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Summary of the thesis
“The Fukaya category, exotic forms and exotic autoequivalences”
by Richard Mark Harris:

A symplectic manifold is a smooth manifold M together with a choice of a
closed non-degenerate two-form. Recent years have seen the importance of associ-
ating an A.-category to M, called its Fukaya category, in helping to understand
symplectic properties of M and its Lagrangian submanifolds. One of the princi-
ples of this construction is that automorphisms of the symplectic manifold should
induce autoequivalences of the derived Fukaya category, although precisely what
autoequivalences are thus obtained has been established in very few cases.

Given a Lagrangian V' = CP” in a symplectic manifold (M,w), there is an
associated symplectomorphism ¢y of M. In Part I, we define the notion of a
CP"-object in an A.-category A, and use this to construct algebraically an A-
functor ®y,, which we prove induces an autoequivalence of the derived category
DA. We conjecture that ®y corresponds to the action of ¢ and prove this in
the lowest dimension n = 1. We also give examples of symplectic manifolds for
which this twist can be defined algebraically, but corresponds to no geometric

automorphism of the manifold itself: we call such autoequivalences exotic.

Computations in Fukaya categories have also been useful in distinguishing cer-
tain symplectic forms on exact symplectic manifolds from the “standard” forms.
In Part II, we investigate the uniqueness of so-called exotic structures on certain
exact symplectic manifolds by looking at how their symplectic properties change
under small nonexact deformations of the symplectic form. This allows us to dis-
tinguish between two exotic symplectic forms on 7*S3U2-handle, even though the
standard symplectic invariants such as their Fukaya category and their symplec-
tic cohomology vanish. We also exhibit, for any n, an exact symplectic manifold
with n distinct, exotic symplectic structures, which again cannot be distinguished

by symplectic cohomology or by the Fukaya category.
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Chapter 1
Introduction

This thesis comprises two parts: in the first I construct a class of autoequiva-
lences of triangulated A..-categories, and in the second I develop a new way of
distinguishing between symplectic forms on exact symplectic manifolds, which
the standard invariants do not suffice to distinguish.

The underlying theme here is to understand a symplectic manifold in terms
of its Fukaya category, so in this introduction, I shall explain what this object
is. I shall also give some background to explain the context of my results and

include some discussion on the questions that these results themselves pose.

1.1 Fukaya categories

We recall that a symplectic manifold (M, w) is given by a smooth manifold M?"
together with a closed non-degenerate 2-form w. In particular, this picks out the
set of Lagrangian submanifolds, embedded submanifolds L™ such that w|;, = 0.
Following Gromov [21] and Floer [16] the main approach to studying the topology
of symplectic manifolds and their Lagrangian submanifolds is via studying the
spaces of J-holomorphic curves contained in M, for some compatible almost com-
plex structure J. A particularly sophisticated way of encoding this information
is the Fukaya category.

Under favourable circumstances, we can assign to a symplectic manifold (M, w)

an A,.-category called its Fukaya category F(M, w). The precise definition usually



1. INTRODUCTION

depends on context, in part because for many years many aspects of the theory
were poorly understood; however, following the monumental work of Fukaya, Oh,
Ohta and Ono [18], there is more of a general framework in place. Here we shall
present a heuristic definition of F(M,w) in order that the results of this thesis
can be better put in some sort of context. We shall not give too many technical
details: the major references are [18] and [39], although the relevant background
material from the theory of A, -categories can be found in Chapter 2 and an in-
depth discussion of some of the holomorphic curve theory can be found in Chapter
B8

Firstly, we choose some almost-complex structure J on M and suppose that
2¢1(M) = 0. This means that we can pick some quadratic complex volume form
n?, which gives a trivialization of the bicanonical bundle K37°. Let Gr(TM)
denote the bundle of Grassmanians of Lagrangian subspaces of T'M and consider

the associated square-phase map

(v A+ Avy)

: Gr(TM ! A) = .
s GrITMD) = 5% el = o R r o)

The Fukaya category F(M,w) has objects given by Lagrangian branes L’ =
(L, &L, $L> Here

e L is a closed Lagrangian submanifold of M, which admits a grading (see
below).

e o is a grading: for any Lagrangian submanifold L, there is an obvious
map sg: L — Gr(T'M) defined by sp(z) = T, L. A grading of L is a lift of
ayosp: L — S'toamap ar: L — R. When this lifts exists, it allows us
to put a Z-grading on the hom-spaces of F(M,w) [37].

e $; is some Spin structure on L. This will be used to define orientations on
the moduli spaces of holomorphic curves that are involved in defining the
Aso-maps, so that we can define F(M, w) over fields of arbitrary character-
istic. If we were happy to forgo this, we could work just in characteristic 2.
There are, however, weaker conditions than the existence of Spin structures
in which we can still define such orientations, see Remark or [18].



1.1. Fukaya categories

Given any two such branes (L3, L’), we define some perturbation datum (H, J)
associated to this pair. Here H = (H,) is a Hamiltonian such that the time-1
Hamiltonian flow ¢3;(Lo) intersects L; transversely, and J = (J;)ep,] is some
family of almost complex structures on M that are chosen generically to satisfy
certain transversality conditions, so that the moduli spaces of holomorphic curves
that we consider below are smooth manifolds (see Chapter [§ for more precise
details).

We can now define homg(arw)(Lg, L}) as the vector space ®,es1(ro)ynr, Ar{z),
the so-called Floer cochain complex C'F(Lg, L1). Here Ag is the real Novikov field

Ag = {Zarqr:r,ar eR,r = oo, #{a, #0:r < E} < oo for allE}

T

of power series in the formal parameter ¢. We may use the gradings ay, to put a
Z-grading on homg(ay ) (Ly, L) [37].

For points yo, . .., yq with y; € hom(L;_1, L;) and yo € hom(Lyg, Lg), we can,
for some appropriately defined J, consider the moduli space M%(yo, - .., yaq) of
J-holomorphic maps u: D\ {po,...,pa} — M from the disc with d 4+ 1 boundary
punctures and equipped with strip-like ends into M, such that the ends converge
to the y; and the boundary components are sent to the Lagrangians L;. This

allows us to define d-multilinear maps on our hom-spaces

1w War ) = D ¢" o,
ueMd

where the sum is taken over the curves u in the zero-dimensional part of our mod-
uli space M? and E(u) = [ ||0sul|® is the energy of the curve u. It is important to
note that this sum may be infinite. However, Gromov compactness ensures that
there will only be finitely many curve classes below any given energy level E, so
that these maps are well-defined over Ag. Now, in favourable circumstances (for
example, when mo (M) = mo(M, L;) = 0), analysing the boundaries of compactifi-

cations of the one-dimensional parts of these moduli spaces, gives us an infinite
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family of relations called the A.-relations:

Z(_l)*n”d_m—‘rl(ada o Ontm41, Mm(an—f—’ﬂn s 7an+1)7 Ay - - - aa'l) = 07 (11)

m,n

where #,, = |a;|+- - -+|a,|—n and |a;| denotes the grading of a;. In particular, u!
is a differential so we can consider the so-called Donaldson category H(F(M,w)),
the cohomological category of F(M,w) such the morphism spaces are now the
familiar Floer cohomology groups. However this process forgets any information
contained in the higher-order terms, so instead we consider the derived Fukaya
category DF(M,w), a triangulated category obtained from F(M,w) by a purely
algebraic process that is recalled in Chapter 2l We may also consider D™F(M, w)
the Karoubi (or idempotent) completion of DF(M,w), which incorporates addi-
tional objects for idempotent endomorphisms. The derived Fukaya category is
one of the main objects of study in Kontsevich’s celebrated Homological Mirror
Symmetry conjecture [26] and is the main object we shall use to study symplectic

manifolds in this thesis.

