and taking a subsequence if necessary, this means
there is @ € R* such that

(oo}

Y _HDan((Pk)Hn ;.00 = Gi(X, 9x). (3.190)
n=0

But also since ||D”I7k((p,k)|]n_‘Tj(X7(P) — 0 as k — oo, up to a subsequence, there exist se-
quences (Ni)xk=0, (My)i=0 such that Ny < My < Ny and

My n 2
Y. D F(@)lnzyx.00 = 365X, 0) (3.191)
I’l=Nk
n _ l .
Y D" Fu(@)lln1yx.) < 3Gi(X, @) forall ¢ eRY. (3.192)

neN\ [Ny, My]
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But this implies || (Fx — Fr+1)(@+1) 1o, 7;(x.0011) = 1G;(X, @s1) which contradicts that Fy
is a Cauchy sequence. Therefore Fy — F as k — oo. 0



Chapter 4
Polymer expansions

This chapter has two purposes. First, we discuss how the expansion (3.28)

Z(plA) = BN Y UiNK 0K (X ), (4.1)
XeZ;(A)

can be propagated under the recursive fluctuation integrals Er,  in (3.27). Due to the
flexibility of the polymer expansion, we will see that it is not difficult to devise operations

on polymer expansion to find triple (E;1,Uj41 ,KY ) satisfying the definition. However,

j+1
the difficult part is to obtain £ and U that api)roximate logZ? relatively well and the
remainder K;’ is suppressed small. This point is related to the second purpose of this chapter.
By identifying the first-order terms of the reblocking operation and proving bounds on the
higher-order terms, we reduce the problem of determining (E;41,Uj+1) to a problem of
solving a linear equation, although the actual choice of (E;;1,U;;1) will be deferred to
Chapter 6. This chapter has applicability in general renormalisation group analysis, as it
does not require a specific form of the field theory. This is in contrast with what comes in the
following chapters, where we rely on the symmetries of the polymer activities.

We outline the organisation of this chapter. In Section 4.1, we introduce a number of
different ways to re-expand the polymer expansion after the fluctuation integral, exploiting
the high degree of freedom of the polymer activities. In Section 4.2, we explain a clever
expansion technique that cancels unwanted contributions from the artificial grid structure we
have implemented. The polymer activity K;’ 1 obtained from this operation exhibits a simple
linear approximation, which is used to determine (E;1,U;41) later. In Section 4.3, we insert
external fields f and v inside the polymer expansions. These external fields are required to
bring the mesoscopic and the macroscopic observable of Theorem 1.1.3 and Theorem 1.1.5
into the picture. Combining with polymer operation techniques in Section 4.1, we see that

this only adds a slight amount of complexity to the polymer expansions. In Section 4.4, we
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prove that the non-linear term of K is differentiable in its arguments and the derivative
vanishes at 0. Thus the problem of how to keep K; suppressed small reduces to the problem

of how to control the linear approximation K.

4.1 Polymer operations

We start the discussion with basic operations on polymer activities. The ideas of this section

is based on the principles developed in [23, Section 5].

4.1.1 Polymer powers

We introduce convenient notations

YAX\Y
(Fo;G)(X)= ), FX\Y)G(Y), (F¢;G)(X)= ) FX\Y)GY), (42
YE.@J'(X) YE,@]'(X)

for any X € &; and scale j polymer functions F,G. Then (3.28) is equivalent to
Z)(1A) = e FiN (e o K)(A, ). 43)

Each o and ©; is a commuting binary operator. These expansions have natural connections

with our polymer functions of interest, in view of the next lemma.

Lemma4.1.1. Let F\, F> be multiplicative polymer functions and G1,G> be polymer activities
at scale j, i.e., Foy(X) = Ff and Go(X) = GX for X € P; and a = 1,2. Then

(F] —|—F2)X = (F] oj Fz)(X), (G] +G2)®X = (G] ®j Gz)(X) 4.4)

Proof. Recall that the polymer powers FX and F“X are defined by (3.30). The proof is direct

from the definitions. L]

4.1.2 Reblocking the perturbed field

We will encounter polymer expansions with two different types of field perturbation. The
first type is perturbing the whole field, so we consider

FU (@) = ("I 0, K)j) (A, ¢ + wu) (4.5)
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and the second type is perturbing only the field in U}, so we consider
F)(g) = (" 0, K;) (A, ). (4.6)

cf. the shift of variable of Lemma 3.4.2. It is not difficult to put them in the standard form
(4.3) using the polymer powers.

Definition 4.1.2. Given u € C* and (U;,K;) be functions of (X, @). Define

:@j(.l)[u,Uj,Kj](X) _ <(er(.+u) _er> o K;(- +u)> (X) 4.7)

%EZ) u,Uj, Kj](X) = ((er(-+M) —eYi)o; Kj) (X). (4.8)

Lemma 4.1.3. Suppose U; and K; satisfy eViX) = (eV))X and K;(X) = K]@X , respectively.
Then

F () = (0, 2" [ou,U}. K ) (A, ) (4.9)

for both o0 = 1,2.

If we assume in addition that U; has form (3.50) and K; is a polymer activity, and fi u
is supported on some Y, € &}, then 9?](.2) u,U;,Kj|(X) = K;(X) whenever X NY,, = 0 and
,%’J(.l) [u,U;,K;|(X) = K;(X) whenever X N (Y,)* = 0 (where we recall that (-)* is the small
set neighbourhood).

Proof. For brevity, denote U;(X, ¢ + wu) =U}(X, ), K;(X, ¢ + wu) = Ki(X, ¢) and drop
¢. Then

FU = (e oK) (A) = (e 4% =) o K1) (A)
(%0 (¥ — )05 K7) ) () (4.10)

where we used Lemma 4.1.1 in the second line. This gives (4.9) for & = 1. The proof is the
same for o = 2, just replacing K} by K.

To see the second point, just observe that U;(X,¢) =U;(X,¢+u) if XNY, =0 and
Ki(Z,9) =K;(Z,¢ +u) if ZNY,” = 0 (see Definition 3.2.1 for the definition of polymer
activity).

O

The following lemma also suggests that the estimates on these operations are well-
behaved.



98 Polymer expansions

Lemma 4.1.4. Suppose B > Shzcjjz, 2hg|lull2 < b, Uj is given in form (3.50) and K; €
J

N hey- Denoting § = (b, he), there exists £ = €.(B, L) > 0 such that whenever max{||U;||qu, ”Kj“ﬁ 7t <
] Ll s
& and ® € Dy,

|25 (00,05 Kl 2y 14 < Cax {0l 1K 7 Yo A1)

H@j@[wu U;,Kj) ”E,Tj,%A < CmaX{HUJ-HQgg, 1Kl 7,4} (4.12)

for some absolute constant C (that does not depend on any other parameters).

Proof. For brevity, denote Z(%) = %j(-a)[a)u,Uj,Kj] for « = 1,2. By Lemma 3.4.4 and

Lemma 3.2.8 with the assumption b + /i ||u|| 2 < 2b, one may write
J

1U;j(B, @+ o) =U;(B,9)l5 7,5, p) < 21U (B, @) lly+ho ] 7(5.)
< CA*IHUJHQI;U)Z+Wj(B,<P)2)- (4.13)

Then by (3.64), for ||U; HQU min{1,B7'},

i(B,o+ou) _

U;(B, i(B,o+w B,
eV N e [ ARl

B.9)|. L
VIO 1m0 Y =g 1,8.0)

AU w (B.g)?
<CA—1||Uj\|Q§,e e (4.14)

Hence, if x := max{||U;||qv, HK]HE 74} is sufficiently smaller than min{1, 8", ¢, k}, then
] Ll s
by (3.64) and Lemma 3.3.4,

X\Y

(207 =) RO
< A Kli(cx) " enini XAV 1| Comp, ()| Gy )

gA_|X|j(Cx)‘X\YUX‘Compj(Y)|Gj(X7(P) (415)
forX,Y € &2;, Y C X. By the definition of # (2), now with x sufficiently smaller than A,

1% ()H* <A Y (o) XVl Compi T < o4 /2) P, (4.16)
YG:@I'(X)

which is exactly (4.11).
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For the bound on 2!, we just have to replace the norm on K; using Lemma 3.4.4 with

the assumption g + he||lul| < b,

1K (Y, @+ @)l (t/2.10).7;v.0) < 1KY )5 7, ) (4.17)

Thus we obtain (4.12). ]

4.1.3 Reblocking to next scale

Changing the scale of the polymer expansion is based on the coarse-graining-reblocking

operations defined as

Y=X
K)(X,9) = LXKy, ), X e P, (4.18)
YEng(X)
Then it is basic to check that
Z9(-|A) = e BN (o KDY (A, ) = e BN (Vi o BD)(A, ). (4.19)

The linearised coarse-graining-reblocking is also of importance, defined as

Y=X
SK{X,0)= Y K)Y,9), XeH, (4.20)
Yez¢(X)

As the name indicates, S is a linear operator mapping a j-scale polymer activity to a j+ 1-
scale polymer activity. We see from the following proposition that only a limited number of
terms actually contribute in SK?, since the norm of the polymer activities supported on large

sets contract upon S.

Proposition 4.1.5. There exists a geometric constant 1 > 0 such that the following holds
when L >294-1=5. Forhg < (ClogL)_%for sufficiently large C, A > 22+TneL3, XeZ5
and any scale- j polymer activity F with ||F ||, 1; < oo,

HS(E(m) [FIY%?}])(X)HE,TJ-H(X) < (L_lA—1)|X|j+1 ”FHH,T/“ (4.21)

The factor L~ will compensate the loss of the factor of 2 in the A /2 factor in Lemma 3.3.6.

The proof is a consequence of the following combinatorial lemma.
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Lemma 4.1.6 (Lemmas 6.14-15 of [23]). There exists a geometric constant ) > 0 such that
the following holds when L > 2% +1=5. For every X € 2,

(L4+m)[X]j+1 < [X];+8(1+n)| Comp;(X)]. (4.22)
Moreover, if X is connected but not a small set, then
(T+m)[X]j11 < X1 (4.23)

Proof of Proposition 4.1.5. By (4.23), we have |Y|; > (1+1)[X|j11 if Y =X and Y €
@;\5@, so applying successively (4.20), (3.44)-(3.63) and Proposition 3.3.7, one obtains

ISE o) [F Ly J(X 0Ol 7, .09

<C Z (A/z)_lylej+l(X7(P/)HF”ﬁjj
Yer\s

Y=X
<C Z (A/Z)_|Y|_/'/2(A/2)_(l+n)‘X|j+l/2Gj+1(X’(p/)“FHE’Tj' (424)
Yeﬁ’]‘?\yj

Next, observe that for any z > 0, decomposing a polymer Y € &; with Y = X over (j+

1)—blocks constituting X, one can rewrite

Y'=B
Z i = H Z Vi = ((1 +Z)L2 - 1)‘X|f+'. (4.25)

YeZ; Be#i 1(X) Y e

Returning to (4.24), using (4.25) with the choice z = (A/2)~!/2, one obtains that the quantity
||S]E[F1y¢y](X o)1 T;11(X,¢') 18 bounded by

1

_ Ly, RN .
(4/2)7 2 W (14 (4/2)72)F = )G (x9N |F I 5,

< (A/2)" 2 X (e(A/Z)*%LZ)‘X‘“lGjH(X,(p’)HFHaTj (4.26)

under the assumption /2. A~2L% < | where we use (1+b)°—1 < exp(bc) — 1 < ebc for any
b,c > 0, bc < 1 to obtain the last inequality. If we assume further that A is large enough so
that e(A/2)~(2+M/212 < L-TA~! then this is bounded by

_24n ) 1 .
(e(A/2) 2 L2)|X"“GJ'+1(Xa(P/)HFHE,Tj<(L 14 1)‘X"+1GJ'+1(X7(P/)“FHG,W 4.27)
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giving the desired bound. 0

We also have the following lemma which is of a slightly different flavour, but has its use

in various places related to large sets.

Lemma4.1.7. LetX € P11, 0 <x < & =A"'% 1 be as in Lemma 4.1.6 and L2A—1/(1+0) <
1. Then

Y=X
Y Ty icomp,ry—3A T < (er?a7 RV e 4.08)
Y€<@j
and
Y=X
Z 1Y¢<yj1|Compj(Y”}Z'x‘Compj(Y)|A_|Y|j <A16(eL2A‘(1+2’7)/(1+"))‘X|f+1x2. (4.29)
YE,@]'

Proof. For the first estimate, for x < 1, (4.23) implies |Y|; = —-|¥|; + %\Y“ > |X|jp1+

14+n
T—?ﬁmj so that
7=X =X
Z 1Y¢5/jx|C0ij(Y)\A—\Y\j < A Xl Z ATy (4.30)
YeZs YeZ;

and we get the desired bound after applying (4.25).
For the second estimate, observe that (4.22) implies |Y|; = ﬁ Y|+ % Y| > |X|j+1—
8|Comp;(Y)| + %|Y|j so that

Y=X Y=X
Z x| Comp;(¥)| 4 —I¥]; < Z A~ 171 g~ 1X1j41+8| Comp;(¥)| | Comp;(¥)]
|Comp;(Y)|>2 |Comp;(Y)|>2
— __n_ .
<A16A*|X‘j+l Z A l+17‘Y‘]x2. (4.31)

Ye t@j
where the final line follows under the assumption x < g, = A~10. Now (4.25) implies

Y=X .
ARl Y ATl = 4= X [(1 p AT/ 1] X1

Ye,@j

< A Xl (eA‘"/ e 1) st (4.32)
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If A is chosen so that A=1/(1+M)[2 < 1 then this can be bounded by
(eL2A~C+m)/(4n))X]jer (4.33)

completing the proof of the second estimate. 0

4.2 Reexpansion in the succeeding scale

In this section, we assume Z;) of form (4.1) and we have good candidates for E;,| — E;
and Uj 1, the leading terms for the expansion in scale j+ 1. To emphasize that they will
eventually given as functions of (U j,K?), we denote them &1 and % . Then we may
now expand Z? 1 In terms of polymer activities in scale j+ 1 and in form (4.1). Note that
this section is a modification of [23, Section 5], with the small difference that the order of
expectation and reblocking is reversed, following the set-up of [35], and the operations are
purely algebraic. The justification of convergence of expectation £ and estimates are subjects
of Section 4.4 and later chapters.

Recall that the change of scale of the expansion was already presented in (4.18)—(4.19)
using the coarse-graining-reblocking. So we are left to find a way to integrate the fluctuation

integral [E with the polymer expansion. The first step is to replace U; by U; 1 using

——0

Ui(X,0) ==X+ %1(X, 0) (4.34)
and Lemma 4.1.1:
OUiX) — (eGCUj — g@_(;ﬂ + e@?H = ((eeng — eW_(;—H )ojt1 e@?“) (X) (4.35)

for X € &2;,1, where we recall the notation 6, F (X, @) = F(X, ¢’ + {). Thus by (3.27) and
(4.19),

Z?H (-|A) = e EilAlRS [eeCUj Ojt1 ngﬂ (A)

770
Jj+1

—-0 . —
= ¢ EilAl <e”/'/ #1051 B (%Y — e 1) 041 6,K)] ) (A). (4.36)

where we have inserted (4.35) for the second inequality. Naively, this should complete the
reexpansion if %/, is chosen correctly, but we will further manipulate this expansion to
obtain a linear approximation of the polymer activity at scale j 4 1 more suitable for the

analysis.
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4.2.1 Redistribution of local terms

An additional expansion step can be performed in order to replace K ;j with a polymer activity
with delicate cancellations. Suppose we are given a polymer function Q? C B X S X RA =R
that Y pe 5, Q? (B,X,¢') approximates E8, K;(X, ¢"). Such functions are called localisations.
The localisation depends on the model of interest, and for the DG model, we define it in
Section 5.2 which are used to define Q(j)- in (6.63), but the choice of Q; can be arbitrary at
this point. We also define redistribution operators on the localisation by

DG,%]‘(Y)

20Y(B.X) = xcrlpen, ) Y, 3. QNDY)(ly_x —1p-x) (4.37)
DeB(B) Y

700x)= Y 20)8B.X). (4.38)

BE%H,I(X)

Restrictions X € . and B € %;,1(X) on .@Q(; (B,X) are redundant, but we have included
them for clarity. The role of @Q? is to reorder the summation. If X was given, the sum with
ly_x asks to first seek Y € .7 such that Y = X and then sum over D € &;(BNY), but the
sum with 1p_x asks to first find D € %;(B) and sum over Y € .#; such that D € %;(Y). See
Remark 4.2.3 to see the advantage of these operations.

Then we use Lemma 4.1.1 to obtain

0K, (X) = ((8;K) — 70%) =111 2709)(X) (4.39)

and (4.36) becomes

—0 0—0 _ N J—
20,1 (1) = BN (750 0 BE (%07 — e711) o141 (0K~ TKD) <511 TKY)] ) (A)

—0 / —0 _
— ¢ EilAl Z e ir1 X RS [(echj — e%jﬂ)xo(gcf(; _ _@Q(})[Xl]]
X/7X07X17Z€'@j+l

< 1 Y  20%87.7) (4.40)

Z'eComp, ((Z) By €Bj1(Z')
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where X', Xo,X,Z € P are disjoint, X' UXoUX;UZ=A and X; £ Z. We let X =
XoUX1 U (UZ’GCOHIP,-+1 (z)B7) and let Ji/j:{l be what is present on X:

ALK X) = Y o7 (T)+2;51(X)
Xo.X1.Z.,(B)
70 o _
x ES [(69CUJ — eOZ/Hl)Xo(OcK(} — @Q?)[Xﬂ] H QQ(}(BZ/,Z/) (4.41)
Z'eComp;(2)

where the sum Z}}O X1.2,(B,) indicates T = Xo UX | UZ, X; % Z and By € Bj1(Z’) for each

Z' € Comp,(Z). Then it is natural to see that
29 (|A) = e EmiM (Vo ) (A). (4.42)

It will be useful to summarise these results as the following.

Definition 4.2.1. Given U;,Kj, Uy, U and Q, define
*

K1 (UK U, Uy, 05X) = Y e UrDHteX)
XOaXl 7Z7(BZ/)

X]E[(eGCU/—eU+)X°(9§Ej—§Q)[Xﬂ] [1 20B,27) @43
Z'eComp;(2)

for X € &5, |, where the sum ):;}07)(1 Z,(B,) indicates Xo,X1,Z € &1, (By) is a collection

such that Z' € Comp ;1 (Z) and By € #;1(Z'), T = XoUX1 UZ, X) £ Z.

Proposition 4.2.2. For any choice of U, ,U | and Q such that (U — U, )(X) is scalar-valued
(i.e., independent of the field @), let

Kjt1 =Kj41(U}, KU, Ut 05 X). (4.44)
Then it satisfies
EE [0 (¢ 0 Kj)(A)] = e+ 7N (U o) K ) (A), (4.45)
if the convergence of the expectation E is guaranteed.

. . 0
4.2.2 Linear expansion of 7",

At the first sight, it is not so clear what is the purpose of the redistribution operator. This

point will get clear once we restrict ourselves to the linear order. The first order analysis does
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not only help the conceptual understanding of the map .#7 , but it will also be a crucial

j+
component of our analysis.
The first order terms of f%/]&l can be identified by the following steps on (4.41). (1) Only

consider Xy, X;,Z, (Bz) in the sum }* such that
#(Xo0,X1,Z) := |Xo|;+|Comp,(X1)|+|Comp;(Z)| = 1. (4.46)

(2) Replace e®it! T+ %1 (X\T) by 1. (3) Replace Ui — o j by 6:U; —@j_._]. (4) Replace
f? by SK? (X). These will leave us with the linearised version of Ji/]&l as follows: for

XeZi,
L00UKEX @) = ¥ (lreoBLoKN(Y,0) ~lres, ¥ ONDY.9))
Y:Y=X De%;(Y)
D=X DeZB;(Y) 0
+ Y (EC10:U,(D.90)+ &1 IDl =211 (D.0) + Y 0Y(D.Y.9)).
Déﬂj YGeEﬂj

(4.47)

In more detail, the terms in the first line above and the Q?-terrns in the second line come
from X = T = X; (replacing ¢”/*\Y) by 1 in K, which corresponds to replacing K ; by
SK, and keeping only connected polymers Y), the remaining terms in the second line are
due to X = T = X (and linearising the exponentials), and finally the terms with T = Z
(and thus X = B7) actually vanish by the construction of @Q? (after the replacement of the
exponential outside the expectation, i.e., in the first line of (4.41), by 1). Indeed, to see that
the contribution from X = B, cancels, note that for any B € %1,

Be%jJrl(Z)_ 0 BG:%’jJr] (Z) DEggj(Y)
Y 70;B82)= ) )Y )} 0iDY)(y_z—ls2)
zeS ZeSiy1 DeBj(B) Ye;
DGe%’j(Y) BEe%jJrl(Z)
= Y Y 0i0y) Y (ly_,—1lpz)=0. (448)
DeABj(B) YeJ ZeS

Now, in light of Proposition 4.1.5, we see that the very first term of (4.47) has meaningful
contribution only when Y € .;. We thus see that it is enough to choose Q(J). that cancels
E6¢K; on small sets.

We may also define for X € QZJC 41

MU} K)) = A0 (U K)) — L0 (UK, (4.49)
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the remaining part of ij(_)H. We will later see in Lemma 4.4.2 that ///JQH is of order > 2.

Remark 4.2.3. As mentioned, the redistribution operator was introduced in order to facilitate

the first order analysis. Suppose we have not introduced Q; and rather have defined

Ky (X) = friXIE (%Y — e? Yoy egfﬁ’.} (X) (4.50)

Then by (4.36), it also satisfies
Zja(1A) = e 5 IN (D o K (X) (4.51)

SO K; 41 is also a valid candidate for the remainder coordinate in scale j + 1. However, if we

expand out K} 1 In first order, we get

D=X
()= ¥ lrenBOKNY)+ Y E[0U(D)]+61lD ~ % (D). (452)
Y:Y=X De%;

In above definition of ‘,%]QH,
choosing Q?, &1 and %11 appropriately. But for .,%J/ 4

are incompatible, there is no obvious way to make a cancellation between the two terms. The

we see that we can have cancellations in both of the sum by

K;, since the form of the two sums

role of the redistribution operator is to add and subtract terms in both ) ,.7_y and Zgéééj in
a compatible way so there there are natural cancellations.

4.3 Polymer expansion with external field

In general, an expansion of form (3.28) is used when we are interested in macroscopic
observables, such as the free energy or the torus scaling limit of Theorem 1.1.1. However,
if we are interested in observables at lower scales, it is desirable to consider the Laplace

transformations, or the tilted expectation of (3.16),

E(o)[F(0)] = E[e®TOF()] /E[®04)] (4.53)

for the external field §.
If we are further given the observable scale j; > 0 (also present in (A})) and field v € RA,
we may consider a flow of Z; defined inductively by

Zo(9; 0|A) = Z3 (¢ + @v|A) (4.54)
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and
E[0:Z;(¢; 0|A)] (J<Js)
Zia(gsoln) =4 o (4.55)
E(w) [0:Zi(@: 0|A)] (= Js)-
In the case when @ is real, then we can use a change of variables to write
Zi1(9;0|A) =E[6:Z;(¢ + oL 11, 0|A)] (4.56)

but for general complex , this is not always possible, as we haven’t checked the complex
analyticity of Z;. We also impose a restriction on v similar to that of (A},).

(A,) Given the observable scale j; > 0, the field v has decomposition v =Y" , Ty,vq such
that [|vi[lc2 < Cn~'logL. Also, supp(v;) C ,%’(J)SH for each i.
Js

The norm of v is bounded in scale js, but it is allowed to be supported on a larger region
Bé““. This makes a problem if it happens at all scales, but v only lives at a single scale js, so
this is acceptable. Again, C will be a constant independent of all the other parameters, so we
do not mention the dependence on it.

Nevertheless, we will be tracing the complex analyticity when required, and seek for a
representation for j > j

Now, we seek for polymer representations of Z;,

e EiN (e 0 K9) (A, ¢ + v) (J < Jjs)

Zi(p;0|A) =
: e EINHI(@) (U901 0u) o K 0))(A) (> )

(4.57)

when @ is sufficiently small and u; =1~ ; I’ J-]E (see (3.19)). (Note that case j < j, in (4.57)
is not the same as what is given in (4.55). This point will be justified in Section 4.3.1. ) To
this end, we define the renormalisation group step as a slight modification of (4.43), whose
justifications will be given in Section 4.3.1, 4.3.2.

Definition 4.3.1. Let v and (u;); satisfy (A,) and (A;,), respectively. Suppose &ji1, Uj,
;1 and K are given. Then define K as the following.

» When j < j,, suppose localisation Q? is given. Then consider Kj.) 1 defined by (4.43),
le.,

——0
KOy = 5 (UKD =K (UK U W .y, 0% X), (4.58)

— x0
and let K4 =K,
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o When j > j, let
(4.59)

with ZY), %2 defined by (4.7),(4.8). If we are given a localisation Qjand gj+1(X;m)
is some polymer function of X € Py such that gj1(XUY) =gj1(X)+gj+1(Y)
forany XNY =0, then let

Kjp1 = 51U, K)) o= K1 (U, K, 20, 2 j41,055X) (4.60)

where now

Uj1(X,0:0) = gj11(X:0) = 1] X|jr1 + X1 (X, 0+ 0ujiy), (4.61)
and recall Ky from Definition 4.2.1.

Although it is conceptually better to think of /¢, as a function of (U}, K}), it is often
more convenient to think of it as a function of (U j,K]T) for its estimates. K; does not depend
on o for j < ji, but we are denoting K;(-; @) = K? to minimize notational changes. Then
we have the following analogue of Proposition 4.2.2.

Proposition 4.3.2. Suppose Z; satisfies (4.57). Let Zj | be defined by (4.55) and K| be
defined by Definition 4.3.1 with integrability in It being assumed. Then Z; | also satisfies
@57y withEj 1 =Ej+&jp1 and ej 1 (A) = ej(A) + gj+1(A) (with convention e = 0 for
J < Js).

The proof will be given in the following sections.

4.3.1 Regime j < j,

The j < j; case of Definition 4.3.1 is valid only when we have equivalence of (4.55) and
(4.57). Indeed, we verify that these two definitions match in the following lemma, where we
drop A for brevity.

Lemma 4.3.3. Let v satisfy (A,) and hey < (ClogL) ™'t for large C. Let Z; be defined itera-
tivelyby Zj 1 (@; @) = E{;N 6:Z(9: ®)] for ¢ € R™ and Zy(@; ®) = Z)(@ + 0v). Suppose
there is a sequence (E;,U;,K;) j<, such that Z?((p) admits expansion (4.1), ||K;)||hT] < oo
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and ||U jHQy are sufficiently small (polynomially in B,L) for each j < js. Then

Zi(p;0) = Z?((p +av)  forall j< j, ® €Dy, (4.62)

Proof. When @ € RNDy,, then the identity is trivial by definition. Thus it is enough
to verify that Z; and Z?(go + wv) are complex analytic functions of @ € Dy, . First, by
Proposition 3.4.1, we see that @ — K;’ (X, ¢ + wv) is analytic for each X € &; with

K7 (X, 0+ 0v)| <KX, 0)llo7,0x.0) < 1K X)o7, G (X, 0) (4.63)

Also, by the explicit form of U, we see that @ — Z?((p + wv) is analytic. To prove analyticity
of  — Z;11(¢;®), we use induction, so assume that Z;(-; ) = Z?(- + wv). Observe that

sup |U;(X, ¢ +av)| < O(|Ujllqu) (0 +w;(X, 9)?) < cwrn(1+w;(X,9)")  (4.64)

wGth

for ||U j||Q§] sufficiently small. Thus combined with (4.63),

sup [eVIMNKOTONRIX o+ wv)| < O(|KI(X)

we]D)hw

1,x)Gi(A, @) (4.65)

where we used Lemma 3.3.4 to bound e *:¥i(A\X.9)’ G (X, @). But by Proposition 3.3.5, we

see Er,_ |

0:G; (X, @) < oo, so by the Dominated Convergence Theorem,

0 Zj(50) =¢ BMER [94 Y UANtong x| +a)v)} (4.66)
XeZ;

1s continuous in @. The same bound also allows to use the Fubini’s theorem, so

/da) (o) =e E|A|IEC [95 /da)e ) 4108 q)+a)v)] =0 (4.67)
XeJ

for any C! curve 7 in Dp,,, where the second equality follows from the Cauchy’s integral
theorem. We conclude that @ — Z;, 1 (¢; ®) is analytic, completing the induction.
O]

4.3.2 Regime j > j

We now justify (4.60) in the proof of Proposition 4.3.2.
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Proof of Proposition 4.3.2. The case j < j; is already checked by Lemma 4.3.3. For j > jj,
(4.57) and Lemma 4.9 show

Z.(-|A) = e—Ej|/\|+ej(A)(er o; KD(A) (4.68)

Thus Proposition 4.2.2 guarantees (4.57) for Z;, 1 and K.

4.4 Estimate on the non-linear part

In this section, we define the linearisation .Z; | of ;| and prove estimates on the remaining

terms. The results of this section also applies to %0 ., since it can simply be considered as

JHD
the case with vanishing external fields, so we do not discuss it separately.
Exactly following the procedure of Section 4.2.2, we see that the linear part of % is

given by

Li(ULK:X, 9= Y <1Y€=@;E(w)6CKJT(Y7(P/)_IYEyj Y Qj(D,YJP/)>

Y:Y=X DeZ;(Y)
DE,@]'(Y)

LY (B(w)0cU/(D,0) ~Z 111 (D,9))+ Y. 0,(D.Y.0"))
DeAB; Yes;

(4.69)

where { ~ A7(0,Tj41) if j < N—1and { ~ C/V(O,FQN) if j = N —1. Then again, the

remaining part will be defined by
’%j-i-l(U]?K ) c%/j—H(UjaK ) ng—kl (UJ;K}L) (4.70)

The aim of this section is to expand out .# and prove that .# is of order O((||U;||qv +
J
||K;r ”?z,T,»>2) in Lemma 4.4.2. At this stage, we are not fixing &1, %j+1 and Q;, so the esti-

mate will only be proved modulo some estimates on them.