Of course, much of the above turns out to be too naive in general, so we make

some more technical remarks.

Recall that, in order for the A.-relations to hold, we look at compactifications
of our moduli spaces of curves. Standard results say that compactifying adds so-
called broken solutions along with curves with bubble components, either sphere
bubbles on the interior or disc bubbles on the boundary. The A..-relations
follow from the case when there is breaking but no bubbling, so we want to say
that we can remove this potential bubbling obstruction. The issue of sphere bub-
bles is often not serious: dimensional formulae show that spheres will sometimes
appear in sufficiently high codimension that they can be avoided by a judicious

choice of J, for instance in the Calabi-Yau case (see Chapter [g).

Disc bubbles, however, are a more serious issue. The moduli space M(L; f3)
of unparametrized holomorphic discs in the homotopy class § € mo(M, L) has
expected dimension

n+m(B) -3,

where m(/3) denotes the Maslov index of f. If we now consider the moduli
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space of discs with one boundary puncture M;(L; ), there is an evaluation map
ev: My(L; B) — L and we can define

PO = Y ¢ Pen (ML A).

Bema(M,L)

Now, when we examine whether p! is a differential, we find that

pt(pt () = p? (B (L), 2) — p*(z, 1 (Ly)).

If 4°(Ly) = p°(Ly) and this element is central (for example, some multiple of
the fundamental class), then there are no problems, but this will not be true in
general. Furthermore, for higher orders we now get a series of relations like (|1.1),
except they now include extra p” terms - this is often called a curved A..-category.
One potential solution is to deform the p? on F(M,w): choose b; € CFY(L;, L;)
and let

,ug(ad7 B 7a1) = Z/Ld+l(bd7 sy bdvadybd—la B 7bd—17ad—17 e @, b07 B 7b0)-

If 10+ pt (b;) + p2(bi, bi) +. .. = 0, then the u¢ define a new uncurved A, -category
structure on F(M, w) and we may proceed as before. Such b; are called bounding
cochains. If they exist we can still form the Fukaya category and the Lagrangians
are said to be weakly unobsructed. This however does not cover all cases, so there

are still occasions when we cannot hope to define a nonempty category F(M, w).

Nevertheless, if we have an exact symplectic manifold (M, w = df) and restrict
attention to exact Lagrangians (meaning that 0|, = df), then these obstruction
issues disappear trivially by Stokes’ theorem. Here we should also impose some
sort of convexity condition at infinity (see the definition of Liouville manifold in
Chapter @ in order to stop holomorphic curves escaping to infinity. In such a
situation, the use of maximum principles yields global energy bounds on holo-
morphic curves, so that one can set ¢ = 1 in our Novikov field and work over R,
or even just Z if we wish. One of the main technical difficulties in Part II lies
in trying to make a proof that works in the exact case carry over to a nonexact

setting. Then we do need to worry about bubbling issues, although we manage
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to find more elementary ways around these problems without needing to discuss
bounding cochains as above (see Chapter .

We also remark that this approach to defining (M, w) involves a lot of choices:
to define the moduli spaces M? we have to choose Hamiltonians and families of
almost complex structures. It is a delicate issue to show that we can choose
such data consistently in defining the moduli spaces M for each d so that we can
establish the A..-relations, and to show that the result is (up to quasi-equivalence)
independent of choices (see, for example, [39, Chapter 12] for a discussion of this).

We shall not need to worry about such considerations in what follows.

1.2 Symplectomorphism groups

In order for F(M,w) to be a useful symplectic invariant, it must behave well
under symplectomorphisms ¢ € Aut(M,w). Note first that this will not be true
for general symplectomorphisms, due to the extra data involved in setting up
F(M,w): for example, we must restrict to symplectomorphisms that preserve
the quadratic volume form 7%, and so our trivialization of K$7?, up to homotopy.
We call the subgroup of such symplectomorphisms that preserve all our required
structure Aut®(M,w).

Given ¢ € Aut®(M,w), and a Lagrangian brane L’ € M, we see that ¢(L)
automatically inherits a natural brane structure. Similarly, by considering ¢*J,
¢ will have a well-defined action on the A.-structure, so that we do get a map
¢: F(M,w) - F(M,w) induced from ¢. We also observe that Hamiltonian
symplectomorphisms lie in Aut® and, by the Hamiltonian invariance of the whole
Floer theory package, we see that, once we pass to the derived category DF (M, w),

these should act trivally. More generally, there should be a canonical map
Aut®(M,w)/Ham(M,w) — Auteq(DF(M,w))/([1]) (1.2)

where on the right we quotient out by the shift autoequivalence.
However, as far as the action of this map on specific symplectomorphisms
goes, one of the few nontrivial results we have to date comes from Dehn twists:

given a Lagrangian sphere V' C M, together with a choice of diffeomorphism
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f:V — 5" there is a symplectomorphism 7y called the Dehn twist about V'
[38] (the definition of 7y, requires certain choices, but the result is well-defined
in Aut®(M,w)/Ham(M,w)). Algebraically, we can also define the notion of a
spherical object V' in an A.-category A and define a related functor Ty : DA —
DA. Seidel [39, [38] has proven that, given another Lagrangian L, 7L and Ty L
give rise to isomorphic objects in DF(M,w) (from this point onward we drop the
b signs and brane terminology as it forms no serious part of our discussion in
what follows). It is expected that ongoing work on Lagrangian correspondences
should imply that the functors 7, and Ty are in fact canonically isomorphic in
HO(fun(F(M,w), F(M,w))).

The existence of Dehn twists relies on the fact that the geodesic flow on the
round sphere is periodic, and there is a related construction that defines “twist”
symplectomorphisms for any Lagrangian submanifold admitting a metric with
periodic geodesic flow [37]. In Part I, we focus attention on the projective twist
¢y associated to a Lagrangian V' = CIP".

In Chapter [3, we shall define the notion of a CP"-object in an A.-category
and in the case when A is a triangulated A.-category (see Chapter [2) we use
V to define a functor ®y: A — A. In Chapter 4 we prove Theorem stat-
ing that, given a CP™-object in a cohomologically finite A.-category, ®y is an
autoequivalence of DA.

This result is the first step towards proving the following conjecture:

Conjecture 1.1. Given a Lagrangian V = CP"™ and another Lagrangian L in
F(M,w), ¢y L and Oy L give rise to isomorphic objects in DF(M,w).