Below we write Uj1,U j41 in place of % U j+1 for simplicity of notation and recall
Ujin(X,¢0) ==& (X;0) + Ui (X, 0 + oujiy) 4.71)
where we also let

El (X 0) = 11X 11— g0 (X 0). 4.72)
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Accordingly, we introduce the map

;= (U} K;) = Ki(0)) = (&],1X].U;,Uj11, K, K, Q5) (03)). (4.73)
In terms of @;, one may decompose .# 1 into four terms as follows: for X € &¢ fIRE using
the notation (4.73),
4
Mi(Uj,K] =) fm Ri(0),X,9"), (4.74)
k=1
where the 93?5’21 are given as follows:
) & - &t U;
mg_ﬁl(ﬁj(a)j)’x) _ Z Lbox,.2)52€ 1100 U111 (X\T)

Xo,X1,Z,(Bn)

X E(Ca)) |:<e9CUj _er-H)XO(QCE]_@QJ)[X]q H .@Qj(BZ//,ZH)

Z"€Comp;_(Z)
(4.75)
— * & o
M R0 )= Y e e €510 TmED )

Xo.X1,Z,(Bn)

< Efy, | (%0 iy (0K - 20)M| ] 70,(Bp.2")

Z"eComp;_ (2)

(4.76)
. Xo=X %o
f)ﬁijl(ﬁ (w),X) = Z E(Ca)) [(eGCUj Uit _ QCU —|—U,+1) } 4.77)
[Xolj+1=1
mﬁ"—?l(ﬁj(wj)a )= Ef [ecy;} KT (X\Y) - [K}'](X)] (4.78)

where Y * is as in Definition 4.2.1, thus in particular 7 = Xy UX; UZ. Each sm 1 b=
1,2,3,4) arise as the remainder of the linearisation process (1)—(4) described above 4.47).
The bound of .Z;1(U j,K}L) will follow by bounding each zmﬁ’ﬂl (R;) separately. Al-
though the above is not the most efficient way to express .# 1, writing it in this way will
make it easier to generalise the estimates to different settings. Indeed, one may deduce a
bound on each i)ﬁg.[i)l
a list of bounds on various terms that appear in the above formulas. These estimates are

()

jASt

that only depends on the estimates on & j- The next definition collects

sufficient to imply the desired bounds on the 91, as asserted in Lemma 4.4.2.
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These “building block estimates” require a suitable notion of derivative. Let X and Y be
Banach spaces with norms ||-||x and |||y, and let F : X — Y. The directional derivative of
F at a point x € X, in direction x is denoted by DF (x,x), i.e., when the limit exists,

DF (x,) = lim — (F (x4 1£) — F(x)), 4.79)

t—0t

and if F is Fréchet-differentiable the norm of the derivative is the operator norm
IDF (x,-)|| := sup{[|DF (x, ) [y « [lt]lx < 1}. (4.80)

Definition 4.4.1. Let (X, |-|) be a closed subset of a normed vector space. Given 6,1 > 0, de-
fine e%”jﬁ( ), to be the set of functions R : x(€ X) — R(x) = (éa;ﬁrl (X), Uj,UjH,K;,Ej, 0;)(x)
where each component takes polymer activity value as in the right-hand side of (4.73),
such that 8;(0) = 0 and x — (K;r (x),Qj(x)) is linear and KJT (x) is bounded as a function
X — A p, and satisfies the following estimates for all B€ %1, Z € Pj.1 and ¢ € RAV:

forke{0,1,2},

S4B 9)5, ) < OIS L)(1+ 8wy (5. 0o @81)
k
1
489 — Y (B, 0))" I 7,5,y < C(8, L)X B[yl a0
m=0"""

for {L € {Uj,UjH,é(’jTJrl} and some C(L), and when i = é"H, the inequality holds with
C(6,L) replaced by C(L) and § set to 0. Moreover,

|DH ) gy < CL)e 1B, (4.83)
|2 B 1y o) < CL)e B0, (4.84)
IDKH(Z.9) 5 7,74y < C(A, LA~ G (z, ), (4.85)
IDQ;(D,Y, 9)l5 7,(v.9) < C(L)A~" enr (Do) (4.86)

foranyY € .7, D€ B;(Y), and ' € {U;,U 41, @@H} and in the case 0f£’+1, the factor
ewkvi(B-9) can be omitted. The derivatives exist in the space of polymer activities with finite

-norm for M DeV, finite -norm for K j and finite -norm for Q;.

H ) Hﬁ’Tj(y)
(k)

Having these assumptions at hand, we can prove bounds on each 971 it

HHF),TJ(B) H'HRTJ'(Z)

| as in the following

lemma.
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Lemma 4.4.2. Then there exist Ly,Ao(L) such that the following holds. Let (X,|-|) be a
closed subset of a normed space. If L > Lo, A > Ao(L) and if R is in EKJ-Q(X), there exist
Mo = No(Nn) > 0 and &,; > 0 such that each Sﬁyfg]

{xeX:|x| < gy} forke{1,2,3,4} and satisfies

(Rj(x)) is continuously differentiable on

k _ .
1D (850), )5 7., o) < Co(A, LA HEMDIE (4.87)

for some Cy(A,L) > 0.

In practice, we set X to be a set of (U s K;), thus the derivative in (4.87) is a derivative
in (U j,K;). In this case, the assumption &) € ﬂ”f‘(X) is verified later in Lemma 6.4.1 for
the bulk RG and in Lemma 8.3.1 for the observable RG, after making the choice of &1,
gj+1> Zj+1 and Q;. The lemma has two important implications in this setting. First is that
M1 is continuously differentiable function of order 2 in (U;, K;) Second is that the large
set regulator of . is improved by a power of 1), thus we have relatively large amount
of freedom on modifying the large set regulator in the reblocking steps. For example, we
see that the large set regulator gets worse in Lemma 4.1.4, but this can be compensated by
taking A sufficiently large so that 24~ < 1. Note that 7 is a function that solely depends
on 1 in Definition 4.4.1 (that defines f%”jﬁ(X)). We will later see that 1 is a purely geometric
constant (i.e., only depends on the graph, Z? for our case), thus 7 is also a purely geometric
constant.

We again emphasize that we can also apply Lemma 4.4.2 to the setting without the
external fields v and §, as it would be equivalent to setting v = § = 0. The rest of the chapter
will be devoted to proving this lemma. The principles used to prove the lemma does not

depend heavily on the system, so they have potential to be applied to much general settings.

4.4.1 Product rule for polymer activities

In preparation of the proof of Lemma 4.4.2, we first prove a product rule for polymer activities
defined as in (4.75)—(4.76). For general polymer activities K, K’ with ||K ||in(7 IK|| ok <
oo, the polymer activity defined by K”(X) = Yye»,x)K;(¥Y)K}(X\Y) is not necessarily
differentiable. There are obstacles related both to the large field and the large set regulators.
The first obstable is that it is not true that G;(X)G;(Y) = G;(X UY) for general disjoint
X,Y € &;. The second obstacle is that summing over all Y € &;(X) would create a
combinatorial factor 2Xli in the end, so taking the supremum over X € 9’; would make
|K"|| j diverge. Fortunately, we can circumvent these problems in (4.75)—(4.76) due to the
the specific form of the polymers involved. Sufficient conditions for the former operations

are implied by the following conditions:
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(Q) Let (X,]|-|) be a normed space and B be the open ball with radius & > 0. Let ¢',
be fields taking value in R®, and { ~ 47(0,T11). Let 2 = U?_ | 2, be a partition
of #;11 and let F(-,¢’,§) and fi (-, @', ) be polymer activities supported on 2 and
labelled by x € B, y € X. Assume that Fy(Q, ¢',{) = 19—, that £} is linear in y, and
that there are C > 0, 17(Q) > 0 and a function y : X — R with y(z) = o(1) asz — 0
such that

(i) (Boundedness)
12081,y < CA- 1@V (0,0 €y
(i1) (Continuity)
1= Q.0 Ol 10,y < CA~IHT@ICb15(0, 0/, £) vy ()
(i11) (Derivative)
|(Fery = Fe— Q.00 1 0.y < CA~1H@VICL15(0, 07, )y ()
where 4(Q,¢', ) is 1if Q € 2y, is e ¥i(29) if Q € Dy, is e *"i(Q0' ) if O € 2,
and is G;(Q, @'+ §) if 0 € 24, and Y,Z € 24 implies Y o Z. Also, assume that F,

does not depend on § if Q € 2, U 2,, and 1(Q) takes value 0 or 1o > 0 and if
1(Q) =0, then Q € .Zj41.

The flexibility of ¢; will save us from the problem of regulators and the extra decay due
to 17 (Q) will save us from the problem of combinatorial factor 21X1i. The choices of ¢ ’s will
have the following consequence, where we denote Q € 2(X) if 0 € 2 and Q C X.

Lemma 4.4.3. Let 2 = Uézlﬁa be as in (Q) for X € P41 and suppose f(Q,¢', () isa

polymer function such that

Also, let f(Q,¢',§) be independent of § when Q € 21U 2,. Then

[Ew T1 r@e.0f.,  <cGxe) T] a@. @89

QGQ(X) 677}+1( 1% ) QGQ(X)

for some constant C > (.

Proof. Since f(Q) does not depend on § when Q € 2| U 2,, we first consider Q € 23U 2y
to see that

| 11 f(Q"P’vQHET(X <Gi(Xu,9'+0)  J] al@  (490)

Q€ 23(X)U24(X) Tj(Xa4) 0€.25(X)U24(X)
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where X34 = Upc 9,(x)u.2,(x)@ and we have used Lemma 3.3.4 to bound the products of &’s.
Thus by Proposition 3.3.7,

HE(w) I1 f(0,9'.8)

0€.2;(X)U24(X) B.T1(X,9")

<C2X4liG iy (Xag, 0) 1 «o0. (4.91)
0€2;5(X)U24(X)

Now we have the desired inequality if we just multiply the norm on f(Q, ¢’,{) for Q €
93U 2. ]

Then we have the product rule for the case of our interest.
Proposition 4.4.4 (Product rule). Let X, 2, 2(X), f, F, y and 1} be as in (Q) for X € P}, ;.

Given collection of parameters X = {x(Q) € X : Q € 2}, define for X € &,

Eo) [ TIoe20x) Fr0)(Q: ¢, C)] if |[2(X)]>2,X=Ugcoax)0Q

0 otherwise.

%(X7 (P/) =
(4.92)

Then for A sufficiently large and € sufficiently small (polynomially in L, A, C), the partial

derivatives of X — 2% exist (as a map from X to the space of polymer activities of finite

hT; .1(x)-horm), the partial derivatives in directions P € 2 are given by

dp = 0p L5 =E) | fup(P9.5) ] Fx@(cp’)} if |X[j122, (493)
Qe2(X\P)

and they are continuous in the domain {X : |x(Q)| < &, VO € 2}. Moreover, in the case
x(Q) = x, if we let £, = 2%, then £, is differentiable in {|x| < €}, the derivative satisfies
the bounds

ID£Z(x) < CA~ M/ DX {1, G, (4.94)

5.7, )

and DZ(X) is continuous in x.

Proof. All X used below are assumed to satisfy [2(X)| > 2 and Upc 9(x)Q = X which is
sufficient by the definition of .Z%. We first show that d 1y, has finite norm. Indeed, Lemma 4.4.3
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gives

Yo7
||dp((P ’X)HEJ}H(X,(P’)
< C\Q(X)\A*ZQeQ(X)(1+ﬁ(Q))\Q|j+12\X|jGj+1 (X, @) |[x[ZX1=1)y
< C\Q(X)\AWOZZ(G%T)?)\QUH(2L2A—(1+710))|X|j+1GJ.H(X?(p’)|x’\=9(X)\—1‘y‘
< PRI QAN X Gy (X, @) PX ] (4.95)

Thus (y — dp) is a bounded linear map from X to the polymer activities of finite ||- ”ﬁ Tt (%)
oL j

norm.
To show that d,{ is the derivative of %, let &Zm =2

essentially the same computation as above,

ybpg — L3 dy. Then by

16-%5y (X, 0[5 7., x.0)

= |E o) | (Fe(p)ay — Fe(py — L2 ) (P F
H (@) [( erey = Ftr) = L)) )Qeg(\m (Q)(Q)] 0.71(X,9")

< (CA*M0) | 2X) [ 2O|=1 g =(Fm0) X1 |y|2‘X|jGj+1(X, 0w (y)
< (CA‘“?o)Ie@(X)\|X|IQ(X)|—1(2L2A—(1+770))\X|j+1Gj+1()(7q)’)|y|l,/(y)7 (4.96)

proving the existence of the partial derivatives of %% as a function from X to the space of

polymer activities of finite y-norm. To see the differentiability of %, let

5.7, 0x

d*(X,¢') :=DL(X,0"):= Y 0 prLili0)=r (4.97)
Pe2(X)
Then
g _ 2 i
’|dy(Xv')||ﬁ,rj+1(x)<|°@(X)|(CA4"°)‘°@(X)||x|‘°2(x)‘ LA~ Xl G (X, @)y

(4.98)

and hence (y — d”) is bounded linear from X to the space of polymer activities with finite
IE Hﬁjj+1 (x)"horm. Also applying (4.96) multiple times shows that
(Ly — 2 —d”)(X,-) HB,T,'H(X)

T I (4.99)
< (CA*M) 2000 9(x)| x| 2X01=1 (L A= (1+10)Y X i1 |y ye ()



4.4 Estimate on the non-linear part 117

proving differentiability of .Z. The bound for the derivative is obtained once we choose €

small and A large so that

AKXl DZ(X) < (CA4710)\3(X)||°@(X)|A—n70|x|j+1 x|l 211

||HaTj+1(X)

< CA~FKln |y =H (4.100)

But for the case | 2(X)| = 2, one could just have bounded the left-hand by C'A=F W |x|
instead.

The continuity of the derivative follows from the assumption on the continuity of f. [

4.4.2 Proof of Lemma 4.4.2

In this subsection, &j41|X|,U;,U j;+1,K; and Q; will always be a function of x implicitly.
Also, since Q; contributes only through ZQ; and 20 j» it is convenient to also think &; is a
collection (&41|X],U;,U j+1,Kj, @Qj,@Qj) and use the following estimates.

Lemma 4.4.5. Under the assumptions of Lemma 4.4.2,

IDZ0Q;(B,Z, ¢) < C(L)A™ eowkiwi(B.0)° (4.101)

I5,7,(8.0)
IDZQHZ, )5 1.7.4) < C(A,L)A~UFMIZj51 gewiew;(2.0)

2
’

(4.102)

for some constants C(L),C(A,L) > 0, being differentiable in the indicated space.

Proof. The proof is direct recalling x — Q(x) is linear, the bound (4.86) and (4.37),(4.38)
for the definition of ZQ; and 20 -

]
Now for brevity, we define the following expressions which appear as part of the defini-
tions of the 9)75.]21:

F(8),T,X) = S XHTim(x\T) (4.103)
H(8},X0,X,Z,(Bz)) =E [(eUJ ~ U)o &, ~ 50 j)P‘ﬂ]
X I1 20;(B,Z"). (4.104)

Z"€Comp;(Z)
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Lemma 4.4.6. Under the same assumptions as in Lemma 4.4.2,

A (8(x),X) = 1y, E[eX) —Uj(X) — V1) £ T4 (X)) (4.105)
#(X0,X1,Z)>2

Hh(Rijx),T)= Y  H(xXo,X1,Z (Bz)) (4.106)
X0,X1,Z,(Bn)

with T =XyUX| U (Uzue(;()mpj+ | (z)B7n) are differentiable in x with

I(Oxl) }

IDH (8(x),X0,X1,Z,(Bz")) < Ca A DX max{l,

5.7, () < (4.107)

IDA(Ri(x). X) g 7, oy < CA™TPRUs 1= 1,2 (4.108)

for some N > 0, C4 = C4(A,L), C = C(L) and H defined by (4.104). Moreover, each
derivative is continuous in Xx.

Proof. The differentiability of 7] follows from (4.82) and (4.83). To see its bound, let
X =B € Bj1. We have E[eViB) —U;(B) — Vi1 B) 1T, (B)] = E[((e¥ —1-U)) +
(eVi+1 —1-Uj41))(B)], and (4.84) implies
IDE[(e" —1-U))](B,¢") < CE[e*/ B0 1) < C'G i (B, ¢
(4.109)

Hh Tiy1(B,@')

where the second inequality follows from E[e¢+*¥i(B.0"+0)°) < E[G i(B,@'+8)) < 2L°G i+1(B, "),

see Lemma 3.3.4 and Proposition 3.3.5. The same estimate applies to eUitt —1-U j+1 and
hence

|D.aA (ﬁj(x)’B)HB,THl(B) < Clx|. (4.110)
To show the differentiability of .25, we can apply Proposition 4.4.4. To see this, expand

H(R;(x),X0,X1,Z,(Bzn)) = Y, (—1)ols1+1Compy1 (1)
YOaYl

<E| (e - )WV - E)M @) T 20,82
Z"eComp;(Z)
(4.111)

where the sum runs over ¥y € &;11(Xo) and Comp;; (Y1) C Comp;_;(X1). For fixed Xo,
X1, Z, Yo C Xpand Y1 C Xy, let 2 = %;11(Xo) UComp,;;(X;) UComp; 1 (Z)UZ;;1(T°)
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where T = XoU X; UZ and define

(

Ui 1 if Qe B (Xo\Yo)
lUim@0) 1 if Qe B (V)
Ej(Q, (P/+ C) if Q€ Compjﬂ XI\Y1>

F(Q,9'.0)= ¢ , ( (4.112)
20i(0,¢") if 9 € Comp; (1)
@Q](BQ>Q7¢/) if Qe Compj+l(z)
(1 if Q€ %;.1(T),
and
(@0 if 0 € By (Xo\Yo)
9(0.0'.C) = vk (2.9') if Q€ #j;1(Yo)UComp,,(¥Y;)UComp,(Z)

Gj(Q,9'+§) if Q€ Comp;,(Xi\1)
1 if Q€ B\ (T°).

\

(4.113)
Then Proposition 4.4.4 with the assumption that ]; € %ﬁ(X) (i.e., it satisfies the bounds
(4.81)—(4.102)) shows 2 is differentiable and

#(Xo0,X1,2)>2
1D (8(x): X)lg 7, ) < )y E(Xo0,X1,Y0,Y1,Z,(Bz)) (4.114)
Xo0,X1,Y0,Y1,Z,(B)

X()Xl Z)— 1}

E(X0,X1,Y,Y1,Z, (Byn)) = CoLA~UFN/2IT | |y max{l, (4.115)

First consider the cases #(Xo,X;,Z) > 4 and note that max{1, *X0: Xl =1y — #% Xl’ =1

Since Xo,X1,Y0,Y1,(Bz1),Z\(Uz#Bz») and X\T partition X, one may bound the sum by a
sum running over partitions of X partitioned into 7 subsets. This gives a crude combinatorial
bound

#(X0.X1,2) >4 #Xp.X,.2)-1

E(X(),X],Y(),Y],Z (Bz//)) < CA7| |J+1 SupA (1+ |T|j+l‘x|
X07X17Y07Y1727(BZ”)

(4.116)
where the supremum also runs over the choices of Xy, X1,Yy,Y1,Z, (Bz»). Also with the
assumption TA—N/4 < 1, this can also be bounded by

#(Xp,X1,2)—1

CAA—(H%)\XUH supA(H%)'X\T'f“ |x|0f (4.117)
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But [X\T|;41 = | Uz (B5\Z")|j+1 < 48]Z|j41, so AXK\T i1 < A%8IZli41 Since each con-
nected component of Z is a small set, it follows that |Z] ;1 < 4|Comp,.,(Z)|, and hence the
condition A'2(11/4) |x|1/8 < 1 gives

. #(X0.X1,Z) >4
AU+DIX] 1 Z E(Xo,X1,Y0,Y1,Z,(Bz)) < Clx|. (4.118)
XO>X17Y17Y27Z7(BZ”)

For the cases #(Xo,X,Z) € {2,3}, we have |Xp|;;1 <3 and |Uzr B}, |41 <3 x49 s0

n #(X07Xl 72)6{273}
AU+ ) E(Xo,X1,Y0,Y1,Z,(Bzv)) < Calx| (4.119)
X07X17Y17Y27Z7(BZ//)

by just setting C4 sufficiently large depending on A.
The continuity of DG and D.¢7 is a result of the continuity of the derivative in Proposi-
tion 4.4.4. 0

Proof of Lemma 4.4.2, case k € {1,2,3}. Consider the function

#(X0,X1,2) =2
Mia(x,x)= Y F(R(x),T,X)H(K;(x'),X0,X1,Z,(Bzr)) (4.120)
X0,X1 ,Z,(BZ//)

and recall that F and H are defined by (4.103) and (4.104), and we emphasise that abpve
F uses x to define E;;| and U;;; while H uses x/, so that zmj.ljl(ﬁj(x)) = Mj1(x,x). By
Lemmas 6.4.4 and 4.4.6, M (x,x'), zmﬁ)l (R;(x")) and 9)?5331 (8;(x')) are differentiable in
x’ with the desired bounds. For the x derivative of M. (x,x’), we justify the differentiability

more carefully: let

FUTX,0') = (DE], ()| X|+DU 1 (X\T)(%))F (] (x), T, X) (4.121)
‘ #(X0.X1,2)22
m(X,o")= Y fAT.X)H(&;(x'),X0,X1,Z,(Bz)). (4.122)

X07Xl 7Z7(BZ”)
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Letting 6;M 1 (x,x') = M1 (x+%,x") — Mj41(x,x’) — m?, the bounds (4.82) and (4.107)

give

|8eM iy (x,x") (X, @

#(X0,X1,2)>2

)l 00

<G Y O A e TG (7, g e
X0,X1,Z, (BZ//)
(X0.X1,2)+1
< Casup(5C)Xlist (A= I-MXlni Gy (X, @) |2 e aaat (4.123)

d

where the supremum ranges over X, X1,Z, (Bz») with #(Xo,X1,Z) > 2. Choosing 5CA™2 <
L,

C(1eM)x] :
18:M 1 (2, X)X, @)l 7. gy < Cad™TERING (X QPP (4124)
Therefore M1 (x,x")(X) is differentiable in x and the same computation gives the bound
—(+Myx

The continuity of the derivatives are results of continuity of derivatives in Lemma 4.4.6. [

Proof of Lemma 4.4.2, case k = 4. We may alternatively write zmﬁ.‘_‘g] = IEM(_4) = E[M(_4’l) +
(42)
M ""’] where

Y=X

MED(8;(6).X,¢,0) = ¥ lyeme(X V00 _1)KI(v, ¢/ +) (4.126)
Ye;
Y=X

M(_4"2)(ﬁ( ), X,0,0)="Y lyey, IYMM ST 9E) I1 K}(Z,(p’+éj) (4.127)
YED; ZeComp,(Y)

as lygy, lygoe = lygpe. By (4.82),

||D€ 1(X\Y,0) ( )HE I'X.0) < C(S,L) (14+C(8,L)[x) (|X\Y | j+8cwkrw; (X\Y,9)?) |x|
] )
< C(L) X\ s gk (XAY.9) ) (4.128)
for 8 < 1/2 and |x| < ) and then the mean value theorem gives
Her(X\YJP) Txg) < C(L)eZ‘X\Y‘jeCwKLWj(X\Yv(p)|x‘. (4.129)
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So using (4.128) to bound dy,M ( ) and (4.129) to bound Jg; M 4 ), and since x — K is linear

and bounded, we see that

||DM£‘“><ﬁj<x>,x,<p’,c>||

crl

T;(X,¢")

*< |
><

,} .

IfY € .7, then X € .11 and |X|;41 < |Y]; so the summand on the right-hand side is
bounded by C'(A, L)A (1)IX]j+1 | x| where C'(A, L) = C(L)A*". If Y ¢ .}, then Lemma 4.1.6

implies |Y|; > |Y|J—|— L1X| 41 so that

H—TI

_— Y=X ,

Z lygsr, QAW a Wi < c(r)(2e2a= 2Kty Y A~z @4131)
32 Yegzj

n
But for L2 < A20+1),

_n
Y A” aim ¥l <(1+A° e )Xl < e 124 2T X 1y plX (4.132)
Y:¥=X

so we may conclude
4.1 . n .
IDMED (85(2),X,9) 5. 7.y < CALY (AT XG(X, 0/ +8) (4.133)
For M(_4’2), we have

1DME2 (85,9 s 7. o1

Y=X
< C(L) Z lygs| Compj(Y)|A*|Y|j62|X\Y|jeCwKLWj(X\Y7(P)G].(Y, @' + ) |x|IComp;(V)I=1
YEng\z@j
, v=x
<CL)G(X, ¢+ §)Klim Y 1yg g (e2A/2) Wi ||| Comp; I, (4.134)
YEPN\FS '

But by Lemma 4.1.7, this is bounded by

C(L)G(X, ¢ + £ Kl (21124~ 1= M) XLy (4.135)
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for some 1 > 0. Hence for sufficiently large A, we have

1M (8(x).X. ¢) <CLA NI KGI(X 9/ +8)  (4136)

HavTj(X,(P,)

and the same bounds also imply the differentiability of Dzmﬁi‘ﬁl with bound

4
1D, (8;(0)z

_ n .
gy SCADAT DN XG L (X, ). 4.137)

The continuity of the derivative is a consequence of continuity of derivatives in Lemma 4.4.6.
O]






Chapter 5

Localisation of periodic polymer

activities

This chapter is dedicated to identifying the localisation and the mechanisms that are used to
prove the contraction of the linearised renormalisation group map. In Chapter 4, we have
already seen that terms in polymer expansions that are algebraically of degree > 2 are also
analytically of degree > 2 in appropriate norms. Thus the results of this chapter combined
with the previous chapter would complete the picture for proving the analytic properties of
the polymer expansion introduced in Definition 4.2.1. Ultimately, the contraction estimates
will become the key component for showing the stability of the renormalisation group flow,
when the localisation and the coupling constants are chosen correctly.

There are essentially three sources of contraction in our setup, one relying on the peri-
odicity (which is inherited from the original potential), one from terms only involving the
gradients V"¢ of order n > 2, and one coming from large polymers X ¢ .%;. The final one is
already proved in Proposition 4.1.5, so we focus on the first two mechanisms.

The main results of this chapter are Propositions 5.2.2 and 5.2.3, which concern small
polymers. Most of the remainder of this section consists of supporting arguments that are
used only for the proof of these propositions and will not be applied directly in the rest of
this paper.

5.1 Periodicity, charge decomposition, and lattice symme-

tries

For a field ¢ = (¢,) and scalar t € R we often write ¢ +¢ = (¢, +1¢) in the sequel. Our

starting point is the following charge decomposition of a globally periodic field functional,
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introduced in [29]. The period would depend on the parameter 3, but we would not make the

dependence always explicit.

Definition 5.1.1. Let B > 0. Then a polymer activity F is 21t /+/B-periodic if t € R
F(X,p+1)is2n/ \/B -periodic. Its Fourier expansion in the constant field is denoted by

FX,p+1)=Y eVPUE(X,0), teR (5.1)
qEL
where |
Fq(X,qD)Z/ dce ™ R (X, o +2np ), qel. (5.2)
0

The polymer activity Fq is called the charge-q part of F (and the neutral part when g =0).
Moreover, a polymer activity F is said to have charge q if F = Fq and neutral if has charge 0.

We simply refer to a 27/ \/[_3 -periodic polymer activity for some 8 > 0 as periodic in
the sequel. In doing so, we always assume that statements hold for any value of 3, unless
explicitly stated otherwise.

Notice that the smoothness assumption on F guarantees the existence and absolute
convergence of the Fourier series (5.1). Moreover, F having charge ¢ is equivalent to the
condition that

F(X,(p—l—t):ei\/ﬁth(X,go), forallr € R (5.3)

(the direct implication follows plainly from (5.2) and the converse by comparing (5.3) and

(5.1)).

For later use, we record the following instance of the above setup. For any polymer
activity F (X, @) as appearing in Definition 5.1.1, fixing a point xo € X and denoting 6 ¢(x) =
©(x) — @(xp), using that F (X, ) = F (X, @(xo) + 0¢), one sees that

F(x,p)= Y VP9l (x, 5¢). (5.4)
qeZ

The following elementary lemma states that the charge-g part Fq of a polymer activity is

bounded in terms of the norm of the polymer activity (defined in Definition 3.2.4).

Lemma 5.1.2. Let F be a periodic polymer activity. For all ¢ € R™ and X € 4@5,

14 (X, @) ln.7,0x.0) < IF X)) lo.1,00) G (X, 9). (5.5)
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Proof. The inequality (5.5) is obtained by starting from (5.2) and then using the definition
of the norm: for (fi);_; with || fil|c2(x+) < 1 for each k,
J

1
‘D"Fq(X,q))(fl,... 7fn)| </0 ds|D”F(X,(p—|—27r[3_1/zs)(f17... )l

I
< [ @l FX 92 g (56
hence
1
1F4 (X, @) l,7;(x,0) </0 dSHF(Xv')”h,TJ-(X)Gj(Xa§D+27Tﬁ_1/25) (5.7)
(3.41)
=" IF&X,)lp.1;00)Gi(X, @) (5.8)
OJ

The localisation operators which will be used to exact the relevant and marginal part from
the remainder coordinates rely on the charge decomposition as well as on lattice symmetries,

so we define these first.

Definition 5.1.3. A scale-j polymer activity F = (F(X))Xegzjq isevenif F(X,p)=F(X,—¢)
for each (X, @). F is invariant under lattice symmetries if for every graph automorphism A
of the torus Ay that maps any block in %; to a block in #; one has F(AX,AQ) =F(X, @)
where (AQ)(x) = @(A~'x). The meaning is analogues for polymer activities on Z>.

5.2 Localisation operator

The main result of Section 5 are the following localisation operators Locy g which will be
used to exact the relevant and marginal part from the remainder coordinates. Our notation
Locy g is inspired by that of [26], but compared to this reference, the contraction mechanisms
in this section rely on oscillations under the Gaussian expectation for the charged terms in
addition. These operators are given in the next definition, but the explicit definition does
not play a direct role in the remainder of the paper: all that we will require in the following
sections are its main properties which are stated in Propositions 5.2.2 and 5.2.3 below.

The intuition that motivates the definition of Loc (and is substantiated by its properties
stated in the next propositions) is related to which terms of a given periodic polymer F are
relevant or marginal: all the higher order Fourier coefficients F"q, g > 1, contract at large 3
(i.e., they become irrelevant along the renormalisation group flow), cf. Lemma 5.4.7 below,

and so does the neutral part £ after removal of its Taylor expansion in V¢ up to terms of
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second order, cf. Lemma 5.4.12 below. The combination of these mechanisms culminates in
Proposition 5.2.3. These considerations motivates the localisation to be an approximation of
the Taylor expansion of the neutral part of the polymer activities. Moreover, it is sufficient to
exhibit these cancellations for small polymers X € .%;. Large polymers contract automatically

(due to their size), as was seen in Section 4.1.3, in particular Proposition 4.1.5.

Definition 5.2.1. Let F be a periodic scale-j polymer activity, and let Ky be its neutral part.
ForX € Zjand B € #j(X), define

Loc{, F(X, @) = Fy(X,0). (5.9)

If H is an even periodic scale-j polymer activity and respects lattice symmetries, define

) 1 A
LOC&,)zaH(X,q’):W Y Y ()% Ho(X,0)

X0,Y0EB X1 ,x€X* (510)
< Y (14 8y —8uv)VF0(30) (8x1)" V¥ 9(30) (8x2)¥
u,vee

where 8x; = x; — xo for i € {1,2} and y* is the u-component of y with the convention
y H = —yH" and let

Locy 5 H(X) = Locy  H(X) +Lock y H(X). (5.11)
Then define
Loc{'F(X)= ¥ LockpF(X)
Be,%’j(x) (5 12)
Locx HX)= Y LocxpH(X), LocH(X)= Y Loc{,H(X)
BEZ;(X) BEZ(X) 7

In the definition of Loc(z), although the points xg, x1,x; live in Ay, since they are restricted
to a small polymer X € .%; (that doe not ‘wrap’ around the torus), we can define the
subtraction 8x; = x; — xg in the local coordinates of X.

As one can see from the definition, we use Loc(? for localising periodic polymer activities
without any symmetry and use Loc for localising even periodic polymer activities with lattice
symmetries. Without the presence of the external field, we can define the (bulk) polymer
activities that always preserve the symmetries, so only Loc appears in the bulk renormalisation

group flow.
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5.2.1 Algebraic property

Following our convention, recall that j is tacitly allowed to take values j=1,...,N —1 for a
given torus of side length LV and the following statements hold uniformly in N (and L unless
stated otherwise). We emphasise that Locy F is meant to be the Taylor expansion of £, in
the second order, so it is a second degree polynomial of V¢@. But by the specific definition of
of it, we see that the localisation only contains terms of specific form.

In the following proposition and the rest of the chapter, again recall that E means we are
taking expectation over { ~ .4°(0,I"j41) if j+1 <N and { ~ JV(O,F?,N) if j+1=N. The
non-random part of the field is often denoted ¢’.

Proposition 5.2.2. Let F,H be periodic scale-j polymer activity such that H is even and
invariant under lattice symmetries. Then there are scalars E = E(F), s = 5(H) satisfying

(with purely geometric implicit constants)
E=0A"'"L"|Fllpz), 5=0A"02|H|}y1) (5.13)

such that for any B € A,

Y LocypE6.F(X,¢') =E|B (5.14)
Xe.7;:XDB ’
1
Y LocthE6H(X,9') = =5|Ve'[} (5.15)
X€.7;:XOB ’ 2

where the localisation operators are applied on the variable ¢'. Moreover, whenever
I \lo,7;: |1H g7, < oo, both E = E(F) and s = 5(H) are continuous functions of the implicit
parameter s € [—&;0y, &0y] (inherent to E).

5.2.2 Analytic properties

Since localisations approximate the polymer activities, we can also write estimates on the

error of the approximation, stated in terms of

aLOC — L_3<10gL)3/2 + min { 1’ Z 64\/the_(q_1/2)rﬁrj+l (0) } (516)

g=1

o — L (log L) 4 min { LY e4ﬁqhe—<q—l/2>rﬁrf+l<0>} e

g=1
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As mentioned in Section 3.2.3, 4 will be a constant in the end, while § is allowed to depend

on the scale. We distinguish the role of 4 and ) because of this reason.

Proposition 5.2.3. There exists a constant ¢, > 0 such that the following holds. Let r €
(0,1] and assume that 2h > b > max{reyp; >\/B,p; '}, that . = cxp?(logL)™" as in
Proposition 3.3.5, and that L > C and A > 1. Then for all ¢’ € RAV, hp,, < (Cy logL)’lf]for
sufficiently large Cy and some C, > 0,

(i) if F is a periodic w-polymer activity at scale j and X € .},

(0) (0) 4—IX]; :
||(LOCX _1>E((D)9CF(X")HE,TJH(Y) gczoCLOCA |X|j||FHG7TJ > (5.18)

(i) if F is an even periodic ®-polymer activity at scale j and X € .7},

|(Locx = DE()8:F (X, ) [y 7., ) < Cr0locA Xl IF 1l - (5.19)

Proposition 5.2.4. Let F be a periodic ®-polymer activity and hgy < (C1logL)™'h for
(0)

sufficiently large Cy. Then Locy p and Locx g are bounded in the sense (note the T; instead
of Tj+1 norm on the left-hand side)

0
ILocy) B0 F (X, @) o1 < CIFX)Il 7, x) (5.20)
cwkiwi(B, N2
HLOCX7BE((9)9CF(X, (p/)”6~,Tj(X,(P/) < C(logL)HF(X)HH,Tj(X)e wkewj(B,@") 7 (5.21)

and Locg))BE(w) 0. F (X) and Locx pE()0; F (X) are continuous in the implicit parameter
s € [—&:0y,&,0;] (inherent to E(a,) ) with respect to the same norms.

In our application (carried out precisely in Section 7.3), we will choose 7 < rchp]_2 \/[_3 .

The expression for o o can then be simplified as follows: since then

VB < o1 ghrenp; B (5.22)

and for j+ 1 < N, the maximum in (5.16) is bounded by

o= 37BTj41(0) 4+/Bh Z oM/ Bah —arBT;11(0) < (Ce—%rﬁl(o))rﬁ Z (Ce_rj+1(0))qrﬁ (5.23)
q=0 q=0

for C = C'e*n. By Corollary 3.1.1, the covariances satisfy I';(0) ~ (4/Brree + O(s/ B2, ) ) log L
with Bpee = 87(vi +5). For any 6 € (0,1/2] and B is sufficiently large so that rf§ >
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Biree (1 +280), it follows that if L is sufficiently large depending on C, 0, and v, (to ensure
that C < 6%91—‘”1 (0)), and s is sufficiently small,

(Ce—%rjﬂ(o))rﬁ <L*2rﬁ(179/2)((I/Bfree+0(s/ﬁf2ree)) L L21+420)(1-6/2) 1 =2(146) (5 94y
and hence (5.23) is bounded by CL~2>72_ In particular,
Otoc < C(L73(logL)*? +L72729) < L7279, (5.25)

The contractivity of the (bulk) renormalisation group map will later be ensured by CL? i o <
CL % <1.

Much of the remainder of this section is concerned with the proof of these propositions.
Proposition 5.2.2 is a relatively straightforward consequence of the definitions. Proposi-
tion 5.2.3 is more involved and combines different contraction mechanisms for neutral and

charged terms. We thus discuss these mechanisms separately.

5.3 Symmetries of Loc—proof of Proposition 5.2.2

Proof of Proposition 5.2.2. (5.14) is relatively easy to see, as

— 1 1
E= Y LockpEOF(X,¢)= Y —ERX,). (5.26)
|B’X€5’ :XDB 7 Xes;:XDB |X|
Also, by Definition 5.2.1, the left-hand side of (5.15) equals
Z XIIB Z Z xz)EHO(X C)<Vq)/(y0)7xl _XOaV(P/(YO)7x2 _-x0>7
Xes;:XDB | || |x0 YoEB X1 xzeX*
(5.27)
where

(Vo' (y0),y1, V' (30),y2) = Z (14 8y — 8u—v)VH o)y} VY@ (yo)ys.  (5.28)
u,ve

1
4
As we now explain, by invariance under lattice rotations, only the diagonal terms in the inner

product contribute and we see that this expression equals the right-hand side of (5.15) with

1 A
)3 X]]B] Y OO EHO(X, §) (x1 —x0,x2 —x0),  (5.29)
Xes;:XDB X0EB, x| X EX*

=]
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where (-,-) is the standard ¢? inner product. To see this in detail, expand (5.27) using
the definition (5.28) and let I, be the (scaled) coefficient of V*¢'(yo)VY @' (yp) written
explicitly as

Iyy =iyy Z X Z Z 9o (x1)%p(x2) EFO(X &) (x1 —x0)*(x2—x0)"  (5.30)

XEy :XDB X0EB X1 xp X

where iyy =2, i), =0and iyy =1if p L v. But by rotational invariance, we have
Iyy = Iyy forany u,v € é, so

1
Iﬂﬂ:ZZIVV Z ‘ ‘Z Z a o(x1) EF()( C)(xl—xo,xz—x()) (5.31)

vee Xes;:XDB X0EB x|, xpEX*

Therefore summing over 4 = £V and yg € B simply gives %§|V(p’ |129 Now for the case
p L v, itis direct from the expression that Iy, = —Iyy and Iy = Iyy. Butsince L v,
by rotation invariance, Ly—py =Iuv and it follows that 7,y = 0.

To bound 5, let £3°(x1) = (x; —x0)" for x; € X* and a fixed xo € X. Then || §°|]C13(X*) <
CL’ and with (3.78) it follows that

1

= Y wm L DA A
Xes:XDB xp€B,v=1,2
_ 1 ;
<o ¥ xim X LIEFEOlhgxo
Xes;:XDOB X0€B,v=1,2
1
<2'ch AN Flhr, Y <C'h2A~ (5.32)
Xes;:XDB |X|J
The bound for E is proved similarly:
— 1 1
El=| ¥ xEAEO< ¥ ) Ml <A F g,
Xed XDB’ ’ Xes; X)B‘ ‘
(5.33)

The asserted continuity in the implicit parameter s follows from the expressions in the first
line of (5.32) and (5.33) in combination with Lemma 3.3.11. This completes the proof. [
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5.4 Proof of Proposition 5.2.3

5.4.1 Preliminaries

As a preliminary to the proof of Proposition 5.2.3, we state how the norm of a polymer
activity changes when measured in terms of 7| compared to the 7;-norm. We will use the
following elementary inequality.

Lemma 5.4.1. Let X € ;. Fix xo € X and for f : X* — C, define 6 f(x) = f(x) — f(xo).
Then
~1
18 sy < Cal:™" mas [V li-gcs (5.34)

for some geometric constant Cy > Q.

Proof. Since X € .%;, its small set neighbourhood X* contains at most 24p blocks, where
b = |B*|; for any B € 4,. Thus the (~-diameter of X* is at most C;L/ and thus

181l (x+) = max | f(x) — f(x0)] S C4L/ max |V¥ f(x)] < CaLl ™|V jp1 fll=(x-)-
xeX* xeX* uee
(5.35)
Also, form > 1, V"§ f = V" f, and the result follows. l

This lemma has the following important consequence for neutral polymer activities.

Lemma 5.4.2. Let F be a neutral scale-j polymer activity. Then for X € .}, ¢’ € RAY and
n=o,
ID"F (X, @) ln1,. (x.9) < (Cq ' L) ID"F (X, 0) ln.7,x,0)- (5.36)

In particular, if F is in addition supported on X € .7 (i.e., F(X) =0 when X ¢ .7}),

1F X, @) o7, x.0) < IF X, @)llcr-16,7,0x,0)- (5.37)

Proof. Since F is neutral, i.e. has charge ¢ = 0, cf. (5.3), for f] constant-valued one has

J d
DFX,@) () =i L 5 —FX,9)=fiT-FX,9+c)[._,=0  (538)

x0EX X0

and the same reasoning implies that D"F (X, @)(f1,-- -, fn) = 0 whenever any of fi,..., f, is
constant-valued. Therefore, having fixed xo € X, for any f; € RAN, by multilinearity,

DnF(X7q))(f17"'7fn) :DnF(X7(p)(5fl7“'75fn)7
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where (8 f;)(x) = fi(x) — fx(x0). Therefore if |’kaC2+](X*) <lfork=1,...,n,
J

ID"F(X,9)(fi,- - fu)] < (C;'L)"[|[D"F (X, 9)

n.T;(X, ) (5.39)

by Lemma 5.4.1. In view of (3.40), the claim follows. 0
The following similar but weaker bound holds for charged polymer activities.

Lemma 5.4.3. Let F be a scale-j polymer activity of charge q that is supported on X € 7.
Then

1E X @) lo,75, (x.0) < eﬁ‘q‘hHF(X? P)llc,-16.7,00.0): (5.40)

Proof. One may decompose F (X, @) = ei\/Eq‘P(XO)F(X, 0¢) where §¢(x) = @(x) — @(xp).
Define F(X, @) := F(X,8¢), then F is now neutral. The estimate of Lemma 5.4.2 applies to
F, giving

IF X, @)lo.7,0x.0) < IFllcur16,7,0x.0)- (5.41)

The conclusion now follows from (3.53) and the submultiplicativity property of the norm
(3.64). O

5.4.2 Proof of Proposition 5.2.3: charged part

We will prove Proposition 5.2.3 by decomposing F' into its neutral and charged part and con-
sidering both contributions separately, starting with the latter. The estimate (5.18) and (5.19)
for charged F relies crucially on how the expectation acts on the charged components. The
contraction mechanism for charged polymer activities is a generalisation of the elementary
identity

]E[ei\/ﬁquo] — e—%ﬁqzrj+1(0)7 (5.42)

valid for all integers ¢ and B > 0, where here and in the sequel, I'j;1(x) = (0, "j+10x).
The generalisation uses the analyticity of polymer activities with finite || - [/, 7,-norm, see

Proposition 3.4.1, which justifies the following complex translation.

Lemma 5.4.4. Let h) > 0, and let F' be a charge-q polymer activity with ||[F (X)|[4 7,0x) < °°,
q € Z. Then for any constant ¢ € R with |c| < b,

F(X,p+ic)=e VBrE(X, ¢). (5.43)
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Proof. First recall that by Proposition 3.4.1, F(¢ + z) is well-defined and complex analytic
forze{weC:|w|<bh}. Hence f: {z€C:|z|<h} ->C,z—F(X,0+2) —eiq\/BZF(X,gD)
is a complex analytic function that takes value O on the real line by (5.3). Therefore f =0. [

Before we jump into the main result, we first discuss a technical point, which defines the
constant ¢, appearing in the statement of Proposition 5.2.3. Ultimately we are interested in the
covariance I'j; 1, but to obtain the optimal estimates we must work with its subdecomposition
into fractional scales introduced in Section 3.1.3. Thus for £, N’ as in Section 3.3.3, let Iy =
{0,(N')~1,2(N)~1,...1—(N")~1} be the set of fractional scales. Then for s = k(N")~! € I/
and s’ = s+ (N')~! (cf. Remark 3.3.8 regarding N'), set

Es(x) = V/B(Tjis juy (x—%0) =Ty 19 (0)),  Ecy= Y &. (5.44)

t€lyr 1<s

Lemma 5.4.5 (Choice of ¢). There exists ¢, > 0 such that for any X € ./}, s € Iy» and
B >0,

|
HésHCf(X*) v ||€<s||cf(x*) < Echpj 2\/[_3- (5.45)
Proof. By Lemma 3.1.4,
1Y, VE& 1 (x+) < Capy > V/B (5.46)
seJ

for any J C Iys and || € {1,2}. Also for o« = 0 and X € ./}, with the same constant C, as
in (5.39),

sup 1Y &) S Cald | Y VE oy < Call Y Vi&sllimxe) < CaCar/Bpy 2 (5.47)
xXe

" osel seJ seJ
Combining both inequalities gives the claim with ¢, = 3C(Cyz V 1). O

Henceforth, we fix ¢j, so that the conclusions of Lemma 5.4.5 hold. The formula (5.42)

can now be generalised to the following identity.

Lemma 5.4.6. Let r € (0,1], h > rchpj_z\/ﬁ, and let F be a charge-q ®-polymer activity
with HF(X)”RTJ-(X) < oo, Then for X € %}, q € Z, xo € X and &(x) = \/B(Tj1(x —x0) —
[';11(0)), for all ¢ € RM,

E[F(X, (Pl+ C)] = ef%ﬁrj-kl(o)(zr‘q‘*rz)E [e—i\/EquCxOF(X’ (p/ + C —I—iqué (X))}, (548)

where 6, = sign(q).
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Proof. Recall that §{ ~ .47(0,I'j;1) under E. (or § ~ J/(O,FII\\,N) when j+ 1 =N, but we
will drop label Ay for brevity). We will need to work with the subdecomposition of the
covariance I'j; 1 discussed above the lemma. Since § =} Iy &, it is sufficient to show the

lemma for ||F||y r,,, < +eoand I'j; replaced by I'; j v where s =5 — M~ € Iy and {

Tj+s
replaced by §; +irf.; where {; ~ A47(0,T" 4 j+y). It is convenient to work with invertible
covariance matrices, so we will work with C =T i, ¢+ 0 for § > 0 so that C is strictly
positive definite, and then take the limit & | O to conclude. All in all, it thus suffices to show

that

/eé@ﬁ”mFuqﬂ+g+wngyMS (5.49)

= ) [ HGC GBS (X, ¢f 4 8 +ir (Gt &) dE

from which (5.48) readily follows by integrating successively over {;, s € Iy and letting 6 | 0.
Here, with a slight abuse of notation, we define & (x) = 1/B(C(x — xp) — C(0)), from which
&, as introduced in (5.44) is obtained in the limit 6 — 0. Then the bound of Lemma 5.4.5
holds the same for this modified & when 9 is sufficiently small, which we henceforth tacitly
assume.

We now show (5.49). Let X' = {x € A:d;(x,X*) <2} so that || II/HCIZ.(X*) only depends on
y|x. Performing a change of variable from {, to {; —iro,&;, the integral on the right-hand
side of (5.49) can be recast as

/RX’ eié(CS’CPI C")ii\/ﬁrc”g"(m)F(Xy (Pl + Cs + iqu€<s + l"’Gqés) dCs = eiéﬁrZC(O)Rqués(r)
(5.50)

where
1

Ry()= [, e KO EIE R g Lo a5

and z = oy \/BC (0). By Lemma 5.4.5 (which is just the Cauchy’s integral formula) and
assumption on &, the condition b > ¢;,rp 24/ guarantees ]|r6q§s\|cg(x*), Hr0'q5<s”c2(x*) <
J J

%b, we can apply Lemma 3.8.1 to see that

R,s,¢,(r) =Ro(r) (5.52)

and thus it will be enough to compute Ry(r).
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To compute Ry(r), consider Ry(r' + 8r') for sufficiently small §7/. Another application
of Lemma 3.8.1 shows that

Ro(r' +8/) = / . e 3 EHTCH R E (X ¢ 4 ¢ +irc ey —i(81)2)dl.  (5.53)
R
But by (5.43), F(X, @'+ { +irc,&s—i(6r)z) = e\/BqZ‘WF(X, @'+ §+iroyE<s), so Ro(r')
satisfies
d

—Ro(r') = v/BazRo(r') = BlaIC(O)Ro(r"). (5.54)

Solving this differential equation yields

Ro(r) = l41BC(0) /

- e 2ECTOR (X, ¢ + § tiro,Eo,)dl, (5.55)

and thus (5.49) is obtained once we recall (5.50) (5.52).
O

This identity leads to the following contraction mechanism for charge-g polymer activi-
ties.

Lemma 5.4.7. Let r € (0,1], h > repp; 2\/B, L > 4Cy and h, < (CylogL)~'b for sufficiently
large Cy. Then there exists C > 0 such that for X € ., and any charge-q polymer activity F

with |q| > 1 and HF(X)HRT_,‘(X) < oo, and all ¢' € RM,

|E[6:F(X)] H(2h,hm),Tj+1(X) < Ce2V/Blal ,—~(lal=1/2)rBT j1.1(0) IF(X) HB,TJ-(X)' (5.56)

Proof. We will hide the dependence of F (X, @) on X for brevity. Let us start from (5.48)
with r € (0, 1]. Then

r—r2 .
D”9§E[F(go/)] _ e_Z\qlz—ﬁFjH (O)E[eﬂ\/ﬁrc"gxoDneé’F(q)l + iqué )] (5.57)
where & (x) = v/B(T'j+1(x —x0) —;1+1(0)). By our assumptions and Lemma 5.4.5 (with the

choice M = 1), we have 2C,L~'h+r||€|| < b, where || || =| - | c2- Thus by Proposition 3.4.1,
J
F'is analytic in the strip S,c /-1y, s and hence the Taylor expansion

<1
D"6:F (¢ +irc,E) =Y, ED’;,,, (D"6:F) (') ((irc,€)=) (5.58)
k=0""
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is convergent and so, combining with (5.57), and since |Gq] =1,

_ 24/~ o1 r n
o 21 Br 0 [Z &1 ID"4F (@' + O)llnsar;(x.01) |-

(5.59)

IDYEIF (9" +E)llngx.01) <

Therefore, for §’ > 0 left to be chosen,

IE6; [F ()]

< rﬁl"]H bm”rgukHDn—i-ke F( />||
Tixg) <€ Zk 7 cF(O)ln ez 00)

- /
< o BT O [Z MIID”G F(o /)H"vT.i(X"PI)]
n=0

_ g1, g1
= e 7 BUA OR[N0 F (0) ) 700,00 (5.60)

To complete the lemma, one is just left to compare |8 F (¢') |y, 7., (o,x) With a quantity in a

lower scale. This is where Lemma 5.4.3 comes in, yielding the bound

IE6:F (9)ll2.7,.., (¢ x) <62‘/_|q'h||1f-‘3[ F(@"+Ollac,r16.17,(0' ) (5.61)

and we see that the choice b’ = 2C,L~'h gives

_24l=1 g1,
IEB8:F (@) ll26,7,,(9'4+0) < < 2VPlalhe~ BFHI(O)E[HF((PI+C)|’2CdL*1h+r||§H,Tj((p’,X)]'

(5.62)

Now invoking Proposition 3.3.5,

21 ,pr (o)ezﬁ\Q\hE[GCG (X, (P,)]

IE[6:F (¢")]ll26,7,, (9 x) <€ IF llac 1041500
2

<e LT (0) 2v/BlalhIX 5

1,0 Fllac, - h+r)| €], T (X) -
(5.63)

Since [|Flyc, 1154 r€).1;x) < [1F[ln.7;(x) and X is a small set, we obtain

IEI0F (X, @)]llap 7,1 (x.gt) < C>V Pl (=1 2BTi0 O £ (X) | 100 G (K, ).
(5.64)

The same estimate holds for each || DGE[0:F (X, ¢")][|25,7,,,(x,¢7) (m = 0), so the desired
conclusion holds. [l
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Finally, we conclude the Proposition 5.2.3 for charged F'.

Lemma 5.4.8. Under the setting of Proposition 5.2.3, let F be a periodic scale-j polymer
activity and X € ;. Also, assume that the neutral part of F (X ) vanishes, i.e., Fy(X)=0.
Then

||E(w) OCF(X7 ) |’67Ti+l X) < C(XLOCHF(X) ||67Tj(X) (5.65)
Jor some C > 0 independent of all the other parameters.
Proof. Since Fy(X) =0, by (5.1),
F=)Y F,. (5.66)
q#0
The triangle inequality, (3.63), Lemma 5.4.7 and the assumption f < 24 give
IEOF (X, ')l (2t ). 75,1 (%.07)
<C gl AV/Blalhg=(al=1/2rBT;110) | || 7 (x M5 7,00 Gi+1 (X, @), (5.67)
=
But by Lemma 3.4.4,
/ /
1) 0 F (X @) 7, .00y < NEOCF (X5 @) 25 1), 75,1 (%, (5.68)
whenever 2h > b = b+ he|juji1 || 2 thus we have the desired bound.
O

5.4.3 Proof of Proposition 5.2.3: neutral part

For neutral F, the contractions in Proposition 5.2.3 does not rely on the fluctuation integral,
but instead uses that gradients contract under change of norm. In all of the following lemmas,
we assume that h > pj_] as appearing in the assumptions of Proposition 5.2.3, and we also
suppose that all remaining assumptions of Proposition 5.2.3 are in force. We will also
frequently abbreviate EF (X) = E0,F (X).

Locy EF (X) —EF (X) = (Locx EF (X) — Tay,EF (X)) + (Tay,EF (X) — EF (X))
= (Locy EF (X) — Tay,EF (X)) — RemyEF (X), (5.69)
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where the Taylor approximation and its remainder are defined as follows: For F(X) €

N ho(X) with ||F ||5 T.x) < define the Taylor approximation and remainder of degree n
L

in the variable ¢ by

%ol IFF (X, )
Tay? F(X, o +y) =Y — 5
WEE o= L et dew)?

Rem? F(X,o+y)=F(X,o+y)—Tay’ F(X,p+y). (5.71)

(1) -~ @) (5.70)

If F is neutral, then we can also define the Taylor expansion in the gradient of ¢,

Tay F(X,0+y) = |X| Y TayS?F(X,60+y) (5.72)
xo€X
Rem|, F(X,p+ W) =F(X,p+y)—Tay, F(X,p+ V) (5.73)

where 6@ (x) := @(x) — @(xp) is dependent of the choice of xy € X.
We first collect two auxiliary results that will be used to bound the first term in (5.69).

Lemma 5.4.9. For ¢ € RA X e S and xo,yo € X,

IV @(x0) V2 @(x0) — VI @ (y0) V2@ (o)llh. 7,1 (x.0)
SCL 20+ V1@l + V50 0ll=x)) (5.74)

and for any U € é and x € X (see below (3.31) for notation),

IVE @@V o) g7, (x.0) < CL™ 2 0+ 1V 11 @ll=0x0) + VG192 (x))
(5.75)

Proof. To see the first inequality, observe that
VE(x0) = VE(vo)| < CL™2|[V3, 10| 1), (5.76)
hence
(Do (VE(x0) = V9 (50)) (f)] = [V*f (x0) = VEf ()| S CLT 2| flle2, (x)- - 5T7)

Since VH@(xp) — VH@(yp) is linear in ¢, all but the first two terms in the series expansion
(3.40) of ||[V* o (xo) — V*@(y0) ”h |(¢.x) vanish and therefore, using (5.76) and (5.77),

IVE@(x0) = VH@(0)ly 7,1 (x.9) < CL™/ 2 (0 + (Vi1 0]l =(x))- (5.78)
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Analogously,

IVEQ(x0) 0.7, (x.0) T IVE @0 l.75,, (x,0) < <CL /- 1(*)+HV/+1<PHL°° ), (5.79)

and (5.74) follows using the submultiplicativity of the norm. The second inequality (5.75)

follows from similar direct computations:

IV (x) VI g(x 0,7 SCL 72|V i10l 100 V5101 (x) (5.80)
IDV*p(x)VEH g (x ) ) SCL™ (V1@ =00) + V5410 ll=x)) - (58D
ID*VEp(x)VE ) p(x )HzT (xg) SCL™Y72, (5.82)
and higher-order derivatives vanish. ]

Lemma 5.4.10. Let F € Ny, (X) with |[F ||y 7,(x) <o, and let X € 7. Choose any xo € X
and denote 6x1 = x| — xg, 6x2 = x — xo. Then

] Y e P EF (X, )8 85| < Co 2L || F(X) g 1,0x). (5.83)

X1, xEX*

Proof. By definition of [|[|y, .(x) followed by (3.78) with G(X,0)=1,

1Y 9p(x1) Do BF (X, §) 8} 63

X1,X2

< |[EF(X, C)“h,Tj(X,O)||5xl1LHC]2.(x*)||6x§||cj2(x*)

< CLY|[F(X)lg,7,0x)
(5.84)

where we used || 5x] ||Cz X*); ||5x§||cz X*) = o(L)). O

Lemma 5.4.11. Leth > p;, Vand k= cxp?(logL)~". Then for all X € .%; and neutral and
even F(X) € N p,(X), we have

|| (Locy —Tay,)E€ F (X < CL3(logL)A~Xls IF Il 7. (5.85)

Sl (2,h0),Tj1(X)

fo’"a = (h?h(ﬂ>

Proof. We will prove the statement without the @w-derivatives, i.e., we aim to prove
|Locx EO,F (X, -) — Tay,BO F (X, ) oy 1., ,(x) < CL > (log YA X[ Flg 1. (5.86)

Then the same estimates on D, F are essentially the same.
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By definition (see (5.11) and (5.12)), denoting by B; (xo) the block B € #; such that
X0 € B,

Locx BF(X)= ). Locx sEF(X) =EF(X,{)
Be#;(X)

1
Z— Y X a(pxla(pszFo(X $){(Vo(yo), 8x1,V(30),8x2), (5.87)
xp€X | | Yo€EB (xp) X1 XQEX*

where 8x; = x; — xg, 0xp = x» — xo and, following the notation of Lemma 5.4.10 (cf. (5.28)),

4>|~

(Vo(y0),0x1,VO(yo),8x2) Z (14 84y —8u—v)V* 0 (y0)8x] VY 9 (30) 6.
un,ve

(5.88)

We firstly replace (V@(yo), 6x1, Vo (y0),0x2) by (Vo(y0),0x1)(V@(yo), dx2) and secondly
replace yg by xo in (5.87) where (Vo(x),y) = %Z o VH@(x)yH. This gives

1 ,
Z ) 5%, 90, EFo(X, §)(Vo(x0), 6x1) (V@ (x0), 6x2) (5.89)
x0€Xx1 xzeX*

and, as we now explain, an error term bounded in the ||- ”2h7Tj+1( X,p)-norm by

cL3 28 F(x X)o7 2(h+ IVis1@ll=cx) + HV]+1(PHL°° X*) ). (5.90)

Indeed, to obtain this error bound, we proceed as follows: observing that

(Vo(yo),6x1)(Vo(x0),0x2) — (Vo(yo), 5X1,V<P(XO) 5X2>
— Z VEQ(yo) VIE M (o) 82t x5, (5.91)

[JEe

the claimed bound for the first replacement is justified by (5.75) and (5.83), whereas the
claimed bound for the second replacement follows from (5.74) and (5.83). The factor 21Xl;
appearing in (5.90) follows hereby from an application of Proposition 3.3.5. Rather than
including full details here, we refer to (5.96)-(5.97) below, which estimate a similar but
slightly more involved error term, yielding the bound (5.95). The bound (5.90) is readily
obtained by adapting these arguments.
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Next we replace (V@(xp),0x;) in (5.89) by §¢(x;) = @(x;) — ¢(xo). For X € .}, one

has

180 llcs ooy 17000),85) 2, ) <CLIVj1@llepey (5:92)
130() — (V@(x0). 6x) 2, ) <CL V31 @lloxy (5.93)

Using again the definition of the norm (3.40), we may thus replace (5.89) by

1

20X Y Y 9509600 EF0(X. ) (9(x1) — @(x0))(9(x2) — @(x0))  (5.94)

X0E€X x1,x0pEX*
with an error in the || - [|2 7., , (x,)-norm bounded by

2

CL 22X F (X0 lo.1,000 2 (04 IV 1@ =00y + Vi1 @l =e)) ™ (5.95)

Indeed,

Y. Os0() 950 EF0(X, ) (80 (x1) — (Vo (xo), 5X1))5<P(x1)‘

X1,X€X*

<E|D*Fy(X, Ol x,0)1890x1) = (Vo(xo), 5x1)‘|c§+l(x*) [o(x2) — @(x0) ch2.+1(x*)

<Ch|IF(X) |l47,00BIG (X, OIL V119l VF 20l 1= (x+)

< L2 F(X) 17,000 IV 10 o0y V3410 (5.96)

using (5.5) for the second inequality and Proposition 3.3.5 in the last step, and since each
0p(x1) — (Vo(xp),0x1) and §¢@(x) are linear in ¢, we immediately see (see around (5.77)
for a similar reasoning) that

1Y, 9sp) 9000 EF0(X,§) (89 (x1) = (VO (x0), 8x1))89(x1) 20,7, (x.0)

X1,0EX*
< CL 2K IF @) g 1,000 220+ IV 5410l 20 + (Vi1 @llmery) (597)
A similar bound holds for

J’EFy(X, )
ex- 9(09(x1))d(5¢(x2))

(69(x1) = (Vo(xo),6x1)) (Vo (x0), 6x2) (5.98)

and hence the claim follows.
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Recognizing EFy(X, {) in (5.87) together with (5.94) as Tay,EF (X) and collecting the
errors, we have thus overall shown

| Loex BF(X) ~Tay,BF () |y 1, 1) < CL S IF OO ) (14! ma [V 0] =)
(5.99)
The claim now follows from Lemma 3.3.3, along with (3. 63) using that h =2k, ' = O(logL)

which holds since h =2 = O(p?) by our assumption h > p;° ! and since K'L =0(p, 2logL).
0

Lemma 5.4.12. Under the setting of Lemma 5.4.11, for all X € .}, neutral F (X)) € N, (X)
and o > 0,

/ +1, _ .
IRem EOF (X, )| ap ) 170 x) < Car(L ! (log L)) * AU F e, (5.100)

with § = (b, ho).