We stress that a proof of this conjecture would likely require a substantial
further analysis: for the parallel argument required to bridge the gap in the
spherical case, see [39]. We can however verify this conjecture in the case of a

CP!-twist by exploiting the relation

TS = by (1.3)

in Aut®(M,w)/Ham(M,w). Combining this with Seidel’s result on spherical
twists means that in this dimension we need only show that ®y and T3¢ give

isomorphic functors on DF(M,w). This is proven in Chapter
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Related results to these have been obtained by Huybrechts and Thomas [23],
who introduce the notion of P"-objects and P"-twist functors for the derived cat-
egory D(X) of some smooth projective variety X. Our construction is modelled
on theirs and our results should be thought of as being “mirror” versions.

Finally, in Chapter [5] we also show that there exist symplectic manifolds
containing a Lagrangian V with H*(V) = H*(CP"), where we can still define
®y,, but such that this functor has no preimage under , so that @y has no
geometric representative. We call such autoequivalences exotic autoequivalences

of our symplectic manifold.

1.3 Lefschetz fibrations

Part II of this thesis concerns the uniqueness of exact symplectic structures on
Liouville domains (see Chapter [6] for the definition), an area which has seen con-
siderable recent development. In many situations, such as those coming from
cotangent bundles or affine varieties, a Liouville domain M carries what is con-
sidered to be a “standard” symplectic form. As we shall recap in the next section,
there are now known to be many examples of Liouville domains with exact sym-
plectic forms which are not Liouville equivalent to the standard ones. Any such
form will be called “exotic”. However it is first worthwhile making some remarks
on the role Fukaya categories play in illuminating this problem and the broader
question of how to compute the Fukaya category of a given symplectic manifold
and what geometric data we can extract from it.

In general, computing F(M,w) is a difficult task. Extracting information
from F(M,w) that cannot seemingly be obtained by more elementary means
seems usually to rely on either of two sources: Seidel’s result relating Dehn and
spherical twists, or via importing some algebraic geometry in cases where some
version of mirror symmetry has been proven.

Part of the problem is that knowing about some small collection of Lagrang-
ians does not usually provide us with much information about some other ar-
bitrary Lagrangian. What one wants are results about when a collection of
Lagrangians generate (or split-generate) the Fukaya category. Such results do

exist in the context of exact Lefschetz fibrations (similar results have also been
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established for cotangent bundles [1] but will not be used here). A general theory
is currently under development by Abouzaid, Fukaya, Oh, Ohta and Ono.

In Chapter [0, a more involved definition of Lefschetz fibration will be given
but, briefly, a Lefschetz fibration 7: M — C is a symplectic fibration with iso-
lated singularities of A; type. In such a situation, one can calculate in F(M,w) by
means of dimensional reduction: questions about F(M,w) are reduced to ques-
tions about the Fukaya category of a smooth fibre F(F,w|r), and the monodromy
data of our fibration. This is the general form of the argument in Chapter[0] Also,
inside a Lefschetz fibration, there is a collection of noncompact Lagrangians called
the Lefschetz thimbles A; and these thimbles generate the derived Fukaya cate-

gory (here we allow a slightly more general class of objects than before).

These results mean that we can relate the theory of Fukaya categories to
various other holomorphic curve theories. One particular such theory is the sym-

plectic cohomology of a Liouville manifold, which may briefly be defined as

SH*(M) = ling HF"(Hy).

Here M has a cylindrical end looking like Y x [0,00) and Hj, is a Hamiltonian
of the form Hy(y,r) = kr + constant near infinity, and the maps involved are

monotone continuation maps (for more details see for example [42]).

For any Liouville domain, and a suitable definition of F(M,w), there is an

open-closed string map [2]
OC: HH.(F(M,w)) — SH*(M),

where the Hochschild homology of an A..-category may be defined as HH,(A) =
H(hom gy a,4)(id, id)). In general, it remains conjectural that OC is an isomor-
phism, but it has been proven for exact Lefschetz fibrations [12, Appendix]. This
is one point of contact between Fukaya categories and the work of Bourgeois-

Ekholm-Eliashberg on symplectic and contact homology [12].
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1.4 Exotic symplectic structures

With this in place, we shall now briefly recap the major results in this area.

Historically, Gromov [2I] was the first to exhibit a nonstandard exact sym-
plectic structure on Euclidean space, although, whereas the standard symplectic
structure is Liouville, Gromov’s is not known to be (see Chapter [f] for the rel-
evant definitions). The first exotic structures on R (for 4n > 8) known to be
Liouville were discovered by Seidel-Smith [41], later extended by McLean [31]
to cover all even dimensions greater than 8. McLean actually found infinitely
many such pairwise-distinct nonstandard symplectic structures on T*M for any
manifold M with dimg > 4, which were all distinguished by considering their
symplectic cohomology SH*(M).

More recently, Fukaya categorical techniques have been used by Maydanskiy-
Seidel [28] (refining earlier work of Maydanskiy [27]) to find exotic symplectic
structures on T*S™ (for n > 3). These are shown to be nonstandard by proving
that they contain no homologically essential exact Lagrangian S™, in contrast to
the zero-section for the standard symplectic form, and in contrast to McLean’s
examples. Similar results have also been obtained using the work of Bourgeois-
Ekholm-Eliashberg [12] again using symplectic/contact cohomology-type invari-
ants. Such results have been further extended by Abouzaid-Seidel [4] to show the
existence of infinitely many distinct exotic structures on any affine variety of real
dimension > 6, again distinguished using symplectic cohomology.

In Part II, we shall consider six-dimensional symplectic manifolds of the types
considered by Maydanskiy [27] and Maydanskiy-Seidel [28]. In [2§], infinitely
many ways are presented of constructing a nonstandard 7*S®, but the question
of whether all these constructions actually yield symplectically distinct manifolds
is left open. We shall not answer that question, but instead we shall consider
what happens when we add a 2-handle to such an exotic 7*S®. The result will
be diffeomorphic to a manifold constructed in [27], which again contains no exact
Lagrangian S°.

Specifically, we shall consider the manifolds X7, X5 given by the diagrams in
Figure[I.1] The meaning of such diagrams will be explained in Chapter[6] Briefly,

our main method of constructing symplectic manifolds E® will be as Lefschetz

10
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fibrations over C. To run this construction, the input data consists of a symplectic
manifold M* and an ordered collection of Lagrangian spheres in M* (see Lemma
. In Figure we can associate to each path some Lagrangian sphere in a
4-dimensional Milnor fibre {22 + y? + p(z) = 0} C C? for a suitable polynomial

p(z). This Milnor fibre and the collection of spheres is our required data.

N
< oo

Figure 1.1:

These spaces are diffeomorphic (in fact they are both diffeomorphic to 753U
2-handle). There is a standard way of attaching a 2-handle to T*S® [43] such
that we still get an exact symplectic manifold containing an exact Lagrangian
sphere inherited from the zero-section. However, neither X; nor X, contains
such a sphere, so are considered exotic. In addition, X, X5 both have vanishing
symplectic cohomology. This is not proved in [27], 28] and so we include this cal-
culation in Chapter[L1} it has the consequence (already proven for X in [27]) that
X and X5 actually contain no exact Lagrangian submanifolds (such symplectic
manifolds are sometimes called “empty”). Despite the usual collection of invari-
ants being insufficient to distinguish these two manifolds, we shall nevertheless

prove
Theorem 1.2. X and X5 are not symplectomorphic.
We shall then extend our methods to prove

Theorem 1.3. Pick any n > 1. Then there exists a manifold M (diffeomorphic
to T*S3 with n 2-handles attached), and exact symplectic forms wi, ..., wni1 ON
it such that, with respect to each w;, (M,w;) is Liouville and contains no eract
Lagrangian submanifolds, but such that there exists no diffeomorphism ¢ of M
such that ¢o*w; = w; fori # j.

The main technique used is to consider what happens after a nonexact de-

formation of the symplectic structure. For any 2-form 8 € H?(X;;R), we can

11
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consider an arbitrarily small nonexact deformation of w to w + €. If this new
form is still symplectic, we can look at the symplectic properties of these new sym-
plectic manifolds. (In the case of X; and X, above H*(X;;R) = R, so Moser’s
argument tells us that the way we can perform such a deformation is essentially
unique, in a sense which will be made precise in Chapter ) We discover that,
after an arbitrarily small deformation, X; (which with our original exact form
contains no Lagrangian S3) does in fact contain such a sphere, in a nonzero ho-
mology class, an interesting phenomenon in its own right which is explained in

Chapter [7]

In contrast, after such a deformation, X5 still contains no homologically
essential Lagrangian sphere. The proof of this fact requires rerunning the ar-
gument of [28], except that somewhat more care needs to be exercised in the use
of Floer cohomology groups, owing to the nonexactness of our deformed situation.
This is the content of Chapter [0

In general, given a symplectic manifold M (satisfying certain topological as-
sumptions), we can consider the set 'y C P(H?*(M;R)), of directions in which
we get no homologically essential Lagrangian sphere inside M after an arbitrarily
small deformation of the symplectic form in that direction. We show that this
is a symplectic invariant, which completes the proof of Theorem 1.2} Finally, in
Chapter [12] these ideas are extended to prove Theorem [1.3]

1.5 Discussion of results

1.5.1 Partl

The first obvious goal is to prove Conjecture that ¢y L and ®y L give isomor-
phic objects in DF(M,w). I have not yet identified the precise details necessary
to verify this, but a proof should follow similar lines to the parallel argument in

the spherical case: we want to find a map

homg(ar.)(Z, Py L) — homgarw)(Z, pv L)

12



1.5. Discussion of results

for any Z, and prove that it a quasi-isomorphism, or equivalently that it’s map-
ping cone is acyclic. There should be some algebraic criteria, similar to [38|
Lemma 5.3], saying when a collection of elements from and maps between the
hom-spaces between the Lagrangians V, L and ¢y L will define such a map. Ge-
ometrically, this data would hopefully come from counting holomorphic sections
of some Morse-Bott fibrations as in [39, Chapter 17]. In the spherical case, the

acyclicity of the mapping cone is equivalent to Seidel’s long exact sequence.

Similar twist maps to ¢y for V = CP" exist for Lagrangian RP"s and HIP"s
since they are compact symmetric spaces of rank one and so admit metrics whose
geodesic flow is periodic [10]. The results of Part I can easily be reinterpreted in
these contexts: we leave it to the interested reader the make the necessary minor
adjustments (although we do remark that in the case of RP™ one has to work
in characteristic 2 to avoid sign issues). The key feature is that RP" and HIP"
both have cohomology rings which are truncated polynomial algebras (again only
in characteristic 2 for RP"); indeed, this is necessary for the geodesic flow to be

periodic by a theorem of Bott [I1].

There is an interesting algebraic counterpart to this observation: the construc-
tion of [23] has been extended by Grant to give a great many autoequivalences of
derived categories [20]. He works in the setting of the bounded derived category
D’(A) of modules over a finite dimensional symmetric k-algebra A and proves
that, given P a projective A-module whose endomorphism algebra End 4(P) is
periodic, then there is a related autoequivalence Wp of D°(A). Here we say that
a k-algebra F is periodic if there exists an integer n > 1 and an exact sequence

dn—1 d
P3Py — P % P,

of projective E“*-modules (E“" = E®;EP) such that coker d; = F and ker d,,_; =
E. This includes the case when the endomorphism algebra is a truncated poly-
nomial ring. It would be interesting to try to understand if there is any geometric

motivation for the other autoequivalences that Grant constructs.

13



1. INTRODUCTION

1.5.2 Part II

It seems that Theorem suggests the following picture: there is a 1-parameter
family X7 of symplectic manifolds with the property that F(X?, w;) is trivial
for ¢ = 0 but nontrivial for ¢ > 0 (to the extent that F(X},w;) can be defined
for t > 0, an issue we only partly address). This differs from the picture one
usually finds in deformation theory, where we expect to observe some sort of
upper-semicontinuity, as in the Semicontinuity Theorem of Grothendieck [9]. It
should be said that, as far as I am aware, the general theory of deformations
of A,.-categories has not received that much attention; in particular, I am not
aware if there is a widely-accepted notion of a flat deformation in this context.
Perhaps the key here is that we are working with a Fukaya category made
up only of embedded Lagrangian submanifolds, and we should widen our scope
and include certain non-embedded Lagrangians. Although the exact X; contains
no exact embedded Lagrangians, it does contain some singular Lagrangian cycle,
topologically an S® with an S* collapsed to a point, so having an isolated 7-
cone singularity. Joyce considers a similar situation in [24, Section 3|. Here
he looks at how special Lagrangians in Calabi-Yaus can degenerate and identifies
three families of embedded special Lagrangian 3-submanifold that asymptotically
approach this cone. However these families bound holomorphic discs so we would
expect their Floer theory to be obstructed in the sense of [I8]. Perhaps we should
consider some bulk deformation [I§] of the Fukaya category F(X;,w), where we
count only those holomorphic curves passing through some 4-cycle Poincaré dual
to the cohomology class in which we perturb our symplectic form. This will not
change anything in our non-exact scenario, but possibly would mean that some

sense can be made of the Floer theory of this singular Lagrangian cone.

1.5.3 Fragility of symplectomorphisms

It seems appropriate to mention here one of the motivations behind Theorem 1.2}
even if the proof proceeds along different lines. We recall Maydanskiy’s example
from Figure[l.1] In Figure[I.2]the solid lines correspond to Lagrangian spheres A
and B inside a four-dimensional A, Milnor fibre Ms. There are also Lagrangian
spheres L and R over the dotted lines, and [39, Lemma 16.13] says that the

14



1.5. Discussion of results

Figure 1.2:

spheres A and B are related to each other by 732(A) = B. In particular this
means they are differentiably isotopic, reflecting the fact that this Dehn twist lies
in the kernel

moAut(M,w) — moDif f(M),

but a Floer-theoretic argument in [27] shows that 72 and the identity are not
isotopic through symplectomorphisms. There is, however, another interesting
phenomenon that one sometimes observes in symplectomorphism groups as we

deform the symplectic form.