Proof. Again, we will only prove the bound without the w-derivative.
Recall that F(X,{ 4+ ¢') = (X C+ 5(p) with 8¢’ (x ) ¢'(x) — ¢'(xo) for neutral
F and any xo by (5.4). Thus, Rem EF = ‘X| Yroex Rema ]EF with 8¢’ (x ) defined for
varying xo’s, we just need to prove the statement for a fixed xo € X and Rema replaced by
Remy = Rem&”
We need to estimate ||[D"RemqEF (X)
and n < «. Using that RemyEO0; F (X, ¢ "} is neutral, the estimate for n > a + 1 follows

simply from Lemma 5.4.2 and the fact that D"Remy = D" forn > o + 1:

Ti1(X,9')- We will divide the cases n > a + 1

HDnRemaEGCF(X ¢ )Hn Tin(X,0') =X (C IL) "HD”EQCF(X ¢ )HnT (X,0")- (5.101)

Multiplying by " /n!, summing over n, and combining with Lemma 3.3.6, noting that
2IXli < C since X is small, this readily yields

2h . _ _ixl
Y (n) ID"RemoB O, F (X, ¢")l,.7;,,(x,¢) < CL (at1) g =IX1)

nza+1

N j+1()_(7 (P,)
(5.102)
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The cases n =0, - - - , o require a bit of effort and represent in fact the dominant contributions.

We use Taylor’s theorem and neutrality of F' to write

D"RemaEOF (X, ") (f1,+, fa) = Z (k_ln)|DkRemaIEF(X,§)(f1,--. s (8@")Ekm)
k=n :
OH-I —n
+/ dt DO‘HRemaEF(X CH+1Q)(fr, e [ (59T,

(5.103)

But since D*RemyEF (X, ) = DKEF(X,-) for k > « + 1, applying successively (3.39),
(5.36) and (3.75), one sees that

’Da+1 Rema EF(X> C +t(p/> (fl )t 7fn7 (5(Pl)®a+lin)’

1 1-
<D*TEF (X, +19") a1, (x 09|00 ||°‘+ X 1<111 1fillez, ox-y

< (G 'LV IDHEF (X, E 419 a1 7y 01) H<‘5<P\°‘+1 oy L1 il

1<i<n

<CL) Il las1.700G 1 Kot 1891 2 TT il

1<i<n

(5.104)

Moreover, since D*Rem, EF (X, ) = 0 for k € {0,---, &}, whenever ||fl”c2.+1(x*) < 1 for
J

each € {1,...,n}, one obtains that the left-hand side of (5.103) is bounded in absolute value

by

_t)oH—l—n

1 1
€'y @ [t IFGOllast 100Gy (Ko@) 8914 50 (5.105

(a¢—n)!

Now since G11(X,9’) = Gj+1(X,1¢")G11(X, V1 —1?>¢") by definition of G4, in (3.41),
and then using Lemma 3.3.3 applied with ¢ = v/1 —r2¢’, we obtain, for n < o

Giy1(X,19)|6¢ | i n*) 16¢’ ”aH X (a+1-n)/2 2\ —(a+1-n)/2
sup = sup <01 PO =),
o' Gj+1(Xa ¢ ) o' G]+1(X -7 ¢ )

(5.106)

All in all, since

1 1
/ (1—1)oH (1 — 2y~ aF1=m/2 gy < Cn/ (N2 co n<a,  (5.107)
0 0
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this implies, for n < a,

ID"RemoEF (X, @)ll,.7,, ,%.07)

< O(L (O£+1)K.L*(Ol+lfn)/2)hf(ohtl)”F(X)HOC_._IJ}(X)Gj_i_l()—(7 (p/) (5.108)

Multiplying by " /n!, summing over n, using that

)y

o<n<a

bnf(xfl

— KL_(OH—I—n)/Z < C(logL)(a+l)/Zh—(OH—1) (5.109)

by assumption on k7, and h (the dominant term being n = 0), it follows that

(2’[)) n — +1, _|x|: —
Yy =~ D" RemoEF (X, ), 7., % 41 <C(L7(logL) ) A~ XU||F||g 7.G 1 (X, 9).
n<o :
(5.110)
The claim follows immediately by combining the estimates (5.102) (with (3.63)) and (5.110).
[

Proof of Proposition 5.2.3. The Fourier decomposition (5.1.1) yields, since Locg(a) E&; ﬁq (X)=
0 whenever g #£ 0 (cf. (5.11)),

Lock” () 0, F (X) — E() 0 F(X) = (Lock” —1)E ) 0, Fp(X %E 0)0cFy(X
q
.111)

which allows to bound them by bounding the terms of different charge separately. The last
sum is the charged part of F' and was already bounded by Lemma 5.4.8.
(i) Since "lleOIEGCFO(X ) = LOCE?)EQQ‘F()(X ), Lemma 5.4.12 (with the choice F = Fy) is

enough to obtain
0 A 0) ,—Ix|;
I (Locl” = DEOL Ao(X) | 2 17 0) < CHeA MV, (5.112)
and also by Lemma 3.4.4,
0 A 0 A
I (Locy =DE @) 0cFo(l; 7, i) < Il (Lock” =DEOFO(X) g 1,0 (5:113)

These prove (5.18).
(i1) Assume F' is even and periodic. Then Lemmas 5.4.11 and 5.4.12 (with the choice F = Fy)

yield bounds on (Locy —Tay,)E6, £y(X,¢’) and (1 —Tay5 I)EOCFO (X, @), respectively, and
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thus
I(Locx —1D)EB Fo(X) 2 ), 7511 (x) < COtLocA™ X IF 1l - (5.114)
As above, this proves (5.19) once we recall Lemma 3.4.4. L]

Boundedness of localisation

The following will be used to deduce (5.21).

Lemma 5.4.13. For F a neutral j scale w-polynomial activity B € % and X € .7;

0
|Locy s E6;F (X, )| < CIF(X) .10 (5.115)
2 ¢ ) N2
[Loc s BOLF (X, @)l (2t .. < CUOZL)IF Iy 7 e ™ B (5.116)
Proof. Loc\Y) EF(X) is bounded using (3.75) with ¢’ = 0 by
[ER (X, §)| < 2K F (X) Iy, 15000 < CIF X [lp.7500), (5.117)
since X is small. Now consider
1 1 1 A
LOC@REF(X) ~ x| )y ] )y 5‘9%1 g, EFO(X, 8) (V' (0),8x1, V¢ (¥0), 6x2).
X0,Y0EB X1,xEX*
(5.118)

(see (5.88) for the notation). For 1,V € &, ¥\ 1,cx+ g, 8¢X2]EF0(X, £)(0x1)*(6x2)Y can be
bounded using Lemma 5.4.10. Moreover since yg € B,

LI|[V*¢' (yo) Lysenllorx.01) < B+ IVi0 | 1=(s)- (5.119)

Putting these together, using the submultiplicativity of the norm and recalling the definition
of wj from (3.71), the [|-[|y ,(¢ x)-norm of the second term of (5.118) is readily seen to be
bounded by

_ _ _ c Wi N2
Ch 2(h+HVJ'(p/H%f”(B))Z||FHh7Tj(X) <C'h 2K'L1||F(X)||I;,TJ-(X)e wkewi (B9 (5.120)

The claim again follows from the fact that h =2k, ~! = O(logL). O

Proof of Proposition 5.2.4. The bounds are direct results of Lemma 5.4.13 and Lemma 3.4.4.
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The continuity in s again follows from Lemma 3.3.11, similarly as in the proof of
Proposition 5.2.2. U



Chapter 6

Renormalisation group on the Discrete
Gaussian model at high temperature

This chapter reformulates the Discrete Gaussian model in terms of a statistical physics model
with continuous spin values and applies the renormalisation group analysis without the
external field. The RG analysis is composed of two parts. We construct the (bulk) RG map

0
i
The (bulk) RG map is then used to construct the (bulk) RG flow, whose convergence is

a function of (U;, K? ) that constructs the coordinates in the next scale in Section 6.3.3.

subject to the choice of the initial condition, and the set of converging initial values form a
stable manifold. The stable manifold and the (bulk) RG flow is constructed in Chapter 7. The
(bulk) RG flow becomes the basis of proving the torus scaling limit theorem in Chapter 9,
and observable RG flows are discussed in Chapter 8.

The bulk RG map of this chapter only considers scales j+ 1 < N, which we tacitly

assume.

6.1 Main results

6.1.1 Reformulation into a continuous spin model

We have two inputs in the reformulated J-DG model: the regularising mass m? and the
stiffness renormalisation factor s. These give covariances I';(s), FQN (s) and ty(s,m?)Qn

introduced in Section 3.1 and

C(s)=CM(s) = Y Tj(s) + Iy (6.1)
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(see Lemma 3.1.2), the tilted expectation

E(w).clF(9)] = . =1 +syA)f (6.2)

for given f, and the following reformulation.

Proposition 6.1.1. Suppose ¥ f(x) = 0 and let = (1+syA)f. Then for |s| sufficiently small,
B>0and w € C,

<eﬁ71/2w(f’6)>% = @ (LN lizrﬁ)FN,mz [f]() (6.3)
F @) EVE(, (Zo(¢' + ¢ + o) 6
with @' ~ N (0,ty(m*)Qn) and & ~ A (0,C(s)) and
1
Z(lav) =exp |30Vl + ¥ 27 coslgv/Bol)]. (6.5)

xEAN, g21

Jor so = s and some zg") = O(e<rBlI+a)),

The proposition simply states that the J-DG model is equivalently described by the
continuous-valued spin model with potential Uy € Qg (of form given by Definition 3.2.6).

The proof is given in Section 6.2.

6.1.2 Renormalisation group map

As in Chapter 4, we study E¢[Z3(¢’ + )] by inductively defining 70, 1(9'|AN) = Elgjﬂ 6:Z3(¢'|Aw)]
when Z? = e EilMvl(elio; K;’)(AN) for some U; € QS.] and some polymer activity K;). We

construct a map

D, 1 (Ejys5,2j,K7) = (Ej+ Eji1,5j41,3j41, 7 01), (6.6)
so that if (Ej+175j+172j+17K§)+1) = (Ej—i—(g’jq_l,ﬁj-f—l,éj—i—lw)gj(_)'_l), then

Z?—Fl e eij+l|AN|(er+l Oj K?+])(AN) (6.7)

(see Theorem 6.3.5). We also make use of the symmetries and periodicity under constant sum-

mations, so only even periodic K;.) respecting lattice symmetry at scale j will be considered.
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We denote this by letting Qfo be the space of such K;’ and also
0 0 0 0
IKNs, = K iras UKDl = max{{Ujllge K s, b (68)

We choose (&41,5+1,3+1) that satisfy the following analytic results. The first theorem is
about the coupling constants (s;,z;) (equivalently, U;), which form the leading part of the
RG map.

Theorem 6.1.2 (Estimates for coupling constants). Let U; = (s;,z;) € QY and K € QX
For any choice of L > 1, A > 1, and h > 0, we have 55@1 (zj) = Lze_%ﬁqzrfﬂ(o)zgq) for all

g>1andsjiy, &1 only depend on (s j,K;)) with the following estimates:

|5j1(s7,K7) = 55| < Ch—zA—1||K§>||Q§O (6.9)
15415, j)+sJV(€17—el)rj+l(O)| < CLYA™! ||K?H9fo‘ (6.10)

Moreover, all maps above are continuous in the implicit parameter s for fixed (sj,z j,K?).

The next theorem is the estimate on the remaining coordinate K?, saying that the norm
always contracts if U; and Kﬁ-) are small enough. This contraction is necessary, as it makes
K? irrelevant’.

Theorem 6.1.3 (Estimate for remainder coordinate). Let j+1 <N, U; = (s,z;) € Qg’ and

KO € QKO Then #7°

1(Uj,K;j) € Q§+1,0 and admits a decomposition

KUK = L7 (K) + A3, (U}, KT) (6.11)

into polymer activities at scale j+ 1 such that the following holds for any B large and r
small (satisfying (6.56)), h given by (3.60) provided L > Ly, A > Ao(L), for Kj-) € Qfo.

(i) The map ,%Q is linear in K;) and independent of U;. There is a constants C; > 0
independent of all the parameters such that, with Qo as in (5.16),

I 2 0
[EZm¢ j)||ng+110 <CL O‘LocHKngzfo- (6.12)

(ii) The remainder maps " fen) satisfy M i +1 =0(U;,K j)2 in the sense that there exist
& = &u(B,A) > 0 (only polynomially small in B) and C3 = C5(,A,L) > 0 (only
polynomially large in B) such that .# ]QH (U j,K})) is continuously Fréchet-differentiable
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and, for H(Uj,Kﬁ-))HQm < &

1D (U Kl < Gl KD) o (6.13)

with .43, ,(0,0) = 0.

The proofs are given in Section 6.3 and 6.4.

6.2 Reformulating the Discrete Gaussian model

In this section, we prepare for the renormalisation group analysis by performing several
initial manipulations of the Discrete Gaussian model as defined in (1.12). In this section,
we will mostly keep the interaction J and the underlying torus A = Ay (of side length LV)
implicit throughout this section. The corresponding statements are then simply understood to
hold for any choice of J satisfying the conditions above (1.8), all N > 0 and L > 1. In fact

the choice of side length for A will play no role in the present section.

6.2.1 Mass regularisation

In the first regularisation step, we replace the Discrete Gaussian model (-); g supported on
o € QM by a mass-regularised version without fixing oy to be 0, thus restoring translation

invariance. To this end, given m? >0, let

Zg =2mp~ "L (6.14)

and for any bounded function F : ZgN — R, let

1 ef%(c,(fA1+m2)0')F(g), (6.15)

<F>/3,m2 =

B.m? ceZﬁ

where Zg > is the corresponding normalisation constant. The following lemma shows that
we recover (-); g in the limit m? | 0. In the sequel, for t € Zg and 0 € Zg” we write O +1¢

for the shifted configuration with entries (0 +1), = 0y +1, x € Ay.

Lemma 6.2.1. Let F : Zg — R be such that F(c) = F (0 +t) for any constant (field) t € Zg,
and assume that F | o) is integrable with respect to (-); g. Then F is integrable under (-)g ,,
for all m* > 0 and

(F(B~0)),5 = lim (F(0)g - (6.16)
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Proof. Recall (1.12) for (-); g. By rescaling the spins by B-1/2,

(F(B o), p= Y e 2O NF(6)/Z,5,  Zig= Y 20N (617

A A
GEQﬁ O'EQB

where QA {oe Z’[} op = 0}. Thus it will be sufficient to prove

1

Z, L FO)~{FO)hpe (6.18)

seaye Bo-m
as m? | 0.
A

For F having the above properties, writing any element of Z g as o+t with 7 € Zg and
o € QA one has that

e—%(c,(—AJ—i-m |F( )| _ Z e—%(c—o—l( A]+m2)(0+l))|F(G+t>|

s/ 1€Lp 6eQf
g ! (6.19)
_ Z e —5(0,—A50) |F | Z e—jm 2 (o4, G—H)
A /
ceQﬁ 1€lp

where the second line is obtained using that F(¢) = F (0 +1) and expanding the quadratic

form (note that Ayt = 0 when ¢ is constant-valued). Since, uniformly in ¢ € QA

Z o 2m*(0+1,0+1) Z He—jm (oxt1)? < Z o~z (m)’ (6.20)

zeZﬁ tEZﬁ XEA teZﬁ

where the inequality follows by retaining only x = 0 with 6, = 0, and combining with the
integrability of F ’93’ it follows that the left-hand side of (6.19) is finite; hence F is in

L'((-) Bmz). Moreover (6.19) continues to hold without absolute values, as follows readily by

the Dominated convergence theorem. Now, as m? 4 0, for any fixed ¢ € Q’[}, we claim that

Z e*%m2(0'+t,0'+[) ~ Z e—%mzﬂ‘/\‘. (621)
zeZB IGZ[;

Indeed, since |(o,1)f| < %etz + 3¢ L _(0,1)? for any & > 0 by Young’s inequality, the left-hand

side is

1.2 1,22 2 1.2 1.2 2 1 2.2
e 2 (0,0) Z 2 pmm (o,1)t e 2™ (G7G)€§m (o,1) Z 6_7(1_8)’" = (6.22)
ZEZﬁ ZGZﬂ
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Therefore, for all € > 0,

1.2
—>m~(0+t,0+t
Tiez e 2 )

lim sup ; — <1, (6.23)
m210 Zzezﬁe_j(]_g)mt
and analogously
1.2
Y,cz.e 2" (o+t,0+1)
liminf —=2F > 1. (6.24)

i
m? 0 ZzeZﬁ e~z (L+e)me?

From this, (6.21) follows by taking € — 0. By (6.19) and the Dominated convergence

theorem, thus

1

e 2OAIOE(G) o Y Y 10 MO E () (6.25)

ocZh 1€Zp cng

and the claim follows by taking a ratio of this and the expression with F replaced by 1. [

6.2.2 Smoothing the discrete model

In the next step, we replace the Discrete Gaussian model with mass m? € (0,1] given by

(6.15) with a continuous-valued spin model. For this we write
(=Ay+m?) ' = yid + C(m?) (6.26)

where ¥ > 0 is a positive constant chosen such that C(m?) is positive definite. Assuming
m? e (0,1], we have 0 < —A; +m? < 3id as quadratic forms, and one can choose any
y € (0,1/3). Note that C(m?) inherits symmetry from —A; + m? by (6.26). In fact, the
parameter 7Y is fixed by Proposition 2.1.2, but the rest of the section holds true for any choice
of y € (0,1/3). We often omit the superscript Ay for the remainder of Section 6.2 to avoid
unnecessary clutter.

As we now explain, the decomposition (6.26) implies that for any o € R?, one can

rewrite
1 1

o 2(0,(=As+m?)o) _ c(7, m2)/ e*2%Zx(<Px*Gx)ze*§(<P7C(m2)71<P)d(p, (6.27)
RA

for a suitable constant ¢(7y,m?) € (0,0). The identity (6.27) is of central importance. It is in

fact equivalent to the well-known property that the sum of two independent Gaussian vectors

is Gaussian with covariance the sum of the two covariances. To wit, observe that for any

symmetric matrices A and B acting on R” such that all of A, B and A + B are invertible and
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all o, ¢ € R?, letting 6" = (A +B) Ao, one has the identity
(p—0,A(9—0))+(¢,Bp) = (90", (A+B)(9p—0")) +(c,(A"" +B™ ") '0), (6.28)

as can be verified immediately upon rewriting the last term as (A~!' +B~1)~! =A(A+B)~!B.
Choosing A = )l,Id, B = C(m?)~!, the left-hand side of (6.28) corresponds to (twice) the
exponential appearing on the right of (6.27). With these choices, (A~! +B~ 1)~ = —A; +m?
on account of (6.26). Thus, integrating over ¢ and completing the square using (6.28) readily
gives (6.27).

Inserting the identity (6.27) into the partition function of the (mass regularised) Discrete
Gaussian model (6.15), one obtains, for all 3, m? >0,

Zﬁ,m2 = Z ei%(c'/(*AjJ"mz)o-) — c(’}/’mz’ﬁ)//\eé((Pﬂc(m2)_1(p)erU((PX) d(P? (629)

R
A
GGZB

where for ¢ € R and all ¥ > 0 we define

F(o)=c(r.B) ¥ e 57 {(¢)=logF(p). (6.30)
GEZﬁ

Here c¢(y,) > 0 is a constant that is chosen for later convenience such that

21 c 12
1 L/0 F((p/\/ﬁ)d(p:%/Re 59 dg. 6.31)

:27r

Both F and U are smooth periodic functions of the single real variable ¢ € R. For later

application, we record the following properties of their Fourier representations.

Lemma 6.2.2. For any v > 0 and B > 0, the Fourier representation of F is given by
- - B
F(@)=1+Y 2¢7%9 cos(q\/Bp), ¢ER. (6.32)
q=1

Moreover, there exists C € (0,) such that for any yB > C, the function ¢ — U (@) has the

Fourier representation
U(p) =Y. 29(B)cos(aV/B9), ¢ER, (6.33)
q=1

with coefficients satisfying

7@ (B)| < 16e~37P(1+4), (6.34)
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Proof. Let F(¢) =F(¢/\/B) = ¢0@/V/B) Then F is 21 even and periodic, see (6.30) and
recall Qg ={o¢c Z’g : 09 = 0}. Its Fourier coefficients are given by

N 1 2n . 12 . B
Fg) = [ Flp)ewap— 1P [ a2 e B gez. (639)
27 Jo 2 IR
Thus (6.32) follows. To prove (6.33), (6.34), consider the following norm on 27-periodic
functions f (for which the norm is finite): for c = %}/[3, denoting by f(g) = % 02” f(@)e1?do

the corresponding Fourier coefficients, one sets

1l = Y e 7(q)]. (6.36)

qeL

Using the fact that ]/C;(q) =Y ez f(q)8(q — q) for periodic f and g, one readily deduces
that ||-[,1(. is submultiplicative, i.e. that || fg[[s1 () < [If]l¢1 (¢ lIg]l¢1 (), making the space of
2m-periodic functions with finite norm a unital Banach algebra with unit f = 1. Moreover,
for By > 4,

B
IF~ 1t =2} e 57 < 4o, (6.37)
g>1

where the second inequality follows for instance by completing the square, comparing with
a Gaussian integral and applying a standard Gaussian tail estimate. Since U(¢/ \/B ) =
log F(¢), we have

1T /Bty < 2I1F = 1l < ge =178, (6.38)

where we have used the estimate || log F|| < 2||F — 1|| which is valid in any (unital) Banach

algebra with norm || - || if ||[F — 1|| is small, as follows e.g. by bounding the relevant Taylor
remainder. In view of (6.36), this yields that |59 ()| < 16e~47=<l4 for all ¢ > 1 with
z(9)(B) as defined by (6.33). O

6.2.3 Stiffness renormalisation

The identity (6.29) for the partition function and its extension to the moment generating
function in Lemma 6.2.3 below reformulates the analysis of the Discrete Gaussian model in
terms of a smooth periodic potential integrated against a Gaussian field. Ideas of this flavour
have been used in various contexts in the past. However, to achieve sufficient precision to

control the scaling limit, it is crucial for our work to allow for the parameter s # 0 below,
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which will correspond to the stiffness renormalisation of the limiting Gaussian free field, or
equivalently, the exact identification of the effective temperature Bes in Theorem 1.1.1.

To set up this stiffness renormalisation, first recall that Ay is the normalised Laplacian,
see (1.8), with step distribution J. For convenience, we will denote by A without subscript
the standard unnormalised nearest-neighbour Laplacian; the irrelevant omission of the
normalisation for A simplifies some formulas later. For |s| sufficiently small, C(m?)~! —sA
is positive definite, as shown in Proposition 2.1.4 below (see in particular (2.15), where
c=CcM ), hence

C(s,m?*) = (C(m*) "t —sA) 71, (6.39)

is well-defined and positive-definite. We then introduce, for 59 € R,
Z(9) = Z0(p|A) = V0@ - o3 (9.-A0) LU (9:) (6.40)

with U given by (6.30). We return to discuss the interpretation of 28 below the proof of
Proposition 6.1.1.

The following lemma generalises the partition function identity (6.29), both by allowing
a test function and by allowing the parameter s # O that will later correspond to the stiffness

renormalisation.

Lemma 6.2.3. Forall B >0, y< (0,1/3), m*> € (0,1], ® € C, s sufficiently small and § € C?,

(eoto _ Jr G C(s.,m% le 0 (¢ + yoof) | 641)
' C(s,m?) [ZO ((P)]
where § = (1 + syA)f and
1
Z8(p) = exp (550Voli+ ¥ ¥ = cos (48" 20(x)) ) (6.42)
xeAg>1

with so = s and z(()q) = 3(9) (which are defined by (6.33)).
Proof. Completing the square and recalling (6.30), one sees that for any ¢ € Rand a € C,

1 2 1 2 ~
Z eade*ﬁ,(G*(P) — e%azea(p Z e*ﬁ(G*(P*Yd) o e%azea(peU((p—H/a)' (6.43)
GEZﬁ GEZﬁ

Using the convolution identity (6.27), for any f € CA, one therefore obtains that

Y e 3o-Arm)0) 0(10) o 30D,

A
GGZﬁ

[e@(1:9) U (970D (6.44)

(m?)
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By definition of C(s,m?), see (6.39), the right-hand side is proportional to

Yo

e2® (ff)EC( 2 [e ?(1.0) ,3(90,—40), (¢>+wa)]

— SOGN-3V(-MR c [ew(fxp)e%(<P+7wfﬁA(<P+7wf))eU(tprf)]

(s,m?)

L (ﬁf)]EC(s,mz) [ew(iq))z(())((p + Yo‘)f)] (6.45)

where in the second line we again completed the square and used that s = 59 along with
(6.42).

]
Finally, we take limit 7? | 0 using Lemma 3.1.2 and notation
_ N—1 N N—1 )
C(s)= ZFj(s)—FFNN()—hzrﬁ)ZF sm)—l—F N(s,m”) (6.46)
j=1
Proof of Proposition 6.1.1. By Lemma 6.2.1 and Lemma 6.2.3,
1) 70
B 20(o0NAY _ fi 1,0(10) 10215 Ecsar) [e” V20 (9 + yof)]
(e )y p = lim (e )ﬁmzAN—hmeZ 0
’ m210 m2]0 IE’C(smz) [ZO((p)}
(6.47)

Since we have decomposmon o=0¢+ C ?) for some independent Gaussian random vari-
ables @' ~ A4(0,tnOn), C m’) (0 ZN 1F i(s,m )—f—l“]/:,N(s,mz)), and since tyQOnf = 0,
Lemma 3.1.2 implies

RV RS 20209 + L)+ yaf)]  EVEE[(O20(9" + ¢ + yoop)
E9ES" [Z9(¢/ + { ()] E?ES[Z3(¢' +§)]

(6.48)

as m? | 0 (for { ~ A(0,C(s))).
[

To conclude this section, we briefly discuss the role of Uy and C(s) introduced in
(6.40),(6.46). Compared to U the potential U includes an additional Dirichlet energy term
(p,—A@) = (Vo, Vo) with prefactor so. This parameter sy can be essentially arbitrary for
the moment and is compensated by the s-dependence of C(s) on Fy 2 0f (6.4) when s = 50 as
in the assumption of the last lemma. Thus the parameter s = sg corresponds to a division of
the Gaussian free field into a part that serves as reference measure, i.e., the Gaussian measure
with covariance C(s) 4 tyQy, and a part that is interpreted as a perturbation of it. A careful
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choice of this division will be made at the end of the analysis. This choice will be such
that the covariance C(s) is that of a limiting Gaussian field that approximates the Discrete
Gaussian model on large scales and that converges to the multiple of the Gaussian free field
in Theorem 1.1.1. Namely, if f € C*(T?) and fy is as in the statement of Theorem 1.1.1,
then

lim (fy,C(s) fiy) = (f, (=Ap2) "1 )2, (6.49)

N—oo s+ v3
(see Lemma 9.1.3, where we look at a slightly modified covariance) and our choice of s
depending J and B will be precisely such that Be(J, B) = B(1 +sv; %), where Bege(J, B) is

the effective temperature in Theorem 1.1.1.

6.3 Bulk renormalisation group map

The present section is at the heart of the argument. We define a suitable renormalisation group
0

Jj+1
I'j 11, and exhibits Theorem 6.3.5 (algebraic property) and Theorems 6.1.2, 6.1.3 (analytic

map P, from scale j to scale j+ 1, which corresponds to integrating out the covariance

properties). These are the only features which will be needed in the sequel and, roughly

speaking, will allow to perform a suitable fixed-point argument in the next chapter. The
0

J+1
one describing that of the remainder coordinate. The latter is an evolution on polymer

map P, , has two components, one describing the evolution of coupling constants, and
activities, whose growth will be controlled in terms of the norms introduced in Section 3.2.
The estimates corresponding to these two components appear separately in Theorems 6.1.2
and 6.1.3. The actual definition of the remainder coordinate (Definition 6.3.7) involves the
localisation operator introduced in Section 5.2, which is used to extract the relevant terms.
The most involved part, which occupies most of this section, is to obtain the relevant bounds
for the resulting remainder coordinate, and in particular for its non-linear part, cf. (6.13), but
we have done most of the work in Section 4.4.

The parameter s was arbitrary in Proposition 6.1.1 (provided |s| < &6y). A careful choice
will be necessary in the analysis of the stable manifold of the renormalisation group map
(in Chapter 7), but in the present section the parameter does not play an important role. We
will therefore usually leave the s-dependence implicit in our notation. Thus all definitions
in this section do implicitly depend on s, but all estimates will be uniform in |s| < &6;.
Thoughout this section, the distribution J is allowed to be any finite-range step distribution
that is invariant under lattice symmetries (cf. above (1.8)) and we assume (3.1), which is no

loss of generality.
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Each RG map for j+ 1 < N only depends on the massless covariance I';(s), so the RG

flow does not feel the mass regularisation effect in these intermediate scales.