Definition 1.4. ([40]) Let f be a symplectomorphism with respect to a given
symplectic form w. We say that f is potentially fragile if there is a smooth family
ws of symplectic forms, s € [0,s0) for some sog > 0, and a smooth family f, of

diffeomorphisms such that fiws = w, with the following properties

b (vawO) = (fa w);
o for all s >0, fs is isotopic to the identity inside Aut(M,ws).

If, in addition, f is not isotopic to the identity in Aut(M,w), we say that f is
fragile.

Proposition 1.5. (J40, Corollary 1.3]) For a Lagrangian V =2 5%, the Dehn twist

Ty 1s potentially fragile.

This now suggests the following picture: X is built from the data (M, A, B).
We should try to deform Ms and consider the deformed data (M, A*, BY), which
we use to build X?. Now note that, for t > 0, A" = B" in F(M,w;), which will

have the consequence that X! will contain a Lagrangian sphere. I was unable

15



1. INTRODUCTION

to proceed by this approach, but to explain why it is useful to derive an explicit
formula for the perturbed Dehn twist (Seidel’s proof of Proposition is more

indirect).

The standard Dehn twist is defined using the following model for 7*S52:
T*5%* = {(u,v) € R x R?| |jv]| = 1, (u,v) = 0} (1.4)

equipped with the exact symplectic form w = du A dv.

We take a Hamiltonian h = ||u|| which is defined away from u = 0. The
Hamiltonian vector field defined by w(Xp, ) = dh(-) is

u<
Xp, = —=0v; — v; ||ul| Ouy,
]

and we need to solve 40,(u,v) = Xj, 0 0y(u,v) to find the flow o;(u,v) of this

vector field. A direct calculation verifies that

ucost — v ||ul| sint
o (u,v) =

veost + ﬁsint

is the correct flow. We define the Dehn twist by taking the time-7 flow, joining
up with the antipodal map on the zero-section and applying a cut-off function to

undo the flow away from the zero-section [40].

We now perturb our original symplectic form w by w® = w + s7*n where 7
is the standard area form on S? and m: T*S? — S? is the standard projection.
Viewing S? C R? we have

1N = v1dvs A\ V3 + vadvs A v + v3duy A vs.

Seidel [40] now proves that there is a Hamiltonian S'-action coming from the
h=|—sv—uxuv|] =1/s2+ |ul,

U Vs HUH2
dh = —tdu; —
p h

Hamiltonian

which leads to

d?]i .
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1.5. Discussion of results

ay(u,v)

Bi(u,v)

field we must solve the differential equation

( e (u,v) ) _ ( %@(Ua”) + 3B, v) X ay(u, v) ) ' (1.5)

Bt(U,U) _Tlozt(u,v)

To find the flow o (u,v) = ) of the associated Hamiltonian vector

where x denotes the cross-product in R3. Differentiating the first equation and

inserting the second quickly leads to
which means we have to consider

a(t)(u,v) = A(u,v) cost + B(u,v)sint,

B(t)(u,v) = Blu,v) cost — A(l;; v) sint + C(u,v). (1.6)
The initial conditions at time ¢ = 0 give
A=u,
% +C =w.

By plugging the equation for 5 ([1.6]) into ((1.5]), we get the extra conditions below:
clearly {u,v,u x v} form an orthogonal basis for R® and it’s easy to show that B

and C' have no u-component. This means that

B = kv + Au x v,
C = pv+vu Xw,

17



1. INTRODUCTION

and we obtain the equations

Kk + ph = h,
A+ rvh=0,
kit + Av =0,

K242 = lul)?.

This leads to the flow

ai(u,v) =ucost +v sint,

2
[l s ||ull
h

sint+u X v
h

2
Bi(u,v) = —ul sint + v lul cost—i-s—2 +uxv s llu] cost
h h? h? h?

Now that we have this, there are two things to look at:
e when u =0, we get a(t) =0, B(t) = v.

e when t = T, We get Of(t) = —u, B@) — (52—“11“2).

52+l

Also, fix some compact set K C T*S5?\ S? and observe that as s — 0, the
perturbed Dehn twist tends to the unperturbed one on K but on the zero-section
itself we get the identity and not the antipodal map from the exact case. It is

this lack of global convergence everywhere that makes it difficult to implement

an approach to Theorem along the lines above.

18
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Projective twists in

Aso-catgeories
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Chapter 2
Aso-categories

Here we recall the basic background material on A, -categories that we shall need.
Sign conventions differ throughout the literature, but all our signs and notation
come from [39], to which we direct the reader who finds the treatment in this

chapter too brief.

2.1 Categories

Fix some coefficient field K. An A..-category A consists of a set of objects ObA
as well as a finite-dimensional Z-graded K-vector space hom,(X,Y) for any pair

of objects X,Y, and composition maps (1%)g>1,
% homy(Xg 1, Xg) ® -+ ® homy(Xo, X1) — hom(Xo, X4)[2 — dJ,
which satisfy the A.-relations

Z(—l)*"uf{_mH(ad, e Qa1 WA (@« Gpg1), Gy - - ya1) = 0. (2.1)

m,n

Here ¥, = |a1| + - - + |a,| — n and by [k] we mean a shift in grading down by k.
The opposite category of A, denoted AP, has the same objects as A and

hom gors (X, Y') = homy (Y, X), but composition is reversed:

(o (g - - - ay) = (=1)Fepd (ay, ... ag).
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2. A-CATEGORIES

The A-relations in particular mean that pk (1} (-)) = 0 so we can consider the
cohomological category H (A), which has the same objects as A and has morphism

spaces homp)(X,Y) = H(homy(X,Y), ) with (associative) composition

[az] - [a1] = (=1)!*V 12 (a2, a1)].

We call A cohomologically unital (c-unital for short) if H(A) has identity mor-
phisms (so is a category in the standard sense). Although this is perhaps not the
most natural notion in the context of A..-categories, all categories considered in
this thesis will be assumed to be c-unital, since Fukaya categories always carry
cohomological units for geometric reasons.

There is another notion of unitality that is helpful to consider although Fukaya
categories in general do not satisfy it: we say A is strictly unital if, for each X,
there is an element ey € hom’(X, X) such that

o pt(ex)=0;
o (—Dly2(ex,a) =a= p*(a,ex) for a € hom(Xy, X1);
o ul(ag_1,...,ex,...,a;) =0 for all d > 3.

This is useful because every c-unital A,-category is quasi-equivalent to a strictly

unital one [39, Lemma 2.1].

2.2 Functors

An A -functor F: A — B consists of a map F: ObA — ObB and maps
F? : homy(X4_1,Xg) ® - - ® homy(Xo, X1) — homg(FXo, FXy)[1 — d]

for all d > 1, which are required to satisfy

Yo b (ad G g), - T g a))

T s1+-+sr=d
= (=1)FF g, (g Gng), ). (22)
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2.3. A-modules

F induces a functor HF: H(A) — H(B) by [a] — [F'(a)]. We call a functor F
between c-unital categories c-unital if HJF is unital. All functors in this thesis will
be assumed to be c-unital. We say F is cohomologically full and faithful it HF is
full and faithful, and we say F is a quasi-equivalence if HF is an equivalence.
The set of Ay-functors F: A — B can itself be considered as the objects of
an As-category fun(A,B) (or more specifically nu — fun(A, B) for “non-unital
functors” if we make no assumptions about units). We shall only need this in the

following specific context.

2.3 A, -modules

We first note that any dg category can be considered as an A..-category with
pué = 0 for d > 3. In particular, for a given A -category A, we can consider
Aso-functors from AP to the category of chain complexes C'h over K. We call
such functors A,-modules over A. Such functors can be thought of as the objects
of a new A-category Q = mod(A) = fun(A°?, Ch).

An A, -module M: A — Ch assigns a graded vector space M(X) to all X €
ObA and, in this specific setting, we follow [39] in changing notation of
slightly so that we have maps

s M(Xg-1) ® homg(Xg_9, X4-1) ® - - - @ homy (Xo, X1) — M(X)[2 — d]

satisfying

> (=0)Fn (g (0 agon, - ansa), )

m,n

+ Z(—l)*"u%—mﬂ(b, A1y oy WL (g « + vy Qpg1)y Ay« o ya1) = 0. (2.3)

The morphism space homg (Mg, My ) in degree r is made up of so-called pre-module

homomorphisms t = (t)4>; where

tdl MO(Xd—l) ® hOHlA(Xd_Q,Xd_l) XX homA(Xo,Xl) — Ml(Xo)[T’ —d + 1].

23



2. A-CATEGORIES

The composition maps in Q are

(ubt) (b,ag 1, ... a1) = (2.4)
Z( 1)iu§4+11(td*”(b, Ag—1y -y Qpi1), Gpy vy 01)
+Z D™ (u (b Ag—1y- -y Opi1), Gpy ey 01)
+ Z DR b ag 1, ..o W (Gngmy -+ oy Gng1)s - - G1);

(11 (ta, tl)) (b,ag—1,...,a1) = (2.5)
> (=0T b agors - Gng) G @)

and pd =0 for d > 3. Here { = |ap1| + -+ + |ag—1| + || — d + n + 1. We stress
that the fact that higher composition maps vanish is not true for more general

Ao-functor categories, but rather reflects the dg nature of Ch.

If ubt = 0, we say that ¢t is a A.-module homomorphism. In this sit-
uation, we have a map H(t): H(My(X)) — H(M;(X)) for all X, given by
[b] = [(—1)PI£1(b)], where here H(M(X)) is the cohomology of M(X) computed
with respect to the differential O(b) = (—1)%11} (b).

Lemma 2.1. ([39, Lemma 1.16]) Suppose the A,-module homomorphism t €
homg (Mg, My) is such that the induced maps H(t): H(My(X)) — H(M (X))
are isomorphisms for all X. Then, left composition with t induces a quasi-
isomorphism homg(My,N) — homg(Mg, N) and a similar result holds for right

composition.
Corollary 2.2. Under the above hypotheses, [t| is an isomorphism in H(Q).
Given Y € A, there is an associated A,.-module Y € Q where
Y(X) = homa(X. V), g = ulh

This forms part of an A,-functor ¢: A — Q called the Yoneda embedding. Given
t € homy (Y, Z), (1(t) € homg(Y, Z) is the morphism

(@) (byag_v,. .. a1) = p 7, byag s, - . ar),
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and the higher order parts of the functor ¢ are defined similarly. ¢ is cohomo-
logically full and faithful [39, Corollary 2.13].

2.4 Twisted complexes

Given A we can form a new category XA called the additive enlargement of A

whose objects are formal sums

X=FPviex,
iel
where [ is some finite set, the V; are finite-dimensional graded vector spaces and
X; are objects of A.

homs (@ Vo X PW; @ Yj> = D homg(V;, Wj) @ homa(X;, Y)),

el Jj€J i,J

and we write morphisms a € homy4(X,Y) as a?* ® 27" where o' and 27* are ma-
trices of morphisms in homg (V;, W;), homg(X;, Y;) respectively. The composition

maps are given by

M%A(am B 7a1) - Z(_l)qad e @ :u;ll(xda v 71‘1)

where <=3 _ a7 (|t = 1). A clearly sits inside $A as a full Ay-
subcategory once an object X is mapped to K ® X, with K given grading zero.

A twisted complex in A is an object X of YA, together with a differential
§x € homy,, (X, X) which satisfies the following conditions:

e 0y is strictly lower-triangular with respect to some filtration on X. By
“filtration” here we mean a finite decreasing collection of subcomplexes
F'X such that the induced differential on F*X/F*1X is zero [39, Section
3J;

° Zd”%ﬂ(éxa---,5x) =0.
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2. A-CATEGORIES

Given this we can define new composition maps

,u%wﬂ(ad, ce,aq)

2: d+ig++ig
My g 5Xd7' . ~§Xd>ad75Xd,17~ .. ,5Xd71,ad,1,. .. ,al,éxo, - -;6X0

-~ -~

10yeeerid . : \
e id td—1 %0

The sum is taken over all ¢; > 0, but the conditions on dx imply that this is a finite
sum and that moreover the A.-relations still hold. XA sits inside TwA as
a full A, -subcategory given by those twisted complexes with zero differential.
We may relate TwA and Q using the diagram below. J is the obvious inclusion
functor and J* is the induced pullback. The reader may find the appropriate

formulae in [39].

A d Q (2.6)
P,
TwA —= mod(TwA).

We shall denote the resulting map from TwA by Q by /.

2.5 Tensor products and shifts

Working in the larger categories TwA and Q allows us perform many familiar
algebraic constructions not necessarily possible in A. As an example, take a
chain complex (Z,0) and an A,-module M € Q and define a new A,-module
Z @M e Q by

(ZM)(X) =Z o M(X), (2.7)
pen(z @ b) = (=1)"710(2) @ b+ 2 ® p3(b),
1Geon(z @by ag_1,...,a1) = 2@ pse(b,ag_1,...,a;) for d > 2.

As a special case of this, consider Z = K, a one-dimensional chain complex
concentrated in degree —1 and with trivial differential. We shall denote Z @ M
by SM and call it the shift of M. Similarly we have S°M for any ¢ € Z and we
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have a canonical isomorphism

homg(oy(Y, 572) = homp ) (Y, Z)[o].

When A is strictly unital, we can do a similar thing with twisted complexes.
Given (X,dx) € TwA and a chain complex (Z,0), we can form the twisted
complex

(z® X ide@ox + T ex),
where 9(z) = (—1)1#719(2). We can also do shifts here: S°Y =K|[o] @ Y

Remark 2.3. ([39, Remark 3.2]) Given a chain complex (Z,0), we can form a
new chain complex given by H(Z) with trivial differential. By choosing a linear
map that picks a chain representative for each cohomology class, we can define a
map H(Z) @M — Z @ M and Corollary[2.9 says that this will in fact induce an

isomorphism in H(Q).