6.3.1 Coordinates for the renormalisation group map

The initial condition for the renormalisation group map is the interaction function Z3(@|A).
This function will eventually be chosen as in (6.40) with so = s and s chosen carefully, but we
allow sg # s for the RG map. Given such a function Zg((p]A), we define Zg-’ (with A = Apy)
as in Chapter 4:

2% (¢ 0|A) =E6,Z%(9'|A),  (jSN—1,9€R"), (6.50)

(recall that E integrates the Gaussian field { with covariance I'j .1 = I"j1(s)). Then the
renormalisation group map is defined to parametrise the polymer expansions

Z5(p|A) = e FrM (oK) (A ), J e {ii+1} (6.51)

A careful inductive choice of E;, U; and K? for the representation (6.51) will later constitute
the bulk (or unperturbed) renormalisation group flow.

For the remainder of this section, we merely specify general conditions that we impose
on the form of U; and K; and how to measure their size. The coordinate U; is an explicit

leading part that is defined in terms of coupling constants (s;,z;) as follows.

Definition 6.3.1. The coordinate U; given by (3.50) is parametrised in terms of the cou-
(Q))

pling constants (s;,zj) where s € R and z; = (Zj g>1 IS itself a sequence of real coupling

constants:

1
Ui(X,p) = §Sj|V<P|;2( +Wi(X,0)

. (6.52)
WiX.9)= ¥, ¥ Lz cos(B'*qo(v)).
xeX g=1
We will always identify U; with the coupling constants (s;,z;) and use the norm
111 = 11U;llqy = Amax {]s;, superP4|z# |} (6.53)

g>1

(recall Definition 3.2.6 for ||Uj||qu) for cy = %}/, where the constant Y is the one from
J
Proposition 2.1.2. Also recall that Qy is the Banach space of such U; with finite || - || qu-
J

norm.
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The quantity Kj-) is a remainder coordinate on whose form we only impose the following
generic conditions. Note that this includes in particular the important component factorisation

property (3.29) which is implied by Definition 3.2.1.

Definition 6.3.2. The coordinate K? is a polymer activity (see Definition 3.2.1) satisfying
the following.

e The periodicity condition K})(X, Q)= K?(X, @ +2nB~1/2n) for any n € 7.
» Even and invariant under the lattice symmetries (see Definition 5.1.3) and K?(-, Q)=
K?(? _(P)

For such polymer activitives K? we use the norm (3.45), i.e.,
0 — 0 0
”Kj ||j = HKj ”Qfo = ||Kj ||2/’l7Tj>A7 (6.54)

with
h=max{cy/* rexp; 2\/B.pr '}, (6.55)

where r € (0,1], cyis as in (3.51) and cy, is chosen by (5.45). Let Qfo be the Banach space

of polymer activies K? with finite |- ||Qz.<0 -norm.
Js

Remark 6.3.3. We will take 8 and r such that
B> 32max{c}1,c‘;2}, p7 > \/ﬁrchcfl. (6.56)
Then the choice of ) = 44 satisfies the assumptions of Lemma 3.2.8. Thus
W (B, 9) lan7;(8.9) < CA™ Wil qu- (6.57)

Indeed, if h = 4(:}/ . then 2h%c ;% = 32¢; ! < B.if b = 4rc,p; 2+/B. then 2%
<32r%cp; B < Bandif h =4p; ", then 2p%c; < 32¢,° < B.

Since ¢, and cy are absolute constants, the conditions (6.56) can be achieved either
by taking r small enough with p; fixed or p; large enough with » = 1. Note that by
Proposition 5.2.3 (observe that all of its assumptions hold) and the discussion below its
statement, in particular the second term in the definition of 0g . in (5.16) indicates that
the price to pay for having r small is to take  sufficiently large so that e~ 2"PTi1(0) < -2
(which we will later need). We will eventually impose one of these choices of parameters;

this choice occurs in the proof of Corollary 7.3.3.

Finally, we define the norm on the product space of (U;,K;) as follows.
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Definition 6.3.4. Let Qo = QU X QKO with norm

lojlljo = ll@jlla;, = max{[|Ujllqu, ||K§)HQ§O}~ (6.58)

Ultimately we will choose Wo(X, @) = Yrex U (¢y) with U as in (6.30), i.e., with z?) =
7@ as in Lemma 6.2.2. Then Lemma 6.2.2 implies

Wollov < 164~ B, ¢, =—y. (6.59)
Qf f

6.3.2 Introduction to the renormalisation group map

Due to the flexibility of the polymer expansion, there are many choices of maps that act
on the renormalisation group coordinates (E;, s,z j,K?) = (Ej1,8j4+1,2j+1 ,K;) ' 1) such that
(6.50)—(6.52) hold. The renormalisation group map corresponds to a careful choice in
which the remainder coordinates K? contract from scale to scale in an appropriate sense,

while the evolution of the coordinates U; can be analysed explicitly. Such a choice of the

renormalisation group map
CI)J+1 (EjvSJaZJaKO) = (Ej+17sj+172j+1aK§')+1) (6.60)

is explicitly given in Definitions 6.3.6-6.3.7 below. Note that, throughout the chapter, CIDO.
depends implicitly on Ay and 0 < j < N — 1 (but see Section 7.2 for its infinite- volume
extension). The precise choice of the definition of &Y j+1 1s not significant for later sections,
however, save for certain key properties that follow from this definition, which was stated in
Theorem 6.1.2, 6.1.3 and will be stated below in Theorem 6.3.5. Any definition that implies
these properties would have been equally good.

We briefly set up some convenient notation. In what follows, we either denote the com-
ponents of the map CID(J).+1 by (E; + éaj+1,5j+1,3j+1,,%/jgl) or by (E; +5‘j~+1,?/j+1,,%/jgl)
where %1 = (5j+1,3j+1). Note that the coupling constant E; contributes to (6.51) only by
a ¢-independent factor, and therefore its influence on (6.50) is trivial. As indicated above,

we will thus assume that E; = 0 in the definition of @Y, .. and that the definition is then ex-

JH+1
tended to general E; by setting &41(Ej,5;,2j,K}) = €j11(0,57,2,K)), 141(Ej, 5, 2j,K7) =
si+1(0,55,2/, K ), and analogously for the other components. To emphasise the dependence
on Ay, we will sometimes write <I>O AN and %/ 0 AN instead of ®° i1 and Ji/ |- Whenever we
write only a subset of the arguments (E 28,2 ) below, we implicitly mean that the given
map is a function of these arguments alone. For instance, s (s j,K;)) means that s, is a

function of (s}, K;’)
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The following theorem, along with Theorem 6.1.2, 6.1.3 refers to the map CID(} 1 Intro-

duced below in Definitions 6.3.6—6.3.7 and exhibit its salient features.

Theorem 6.3.5 (Algebraic properties). The renormalisation group map CID(; 1 is consistent
with (6.50)—(6.51), i.e., ifZ? has the form (6.51) at scale j with parameters (Ej,sj,zj,K?)
then Z?H defined by (6.50) has this form at scale j+ 1 with (EHI,SJ-H,ZJ-H,K})H) =
<I>9+1(Ej,sj,zj,l(§-)). Moreover, ifK}) is a scale-j polymer activity (see Definition 3.2.1)
that is even and invariant under lattice symmetries (see Definition 5.1.3) and is ( 277:[3_1/ 2

)periodic, then Kf-) 1 is a scale-(j+ 1) polymer activity with the same properties.

The remainder of this section is concerned with the definition of the renormalisation

group map and the proof of the above theorems.

6.3.3 Definition of the renormalisation group map

The first definition concerns the coupling constants (E;,s;,z;). These are given by first order
perturbation theory, plus a correction from the remainder coordinate K, which involves its

localisation as introduced in Section 5.2.

Definition 6.3.6. For U; of the form (6.52), define the map (i1, %j+1) - (Uj,K;)) —

(Ejt+1,Uj+1) to be the unique solution of

— é"jH(U~ K0)|B| + 0Z/j+1(Uj:Kj')vB7 q),)

Jortrg
=EU;(B,¢'+$)+ Y. Locx sEK)(X,¢'+¢), (6.61)
XEijXDB

where B € A is any scale- j block, &) (U,-,K?) e R and Uj+ (Uj,K;)) € QJU. For general
X € P}, the definition extends by setting

Un(X)= Y, %(B). (6.62)
BeB;(X)

That (&1, %j+1) is well-defined via (6.61), i.e., that the right-hand side of (6.61) can
be uniquely written in the form of the left-hand side, follows by explicitly evaluating the
Gaussian expectation in the first term and by Proposition 5.2.2 for the sum over Locy g, as
will become apparent in the proof of Theorem 6.1.2 below.

The following definition gives the evolution of the remainder coordinate Kj-), where we

recall K, from Definition 4.2.1.
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Definition 6.3.7. Given (Uj,K?) €Qjo, (&j41,%j+1) given by Definition 6.3.6 and @?H (X) =
— 811X |+ Uj+1(X), we define

0)D.Y,¢) = lycs, Locy B [KY(Y, ¢’ + ()] (6.63)
and e%/jgl : (Uj,K;)) — K;)H by
A5 (UK X, 0) =Kt (U K Ui U 141,0%: X, 9). (6.64)

We prove Theorem 6.3.5 and Theorem 6.1.2 first, which can be seen from the definitions
without much difficulty.

Proof of Theorem 6.3.5. That Z? 1 satisfies

20, (1An) = e Ert I (o o, K9 1)(Aw) (6.65)

follows from Proposition 4.2.2. The remark on the symmetries of K;) 1 follows from the

o . 0
definition of Jifj s
symmetries. [

as the reexpansion map K;; does not affect any of the indicated

Proof of Theorem 6.1.2. By evaluating the expectation [EU; on the right-hand side of (6.61)
explicitly using (6.52), the fact that { is centred and invariant under lattice rotations and
(5.42),

| -2j i X
EU;(B.¢'+ &) = ESJ(W‘PI|%;+EWC|%) +Y YL 2’15") cos(B'%q¢' (x))E[e VBag( )

x€Bg>1

~ 35 (V0 Bl X E[(CGa-+0en) o)) + a2,

2
(6.66)
with zﬁ)l = ﬁ)l (z;) implicit in W;;; given by
55@1@5—”) = ng_%ﬁqzrjﬂ(o)zgq) (6.67)

as declared in Theorem 6.1.2. Hence, combining (6.66) with (5.13) and (5.15), it fol-
lows that the right-hand side of (6.61) corresponds to the change of coupling constants
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(Ejr1,5j+153j+1) 1 (85,2),K0) = (Ejy15j41,2j4+1) given by (6.67) and

5j1(s;,K7) :sj+0(A_lh_2||K§-)HQfO) (6.68)

Ei1(57.K0) = —s, V€T, 1(0) + O(L YA ||K;?||Q§O) (6.69)

where

Ve L. (0) = 3 T BIE (o +0e1) — (o) == Tjea(er) = Tpoa (—e1) #2011 0)

(6.70)

The conclusions (6.9) and (6.10) are different ways to state (6.68) and (6.69).

We now argue that the asserted continuity properties in the implicit parameter s hold.

(@)
A
sition 2.1.2,(ii). Next, referring to Proposition 5.2.2, we have 5 (sj,K;)) =sj+5;+1(0, K?)

and &1 (s, KV) = —s; V711 (0) 4 11 (0,K9), whereby &11(0,K?) = —E(K?) and

Sip1 = E(Kj-)). Thus, Proposition 5.2.2 immediately yields that &, (0, K?) and 5;,1(0, K}’)

are both continuous in the implicit parameter s whenever ||K§-) ||QK0 < oo, The claim follows.
Js

]

With regards to 3 this is immediate by (6.67) and the continuity of s — I"j1(s), cf. Propo-

The proof of Theorem 6.1.3 occupies the remainder of the chapter. More precisely, in
Section 6.3.4 we find the explicit expression of DZGQJA and prove its bound, and in Sections 6.4,

; 0
we bound the nonlinear part .# feuy

6.3.4 Proof of Theorem 6.1.3: bound on the linear part

We have already observed in Section 4.2 that we can extract out the linear part of Jifj(_ll (also
see Section 4.4) and it has form

L0UK)X, @)= ¥ (lresBRAUY.0 4 0) ~Tyey, ¥ ONDY.9))
Y:Y=X De;j(Y)

D=X
+ Y (B0, ¢/ + ) +5/D)
DE%]'
DG%j(Y)
~ % (D,0)+ Y, 0)D.Y.9)).
YEyj
(6.71)
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By the choice of ((g)j+1,%j+1,Q(j)~) from Definition 6.3.6—6.3.7, we see that the second
summation vanishes and the first line becomes

L0 (ULKYX, 9 = Y, 20V (KX, ¢) 6.72)
b=1,3
where
280 = ¥ lyes,(1- Lo )EQKY(Y, ¢') 6.73)
Y. Y=X
0,(3
Z; D = S[lym;\ij[GgK?(Y, 0"l (6.74)

and we recall S from Section 4.1.3. We have omitted » = 2 to make the notation consistent

with what comes in Chapter 8. The bound on .,2”]0+ | is obtained by bounding each .i”ﬁ’r(lb ),

Proof of Theorem 6.1.3,(i). By Proposition 5.2.3 (ii),

0,(1) / 0. —|Y|; | 0
1228 KD 0l 1,000 SC X ey 0o VIR g,
Y. Y=X

< CA XU L2000 |[KY)| o, (6.75)

where in the second inequality, we have used that |Y|; > |X| ;4 and that there are at most
O(L?) number of small polymers Y € .#; such that Y = X.
For .,iﬂj&(f ), we use Proposition 4.1.5 to obtain
0,(3) ( x-0. —14-1\|X]; 0
12 K20 om0y < (L7 AT X501 | g, (6.76)

]

6.4 Proof of Theorem 6.1.3: bound on the non-linear part

Bound on //lﬁrl = '%/j(«)u — ‘Zjoﬂ is not of triviality, but thanks to Lemma 4.4.2, the bound

reduces to the following lemma, where we recall Ej from (4.73)—for the bulk RG flow, it

becomes

—0 —0 —0
R (0)) = (6411X1,U;,U 1K} K ;0N (0f) (6.77)
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for a)j.’ = (Uj,K?) and
770 no_ /
Ui (X,9) = =811 X[+ Uj1(X, 97) (6.78)

and we also recall t%jﬁ from Definition 4.4.1. For notational sake, we write s;,1,2j11,Ujy1

for s 1,341, %j+1.

Lemma 6.4.1. Under the assumptions of Theorem 6.1.3, for any 8§ > 0 and parameters
satisfying (6.56), there exists €(L) > 0 only polynomially small in L, and constants C(6,L) =
C(6,B,L), C(L)=C(B,L), C(A,L), €(6,L) =&(8,B,L) and n > 0 such that zfﬁ&”jﬁ() is
defined with these §, 1, C(8,L), C(L), C(A,L) then & is in 27 ({0? € Qj0: | 0]lg;, <
€(8,L)}).

We defer the proof of the lemma to Section 6.4.1 and first complete the proof of Theo-
rem 6.1.3 (ii).

Proof of Theorem 6.1.3 (ii). The continuous differentiability of '///?H is a direct conse-
quence of Lemma 4.4.2 applied with 6 > 0 sufﬁciently small, X = {COO €Qjo: Ha)OH Q0 <
e(6,B,L)}, Rj = E(;, and the decomposition .# ]+1 =Yi, J+l) from (4.74), with the
assumptions of Lemma 4.4.2 being verified by Lemma 6.4.1. The bound (6.13) is obtained
by summing (4.87) for k =1,2,3,4, so

.27, (U, ])(X)H2h7Tj+1(X)<CA7(1+nO)|X‘j+lH(UﬁK}))HQLO? (6.79)

as desired.

6.4.1 Proof of Lemma 6.4.1

In this section we prove Lemma 6.4.1, i.e., that & i( a)})) defined above satisfies & i €
EKJR(Q i.0) whenever a);) =U j,K;)) is sufficiently small. Indeed, in Lemma 6.4.2 we verify
that (4.81) and (4.82) hold, and in Lemmas 6.4.3-6.4.4 we verify (4.83)—(4.86). We would
have to note that ||- HE,T,' in Definition 4.4.1 should be interpreted as [|-||2; 1;, since the bulk
RG coordinates do not have w-dependence.

To control the term %|V(p\§ that appears in the expressions to be bounded (cf. for instance
(6.52)), the expression (3.71) will appear repeatedly, i.e.,

wiX,0) =}, max||Vi[i-(), (6.80)
pe;(x)" "



168 Renormalisation group on the Discrete Gaussian model at high temperature

see (3.52) for example. We recall that w; is related to the large field regulator G; by the
inequalities (3.72) and (3.73).

Lemma 6.4.2. Under the assumptions of Theorem 6.1.3, there exists €(8,B,L) > 0 only
polynomially small in L and B such that the following holds: for any 6 > 0, suppose

101l = [|(U,K9)ll; < €(8,B,L). Then (4.81), (4.82) hold with by = 2h, i.e.,

|4(B, @) |2n,7;(8,p) < C(6,L)(1+ Scyiw;(B, 0))lo?l;0 (6.81)
k
1 C W
|t B0) — ) —'(il(B, ?))" l2n.1;.9) < C(8,L)e Sewkuw;(B,)* ||(00||k+1 (6.82)
m= 0

forile {UJ,U?H} and the same holds when 4 = &1 but with 6 = 0.

Proof. By Remark 6.3.3, Theorem 6.1.2, (3.4) (estimate on V(¢:—€1)T" i+1(0)) and the choice
of Wiy for j* € {j,j+ 1} and B € %,

|5111Bl, [[Wjs(B, @)|lon1,(8,9) < CA™'L?|| @] 0, (6.83)
and

1 _
1555 IVOIBllnzyp.g) <CA™H Y (B +wi(D,0)")]@f] 0
DG%J'(B)

S CA™N (LI +w;(B,9)*) | @] 0. (6.84)

Since h = gnax{c}/z,rchpj_z\/ﬁ, p; '}, by taking L > 0;1/2 we have L?h* > 1. Then for
Ue{U;,Uj 1}

IEL(B, @) ll20,7,8.9) < C(8)5 ' L2H? (1 + Sewkrw;(B,9)?) ]| @] 0. (6.85)

Now, since 8 > 32c}/ 2 there exists C > 0 such that 1 < C+/B, so for some C(§,3,L) only

polynomially large in 8 and L,

1B, @) ll21,7;(8.9) < C(8.B,L) (1 + ey irw;(B,9)*) o] 0. (6.86)

Also using the trivial fact that 1 +x < e* for x > 0,

1L4(B, @) |24, 7,(5.9) < C(8, B, L)’ il (6.87)
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This shows (6.81). To deduce (6.82), assume ||a)0|| jo0<e€b,B,L)= o 5lﬁ 7y~ Together with
the submultiplicativity (3.64) of the norm, (6.86) then implies

Wlon,7: (8, 148,k w;(B,p)? JKiwi(B,0)2
|’eu||2h77}(37(p) < e“ HZh,T_,(B,(P) <e +8cywkw;(B,9) < Ce5c kLw;(B,9) (6.88)

and furthermore, using (6.87) to bound (0)**+! for k € {0, 1,2},

k
1
oy — k JMtlonrs,
le — (L™ H2hT (B,p) S (k—l—l) H Hz;:; (B,0)€ 2h.T;(B,0)

C(8,B,L)||@}|55" exp (48curiw;(B,9)?),  (6.89)

which is equivalent to the claim, by replacing 46 by . The remark about &1 follows from

the same computations starting just from (6.83). U

Lemma 6.4.3. Under the assumptions of Theorem 6.1.3, there exist ¢,, >0, e = €(B,L) >0
(only polynomially small in ), C = C(cy,B,L), and Cy = Ca(cy,B,L,A) such that the
bounds (4.83), (4.84), (4.86) hold whenever ||a)_?||j70 <¢g le,

| D™ ||2hT B,9) SC(L)e ke w;(B,0)° (6.90)
D2 )|, 15 ) < C(L)eS i E9) 6.91)
IDQYD,Y, @) oy 1:(v.p) < C(L)eSr i (P07, (6.92)

foranyY € &, D€ B;(Y), and U’ € {Uj,U?H,é’J-H}, and in the case of &1, the factor

evX¥1vi(B:9) can be omitted. The derivatives exist in the asserted spaces of polymer activities.

Proof. The twice differentiability of M is a consequence of Lemma 6.4.2, as we will show
in detail below. To start with, we will fix ¢,, > 0 small enough so that Lemma 3.3.4 holds.
Let [|@j0llq,, < €(6,B,L) for small § > 0, where £(5,8,L) is as in Lemma 6.4.2. By
Lemma 6.4.2 and (6.88),

e (@ @B0) — (114 (@), B,9))e B ||y 1. g.5)

< C(8,B8,L)] @3

[ A (%)

50 Det'(©5:8:0) (@) = X (@B:9)(/ (@;, B, ). Moreover, as asserted, the differentiability is
uniform in @ after dividing by G;(B,¢) by Lemma 3.3.4, i.e., the derivatives exist in the
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space of polymer activities. Similarly, for ||@;|| ;0 < &(J,B,L),

| DB (Gy) — (1481 (@, B, 9))De B9 (@) | 19,5
< C(8.B. L)l ;0|37 o™/ P97 (6.94)
. Dzeu/(wj,BJP)(a)j,a)j) = eﬂ’(wj7B7<P)u’(a)j,B, o)W (@;,B, ). It follows that eV, Det are
differentiable and Det' (2-8:9) D2t0(0:B.9) gatisfy the desired bounds again using Lemma 6.4.2
and (6.88). Claims on & follow from the same principles, but it does not have dependence

on Q.
Finally, because of (5.21),

X N2
HLO‘?)(/Z,I))E( )9§K (Y, (P)thT r,9) S C(logL)HK( )th,Tj(Y)echLW’(D’(P) . (6.95)

Since Q? 1s a linear function of K}), its differentiability follows from boundedness, and the
derivative satisfies (6.92).
O

Lemma 6.4.4. Under the assumptions of Theorem 6.1.3, there exist € = €(3,L) > 0 (only
polynomially small in B) and C(A,L) such that (4.85) holds whenever ||a)})||j70 <¢& e,

IDK; (2, )llan7,(z.9) < CA, LA™ NG (Z, ) (6.96)

for some purely geometric constant 1 > 0.

Proof. Recall (4.18) for the definition of F? We may rewrite, for X € &

J+
KX, ¢) = Z LiXO KO (v, ) + Z UiX\Y.9) K]@(y, ) (6.97)
Yef“ Ye;
where

We will bound the two terms in (6.97) separately. Observe that, for ¥ € @1‘5, Y = X and any
0 > 0, applying submultiplicativity, Lemma 6.4.2 (also see (6.88)) implies

X\Y|i+8cy X\Y 0
He thT X.0) < X\ Lt e rpw; (XA 9 lloflle; (6.99)
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whenever || wj.’ |70 < €&(8,B,L) for suitable (8, B, L). Using this bound, together with (3.73),
Lemma 4.1.6, and estimating [X\Y|; < L?|X|;41, one obtains for ¥ € P

||eUJ(X\Y’(p)K§~)(Y, QD)||2h,Tj(X7(p) <6|X\Y|1+SCWKL£WJ(X\Y7(P) Gj(Y,(p)A \Y\JHK;.)HQ%

< ABUHM) L2 1X] Gj(X, @)A~(HMX]j HK;')HQK (6.100)
j0

for some 17 > 0 and || a)OH j0 < €(8,L). Hence for the first term of (6.97),

Y=X

. 2 ) _ .
|| Z €U](X\Y’¢)K§')(Ya(P)||2h,Tj(X,<p)<C(A)€L |X|/“Gj(X,(D) Z A (l+n)|X‘H1”K§’)HQfO
YEPS Y:Y=X 7

(6.101)
but ¥y 1 < 2IX1i < 2%1X1i41 50 this is bounded by C(A)A~ (DXl G;(x, 0)IIK7 | ox,
. Js
for A > C(L) sufficiently large. Now by the linearity of the map K7 — yr=x o eViX\Y )K})(Y ),
we immediately have, for n’ =1/2,

HaKO [Y% JLUiX\Y, <P)K0(Y (p)} (K )th e < C(A)A—(1+T]’)|X|j+1 HKJ’HQ%G]'(X,(p).
<X )

(6.102)
Next, for Y € @J\@JC and Y = X, we have by (3.29) that

K+ - = [ K@+K@)- I K@)  ©103
ZeComp,(Y) ZeComp(Y)

so, denoting by K; ") the object defined by (4.18) with K; ") from (6.98) in place of K?, we
obtain

[E&-k7- Y ¥ ke [ K@)
Y¢S ZeComp;(Y) Z'€Comp;(Y\Z) 2n.T5(X)
Y=X
v . C | Comp (Y |C0mp( -1
<Y XVlg IYIJ((erIIKjHQj?O)' oMl k; o 7 — | Comp; (Y)||IK; lax 8)
v |

Y=X
<C Y AT Comp, (¥)1K; e el 12
Y &P

Y=X
1 L*|X|; “SWWA=IY 2 Comp;(Y)|-2
< Clel Xl Y e 1Yl 4 |jHKj”QKOg| omp;(Y)| (6.104)
Y¢S ”
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where the second inequality holds under the assumption || K j||QK0 < %8. By Lemma 4.1.7,
Js

this is bounded by C(A)(eLZeLZA_(H”"))|X|J+1 |’Kj|’?2[( for some n” > 0, and hence Kj(.n) is
j,0

differentiable in K?. The derivative satisfies a similar bound:

H Yf( Y eUf(X\Y)KJ(Z)K})(Y\Z)H

<CA)ATMIRGA R | gr, 2
Y¢P; ZcComp; 2h,T;(X) 70
J p](Y)

(6.105)
when A is chosen sufficiently large. So only the derivative in U is left to be studied. But

Y=X
lov,| ¥ e oxdy, o)) W)

YE:@J' 2h7Tj(X7(p)
LS Uj(X\Y) 0
<) |U;(X\Y, @) |2n.1;x\v,0)ll€ i )Kj Y, @) llon1;0x.0)
YG@/
S L2X| i1 —Y; —|¥];1] 0 | Comp; ()] -
<C(B,L) Y, e PHine ™ MiGi(X, @)ATV||KT]| 1l v
Yeﬁ’j J,0
< C(B,L)eH X1 G (X, 0) U qu (LA™ H /M)XK o+ (6.106)
J J5

where the final inequality follows again by Lemma 4.1.7 assuming ||K§.)||ng0 < &y. Also,
Js
since C(f3,L) is a constant only polynomially large in 3, we obtain

Y=X
Uj(X\Y,0) g0 7. —(1+") X1 G 7.
oo & e ogon)@pl,, . <cwa GH(X,0) 0]y
J
(6.107)

after choosing A large in L and HK?H ok, polynomially small in B. Hence we have the
J5

bound for dy jfg when A is sufficiently large and together, (6.102), (6.105) and (6.107) yield
(6.96). O



Chapter 7

Stable manifold

0,Ay
J+1
chapter, we also construct the RG map on the final scale, CD%’

In Chapter 6, we defined a renormalisation group map ¢ for j+ 1 < N. Later in this

AV whose properties will
be given in Proposition 7.4.4. These RG maps construct a renormalisation group flow

(s 12 KJQ) j<n, defined iteratively by
(Sj+1,Zj+1,K(-)+1) - (I)Q+7 llv(sjvzij('))a ]< N-1 (71)
J Y

provided that (s}, z;, K?) remains in the domain of the renormalisation group maps. Compared
to the definition in Chapter 6, we have dropped the E-coordinate from the renormalisation
group map as it does not influence its dynamics and thus does not play a role in this section.

Our goal is now to show that for appropriate initial conditions (sg, zo, Ko ), independent
of Ay, the renormalisation group flow exists indefinitely (in the sense explained below).
Moreover, we will address the point that our renormalisation group map actually depends
on a parameter s (mostly suppressed in our notation so far), which we ultimately need to set
equal to s (see Proposition 6.1.1), but which has been arbitrary so far. Thus a renormalisation
group flow depends both on the parameter s and the initial condition (s, zo, Kg ), but we will

show that it is possible to choose s = sp.

7.1 Statement of result

Recall the definition of the reference temperature Bee(J) from (1.23) for a given finite-range
step distribution J
Brree(J) = 8707, (7.2)
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¢ given by Definition 3.2.6 and Z(f3) given by Lemma 6.2.2. In the sequel, we frequently
write Ko = 0 to denote the zero element in the linear space of polymer activities, i.e.,
the polymer activity given by Ko(X) = 0, X € &7, whence Ko(X) = 1p(X), cf. below
Definition 3.2.1.

Proposition 7.1.1. (i) For any finite-range step distribution J (as always invariant under
lattice symmetries and satisfying (3.1)) there exist r € (0,1] and By(J) € (0,00) such
that the following holds for B > By(J). There exist sG(J,B) = O(e™“f BY and a =
o(J,B) > 0, and positive integers L = L(J) and A = A(J) such that there exists a
solution (Uj,K;-))()gjgN to (7.1) with parameter s = si(J, ) and initial conditions
so = s5(J, B), z0 = Z(B) and K§ = 0. Moreover; they satisfy

[Ujllqy = 0(e™PL™), |[K]llgx, = O(e™*PL™), (13)

for any 0 < j < N where the norms are as in Definitions 6.3.1-6.3.2 (and thus depend
onA,L,r,B,ps) and & is such that CL? Qi oc < L% for sufficiently large C.

(ii) If ¢ is a family of finite-range step distributions and (3.1) holds with the same constant
forallJ € ¢, then there exists C(_# ) > 0 such that for any 6 >0 and J € _7 with
v2 > C(_#)|log 8|, one may take Bo(J) = (1+ 8)Brree(J) in (i).

We remark that in terms of the function s§(J, 8) of the proposition, the effective tempera-
ture in Theorem 1.1.1 will be defined by (cf. the discussion around (6.49))

Bete (7, B) = (14551, B)v;>) ' B. (7.4)

The initial conditions of Proposition 7.1.1 will be repeated multiple number of times, so we

summarise them as the following.

(®ic) Let Bo(J), sG(J,B), a(J,B), L and A be as in Proposition 7.1.1. Let B > Bo(J), the
parameter s be set to be s§(3), the initial coupling constants Up(X, @) = 1s0|V[% +

S z(q) cos(g 1/2¢(x)) are given b so=s5(B), z(q) = 3(4)(B), and the initial

XEX Lug>14( () g y 0 0

remainder coordinate is Ky(X) = 1x—g.

Proposition 7.1.1 will be proved in the rest of the chapter.