2.6 Evaluation maps

Given V € A and Y € Q we have an evaluation morphism

ev: Y(V)e@V —=1Y,
et (y®@u,ag_1,...,a1) = ,uﬁ“(y, V,Ag_1,...,01). (2.8)
In the strictly unital case, we can also define this for twisted complexes. In
order to define ev: homp,4(V,Y)® V — Y, we require that ev be an element of
homy,s (V, Y)Y ® homp,a(V,Y). To do this, choose a homogeneous basis {b;}
of homp,4(Y, V) and let {f;} be the dual basis. Now let ev = > 3; ® b;. It is
easy to verify that the two maps correspond under ¢, so we shall feel justified in
abusing notation and referring to both as ewv since it will always be clear in which
setting we are working.
We can also define a dual evaluation map ev": Y — homp, (Y, V)Y@V given
by ev¥ =3 v, ® ¢; where again {c;} is a basis for homp,4(Y,V) and {7;} is the

dual basis.
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2. A-CATEGORIES

2.7 Cones and triangles

Given t: My — My a degree zero module homomorphism, we can form the map-

ping cone € = Cone(t) given by

C(X) = Mo(X)[1] & My (X),

d bO . H&[O(boy Ad—1y .- - ,&1)
He yAd—1,---,01 | = d d .
bl uMl(bl,ad_h...,al)—i-t (bo,(ld_l,...,al)

The cone € comes with module homomorphisms ¢ and 7 which fit into the
following diagram in H(Q)
Mo —" M,
1] l[b]
[7]

C.

Any triangle in H (A) quasi-isomorphic to one of the above form under the Yoneda
embedding is called ezact.

Likewise the cone of t: X — Y in TwA for a degree zero cocycle t is given by

B S(x) 0
Cone(t) = (SX @Y, (—S(t) 5y>> :

We call an A.-category A triangulated if every morphism [¢] fits into some exact

triangle and A is closed under all shifts, positive and negative.

Proposition 2.4. ([39, Proposition 3.14]) If A is a triangulated A -category,
then H°(A) is triangulated in the classical sense. Moreover, for F an Au-functor
between triangulated A -categories, HF is an exact functor of triangulated cate-

gories.

For a given A, we can consider the triangulated A, -subcategory QcQ gener-

ated by the image of the Yoneda embedding. We call H%(Q) the derived category
of A, which we denote DA. Equivalently, we may define DA as H°(TwA).
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Chapter 3

CPP"'-twists

In the interests of legibility, we introduce the shorthand a,;_; for aq_1,...,a;.

Huybrechts and Thomas [23], motivated by mirror symmetry, introduced the
notion of a P™-object P in the derived category D(X) of a smooth projective
variety X. They showed that there are associated twists ®p of D(X) which are

in fact autoequivalences. We reinterpret their construction in our setting.

Definition 3.1. A CP"-object is a pair (V, h) where V € ObA and h € hom?(V, V)
such that

o jiyh=0;
e hompy ) (V,V) = K[h]/h"! as a graded ring;
o There exists a map f: hom%}lm)(v, V) — K such that, for any X, the result-

ing bilinear map hom?}"”(;{;(X, V) x hom]f{(ﬂ)(V, X) — hom%}‘(ﬂ)(‘/, V) — K

1s nondegenerate.

We shall often just refer to a CP™-object by V' since, following Remark the

choice of h will be irrelevant up to quasi-equivalence.

To define our twist, we imitate the construction in [23]. Take some CP"-object
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3. CP"-TWISTS

V' and consider the following diagram

YW)[—21 o VE=Yv) @ V- Hy (3.1)

)

Y

|

vy

where here Hy is Cone(H) and @Y is Cone(g).
Here ev is the evaluation map ([2.8) and we define the other maps by

H'(y®v) = (=)"*Ui(y. h) @ v + (-1 y © @ (h, v),
Hiy®v,a4.1) = (=D)¥ 1y @ pudt (h,v,a4 ) for d > 2.

and

Y1 QU
I <( e ) ,ad—1> = 1™ (Y2, v2,84-1) + (1) 2 (g1, hyvy, )

Y2 ® Vg

Lemma 3.2. H and g are pg-closed.

Proof. This is a direct calculation. Using (2.4) and (2.7]), we see that

) (y®@wv,a41)
l)i"ﬂ-’f‘ 1M$+1(ud_”+l(h, Vg 1y ey pgl)y -, Q1)
( 1)i”+|y| 1 ”+2(h p (v, ag 1, A1)y, 01)
in+|y‘ llud m+2(h‘7 U, 415 - - - 7#%(an+mv cee 7an+1)7 s 7a1)

( io+|y| 1+Iud+1(hvad V=14 (_1)id—1+‘v|*1+|y‘*2) 13 (y) @ it (hy v, a41)
<( yfa-rHol+el 4 (_1>1o+|y\+|m(v,ad71)\> 13y h) ® (v, a4_1).
The terms involving uj(y) and p3(y, h) cancel, and inside the big bracket, we

find precisely the terms from the A..-relation (2.1)) except for the term involving
ph(pk (h),v,a4-1). But, by assumption, pk(h) = 0 so this term vanishes.
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The proof for g is similar:

(ho) [ [ D) e ) =
9 —1 -
¢ Yo & Vg

Z(—l)inﬂyl‘AMQLH(M?”H(%; h,vi,a4 1,5 Qpy1),s - - -5 Q1)
+Z in—Hyll 1 n+3<y h ,uv (vl,ad_l,...,an+1),...,a1)

+ (_1)id—1+lu (yl)‘_lﬂvl'_lﬂﬁ“(ué(y1), h,v1, a1, . .., a1)

n+ 1 d m~+3 m
+E 1)dntnl- [y (y1, hyvry ag—1y ooy 17 (s -+ oy A1)y -5 a1)

+Z n+1 d il (y27v27ad—17'"aan+l)a"->al)
+Z n+2 yg,uv (vg,ad,l,...,anﬂ),...,al)

+( 1)1‘1 R (g (y2), v, g )
+Z 1" (Y2, v2, @ty -y R Qs -5 Q1) A1)

+Z in—Hyll ! n+2<y ,u% n+l (h,vl,ad_l,...,an+1),...,a1)

+ (_1>id_1+|y1‘+lvl|lu‘j+1(y’;(yla h)a V1, Qd—1y - - - aa'1>-

Here the final two lines come from the presence of H in the p¢ maps in
Cone(H) as in (2.9). Again we find all the terms from (2.3 except for those
involving g (h), so the above sum vanishes.

[

Concretely, vY = (Y(V)@V)a (Y(V)[1]®@V)®Y and

Y1 ® vy (‘Dlvl‘_lﬂé(yl) R v1 + 1 @ py(vr)
pove || (=Dl () @ v+ (=) E (g h) @ vy
o B Ty @ prb(va) + (~ 1)1y, © i (h, v))
Ys 114 (ys) + 113 (y2, v2) + (=)= Ld (g1, by vy)

31



3. CP"-TWISTS

and, for d > 2,
Y1 Qv
M%V}a Yo Qv | ,a9-1

Y3

Y1 ® ph (v, a4-1)

= Yo @ ph(va, ag—1) + (—1)|y1‘_1y1 ® M\dfl(h,Ul,adq)

Iuél(y?n ad—l) + N§+1(y2a V2, ad—l) + (_1)|y1|71#]§l+2(y17 h7 U1, ad—l)

3.1 CP"-twist functor

We want to upgrade @y to a functor &y : Q — Q and so, having described the

effect of @y on objects, we must describe how it acts on morphisms.