7.2 Infinite-volume RG flow

In Chapter 6, we considered Ay fixed and corresponding scales j < N. In particular the

renormalisation group map (7.1) also depends on Ay. However, in order to talk about the
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convergence of the flow (s;,z;, Kj)) as j — oo, we now introduce notions of polymer activities
and renormalisation flow that is free of this dependence by being defined in infinite volume.
To distinguish polymer activities that depend on the torus from those defined in Z?, we now
write K (-|Ay) or K¥(-) for the former and K(-) without index for the latter.

We first have to define an infinite-volume analogues of the polymers and polymer activi-

ties. We do not attempt to write everything explicitly when the extensions are clear.

Definition 7.2.1. Let QfO(Zz) be the set of even periodic j-polymer activities (K? (X,0):
X € &;) such that K;)(X, ©) only depends on @|x+, K?(X) = (K?)[X} for any X € 2,(7?),

respecting lattice symmetries and

0 10 10
1K o (z2) = 1K llan; = sup AKX [, 7,00) < Heo. (7.5)
” Xe %, (24)

where @j’O(ZZ) is the set of connected j-scale polymers X C 7> such that 0 € X. Also, for
@) = (U;,KY), let

0
||(1’j

70 = ||w§')||gj.o(z2) = max{||Uj||Q;J, HK?HQfO(W)}- (7.6)

It follows from Appendix 3.B that Qfo is complete. Also, for K}) C QfO(ZZ), we can
think of the the infinite volume RG map
0,22 . 0,72
cI)j-|-1 . (Sj7Zj7K;)) = (5j+l(sj7K§))a3j+l (Zj)7‘)£/j_|_1 (Sjazij;))) (77)
defined exactly according to the procedure described in Section 6.3. Note that these quantities
are well-defined because of the local dependence of the polymer activities and the covariance
I'j 11 has finite range. The dependence of ;1 and 3,1 on 7 are not made explicit because

they will turn out to be essentially the same as those on Ay, see Proposition 7.4.2. Also, we

see that the infinite volume RG map satisfies all the properties proved in Chapter 6.

oes 0,7? .
Proposition 7.2.2. Let U; € QSJ and K;-) € QfO(Zz). Then @ (Ej,U j,K?) satisfies the
estimates of of Theorem 6.1.2 and Theorem 6.1.3 also hold when K}) is measured in norm
Ilos, z2)-

Proof. The proof of Theorem 6.1.2 and Theorem 6.1.3 did not use finiteness of the system

Ap, so the proofs applies exactly the same.
O]

We also need the continuity in s, whose proof will be deferred to Section 7.5.
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Lemma 7.2.3. Let B,1,A,L be as in Theorem 6.1.3. Then there exists €. = €.(,A,L) (only
2 2

polynomially small in ) such that the family (z/“i/](i% )N with ‘%/j&% :Dj x [—&0y,&6)] —

Q§+170(Z2) is continuous as a function of the implicit parameter s € |—&;0;,€,6;] when

D ={[l(U;,K})]lj0 < &} C Q;jo(Z?).

7.3 Stable manifold for the infinite volume RG flow

In this section, we prove an analogue of Proposition 7.1.1 for the infinite volume RG flow.
It is somewhat more convenient to represent z; = (szZ)) and its evolution in terms of W;

as defined in Definition 6.3.1. This is mainly so that so that we can use the notation ||Wj||951

from that definition (and do not need to introduce further notation). Thus given the map

OZ/jH = (5j+1,5j+1), we define

Vi (0))(B,9) = ¥ Y L2050 (2)cos(v/Bao(x)). (7.8)

qg=1xeB

Then by Proposition 7.2.2 and Theorems 6.1.2—6.1.3, the infinite-volume renormalisation
flow is given by

sj+1 = 5541057, K7) = 55+ 41 (K7) (7.9)

Wit1(B,¢') = #;+1(W;)(B,¢") =Er;,,[W;(B,¢'+ )] (7.10)
2 2 2

Ky = 500 (57, W3KD) = L0 (K)) + A0 (5. W3,K) (7.11)

where %”HI(K?) is given by Definition 6.3.6 (whose extension to Z? is clear, as it only

uses small polymers) and (Z;)jrziz, //(?J;Ziz are given by Theorem 6.1.3, extended to Z? by
Proposition 7.2.2. Our goal is to apply the stable manifold theorem in the form stated in [23,
Theorem 2.16] to show the existence of s explained earlier. For this it is essential that the
maps Jij&?z contract. According to (6.12) and the definition of 0f o in (5.16), this requires
control of the lower bound on I'j;1(0). The covariance estimate (3.5) implies a good lower
bound on I';j11(0)/logL once j is larger than a critical scale jo, defined precisely by the

next lemma. In the following we will write (note the extra argument s compared to (7.4)):

Beti(J, B,s) = (1 +sv;2) 1 B. (7.12)
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Proposition 7.3.1. For given r € (0,1] and & > 0, assume B is such that rPBes(J,B,s) >
(14 0)PBree(J). Then there exists jo = jo(ps,L,0) such that

L0 :0(Lp,(1+5—‘)> (7.13)

and that, for j > jo,
[2e= BT (0) < 7 =8 (7.14)

Proof. By (2.11) and (3.1), there exists co > 1 such that |27t (v +5)D,(0,0s) — 1| < cops/t
for all > p;. Hence define

1 1 -1 1 ﬁfree(*]) -1
pmalt ) (L Bl 18
0 C°<4 41 +5)> PrZC\g ™ 4w, Bs)) P (7.15)
and jo := [log; (29)]. Then for j > jo,
B 2rBest(J, B, 5) cor(J) 7
——TI . 1(0; —22—(1— >—22—6 7.16
21ogr 1+ (%) Biecl) 2 5 (710
so the claim holds. O]

We explain some terminologies for the following theorem. We assume that r € (0, 1],
B >0, p; > 1 satisfy the assumptions of Remark 6.3.3 and that 73 > Bic(/). Let L and A
be at least those given in Theorem 6.1.3, jo(ps,L,0) be as in Proposition 7.3.1, and recall
(2.5), the definition of 8. There are various €’s turning up. Given 0 > 0, we let €5 > 0 be
such that rBeg(s,J) = (14 6)Bree(J) for |s| < €5. Let €, = €,/(B,A, L), arational function
of its arguments, be as in Theorem 6.1.3, & be as in Lemma 7.5.1, €. be as in Lemma 7.2.3
and let

&5 = min{eg, /€, 7}, e, =min{g,, 2L) 'C3(B,A,L) ! &.}. (7.17)

with C5 as in (6.13)). Thus 8(’3 is a bound for parameter s and 8,’11 is a bound for various
polymer activities. Also, let &y = L~3/0(P1-L:9)¢! (B A L) and 6y = smin{1,8} > 0.

Theorem 7.3.2. Let ¢ be sufficiently large and r,0 > 0. Then for L > Ly(6y) of form
L=0N,A>A(L), |s| < g5 and ||W0||Qg < & there exists 5G(B,s) = 0(||W0||Qg) such that
(s j,Wj,K?) — 0 exponentially in j, satisfying the flow equations (7.9)—(7.11) with initial

conditions so = s¢(B,s), Wo given as above, and K9 = 0. Moreover, S( Is continuous in s and

0 o
Isils Willaw, 1K llox, < O([Wollgg )L~ (7.18)
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for some o > 0 satisfying CL? 0 oc < L™% for sufficiently large C.

Proof. We drop Z? in the proof. The proof is an application of the stable manifold theorem in
the form of [23, Theorem 2.16], only with smoothness replaced by continuous differentiability
in its assumption and conclusion. To obtain the continuity in s we will work with spaces of
continuous functions in s. For this application, we begin by defining Banach spaces (/;),
(Fj), for j € Nxg by

Ij = {sj(s) € C([—€5,€5),R) : |Isjlls; < +oo}, (7.19)
Fj={(W;,K;)(s) € C([—€5,€5], Q) x Q¥) + [|(W},K}) | < 420}, (7.20)

where Q}}V C QS.] is the (closed) subspace of elements with s-component equal to 0,

[sill;; = (i) sup [s;(s)],

se[—e5,e5]
| KDl = () sup max{[W;(s)llae [1K7(5) o, } (721
sG[—Sg,S/B] J 7
and
T(_]) — L3(j0*j)+ — L3max{j0*j70}‘ (722)

The weight 7(j) will ensure contractiveness of the map for scales j < jp where it is not
guaranteed that I'j 1 (0) is not bounded below. Since Q?’ and QfO(ZZ) are Banach spaces, /;
and F; are Banach spaces. Also let BZ be the open ball in normed space X centred at 0 with
radius a > 0. Define

L F;
Tjy1 :Bgy X Bgy = i1 X Fjq1,

(SPWJ’KJ) (51+1(S17K?)7%+1(Wj)7<%/ (SjﬂwjaK?))

(7.23)

: 0
Since %+1,Wj+],zj+

entiable function, 7;; is also continuously differentiable. Also, the operators 7j; are

, are bounded linear functions and . JQ+1 is a continuously differ-

uniformly invertible in a neighbourhood of (0,0) in the following sense: by Theorem 7.3.2

(and using estimates of Theorems 6.1.2, 6.1.3), there are constants Cy,(C; independent of j
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such that

€D sup {751 (K] < [[KO g, < 1} < oo
€ sup, {121 (KDl ¢ [Kllge, < 1} < L2t

(©3)  sup;{[#51W))llqu < [Willgw < 1} < L2 BT

J J
(C4) (s j,WJ-,K;)) — ///PH is continuously differentiable ;
I F
(C5) IID///}L(SJ’WJ,K?)||g§+1’0 <G| (s, Wi, K}l for (s, W), KY) € Bey % Bey,
and .}, ,(0,0,0) = 0.

Note that Proposition 7.3.1 implies, for VB < (e%r BLj+1(0:5))60 (which is implied always
possible by choosing L > Ly(0) sufficiently large)

L0 0 < L™ (logL)¥? + 12 )" L~ 2F0)@a=D(=60) < ¢'(L7! (logL)*/? + L70/%). (7.24)
g=1

Together with (C2), (C3), and (7.14), this implies

supl| (41, L7 1)l F—ryy < 2C1L7 00 LT < 1 (7.25)
J

when L is chosen sufficiently large. Then, by (C1), (C4), (C5), and (7.25), T} is as required
for the proof of [23, Theorem 2.16] (with smoothness of .# j0+ | replaced by continuous
differentiability) to apply, thus yielding the existence of a continuously differentiable function
S ng — Iy such that the initial condition (S®) (W, KQ), Wy, K{) solves the flow equations
(7.9)—(7.11) with the final condition (s j,Wj,K?) — (0,0,0) exponentially. The rate of the
exponential decay also follows from the proof.

Then 55 = S©)(Wp,0) is as desired: Indeed,

56(B.5)| < sup (1D S(WE0)lop [Woll gy = O Whllgg).  (7.26)
(Wé,O)eng

and continuity in s follows because all elements are by construction continuous functions in
s by Lemma 7.2.3. [

Corollary 7.3.3. Let s56(B,s), Lo, and Ao be as in Theorem 7.3.2 applied with Wy = U as in
(6.30), and set N, = [log,Lo]. The following hold for L = N and A = Ay(L).

(i) If J is fixed and B is sufficiently large, there exists sG(J, B) such that s§(B,s5(J,B)) =
so(/;B)-
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(ii) Let ¥ be a family of finite-range step distributions and suppose that (3.1) holds with
the same constants for allJ € ¢. Then for any 0 > 0O, there exists C > 0 such that
whenever J € ¢, v; > C|log8| and B > (1+ 8)Brec(J), there exists s§(J,B) such

thatﬁo(ﬁaso(‘laﬁ)) - SO(")B)'
The proof of the corollary is an application of the intermediate value theorem.

Proof. To see (i), first choose r > 0 small enough and > 0 large enough so that the assump-
tion of Lemma 3.2.8 is satisfied and r3 > 2Bee. Also choose & > 0 as in Theorem 7.3.2
and fix 0 = 1/2. Then €5 > 0 is chosen to be less than 1/10.

Now note that Lemma 6.2.2 implies that ||W|| NS Ce 7P, By Theorem 6.1.3 and
Proposition 7.3.1, gy = L=3/0(P1.L:d) g (B A, L) is only polynomially decaying in 8. There-
fore ||W0||Qu < Ae 378 < g for sufficiently large 3, and the assumption concerning Wy of
Theorem 7.3.2 is satisfied with Wy = U. Also by the choice of |s| < 85 = mln{85, 0,€, 1}
above and because v2 > 1/2, itis also true that rBe(s,J) = r(1+sv,; %) 1 > 12 9B > %gﬁfree,
verifying the other assumption of Theorem 7.3.2. Hence by the theorem, there is s(8,s) =
O(e_%w) so taking f8 sufficiently large so that |s§(B,s)| < €5/2 for all |s| < & then (i)
follows from continuity: if f(s) =s—sG(B,s) then f(+&5) > €5/2 and f(—¢5) < —€5/2.
By the intermediate value theorem there is s such that f(s) = 0 which is the claim.

To see (ii), first fix r = 1 and py large enough to satisfy the assumptions of Lemma 3.2.8.
Having v2 sufficiently large and 8 > (1 + 8)Bree(J) = 87(1 + 8)v7 is again sufficient to
obtain HW()HQU < CAe~ 17 < g. Then we choose g5 =min{€s, 6 &, 1} (in place of %) so
we have a common domain [—&g, 5] of s on which Theorem 7.3.2 is satisfied forall J € 7.

Moreover, whenever |s| < €5 < %,

Bese(s, ) = (1+sv;2) 7B > (148/2) 1B > (14 6)(1+8/2) 'Brec(/)  (7:27)

hence one has uniform lower bound of Bess(s,J)/Brrec(J) greater than 1. Since s§(B,¢) =
0(3—%713) — 0(6—2717”3) by Theorem 7.3.2, taking vJ large enough gives |s§| < &f /2. The

same continuity argument as in (i) then applies to give the conclusion. [

7.4 Infinite volume RG as a limit of finite volume RG

We have seen in the previous section that the analogue of Proposition 7.1.1 holds for the

2
infinite volume RG flow (U ],KO’Z )j>0. In order to convert it to a statement about the finite

volume RG flow, we would like to consider KO Z ¢ QK (Z?) as alimit of polymer activities
in Qf,o (An). We introduce some notations for this purpose.



7.4 Infinite volume RG as a limit of finite volume RG 181

Definition 7.4.1. For each Ay, fix an origin 0 € Ay and recall that Ty : 7% — Ay is the

quotient map such that 7ty (0) = 0. Define Ry = 7> N[~ LNz_l : LN2_1

Ay is a bijection with inverse 1y : Ay — Ry. For ¢ € R, the push-forward (iy)s¢ € RZ?
is well-defined.

]2 C Zz, S0 7'L'N|RN Ry —

2
Proposition 7.4.2. Given N > k > 0, let (U]-ZZ,K;)’Z Jo<jck and (UM K™ o< j<k satisfy

0,22\ oz zz 0,72 A 0,ANY _ g0A A OA

for each j < k—1 with initial condition U; = Uy and Ko(X) = 1x—¢. Then for any X €
@j(ﬂ'NRNfl) C e@j(AN), we have

KOM (X, ) = K% (1 (X). ()49). (7.29)
(BN, M) = (BF 5% 27 (7.30)

for any @ € R™ and j < k.

Proof. We see that (7.29) follows from an induction concerning the definition of the RG
map, see (4.43) and Definition 6.3.7. Then (7.30) follows because (E;\N ) UJ[.\N ) only depend
on (K;_1(Y):Y € .;_1) by definition. O

Thus we immediately prove Proposition 7.1.1 for j <N — 1.
Corollary 7.4.3. The conclusion of Proposition 7.1.1 holds, up to j < N — 1.

Proof. The proof is a consequence of Corollary 7.3.3 and Proposition 7.4.2: Indeed, the
flow (s J,WJ,K ) Aw ) determined by @?’AN has the same coupling constants s; and W; as
the analogously defined flow of ®2” with the same initial conditions, thus in particular

|U;]|; < O(||Wollo)L~%/. Now by (6.12) and (6.13), since 2C1L> 0 oc < L%,
1
1K 410 < < SOL K N0+ CalIKG 0+ 1U11)°, (7.31)

Jt1

for j < N —2. The flow of (K;.)’AN ))o<j<n—1 is thus dominated by an exponentially converg-
ing sequence uniformly in N, i.e., if (k;) jen solves kg = 0 and

(S
kjvr = Ol k;+Cak; + U ))%, (7.32)

then [|K™ || ;0 < k; < O(|WolloL=%/) for any j <N — 1.
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Now we are only left to study the final integration by performing the integral over
covariance I' 1/\\,N . The case j+ 1 = N is not within the scope of Theorem 6.1.3, so additional

analysis is requires. The result is almost the same, but the contraction of (6.12) is not present.

Proposition 7.4.4 (Integration with respect to the bounded covariance). Let
0,A
CDON'(EN 1oSN—1, Wa—1, K1) = (EnY sy, W Ky™) (7.33)

be defined according to Definition 6.3.6 and Definition 6.3.7 but with I'j 1 replaced by F?,N .
Then

ZR(9/ | Aw) 1= e BN Ml (o () A (A, ') = B 209/ +0)) (034

where UJQN (An, @) = 35y Ve |AN —|—WAN (An, @) and EAN SI[\}N,WA/,\N satisfy the estimates
of Theorem 6.1.2 and

Ay O
(U K™l ayo < CL? | (Un-1.0,Kn—1)llay_1 (7.35)

for some C > 0 whenever || (UN,I,K](\),_I)HQMW < e=¢€(B,A,L) is sufficiently small (only
polynomially small in 3).

Proof. The identity (7.34) is true by construction since %y (Ay) only consists of the empty
polymer and Ay itself. Also the estimates of Theorem 6.1.2 hold because FJ[\\,N satisfies the
same upper bounds as I'y, cf. Corollary 3.1.1 and Lemma 3.1.4 for the covariance estimates
and Proposition 3.3.5 for the corresponding regulators.

To see the final remark, notice that

W]ON(AN’ (p) — L—2N Z Lze_%ﬁqzrl/:/v(o)zl(qul Z Cos(q\/ﬁ(p()(:)) (736)
q=1 xeB

and FII\\,N (0) > 0, we have |]U1<,\N||N < CL?||Uy_1||n—1. Also, we see that analogues of (6.12)
and (6.13) bound (KI(\),)’ , but now oy o replaced by

o, = CL™3(logL)*/* + Cmin {1, y 64\/the<q1/z>rﬁrxN<o>} <2C. (7.37)
g=1

This does not provide contraction because we do not have a lower bound on F][\\,N (0), but we
0,A
have [|[Ky™ |k - < 2CL2||(Un—1, Ky )lloy_o- O
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Proof of Proposition 7.1.1. The proposition follows by combining Corollary 7.4.3 and Propo-
sition 7.4.4. U

7.5 Continuity in s: proof of Lemma 7.2.3

In the proof, we will always be considering the RG map on Z?, so we omit them in the
notation. The proof of continuity in s of the RG map uses the following lemma which extends
Lemma 3.3.6.

Lemma 7.5.1. For any C > 0 and any scale-j polymer activity F that is invariant under
translations and satisfies ||F ||y 7, < C, for [s],|s'| < 0&;,

tim sup (5)" I, [FX.+ 0]~ Bry P4+ Olll 1

s/ ﬁSXE @L

=0 (7.38)

and the limit is uniform in F satisfying ||F||s 1; < C. An analogous statement holds if we

assume
X:B”I;HA Xl squ (X,0) 'F(X, ) T(X.9) SC (7.39)
with the conclusion now being
i s (55) " B D B O+ Ol =0
(7.40)

Proof. We first claim that any scale-j polymer activity F' with ||F||, 7, < C can be approxi-
mated by polymer activities that are supported on polymers consisting of a bounded number of
blocks.
0 as |X|; — co. More precisely, for any 6 > 0, there eX1st M > 0 only depending on C such
that

sup (24/3)MVIFCO1 < = FOO .10 < 6. (7.41)
€7

By Lemma 3.3.6, then also

XSUE (A3 Er,,, o [F (X, + )1 ix,em — F(X,-+ .7, x) < 6 (7.42)
6 [

Since Er, (5 F (X, -+ €)1)x|,<m is continuous in s by Lemma 3.3.11 uniformly in X € &¢
and F with ||[F(X)||,7,x) < C (by translation invariance there are only a bounded number of

XL () 10) < C implies that (24/3) 11 [[F ().,

—
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polymers X with |X]| j < M to consider), the claim follows. For the case (7.39), the conclusion

follows from the same argument and (7.42) replaced by

R P .
sup (3727 AKX By o [F(X, -+ O lxem — FXo 4 Oz 00 < 6

XeZi,

(7.43)

because E[G;(X, )] < 2Kl = 22X, 0

We begin with the continuity of the maps QS,”JQH. To make their s-dependence explicit we

write £ 0 for "%OH defined with E=Er ().

Lemma 7.5.2. Under the assumptions of Theorem 6.1.3 and s,s' € [—&;0,€,0;], we have

lim .27 (Kj) = £ (K g, =0 (7.44)

s'—5s J+l

Proof. By (6.72), for X € &%,

o?joﬁl(KO)(X ¢') = ]+1(K01Yey)(X @) +S[Er,,,(y[K lyes)] (X, 0)  (7.45)

where .ZG " (K?IYG ;) is generated by K?(Y) on Y € ./; and we recall the reblocking
operator S from (4.20). Since by translation invariance the norm effectively only uses
bounded number of Y € .}, Lemma 3.3.11 and the continuity statement of Proposition 5.2.3
directly imply the continuity of .Z +1(K lye y) in s. Concerning the continuity of the

second term, (7.38) shows that

N = A g “E 0Ky (Y 7.46
y(s,s).—Yseu56<3> H( Lji1(s) Fj+1(S’))[ (Kilygs,( ”HZh,THl(X) (7.46)
J

tends to 0 as ' — s and

TS AN omp-
||S(ET.;‘+1(S)_EF_/+1(S’))[GCK/QIHZ%-](X)||2h,T_,-+1(X)< ) (E) "y(s, s Comp; (VI
YeZi\I

(7.47)
But then Lemma 4.1.7 directly implies, whenever y(s,s") < (A/3)78
Y=X

Z (A/3)—|Y|jy(sjs’)\comp( )< (eLz(A/3) 1+2n)/(1+n))|x|f“y(s,s/). (7.48)
YeZ\I
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By setting eL?(A/3)~(1+2m/(141) < A=1 we have that S[Er‘j+l(s) [GCK?lygyj]] is continu-
ous in s. O]

In the definition of the maps .#?, , there are two sources of dependence on s, the first one

JHD
coming from &1, g i+1» ZQ; and 20 j» and the second one coming from the expectation
E= EFj+1 (s) Written explicitly in (4.43). Concerning the first dependence, by the continuity

statement of Proposition 5.2.3 and Theorem 6.1.2, we have that
Rj(U;,K?) = (&411X),U;,T01,K;, K, Q) (U}, K?) (7.49)
TR R j+1 YUY By i &y oI .

(k)
Jj+1

uously’ on ﬁ?, then the dependence on s coming from the first source is continuous. Indeed,

is continuous in the implicit parameter s, so if we can show that 91 (ﬁ?) depends ‘contin-

this will be shown in the following corollary For given 1 > 0, define Qﬁ to be the linear

space of coordinates (&41|X|,U;, +1,K K, QO) where the following norm takes finite

value:
70 =0 0
(&1 1X],U5U iy K K @5) | jn
5i —
= max { L2181, Ul 11+ €1 X o K g,
sup ATV G (X @) T K (X, 0) 7 x.0), (7.50)
Xe,,, QERX”
sup sup A= B0 00D, Y, 0) |,7,(p.g) |
YeSji1, DEB;(Y) peRX*
Then (Q}Qn, &) forms a normed space. Note that this norm is essentially defined by the

conditions in Definition 4.4.1.

Corollary 7.5.3. Let 1,8 >0 and B} = {x Q D ||x[|jn.q < a}. Then there exists a =

a(8,B,L) > 0 (independent of j and N) such l‘hat the identity map id|gs is in %ﬁ(Bf)
In particular; if we set £;(x) = x for x € BY, then each mtg.]jzl(ﬁj(x)) (k=1,2,3,4) is
differentiable in x € Bf with the derivative uniformly bounded in j and N.

Proof. The first statement is obvious because id : Qﬁn — Q"ﬁn is a linear function with

norm 1. For the second statement, we just need to apply Lemma 4.4.2 with (Y,|-|) =
(B3 I1l.n.5).

Note that by Lemma 6.4.1, there exist8(5 B,L) and C(6, 3,L) such that H(Uj,KO)HQm
€(8,B,L) gives Hﬁ (U],KO) C(6,B,L)e(06,B,L). So if we set ||(U;,K; )HQ]O
€(8,B,L) < (5,[3,L)/C(57[3,L), then this corollary implies that each Sm&ﬁ] (R;(U},K;)

is continuous in s coming from the first source described above.

VA y/A N

~—
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For the second source of s-dependence of .#?, |, we will make the dependence due to

JEnt
E =Er,,,(,) visible in (4.74) and (4.75)~(4.78) by writing ./}"", and M)}’ for .#7;.1 and

J+1
f)ﬁglfgl evaluated by taking the expectation over § ~ .4#°(0,I'j1(s)). This dependence will

be studied in the next lemma.

Lemma 7.5.4. Under the assumptions of Theorem 6.1.3 and s,s' € [—&;0;,&;0;], we have

. 0,s 0 0,s' 0 _
Yim |22, (U K) =45 (U KD, = 0. (7.51)

Proof. Since we have (4.74) and Lemma 6.4.1, we only have to verify

11m||9ﬁ

Jm C(@j(@) — MY (R (09))]l;11 =0 (7.52)

J+1

for ) = (U;,KY) and each k € {1,2,3,4}. Define

H_(8).X0.X1,Z,(Bz1). ¢/, ) = (U = ") (&, — 6K )X TT Ji(By.2")
Z"€Comp;(Z)
(7.53)
and, as in (4.104),
Hs(ﬁj,Xo,Xl,Z,(BZu),(p) Erj+1() ,(E_j,Xo,Xl,Z,(BZ//),(p/,C). (754)

Expanding (4.111), i.e.,

(Vi — Ui+ Yo (K — g[(j)[Xd _ Z (Vi — 1)Y0(_er+1 + 1)X0\Yo(fj)[Y1](_ng)[Xl\Yﬂ
Yo,
(7.55)

where Yp, Y1 run over Yy € a@j+l(X0), Y € <@j+l(yl), Y f//Xl\Yl, the bounds (4.83)—(4.102)
imply

||H— (Ej(a)?),X(),X] ,Z, (BZ”)a (P/> C)HZh,T,-(T,(p’)

< Y (€A, L) 0?]lq,) 4012 4= (HmXilin G(xo, ¥y, X, 11,2, ¢, )
Yo.11

(7.56)
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for some 1 > 0 where
G(Xo, Yo, X1,Y1,Z,¢',{) = e (Wj((Xo\Yo)U(Xl\Yl)UZ,<P/)+Wj(Y0KP'+C)) Gi(Y1,0' +0).

(7.57)

Choosing C(A,L)||(x)j-)||glz/j40 < land (C(A,L)Ha)?||9jv0)1/196 <A~ gince 49 Comp;(Z)| <

| Uz B, |i+1, we have

#(X.X,,2)
(4C(A’L)||w§')||9j,o)#(xo’xl Z) A= (141)XoUXi |11 < 4—#(X07X1»Z)||w§)||gj,02 A~ )X
(7.58)
where X = XoUX; U (UzrB%,). Therefore
||H_(Ej((1);)),X(),X17Z, (BZ”)7(P/7C)||2h7Tj(T,(p’)
0/ 2052 (1)), /
<lofllg,, A~ sup G(Xo, Yo, X1,71,2,9,8). (7.59)

Yo.11

since H_ (-, @', {) is a function of two field variables, Lemma 7.5.1 does not apply directly.

Nevertheless, since G serves the role of the regulator satisfying
]E[G(Xov Y07X1 ) el 7Z= (p/a C)] < 2‘X|jGj+l (X7 QD/),
the proof of (7.40) shows that, defining

H* (Rj(00),X0,X1,Z,(Bz),¢')

—— . (7.60)
- (EFJ+I(S) _EFJ+1(S')> [H_(ﬁj(mj)7X0’X17Z’ (Bz).¢'.8)].
in the limit s’ — s, one has
QAN T4 ;o
|HS7S J+] — Sup (W) HHS,S (ﬁj(a)?),XO,X],Z, (BZ”))”h,TjJrl(T) —> O (761)



188 Stable manifold

In particular each ||[H** (Ej(a)?),Xo,Xl,Z, (Bz2))ll2n,7;.. (1) is finite. Hence

lEny =) @ (09). X, 0 oz, x.0)
#(XQ,Xl, )22 I .
=L F®ETX O (R(@), X0.X1,Z, (Bz), o)

X07X1 7Z7(BZ”)
#(X0,X1,2)>2

2h,Tj+1 (X,(p/)

. , / ! 2 _|X|'+1
< Y CRleamm T s |j+1(3 2L2A(1+n)> G (T, )
X0.X1,Z,(Byn) ’
Xlpen s’ Xl (2 a(m)) Kl /
< Wl 5 (mA ) G (X, 9), (7.62)

where 5 in the last line is a combinatorial factor arising from choices of Xy, X,Z and (Bz»).
Taking A" > 150281 we see

Iy — ) (®j(0 o))las,, SCIH™|j1 =0 as s’ — 5. (7.63)

A similar but simpler computations shows the same for 9.7(5 +)1 The continuity of EIR( )’1 ins
is implied directly by Lemma 3.3.11 because it only allows the case |X|;; = 1.

To see the same for E)ﬁ( Jr) 1> recall from (4.133) and (4.136) that

1M (R;(09).X, ) an7,x.9) < CALA™TMRING (X o/ +0) [0, (7.64)

. 4).5,5 4 o
for some n > 0. Since ?J)?g.jls Y= (IEF],H(S) — Erjﬂ(s/))M(, ), (7.40) implies

2 1+ _‘X‘jJrl _
shinsxseuﬁ <3 2L2A n) ”mj+1 (ﬁj( ) )th,TjH(x) =0. (7.65)
Just taking A" > 3 - 2L2*1, this implies continuity of zmﬁi)f ins. n

Proof of Lemma 7.2.3. The continuity statement of Jifjgl ,%Q ,/// o ,1 1s now a direct
consequence of Lemma 7.5.2, Corollary 7.5.3, and Lemma 7.5.4. The contlnulty of %1

follows from the continuity statement in Theorem 6.1.2.
]



Chapter 8
Observable renormalisation group flow

In this chapter, we reproduce the results of Chapter 6, 7 for the RG flow with observables.
However, we do not have to tune the value of sq as in the previous chapter, as we can consider
the observable RG flow as a perturbation of the bulk RG flow. Indeed, we will prove the
stability of observable RG flow assuming the initial condition (®Pyc) from Proposition 7.1.1.

8.1 Main results
The results are about the observable RG flow
D 1:(Eje),5),2j,K;) = (Ej+Ejr1,€j 4+ 0j4+1,5j41:3j+1, K j+1) (8.1)

where now K; is a periodic @-polymer activity and e;(X; @) is a polymer function analytic
in @ € Dy,. The flow depends on the external fields v and § satisfying (A,) and (A}-),
respectively, and we will assume this throughout the chapter. The coordinates are defined so
that, if (Z j) j>0 are defined by (4.55) and

(Ejt1,€j4+1,5j+1,2j+1,Kj41) = Pjy1(Ej ej,5),2j,K;), (8.2)
then

e EilM (el o K9) (A, @ + wv) (j<Js)

Zi(p;wlA) =
J((P | ) e_Ej‘AH-Ej(A;w)(er(-_/(P—FCOMj) OjKj(w(P))(A) (J>]3)

(8.3)

(recall j is the observable scale). When w = 0, it means that the system is unperturbed, so
Kj(w = 0) corresponds to the bulk polymer activity K;). The goal of this chapter is to obtain



190 Observable renormalisation group flow

the stability of the observable RG flow when we tune the initial condition to (®yc). In the

following, (QK, [|-[|gx) is the set of @-polymer activities specific later in Section 8.2.1.
J

Proposition 8.1.1. Suppose v and | satisfy (A,) and (A%), respectively. Let r € (0,1],
Bo(J) € (0,), o = a(J,B) >0, s5(J,B), L=L(J) and A = A(J) be as in (Pic). Then
whenever B > Bo(J), there is a solution (U;,K)o< j<n to (8.2) exists with initial conditions
so=5=s4(J,B), zo =Z(B) and Ky = 0. Moreover,

;AW I, < O™ PL™), |Kjllqx = O(e™7PL™). (8.4)

for each 0 < j < N (with U; identical to that of Proposition 7.1.1) and Bo(J) satisfies the

same remark as that of Proposition 7.1.1 (ii).

Remark 8.1.2. In the proof, we will see that we have to choose L = L(J) and A = A(J)
sufficiently large for the observable flow on top of (®yc). However, we could have taken L(J)
and A(J) in (®yc) that covers the case of Proposition 8.1.1, so we would not be emphasising
this point.

To prove the stability, we will need analogues of Theorem 6.1.2, 6.1.3, with U; chosen
the same as for the bulk RG flow.

Theorem 8.1.3. Suppose v and § satisfy (A,) and (A}), respectively, with observable scale
js If hey < (ClogL)~'h for C sufficiently large, there exists & = &€-(A,L) > 0 such that
whenever max{||U;||qu, ||Kj|lgx } < & and o € Dy,

J J

1,+1(D)llng.7 < 1pcp; CA™  max{[|Ujllqu. | K;llqs } (8.5)
forany D € ;.

To prove bounds on %/, 1, it is more convenient to think of it as a function of (U;, K;)
We use (wa I ||QK1) defined later in Section 8.2.1.
) jv r

Theorem 8.1.4 (Estimate for remainder coordinate). Suppose v and § satisfy (A,) and (A%),
respectively. Let j+1 < N and assume (®ic). Then the map X admits a decomposition

K1 (U, K)) = L1 (K)) + 451U}, K)) (8.6)

into polymer activities at scale j+ 1 such that the following holds for any B > Bo(J):
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(i) The map Z; is linear in K;.r and independent of U;. There is a constants Cy,Cy > 0
independent of all the parameters such that, with 0y o. and aﬁo) as in (5.16) and (5.17)

0C

”"%j"'l(Kj)HQ;‘(H < CleaLocHK;')Hﬂfo +C2al(40)c||KjT —K})Hgﬁ_ % 2 iy
L= (j=Js)
(8.7)

(ii) The remainder maps M satisfy M1 = O(U j,K;)z in the sense that there exist
€ = €u(B,A,L) > 0 (only polynomially small in B) and C3 = C3(3,A,L) > 0 (only
polynomially large in ) such that M ;1 (U j,K]T) is continuously Fréchet-differentiable
and, for [[(U5, K})lle, < &,

1D-2;1(Us, K g, < Cmax {10 lgo- 1K o, } 53)

with . 1(0,0) = 0.

We prove Theorem 8.2.2 in Section 8.2.2 directly after defining g1, while the proof of
Theorem 8.1.4 is given in Section 8.2.3, 8.3.

8.2 Observable renormalisation group map

In this section, we construct the observable RG map (8.1) based on the bulk RG map (6.6).
Given initial Z)(@|A) by (6.40) with 5o = s = s5(J, 8), we define Z; (with A = Ay) as
in Chapter 4: in the presence of external field with observable scale j;, we have defined
Zo(@; 0|A) = Z3(¢ + wv|A) and

E[6:Z;(¢; 0|A)] (j < Js)
Zin(gsoln) =4 o (8.9)
Ew) [0:Zi(@:0A)] (= Js)-
and the renormalisation group flow map is defined to parametrise
eij|/\| elio. KO A, @+ @v i<

e I (U100 0 K, ) (A) (> o)

8.2.1 Coordinates for the RG map

As promised, we now specify the space of remainder coordinate K;. Since we would like

to have K; as a perturbation of K;), the condition K;(w = 0) = K;’ is crucial. Since we
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are assuming (®yc), we are always assuming that (U j,K;))()g j<n can be constructed as in
Proposition 7.1.1.

Definition 8.2.1. The coordinate K; is a ®-polymer activity (see Definition 3.2.1) satisfying
« the periodicity condition K;(X, @) = K;(X,@ +2xB~"/?n) for anyn € Z,
* Ki(ww=0)= K;),
* Ki(X;0) = K?(X) whenever X N (Pyj)* =0 when j> jyand K; = K;) when j < J.

For such polymer activitives K; we use the norm (3.45), i.e.,

with iij = (hj,hw),
oh (i<
hj = (J. {S) he = (CylogL) ™3 (8.12)
h (.] > .]S);

where we recall the choice of h from (6.55). Let Qg-( be the Banach space of polymer activies
K with finite ||-|| ok -norm.
J

As we have already seen, it is more convenient to use K; in place of K, so we also define

a space for them (see Lemma 4.1.3,4.1.4 for the motivation).
Definition 8.2.2. The coordinate K; is a W-polymer activity satisfying all of Definition 8.2.1
but has K;(X;0) = K;.)(X) whenever X N (Pyj)* = 0 for any j and

1K1+ = 1K llox = 1Kl 7,072 (8.13)
We also let Qﬂ be the space of such K}L with finite ||- ||QKI -norm.
) it

By the definition (3.25) of Py, the condition K;(X; ) = K? (X) whenever X N (Pyj ) =0

for j < js just means that K; = K}).
Finally, we define the norm on the product space of (U;,K;) as follows.

Definition 8.2.3. Let Q; = QY x QF with norm

lojllj = llojlle; = max{|[Ujllqu, |IKjllox }- (8.14)
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Also let Qj + = Qg-] X QfT with norm

lo] 15 = @] llo,, = max{[|Ujlqu, 1Kl }- (8.15)

8.2.2 Definition of the renormalisation group map

We first define the perturbed free energy g;, and remind the definition of I(]T

Definition 8.2.4. Given K; € QF, define

YoD

1 0
gj+1 (D,Kj; )= 1DC(P¥)* Y;;;, WLOC; ) IE:(a)) QC [K;‘F(Ya (P/; ®) — K;')(Y7 (P/)]
J y

(8.16)

for D € #;, where
Ki(mo)y={"7 T Y (8.17)

ForX € P (or € Y1), let

girn(X.Kio)= Y g8;11(D,Kj;0). (8.18)
De%j(X)

The following definition gives the evolution of the remainder coordinate K;. It does not

distinguish the case j < j; from j > j; because K; = K? when j < j.

Definition 8.2.5. Given (&j+1,9j+1,%j+1,K;), we define #ji 1 : (Uj,K;) — K1 as in
Definition 4.3.1 with

QJ(D7Y7 (P/) = 1Y€<7j <LOCY,D]E((D) [K?<Y7 (Pl+ C)]

Iperrory . (o) Yov oL 0(y o
WLOCY Ew) K; (Y. 9"+ 0)—K; (Y, +C>]>-
(8.19)

Theorem 8.2.6 (Algebraic properties). The renormalisation group map P is consistent
with (6.50)—(6.51), i.e., if Zj has the form (6.51) at scale j with parameters (Ej,s;j,z;,K;)
then Z .\ defined by (6.50) has this form at scale j+ 1 with (Ejy1,€j11,5j4+1,2j+1,Kj41) =
®;1(Ej,ej,5j,2j,K;j). Moreover, if Kj is a periodic j-scale @-polymer activity (see Def-
inition 3.2.1) then K; is also a periodic j+ 1-scale w-polymer activity with the same
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properties (perhaps except smoothness in the field) and if K;j(0 = 0) = K;-), then Kji1(o =

—r0
0) =K%, .

Proof. The first part follows from Proposition 4.3.2. The second part also follows from the
definition, as the map K preserves the periodicity of the inputs. We also have the final
part because if K;(® = 0) = K, then K;((D =0) =K}, thus g1 =0 and Q; = 0). .

Estimate on g is direct from its definition.
Proof of Theorem 8.1.3. By definition of Loc®, (8.16) can be restated as
YDOD 1

gj+1(D.Kjs0) = Ipcpy: Y, epir
! Y€=5’j|YmP;|j

Ew)[Rlo(Y,:0) =K% (Y. 0)]  (8.20)

By Lemma 3.4.4, E [I%;O (¥, ;)] and E () [1320 (Y, {)] are analytic in @ € D, with
1E @) KoY. E: 0l B R o(Y: E)llngr < CA VK llge . (8.21)
But also by Lemma 4.1.4, norm on KJT can also be bounded by [|(U;,K;)||j. Summing these

estimates gives the desired bound.
O]

8.2.3 Proof of Theorem 8.1.4: bound on the linear part

We use the observation in Section 4.4 to extract out the linear approximation

L (ULKX,9) = Y <1Ye@;E(w)K]T(Y7§D'+C)—IYEyj Y Qj(D,YJP/)>

Y:Y=X De%;(Y)
D=X
+ Y (B Uj(D.9'+ )]+ &511D] - gj11 (D; 0)
DGggj
DE,@J'(Y)
~ U (D¢ rou)+ Y 0D.Y.9)).
Yes;

(8.22)

By the choice of (&j41,%j+1,9+1,Q;) from Definition 6.3.6, 8.2.4, 8.2.5, we see that the

second summation vanishes and the first line becomes

$j+1(Uj,KJT;X,(P/) = ) 20

(KT X, 9) (8.23)
b=1,23
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where
L= Y lyes,(1—Loc ) o) 0K (Y, @) (8.24)
Y:Y=X
cf](i)] = Z IYE%(l - LOC%;O))E(Q)) GCD]'(Y, (P/; (D) (8.25)
Y:Y=X
28 =8[lyere 5 E0) 0K (Y, 0], (8.26)

where we recall S from Section 4.1.3and let
D;(Y,¢"0) =K[(Y,¢":0) —K¥(Y,¢). (8.27)

Then the bound on % is obtained by bounding each ,iﬂj( +)1

Proof of Theorem 8.1.4,(i). By Proposition 5.2.3 (2),

—|Y|; 0 —|X|; 2 0
H H_I(KT X w)HQﬁl < Z 1Y€5/jaLOC(A/2) ‘ ‘JHKngfog(jA X[j1g aLocHKngfo
Y:y=X
(8.28)

where in the second inequality, we have used that |Y|; > |X| ;1 and that there are at most
O(L?) number of small polymers Y € ; such that Y = X.

For Z(+)1, notice that D;(Y) # 0 only if Y N (Pyj)* # 0 (see Definition 8.2.2). Thus by
Proposition 5.2.3 (1),

0 _ .
|22 KX, 0)lr, < X reslvrm 00 ad/2) T IDjlgr, 829)
Y. Y=X B

When j # j,, then there are at most O(1) number of .#j-polymers such that ¥ N (Pyj ) #£0,
thus this is bounded by

< ca Kl g0 KT - KOHQK . (8.30)
However, if j = j, then (Pyj )* contains O(L?) number of j-blocks, thus

122 (K 0)lgr | < Aol 1K — kg, x L (8.31)
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For .,2”(3)

11> We use Proposition 4.1.5 to obtain

3 — — .
|2 (KX @) x| < (L7AT)XI K [lgr, (8.32)

8.3 Proof of Theorem 6.1.3: bound on the non-linear part

The strategy for bounding .#1 = ;11 —Zj11 is the same as that of Section 6.4. Using
Lemma 4.4.2, the bound reduces to the following lemma, where we recall R from (4.73),

Rj(0]) = (&7 ,1X|,U;,U;1.K],K;,0)) (@) (8.33)

and ﬁ”jﬁ from Definition 4.4.1.

Lemma 8.3.1. Under the assumptions of Theorem 8.1.4, for any 6 > 0 and parameters
satisfying (6.56), there exists €(L) > 0 only polynomially small in L, and constants C(5,L) =
C(8,B,L), C(L) =C(B,L), C(A,L), &(8,L) = &(§,B,L) and 1 > 0 such that if 2(-) is
defined with these 8, 1, C(8,L), C(L), C(A,L) then &; is in 2 *({0] € Q;+: | 0![|a,, <
€(8,L)}).

We defer the proof of the lemma to Section 8.3.1 and first complete the proof of Theo-
rem 6.1.3 (ii).

Proof of Theorem 6.1.3 (ii). The continuous differentiability of .#;1 is a direct conse-
quence of Lemma 4.4.2 applied with 0 > 0 sufficiently small, X = {(x)JT €Qjy: ||a)j o, <

€(6,B,L)}, &j = &, and the decomposition .#; | = 22:19)?5.121 from (4.74), with the
assumptions of Lemma 4.4.2 being verified by Lemma 8.3.1. The bound (6.13) is obtained
by summing (4.87) for k = 1,2,3,4, so

| A 11 (Uj,K}L)(X) ||;lj7Tj+1 (X) < C(A/2)—(l+770)|x|j+1 I (UJ'?KJT) ||Q”7 (8.34)

with A /2 coming from the definition of the norm on ||-||o« . But by choosing A sufficiently
Al
large so that 2!t A0 < 1, this is bounded by

<CA MUy, kD) gy (8.35)

thus we have the desired conclusion.
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8.3.1 Proof of Lemma 8.3.1

In this section we prove Lemma 8.3.1, i.e., that R;(w ) defined above (4.71) satisfies
Rj€ 3&”] (€j) whenever a) = (Uj,K; ™) is sufficiently small In Lemma 8.3.2 we verify that
(4.81) and (4.82) hold, and in Lemmas 8.3.3—-8.3.4 we verify (4.83)—(4.86).

Lemma 8.3.2. Under the assumptions of Theorem 8.1.4, there exists €(5,B,L) > 0 only

polynomially small in L and B such that the following holds: for any 6 > 0, suppose
o] 115 == 11U, K], < €(8,B,L). Then (4.81), (4.82) hold with b = h; ., i.c.,

IUB ), 1 gy < CO6.LI(1+ 80t (B9[] (8.36)
k
1 C
||eﬂ(B(P Z % Hhﬁrl’ (B (P) (5 L) 1) wKLW; B(P ||C()T||k+1 (837)

for e {U;,U 1} and the same holds when $ = &, | but with § = 0.

Jj+1

Proof. The case {l = U; was already proved in Lemma 6.4.2, so we focus on l € {U j1, & jas| }.
By (6.83) and Theorem 8.1.3, for j* € {j,j+ 1}, for B€ %,

&1 11Bl, N840 (B)lng.rs Wi (B, @)llan;, 1,8.0) < CA™ L @] .5, (8.38)

and by (6.84) and L2h* > 1,
1 _
1555190 B lon, . 1) < CAT L1+ wi(BgP) 0] (839

Hence if we let U} 1(B) = —&j41|B| +gj+1(B) + Uj11(B),

1Tj1(B. 9)l|2n,.., 18.9) < C(8)K ' L2 (1+ Seykiw (B, 9)?) o] |+ (8.40)
Also, since U j+1(B, @) = Uj41(B, ¢’ + ®uji) (see (4.71)), by Lemma 3.4.4,

1T 1(B, @)1, 1y(8.9) < C(8) K7, 'L2H* (1 + Scvkewi(B, 9)?) | @] (8.41)

Then (8.37) is purely a consequence of (8.36), see the proof of Lemma 8.3.2.

The remark about &

f follows from the same computations starting just from (8.38).

]

Lemma 8.3.3. Under the assumptions of Theorem 8.1.4, there exist ¢,, >0, e =€(B,L) >0
(only polynomially small in B), C = C(cy,B,L), and Cy = Ca(cw,B,L,A) such that the
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bounds (4.83), (8.43), (4.86) hold whenever || a)T||, g ie.,

HDeLU(B (P)Hftm, 1 Bg) < <C(L)e cwkpw;(B,g)? ’ (8.42)

D2 EO gy < CLLYEIET, (8.43)
C wi 2

IDQ;(D.Y, Q)5 7.(y.g) < C(L)er 1P, (8.44)

foranyY € .7, D€ B;(Y), and ' € {U;,U 41, ]+1} and in the case ofébﬂ,

e} (B:9) can be omitted. The derivatives exist in the asserted spaces of polymer activities.

the factor

Proof. The twice differentiability of M isa consequence of Lemma 8.3.2, as it was seen in
the proof of Lemma 6.4.3.
Finally, because of Proposition 5.2.4,

X N2
ILocy ) E o) 0:KO(Y, @) < C(log L) [[KY(Y) ||y, 7,r)e™ 1 P9 (8.45)

|’;lj+laTj(Y7(P,)

0
ILocy” E, (K| —K9)(Y, 9" ) o <CIIKI(Y) (8.46)

||7lj+17Tj(Yv ||;lj+17Tj(Y)’

but since Q; is a linear function of K;, its differentiability follows from boundedness and the
derivative satisfies (8.44).
]

Lemma 8.3.4. Under the assumptions of Theorem 8.1.4, there exist € = €(f3,L) > 0 (only
polynomially small in B) and C(A, L) such that (4.85) holds whenever HwT i+ <e& e,

|IDK;(Z, ) C(A,L)(A/2)"HMEinG,(Z, ) (8.47)

1200 <
for some purely geometric constant 1 > 0.

Proof. The proof is exactly the same as that of Lemma 6.4.4, but we have A/2 on the

. . o i
right-hand side because K| is measured in ||-[l; 7 )

X),4/270OM, the large set regulator
halved.

O

8.4 Stability of the observable RG flow

We prove Proposition 8.1.1 considering the observable RG flow as the perturbation of the bulk
RG flow, thus we need Proposition 7.1.1 as a reference point. We first need an analogue of
Proposition 7.2.2. As in Definition 7.4.1, but for N < N/, let v v - Ayt — Ay be the canonical
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projection with 7y 7(0) = 0 and for Ry = [—LN2_1 , LNT_l] C Awr, let iy v : Ay — Ry be the

inverse of 7y n|ry- The push-forward (1y yv)# is well-defined.

Lemma 8.4.1. Assume (®1c) and let LV be sufficiently large compared to L’s, max;—1 ... n{||yi|2}

and p. Suppose there are solutions (Uj,K;\N)()gjgk and (Uj,K;\N/)ogjgk of (8.2) for some

N < N'. Then g;.\N = g;\N' whenever j <N and X € 2;(my y\Rn-1) C Zj(AN),

K?N (X, 0) = K;\N/ (N X, (v v )#9)- (8.48)

Proof. The proof is identical to that of Proposition 7.4.2. [
Then Proposition 8.1.1 is almost direct.

Proof of Proposition 8.1.1. Recall from Proposition 7.1.1 that
1Ujllqu < Cem LN, [[Kl|qx, < Cems7PL oY (8.49)
for any 0 < j < N. We now prove, using induction, that
1K, 7, < CL> B, (8.50)

By the choice of By(J), this is smaller than &,; whenever 8 > By(J), thus inside the domain
of Theorem 8.1.4. Since K; = K;) for j < j;, we only have to verify the bound for j > j.
Since K1 — K9, | = #j11(0]) = Hj11 (U),K?), by (8.7) and (8.8),

L G#Js)
0 ) |t _ 50 J7 s
||Kj+1 —Kj+1HQ§<+l < ZCIOCLOC”K,' —K; ||Q§<T x 72 . (8.51)
j=Js)
whenever || ijQJ =|(U j,K;) @, ; is sufficiently small compared to aé%)(:—this again holds

due to Lemma 4.1.4 and the choice 8 > By(J). Also by Lemma 4.1.4,
1K los, 167 ok, < llojl, (8.52)
Thus when j = j, since K, = K;)S, combining with (8.49) gives

IKjillas,, < (C+2CCL> oy )erPLoUHD, (8.53)
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But if we use the fact that L is chosen in such a way that L0y 0c < L% (see Proposi-
tion 7.1.1) and aﬁo) < L*(logL) ' o oc, we may take L sufficiently large to obtain

oc
2 (0) 2
C+2C,CL +O‘aLOC < CL?, (8.54)
thus we have (8.50) for j = j;. When j > j, combining (8.51), (8.52) and (8.50) gives

1Kl < (CH+2GCL oy )erPL=oUHD, (8.55)

Again, since aé(()))c <L? (log L)_1 Qpoc, We may take L sufficiently large to obtain

c+20,c2%a < cr?, (8.56)

Loc

completing the induction. Then the bound on g;(A) follows from Theorem 8.1.3. [



Chapter 9
Scaling limits

In this chapter, we prove the main results of Chapter 1. These results are more or less implied

by the renormalisation group flows constructed in the previous chapters.

9.1 Torus scaling limit

The first object of this chapter is to prove the torus scaling limit, Theorem 1.1.1, restated as

the following in terms of

fN(x):L<f(L_N | " ) fL‘Ny) x € Ay,. 9.1)

|AN| yeEAN

Theorem 9.1.1. Let J C Z?\ {0} be any finite-range step distribution that is invariant under
lattice rotations and reflections and includes the nearest-neighbour vertices of 0. Then there
exists Bo(J) > 0 and an integer L = L(J) such that for the J-DG model on the torus Ay of
side length LN at temperature B > Bo(J), there is Bett(J, B) > O such that for any f € C*(T?)
with [ fdx =0, as N — oo,

> ﬁeff (J ﬁ )
B

10g< (fv,0) = 2

= (f (—Ap) T e 9.2)

Moreover, Bei(J, B) = B + Os(e=B) for some ¢ > 0 (independent of J).

In order to apply Proposition 7.1.1, we will always fix s = so = s((J/, 8) in the proof.
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9.1.1 Final integral

We start from the conclusion of Proposition 7.1.1. The proof of Theorem 9.1.1 only requires
KI(\)], thus the choice of j; does not matter, so we only consider j; = co. In particular, by the
choice s = 5o = s§(J/, B), the renormalisation group flow (E;,U;,K;) satisfies (7.3) for j <N.
By Proposition 6.1.1, understanding

ZI%((p;m2> = Eé(é‘)ﬂNQNZg((p +6)= ESv(s,mz)QNZIQ’((p +¢) ©-3)

would be the key component of the proof. Thus we now consider the final renormalisation
group step corresponding to the covariance #y (s, mZ)QN.

By Proposition 7.1.1 and Proposition 7.4.4, we have
ZY(' | Aw) = ¢ B A (U (A0 1 KOA) (A ) 9:4)
with estimates
[0 Iy = 0(e 7L, ||Ky™[lxo = O(e™7PL™). ©.5)
The following bounds (9.3).

Lemma 9.1.2. Z3(¢;m?) satisfies

28 (pim?) = & "I (BN VR (10w 1)) + OUIKE™ [ 0) G (Ax 0)
(9.6)

uniformly in m* > 0.

Proof. Since Qy is the orthogonal projection onto the constant vectors in R?,

An ~Be2 g
oo 280+ 0 = [ 10 [ R 010t 0.7

For constant field £, using Gy (@ + £,A) = Gn(¢,A) for such ¢ (see (3.41)),

N |AN\ZO((p+C)_e (AN,<p+€)+KOAN( AN, 9+ )

= SR (1 0(W ) + OIS o) G (A, 0). - 98)
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whenever ||WNN | v < 1. The last right-hand side is independent of £, so we have the desired

conclusion. ]

9.1.2 Proof of Theorem 9.1.1

To prove the theorem, we will apply Lemma 9.1.2 with

C™(s) = (1 +syA) + (1 +syA)C(s) (1 + sYA) (9.9)
0 =oni=CM(s)(1+s78) " fu (9.10)

where fy is as in Theorem 9.1.1. The next lemma shows that the exponential term and the
regulator above are bounded for this choice.

Lemma 9.1.3. Let J C 72 \ 0 be any finite-range step distribution as in Section 2, and assume
that 0y is bounded below (see (2.5)). Let f € C*(T?) with [2 fdx =0, let fy be given by
9.1), and define ¢y by (9.10). Then there are constants C,c > 0 uniform in m> > 0 and
N € N such that for |s| < c,

IVona, <C,  Gn(An.¢y) <C. ©.11)

Further,

1
lim (fiv,C (5) fi) = 5 (f, (=Aw) " g2 (9.12)

N—yoo s+ i
The proof of the lemma is given after concluding the proof of our main theorem.

Proof of Theorem 9.1.1. By assumption, the conditions of Proposition 7.1.1(1) hold and Zy
and Zy are then defined as above. By Proposition 6.1.1 (applied with @ = 1),

(M o5 (L)) lim £y (82 /] (1), 9.13)

N

B o0

but for x € R and f = (14 sYA) fy,

EYES [P FOZ(9 + T+ xB'2yfy)]  EPZ0(¢ +xB'2¢w)]

EYES(Z9(¢' +0)] - EYZ}(¢)]
9.14)

Fy B2 i) (x) =
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where @' ~ .4 (0,ty(m*)Qy) and { ~ .4 (0,C(s)) and change of variable £ — & +xB'/2C(s)f
and the definition of Zy were used for the second equality. But by Lemma 9.1.2 and (9.11),

]EtNQN [ZJQI((PI + B 1/2¢N)]
EtNQN [Z]Q’((PI)]

B A -
= e (Onm0) (10| ) + O(IKY ™ 1k 0) G (Aw. B *gw)

A
= 26N (14 0(|Wa¥Iv)) + O(IKS™ [v.0) (®.15)

while Proposition 7.1.1(i) implies that [sy" |+ [|[Wa™ ||y + | Ky [|v.0 = 0 as N — oo, provided
that 5o and s are tuned to the correct initial value s§(J,8). Therefore the limit in N — oo

converges to 1, uniformly in m? > 0, hence in particular

Sim_ lim Fy 2 (B ] =1. 9.16)
Also by (9.12),
lim 2N CEMN = exp ( P (f, (=Ap) ! f)) . (9.17)
N—eo 2(vi +s5(J,B))
This proves the main conclusion with Beg(J, ) = Bv3/(v7 +s5(J, B)). O

Proof of Theorem 1.2.1. Let # = {J, : p € N} be the family of range-p step distribution.
Then by Lemma 2.2.2, if we let 9/ = 3% = é, then 6; > 9/ foreachJ € ¢ and v%p ~ %pz.
Hence ¢ satisfies the assumptions of Proposition 7.1.1(ii), so there exists C > 0 such that for
any 8 > 0, ||U;||; and || K}]| j 0 both decay exponentially in j and uniformly in Ay whenever
p? > Cllogd| and B > Bo(Jp) = (1 + 8)Brree(Jp) ~ wpz as p — oo. Therefore we
may follow exactly the same proof as that of Theorem 1.1.1, but in the temperature range

ﬁ > (1+5)ﬁfree(-]p)~ O

9.1.3 Proof of Lemma 9.1.3

The proof of Lemma 9.1.3 uses the following estimates for the Fourier coefficients of the
functions fy.

Lemma 9.1.4. For f € C*(T?), let fy be given by (9.1) Then there exist constants C, = C,(f)
for a > 0 independent of Ay such that, for any p € Ay C [—7, 7r]2,

v (P < Cal VP F o2y LN pl 2. (9.18)
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Proof. Define two components of the Fourier multiplier
Ai(p) =2—2cos(p1), Aa2(p)=2—2cos(p2) (9.19)

for p = (p1, p2) so that A(p) = A1(p) + A2(p). One has

s R Eea SN i p£0

In(p) _ (9.20)
0 if p=0

hence for k € {1,2},

A]?(p)|f]v(p)| = ‘ |A1N| Z e—lpx if, ek))af(L—Nx) \ Se‘i\P |( ek —ey) )af(L_Nx)|
o ' 9.21)
where 8(6"’ (x/LN) = —f((x+ep)/LN) — f((x—er)/LN) +2f(x/LN) for x € Ay. But
since lk( ) > %p,% by Lemma 2.2.1, we are just left to bound |(9(¢—¢))af(x/LN)|. We

now claim that
a
@\ ek> ex) )9 £ (z) /0 ol Hdsl dty aZa Z S+t — el) (9.22)

To see this, start from the elementary observation

2L £(2) = 2£(2) — f(e+ L Neg) — flz— L Vey)
- /[0 p s I f (24 (s+1—L7)ex) (9.23)
’LfN 2

and proceed by induction. Now by (9.21) and (9.22),
()] < Calpal 727L72N V2 £ o2y (9.24)

for k = 1,2, which concludes the proof. O
Proof of Lemma 9.1.3. For p € 21T, let A(p) and A;(p) be the Fourier multiplier of —A
and —A; as defined by (2.22). We also define

¢1(vm2) = (1+syA)~'C(s,m*) f (9.25)
C(s,m*) = y(1+syA) + (1 + syA)C(s,m*)(1 + syA) (9.26)
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so ¢y and C(s) can be considered as m? |, 0 limits and the desired conclusions follow upon
the limit m? | 0. We claim a bit stronger statement than the first inequality in (9.11): for any
f€C=(T?) and all a € {1,2,3,4}, the norm || V§¢ HLz Ay) 18 bounded uniformly in N.
Indeed, in Fourier space, and recalling that A (resp. A J) denote the Fourier multipliers of —A

(resp. —Ay) and “ is the Fourier transform,

_ (As(p) +m?)~"! s

Since A(p) € [0,2] and (As(p) +m?)~'A(p) < 8, for |s| small,

16 (p)| < €O A(p)  fiw(p)] 9.28)

and for A}, = 2L N Ay,

m2 a— a m?
IS8 12 (A = L2¥ 2V [VO05 |2,

C9 2’AN’a 2
Y ) )P
pGAN
ce,?

Y (IANIArL~Nk) 2 v (2mL Vi) 2.
keAyN

T 4n?
By Lemma 2.2.1 and the lower bound cos(x) > 1 —x?/2,
16]k> < |[An|A(2rL k) = 207N (2 — cos (2L ™Nky) — cos(2nL ™V ky)) < 4m?|k|* (9.29)
and together with Lemma 9.1.4, we have

Y (IAAQEL N TP AL VP < Cu(1+ Y KPPk <0 (9.30)
keAy keAN\{0}

fora €{1,2,3,4}. The case a = 1 concludes the proof of the first inequality (9.11). Moreover,
by the lattice Sobolev inequality (Lemma 3.A.3) there exists ¢’ > 0 such that

log Gy (An, dv) < cKLZHVNq)N ||L2 (Aw)* (9.31)

also giving the second inequality in (9.11).
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For the final claim (9.12), recalling fN(O) =0, one has

lim (fv.Cls.m?)f) = tim (64", (1+574)fx)

m2—0
1 As2rL V)~ (1 —syA 27:L—Nk) I NP
" an? IAN] pepi oy 1 +sA(2nL k) (As(2wL—Nk)~! y)
1 (|AN|A (LK)~ 1( 1—syA(L™Nk)) 2 N2
= NEVRP (9.32)
Mﬂmm%meHMMMLN@MMIQAL)l—ﬂ

Since f € C*(T?), we have fy(L™Nk) — f(k) as N — oo for each k € (27Z)>\{0}. By
Lemma 2.2.1,

lim L2V A (L7Vk) = |k|?, lim L2y (L7Nk) = v3|k|?, (9.33)
—>00

N—voo

where v is defined by (2.4). Also by Lemma 9.1.4, the sum is dominated by CY ;. (217)2\{0} k|~
for some C > 0, and therefore the Dominated convergence theorem implies

1

lim lim (fy,C(s,m?)f, — k|27 (k F(=Ap) L f

N—oo 2 () ( N ( ) N) 472 (ZE%Z\{O} ]+ | | | ( )| V%—f—s( ( Tz) )
(9.34)

as needed. 0

9.2 Scaling limit on R?

The second aim of this chapter is to prove the scaling limit on R? of Theorems 1.1.3, 1.1.4,
restated as the following. Given f € CZ(R?) with [g2 f(x)dx = 0, we recall f; : Z*> — R

satisfy Y 72 fe(x) = 0 and

max max |(e ' V)¥ fz(x)| < Cré?, supp fe C [~Rse ' Rpe™1]?

0<k<2 xe7d ’

(9.35)
max |2 e (x) — f(ex)| -0,
xcZ4

for some constants Cy, Ry > 0.

Theorem 9.2.1. Let J C Z*\ {0} be any finite-range step distribution that is invariant under

lattice rotations and reflections and includes the nearest-neighbour vertices of 0. Then there
exists Bo(J) > 0 such that the following holds for B > Bo(J) and f € CZ(R?) with [ fdx =0
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such that there exists discretisation f¢ as in (9.35). As € — 0,

2 (S J7 —
log(el/e:)z2) 7 — Pert(J-F) ffz(vzﬁ )( fo(=Ag2) " g, (9.36)
J

where e is the same as Theorem 1.1.1 and <>%2[3 is the infinite volume measure defined by
Proposition 1.1.2.
Theorem 9.2.2. Under the setting of Theorem 9.2.1, there exists L = L(J) such that, whenever

(en)n>0 is a sequence such that ey — 0 and LN ey — oo,

o N € J7 —
log{el/e @y >§\B - %\ﬂﬁ)(ﬁ(—%@ g (9.37)
7

as N — oo,

In the proofs, we always tune s = so = s5(/, B) for s5(J, B) as in Theorem 9.1.1.

9.2.1 External field

We first have to choose the observable scale j; and external fields v and § where we can apply
Proposition 8.1.1. By Proposition 6.1.1,

B E(PIE(Q,) [Zo(¢" + f + ©Yf)]

Fy 2lfe](0) = _ _ (9.38)
v [fe] (@) EOELZo(¢' 1+ O]
for @' ~ . (0,txyQ) and § ~ 4 (0,C(s)). Also after letting
js=min{j >0 : L/ > 24R;e7 '}, (9.39)

where Ry is given by (9.35), we can subdecompose C(s) as

Js N—1
C(s) =T +T>; ::er+< y rj+r1AVN>, (9.40)
= ]
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thus if we let §; ~ .4#7(0,I'<;,) and {, ~ .47(0,I"s ) be independent Gaussian variables and
take w € R,

BV B2 [Z0(@ + 61 + G + vfe)]

F 1)= —
N,m? [fs]( ) E(P/ECIECZ [ZO((P/ + C)]
| EYES BR(Z0(¢/ + G+ o+ Ty T fe) oal
- EYESES(Zo(¢ + ()] '
where we used change of variable {, — { + @C(s)f when @ € R and
I G (S) I S
E(w[F($)] = TEFE)] f=fe=(1+syA)fe. (9.42)
In this setting, the natural choice of v is
v=ve =Tgjfe+7fe = (T<ji(1+57A) +7) fe. (9.43)

We see that they satisfy the requirements.

Lemma 9.2.3. Let fe satisfy (9.35), and let v and § = (14 syA) fe be defined by (9.43)
and (9.42), respectively. If R?-C ¢ is sufficiently small, then then they satisfy (A,) and (A}),
respectively, withn =1 and js given by (9.39).

Proof. We have from the assumption that f¢ has support on a block of side length 21—4LJ1y+1
centred at 0, thus v is supported on Béﬁl and § is supported on a block of side length %Lh“,
centred at 0. Also,

diam(suppf)* x |||l - (z2) < 4CRFCy < 1 (9.44)

is implied by assuming R}C r sufficiently small.

We are only left to bound v. By definition of § and (9.35), we have HfHCg < CCre?, thus
il 2 < C'. To bound each T’ ﬁ for j < j;, we can identify I'; with its convolution kernel
throughout the proof, i.e., I jf =I;* f. ThenT j 18 supported in a block of side length %Lj and
satisfies ||VTj|| 1= < CqlogL for |a| > 0 where V¥ = L/1#IV¥, see Corollary 3.1.1. Thus
lot| >0, using that V*(I'; * f) = IT'j « (V¥f) we obtain

IVSTflle= < [Ifl= Y1V (x)] < CCrLY €% log L. (9.45)
X
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Summing up,

Ivllez < CCrL*se*logL < C'CyR7logL (9.46)
Js
where the second inequality follows from the choice of j.
O
9.2.2 Proof of Theorem 9.2.1
Lemma 9.2.4. Let f € CZ(R?) with [ fdx =0 and fe be as in (9.35) and recall
C(s) = y(1+syA) + (1 4+ 5syA)C(s)(1 + syA). (9.47)
Then {
. . —AN -1
lim 1 C =——(f,(—A 9.48
lim lim (fe, € (5) ) v3+s(f,( r2)” flre, (9.48)

and the statement also holds if the two leftmost limits are replaced by N — oo with € = &y — 0
while eyLN — oo,

Proof. In what follows, given f; : 7? — R, we denote by fg its Fourier transform, defined as
in (2.19). Since f¢(0) =0,

. . = T . . = 2
l‘;ﬁ)l]\%lg:o(fsac(s)fe) = Llﬁ)l]&lg;ilz%(fe,c(&m )fe) (9.49)

where
C(s,m*) = y(1+syA) + (1 + syA)C(s,m*)(1 + syA), (9.50)

so we will study C(s) as a limit of C(s,m?). Again, since f¢(0) =0,

o N Ai(p) M1 =syA(p)) 5, |
Jim Jim (G Cm) = 2 [T A1 P

1 e Ay (ep) ' (1 —syA(ep))
/|

T an? fe(ep)Pdp, (951
4n? Ji-njensep 1+sA(ep)(As(ep)~1 =) |fe(ep)|"dp,  (9.51)

where A (p) is the Fourier multiplier of the (unnormalised) discrete Laplacian —A and A;(p)
that of the (normalised) range-J Laplacian —Aj, see Chapter 2. Then by (2.2.1),

lime 2A(ep) = |p|*, lime2A;(ep) =v3|p|?, (9.52)
el0 €l0
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and the fraction in the integrand in (9.51) is bounded by C]| p|_2 uniformly in € and p €
[—7/e,7/€]>. Moreover, as we now argue, (9.35) implies that fe(ep) — f(p) as € | 0 for
each p € R? and that | f¢(ep)| < C|p|(1 + |p|)~3. To see this in detail, we start from

ep) =Y, fely/e)e 7. (9.53)

yeeZ?

For | f(p) — fe(€p)| — 0 pointwise, use f € C:°(R?) and the last condition in (9.35) to see
that, with [-] denoting the integer part,

[ (p) — Fe(ep)| < /Rz FG)(e P — e EDTEP) ay + /R2 F0) — e fe(ly/e]) dy — 0.
(9.54)
To see the bound on f¢(€p), use summation by parts to write

ADIfep)| = 1Afe(P) = X e P Afe(x)] < ||Afell 1 (z2)- (9.55)

XE€Z2

By (9.35),
IAfellznz2) < RFET + 17| Afellp=(22) < 2RFI(€7' V) fellpo(z2) < 2CrR7E%,  (9.56)

and by [12, Lemma 2.2.1], we have that ﬁl(&‘p) %. Thus it follows that ]fg(ep)] <

>
C|p|~2. On the other hand, since ¥ fe = 0 and || fe||r~ < Cfez, also

Feepl =| ¥ fe0/e)e ™ =1 <Iifelli= Y, vpl SCC(Ry/e)Ipl,

yEeZ? yeeZ?:|y|<Ry
(9.57)

and therefore | fe (€p)| < C|p|(1+|p|)~ when combined with |fe(ep)| < C|p| 2.
Finally, using the convergence in Fourier space and that the integrand is dominated
by C|p| =2 x (|p|(1+|p|)~3)?> < C(1 4+ |p|)~® which is integrable over R?, the dominated

convergence theorem implies

(fa (_ARZ)_lf)
(9.58)
as claimed. O

1
lim lim lim (fe,C(s, mz)fs) / Iz 2|f( )|2dP: 3

€10 N—voo 250 4n2 Jp2 12 2+ vi+s

We are ready to prove the second main theorem.
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Proof of Theorem 9.2.1. We first prove the theorem with the assumption that R%C r<Cis
sufficiently small. By (9.41), we have

_ E?Zy(¢',0 = 1]|Ay)

- / P 959
E?Zy(¢', @ =0|Ay) ( )

FN,m2 [fE](l)

so we only have to study Zy. By Lemma 9.2.3 (using the assumption that R?-C r 18 sufficiently

small), we see that we are in place to apply Proposition 8.1.1. Since g; is non-zero only for
Jj>Jjs, whenw =1,

A ’
Zn (@', 0 = 1|Ay) = e ENIANFE o (A1) Uy (A9 +un) o g (A o 1))

— o ENIANIFE g 05(A1) (eU,CN(AN#P’) _|_K]’\}N’T(AN, ¢';1)), (9.60)
but by (7.3), (8.4) and Lemma 4.1.4,
— o ENANHOL ) (3 IVOP (1 4 o(L-9NY) 4 (L) Gy (A, @')). 9.61)
But since V¢’ = 0 almost surely when ¢’ ~ .47(0,tyQOn), we have

_EPZy(¢/0 = 1|Ay)
- E9Zy(¢',0 = 0|Ay)

Fy [ fe] (1) =1+ 0(L"%). 9.62)

Also, since (eP TR 876)>ng] and ( fg,fAN () fe) have well-defined limits as N — e by Propo-
sition 1.1.2 and Lemma 9.2.4, respectively, the limit

. . . 1 5e,C)Fe) =L (Fe Fe “1/2(£, 6]\ A
. L T 6) fe -12(4,
= j\lllir:oe 5 (fe,C V() fe )<€ﬁ (f ,6)>£1’vj

is also well-defined. But since L~ %s — 0 as € 4 0, by Proposition 6.1.1,

im(eP P ONZ _ i im 3 e C N 6)fe) g
lim{e )g.s = lim lim ¢ Jim By e [£e)(1)

_ 1 =
— exp (m( £ (~8g2) " g 9.65)

is as desired due to Lemma 9.2.4.
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Now we extend this result to general function f, without the restriction on RJ%C  using
Gaussian domination inequality. Indeed, there exists T > O such that, if we consider Tf
instead of f, then R% Crp = TR%Cf < ¢ is small enough to apply the arguments above. Then
by (9.65) applied on 7 f¢,

mzz . (2n)! Bes(J, B) .
((fe,0)72)08 = Sy 2 (f, (=)L )m, 066

n 2
((fe.0)35" )75 =0

as € — 0, for each n € N. Also,

1 e(fEaG) _{—ef(f&c)
,§km ¢ (k+1)!
but by the upper bound of (1.6), we see
1 2\ AN 2 B a1
— < 7 (fer(=A)" fe) 9.68
‘<,§kn!(f8’c) >J,[3 S+ (5:68)

In other words, (YX_, %( fes G)">;\% converges to (e(fs"’))ﬁ’é as k — oo uniformly in € and

N, proving

k A k

1 N 1 Ay
lim  lim < y a(fg,c;)"> = lim lim < y H(f,s,cs)">w. (9.69)

£€—0,N—o0k—so0 =0 J.B k—oce—0,N—eo =0

But by (9.66), the right-hand side is M( f,(—=Ag2) ™! f)g2, completing the proof.

2
2v;

The proof of Theorem 9.2.2 is a by-product.

Proof of Theorem 9.2.2. Following the same extension procedure as in the proof of Theo-
rem 1.1.4, it is enough to prove the statement with the assumption that R%C r is sufficiently
small.

Let j; v be the observable scale of fe, . Then &y — 0 as N — oo implies js y — oo. Thus
by combining Proposition 6.1.1 and (9.62),

)

<e(fsN,G)AN>3\1[\§ o o1 (fey O ($)few) (1 4+ O(L™FN)) ~ s (fey € (5)fey) (9.70)
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as N — oo. An argument similar to that of Lemma 9.2.4 shows

Ay 1 B
lim (fey,C ™ (5) fox) = 55— (f (—Ag2) ™" e 9.71)

N—peo vi+s

as long as LNey — oo as N — oo, giving the desired conclusion.

9.3 Multi-point functions

We now prove Theorem 1.1.5, restated as the following, where we recall that (As) is a
condition on f = Y | Ty, ; restricting to take Y, §; = 0 and the size nMp? < 1 where M is

the upper bound of each component §; and p is the diameter.

Theorem 9.3.1. Let J C 7>\ {0} be any finite-range step distribution that is invariant under
lattice rotations and reflections and includes the nearest-neighbour vertices of 0. There exists
a translation invariant covariance matrix €g = €; g, Bo = Po(J) and he = he(J) such that
the following holds. Let @ € Dy, with hey >0, B > o and & ~ P%fﬁ. Then for § =Y, Ty,
satisfying (Ay),

=

log(eP 0007 = Z(1.¢5) + Y (@) + AT @) 072

’ i=1
where hgl) (a € {1,2}) are analytic functions in Dy, > o satisfying the following.
. |h;32) . fl(@)] = Og (dy_a) uniformly in ® € D, and some o > 0.
» hy 1] = hy =), (0] = 0 and B [5f1,0,- -+ ,0] = 0.

Again, in the proof, we always tune s = so = s§(J, B) for s§(J,8) as in Theorem 9.1.1.

9.3.1 External field

Based on Proposition 6.1.1, the choice of the external fields are easier than the previous

section. Let f = Y.\ T,,f; satisfy (Af). It is enough to take j; =0 and

vi = Yfi, fi = (1+syA)i, (9.73)
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v=Y>,Tv;and F =Y Tyji- Then

P B IE‘P/IE((D) [Zg((Pl ‘I‘E‘*’ wv)]
) = T+ T)

(9.74)

It is not difficult to see that v and § satisfy the desired assumptions.
Lemma 9.3.2. For § satisfying (Ay), let L > 12p and v,§ be given by (9.73). Then they
satisfy (A,) and (A'y), respectively, with and js = 0.

Proof. The condition on the support of v follows from L > 12p. The bound on norm of v;
follows because ||v||C% = VHf”cg < yM. This verifies (A,) for v. Also, since diam(supp§) <
diam(suppf) +2 and ||f||z~ < (1 +2s]7)||§||z= (A’)) is readily verified for f. O

9.3.2 Reduction of the proof

In view of Proposition 6.1.1, control of the moment generating function is just due to the
control of the ratio Fy ,». Thus it is the objective of Proposition 9.3.3 to show how Fy, 2 is

controlled. In the statement, the coalescence scale jy is used: when y={y1,""* y o}
jy=min{j>0: (Q])* NQ], #0 forsomea #b}. 9.75)

(Recall Q§ is given by (3.25) and (Qiu)*** is taking the small set neighbourhood three
times.) The coalescence scale is formally just log; dy, but stated in the language of blocks.
If there is only one a € {1,---,n} such that f, # 0, we use convention j; = co. Since
Q;:a D supp(7y,u;.q), this definition implies supp(Ty,u;.a) N supp(Ty,u; ) = 0 for j < jy and
any a # b, and there exists C > 0 such that

Cl'd; <L <Cdy (=Cmin{|lya—ypl2:a#be{1,--- ,n}}). (9.76)

Proposition 9.3.3. Let | be as in (A}) Then under the assumptions of Theorem 9.3.1,

n oz 52 o7
hzT Fy 2lfl(0) = eLa—18[fal (@) +2=7[V,f](@) (1 + IT/AN((D)) (9.77)
m=]0

—.

where g.[fi](®), ggoz> [¥,§l(®) and N (@) are analytic functions in @ € Dy, and satisfy

1825, (@) o, < 05 ), ©.78)
||‘I7AN||L°°(th) <O(L™) (9.79)
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for some o > 0.

Proof of Theorem 9.3.1. By Proposition 6.1.1 and Proposition 9.3.3,

fog(el 010, = 202G, E0) + J0(1.) + X 8
+825, (e >+log( trfx (T.)- (9-80)

By (9.78),(9.79) and (9.76), they satisfy

2| <0z ™), 19l <O <O(AN™). 9.81)
If we let
Hy(0,5) = logle? @0 2 02(G,C0)T) - Lor(1 7
- ; gelial(@) + Z2F 1]+ log(1 4+ 9 (@,)), 9.82)
then it is an analytic function of ® € Dy,), and
i) (0) = 202 (1o o) + 8-l (@) 983)
1) = J020) - T X (o o)+ 82 5.7 @) 0.8
v v (©) =log(1+ ™ (o)) 7 (9.85)

(1)

are also analytic functions of @. Thus with the above choices of & B ,h}?, VB s

€g.ay = (1+5sYA)C(s)(1+5(B)yA), (9.86)
we have
@) = 26+ XA (@) T T@) (@5 087

and we have the desired conclusion upon taking limit N — oo, with the required estimates
following from (9.81). (To see that the limit limy_,c(f, €g ayf) is well-defined, take any
g = g1+ T,g> that satisfies the assumptions of (Ay), then we have |(g,T';g)| = O(L/|y|) and
(g, T8 g)| = O(L™Ny|) (see Corollary 3.1.1), s0 limy_,«(g, &g A, &) absolutely converges.
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Hence, if we let

[ee]

Cg:= Y (1+syA)T;j(s)(1+sYA), (9.88)
j=1
then (f, &gf) is well-defined an equals limy—;e (f, €g Ay )f)-) O]

We also prove Lemma 1.2.3 and Lemma 1.2.8 here.

Proof of Lemma 1.2.3. With f, = & — &, we will compute
(fy:Qﬁfy) = Al,l_rgo(fv €[3,AN)f)~ (9.89)

We wi}l always fix s = s§. Since CM(s) = lim,,2 o C(s,m*) —ty(m*)Qn and €y, g = (1+
syA)*C(s), we have in the Fourier space

1 —iy- c
(s Cpany) = o X [1=e PP 1 =s5vA(p)?
AT |AN| &=,
PEAY

i ( (As(p) +m N p)) (9.90)

2)—1 _
w20 1+ 54 (p) (A (p) +m?) T —7)

where A(p) =4 —2cos(p;) —2cos(pz) and A;(p) = |71| Y. cs(l—cos(x-p)) (see (2.22)) are
the Fourier multipliers of —A and —Ay, respectively, and A}, is the Fourier dual lattice of
Ay. Since 1 — e~ P = when p = 0, we may ignore ty&(p) term. In the limit N — oo, this
discrete sum converges to the integral

1 —iy- c (ad(p) ) 1—‘Y
a7 [P 1= PN =)l (e O o T )

(9.91)
From this representation, as ||y||s — oo,
(@2 pfy) = C1B)+ 1 U (A7) + O(DR?)
oy Bl 88 Pl BB toglys oy 092

for some C(B),C>(J,B) € R, and we have used that Beg(J,B)/B = 1+v1*2s“ (recall (7.4)).
J 20
]
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Proof of Lemma 1.2.8. Suppose supp(f;) C [~R,R]> N Z? and ¥, f; (x) = 0, then there exist
a:[-R,R*NZ? — Rsuch that f; = V¥'a = Y, a(x)(8xte; — Or)—a(x) = — ¥,=0f1(x —ner)
would suffice. The same remark applies for f,, thus proving Lemma 1.2.8 is actually
equivalent to showing

(8yter — 8y, €p(8 — &) = V-1V1€5(0,y) = O([yll ) (9.93)
As in the proof of Lemma 1.2.3 above, (8yte; — Oy, &g A, (8, — 8)) converges as N — oo to

1
42

( (Ap)/4+m*) ' —y )
14+sGA(p)((A(p)/4+m?)~1 =)/
(9.94)

dpe VPl —e P11 —s5yA(p))? lim
o adpe =PI S ) i

(A is replace by A /4 because J = Jy,, and 1/4 accounts for the normalising factor.) Since
the integrand is smooth away from the singularity, as ||y||» — o, the integral is asymptotically

equivalent to the integral of the singular part,

1 . .
~—_— —iy-p|1 _ ,—ip1|2 -1 —10
4m2(1+s5/4) /[n,n]zdpe 1= A )™ + Oyl ™)
1
= V(eh_el) _ -1 —10 )
A (~Az)"'(0.3) +0(y; ") 9.95)

where (—Ag2) ! is the lattice Green’s function of the usual Laplacian and 10 is an arbitrary
large number. Thus it is bounded by O(||y||;?).

O
9.3.3 Infinite volume limit
Based on the RG analysis, we can show that
E (o) [20(9) + yoof)
Fy ] () = =2 Z } (9.96)

E[Z3(60)

exhibits a well-defined limit as m? J 0and N — oo described in terms of the RG coordinates,
where (;)(mz) ~ N (0,C(s) +ty(m?)Qn) (see Proposition 6.1.1).
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Proposition 9.3.4. Let | be as in (A}) Under the assumptions of Proposition 8.1.1, if
o € Dy, then

Fy e ] —>exp(i Z gj(B;a))[ﬂ> wniformly in m? € (0,1, (9.97)
i=Be g, ((Pl)")

Proof. By Proposition 8.1.1,

(@0 = Mo (Y F gMie)
J=1Bes;(( ))
> (eUN (An, 0’ +(DMN)_|_K}/V\N<AN7(p/;a))) (998)

with uy = Fx"’ f, and satisfy estimates
loN" o> TR v IKRY [y < Cem37BL=eY. (9.99)
Also by Lemma 4.1.4,
UV (Ao r o) 4 g (A ol @) = U (9 1 (KM (Ay, ' 00) (9.100)
with
[V (Av, ') g, < e PL=* G (An. ). (9.101)

Finally, we commence the integral in @' ~ .47(0,7yQn). Observe that, if we take ¥ ~
A (0,tyL™N), then Y1 has the same distribution as ¢’ (where 1 is the constant field taking
value 1) so Gy(Ay, @) = 1 almost surely. Also |V¢'|> =0 almost surely, so \U N(AN,@')| <
HU;}N I qu- Therefore

E‘P’[ZN(cp’;w)}:e*ENNMN‘exp(Z Y MG a)))(1+0(L’“N)). 9.102)

Since g;.\"’ is independent of Ay for N > max{, joy + 2}, the convergence (9.97) holds by
(9.99) and estimates

lg;(B)|lnyr <Ce L% Be B, (9.103)
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The convergence is uniform in m? because the convergence rate only depends on O(L~%*V)
and the bound on g][\\/" [f](B; @), which are independent of m? > 0. O

In this proposition, the finite volume function was computed only to justify that the
infinite volume limit exists, but we can also record the finite volume result as a by-product.

In what follows, we use the notation

gilll(Zhe) = Y glilBo) (9.104)
Be%;((P))")

although g;(B; ®)[f] is actually defined on Ay.

Corollary 9.3.5. Fix R > 0 and let @ € Dy,,. Then for sufficiently large L (depending on R)
and N, and under the same assumptions as in Proposition 9.3.4 but § satisfying (Ay),

lim Fy 2 [f] = X 0/ 017%0) (1 4 gy [f] (@) (9.105)
m2l0 "’

where Yy (@) is an analytic function of @ € Dy, and || Yy (®) |5, 7 = O(L™%N).

Proof. By Proposition 6.1.1, Fy ,» admits a limit as m? | 0 when f satisfies (Af) and the
limit is an analytic function. It follows from the uniformity of (9.102) in m? and definition of
FN7m2 that

14+ Wy () = e L1 6(Z50) lim Fy ,af] (9.106)
m2l0

satisfies

A
1+ Py (o) = e Zion8i(Z50) [im | [eUNN(ANvYU + (KA (Aw, YT a))] = 1+ 0(L*)

m2]0
(9.107)
with ¥ ~ A (0,ty(m?)L™N). It also satisfies ||y (®)]|4, 7 = O(L~*) as
1Y 9,(Z%0)|h,r < OL™) (9.108)
J>N
LK) (Ax Y 1 0)] g, < CIKY) (A, (9.109)

for any n > 0. Thus we have (9.105).
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9.3.4 One and multi-point energies

Due to Corollary 9.3.5, the proof of Proposition 9.3.3 is complete once we show that the sum
Y 9,[f](Z* o) is not subject to a bias due to the multi-scale grid structure. In this section,

we will see that this is the case, using translation invariance of Fy ,,2f].

One-point energy

Forany j > 1and o € {1,---,n}, we have

Y, giBo)NJd= Y 9iB0)T,fl (9.110)
Be;(F)") BEZ;((Qle)")

Hence, by (9.97), this implies

exp ( Z Z | 9;(B; a))[Tyafa]> = ]%EIZOFN,M [Ty, fo] uniformly in m? > 0.
=1 Be#(0a)")
9.111)

Also, if f = fo with yq = 0, the same principles give

exp ( Y )Y g a))[fa]> = &EoFN’mz [fe] uniformly inm?>0.  (9.112)
721 Bes;((0h))

But since F ,» [Ty§] is independent of y by definition, we also see that the expression on the
left side of (9.111),

exp < i ) uiB w)[Tyfa]) = exp ( Y 0i(7* w) [Tyfz]) (9.113)
=1 Be2,((0))

1)) j=1

should also be independent of y, i.e.,

Y gi(Z50) Lk =Y Y 6B (9.114)

= I pes((0})")

In summary, we have the following.
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Proposition 9.3.6. Let o € Dy, and B > 0 be sufficiently large and § =Y _, fa be as in
(Ay). Define the infinite-volume one-point energy of fo by

golfal(@) = Y g;lfal(Z*; ). (9.115)
j=1

Then §o[fa(®) = X j>1 8/[Tife] (7%, ) for any y. This series converges absolutely with rate

<CcL~ o (9.116)

hw»

Hgoo foc i‘, Tfoc ; )

with rate uniform on'y € 72, and g..[fo](®) is analytic on Dy,

Proof. The first part follows from the discussion above. Also the second part is a consequence
of the estimate of (8.4) and recalling that any uniform limit of analytic functions is also an

analytic function. [

Multi-point energy

The multi-point energy is defined to be the free energy in scales after j;. But for doing so,
we will have to make sure that the free energy before the scale j; can be expressed as sum of

the one-point energies.

Lemma 9.3.7. Let j < jy— 1 and f = Yo—i Liofa be asin (Ar). Then g;[f](B) = g;[fal(B)
for BE #;1((04,)")

Proof. These follow from the ‘local dependence’ of the RG flow as in the proof of Proposi-
tion 7.4.2. For the proof, we make the dependence on f explicit by putting them inside [-].
We assume, as an induction hypothesis, that

Ky (X)[f] = Ky (X)[fal

- 9.117)

forany X € 2y, XN (Qy, ) =0, a#a, j <joy—1.
We have X* Nsupp(Ty,ujq) = 0 for any such X, so this would imply KT X)[f] = K}L, (X)[fa)-
Also, by definition of j, saying j' < jy — 1 would mean ( §a+1)** N( ;Z 1)* = 0 for each

1 s ..

a# a,s0gy1[f](B) =gj+1[fa)(B) forany B € %’l +1((QJ o )**) by the definition of g ;.
If we also had j' < joy—1,Y € Zjyy,and Y N (0 H) = 0 for each a # «, since Ky (Y)
only depends on f via ujy1|y+, (g1 (B»BG(B{;J')* and (K}L,(X’) X' e Zy(X*),XeZp(Y)),
the induction proceeds. The conclusion was also obtained in the course of the induction

argument. 0
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As we have claimed, this lemma implies that the free energy before scale jy is just the

sum of two one-point energies.

Corollary 9.3.8. If j < jy, then

gl Y. Tofal(Z%0) =Y gj[T,fal(Z%; 0) 9.118)
o=1 a=1

Thus we can see that the multi-point energy, defined in the following lemma, has dimin-

ishing contribution in the limit dj — oo.

Lemma 9.3.9. Let w € Dy, and B > 0 be sufficiently large. Define
2 . =
g5, fal(@ Z 7%0) = Y. gulfal(®). 9.119)
J=1 a=1

Then gﬁf) V. f1,- -, ful (@) is analytic in Dy, > o and satisfies the bound

18D 1 s Fal ()|, 7 = O(d5 ). 9.120)

Proof. By Corollary 9.3.8 and Proposition 9.3.6 we have

gPF . fal (0 Z (g, —Yo-19i[ T fal(Z ,w)>. (9.121)

J=Jy

Hence by (8.4), the norm on gﬁf ) is bounded by O(L~%¥). But since L™/ = O(a’;l), we
have the desired conclusion. ]

Thus we are equipped with all components required to prove Proposition 9.3.3.

Proof of Proposition 9.3.3. Our aim is to rewrite the limit lim,, | Fyy ,,2[f]. By Corollary 9.3.5,
Proposition 9.3.6 and Lemma 9.3.9,

noo5 52z
lim F 2 [f] = Lo Eelfal+3= st (1 4 y). (9.122)
m=]0

and the required properties also follow from the same references. [
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