Firstly we set ®¢ = 0 for d > 2, so that ®y is in fact a dg functor and, given
t € homg(Y,2), £ = ®y(t) has first order part

Y1 ® vy (=D (1) @ vy
1?1 Y2 X (%) = (—1)'”2|_1t1(y2) & Vg + (—1)|yl|+|”1‘t2(y1, h) X V1
Y3 t'(ys) + % (y2, v2) + (1) 1713 (yy, by vy)

and, for d > 2,

Y1 @ vy

A~

¢ Yo @ vy | ,a4-1

Ys

t4(ys, ag_1) + t3 (yo, va, a0 1) + (—1)'91“1td+2(y1, h,vi,a4-1)

Lemma 3.3. &y is an A, -functor.

Proof. The condition we need to verify is (2.2)), which here reduces to the two
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3.1. CP"-twist functor

conditions
1o (Py (1)) = Py (no(th)),
A (O (t2), Py (1) = Py (ki (t2, 1)),
since ud = 0 for d > 3. Both are straightforward calculations. O]

Proposition 3.4. &,V = S~*"V. Also, if hompa)(V,Y) =0, then &Y =Y.
We first recall a basic algebraic lemma that we shall need.

Lemma 3.5. If f: V — W is a map of chain complexes such that f is surjective

and ker f is acyclic, then f is a quasi-isomorphism.

Proof of Proposition|3.4]. Following Remark , we may replace the homy (V,Y)
terms in ®yY with hompy(V,Y). This vector space has a basis given by

ev,h,...,h" so that we replace ®yV with the quasi-isomorphic

P ri-2ve Phr-2i+1vev.

i=0 i=0
There is a module homomorphism m; that to first-order is a projection annihilat-
ing the summands ey [1]V @V and has higher-order terms zero. We want to apply
Corollaryto 71, s0 let O(b) = (—1)‘b|,u}bvy(b). Now, if an element (0, ey ®va, v3)
of the kernel of 7y is O-closed, then 9(0, —ey ®vs3,0) = (0, ey Q@vg, v3), S0 by Lemma
3.5, m is a quasi-isomorphism.

This means ®y/V is quasi-isomorphic to the image of 7y,
P n'i—2iv & @ -2 + 1.
=0 i=1

We can project once more so as to kill the summands ey'V @& h[—1]V. A similar
argument shows that this is a quasi-isomorphism. By repeating this process,
removing pairs of summands by a series of projection quasi-isomorphisms, we
can remove everything except h"[—2n]V.

The second fact is trivial from the definition of ®y . O
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3. CP"-TWISTS

Remark 3.6. These results coincide with what one finds geometrically: namely
that ¢y acts on itself by a shift in grading by 2n [37], and if W and V' are disjoint
Lagrangians, then we can arrange that ¢y is supported in a region disjoint from

W so that ¢y has no effect on W.
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Chapter 4
®1, is a quasi-equivalence

In the case where A itself is a triangulated A..-category, the discussion in [39,
Section 3d] shows that we can define an A,-functor, which we shall also denote

®y, on A itself in such a way that

AL (4.1)

4

Q
Dy l‘bv
A——Q
commutes (up to isomorphism in H°(fun(A,Q))). In this chapter we shall prove

Theorem 4.1. IfV is a CP"-object in a cohomologically finite A -triangulated

category A, then &y : A — A s a quasi-equivalence.

To prove this, it will be useful to have an explicit formula for ®y, on the level
of twisted complexes. In order to do this, we have to assume that A is strictly
unital. The more general c-unital case later will be discussed later. The diagram
can now be augmented to the following:

A——TwA L0 (4.2)

LDy j‘bv Lév
\

A—TwA-L Q.

We shall define an A..-functor ®y, on TwA such that the righthand square pre-

cisely commutes. Then, in the case where A is triangulated, the inclusion into
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4. oy IS A QUASI-EQUIVALENCE

TwA is a quasi-equivalence so can be inverted [39, Theorem 2.9], which allows us
to pullback @ to A.

In order to imitate the construction of Chapter 3] we need to define a map
H: homp,a(V,Y)®V — hompyua(V,Y)®V. This means H must be an element
of Endg (homzy,4(V,Y)) ® hompyua(V, V). Let h € Endg(hompea(V,Y)) be the
linear map a + p?(a, h), and define

H=h®ey —id Qh.
With this we can consider the diagram

homyua(V, Y)[=2] @ V s hompuu (V,Y) @ V ——= Hy (4.3)

As in (3.1), Hy = Cone(H) and ®yY = Cone(g), where now g is now given
by ev on the second summand of Hy and zero on the first summand. It is
straightforward to verify that the above diagram becomes (3.1)) under . We have

now defined a twisted complex

homz,4(V,Y) @V Ohomya (V,Y)RV 0 0
@VY = @ homTwA(V, Y) [].] ® V ) _52(H) _5h0mTwA(V7Y)®V 0
oY 0 —S(ev) oy

(4.4)

Also, given t € homp,u (Y, Z), we get Oyt € homp,u(PyY, Py Z) given with
respect to the above splittings by

where £: hompyu(V,Y) = hompua(V, Z) is given by a + (—1)1%42(t,a) and ¢
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4.1. Adjoints

denotes the map a — p®(t,a,h). This now defines an A -functor ® on TwA
which has only first-order terms (it is a dg functor). We leave it to the reader to

check that the righthand square in (4.2)) commutes.

4.1 Adjoints

One of the benefits of making the assumption of strict unitality and working with
twisted complexes is that is easy now to identify an adjoint twist functor to ®y .
We recall that, given a pair of functors F': D — C and G : € — D, we say that
F' is left adjoint to G (and G is right adjoint to F') if there are isomorphisms
home(FY, X) = homyp (Y, GX) which are natural in X and Y.

Consider the following diagram

Sy (4.5)

v
g
evY L

homzea (Y, V)[1]Y @ V L hompoa (Y, V)[=1]Y ® V - Cone(H)

|

Cone(g")

Define hY: homrp,a(Y,V)[—2]Y — homz,a(Y, V)" by h¥(n)(a) = n(u*(h,y)).
Now let HY = h¥Y ® ey —id®h and ¢g¥ = (0,ev’). We define Hy = Cone(H")
and VY = Cone(g”). ®VY is given by the twisted complex

Y Sy 0
S homTwA(Y7 V) [2]\/ VvV 0 5homTwA(V,Y)V®V
& hompya (Y, V)[-1]Y @V \ev’ Y Ohomy,,a(V,Y)" &V

Given t € homyp,u (Y, Z), we similarly get @Vt € homyp,a(PyY, Py Z), so that
Y is a (dg) functor on TwA.

Proposition 4.2. H®Y, is both left and right adjoint to H®y .

Proof. We first prove that H®y, is left adjoint to H®y. We want to show there
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4. oy IS A QUASI-EQUIVALENCE

are isomorphisms
hOIHDA<(I)¥Y, Z) = hOHlDA(K @VZ)

that are natural in DA. By applying the exact functors hompy(—, Z) to (4.5)
and homp, (Y, —) to (4.3]), we get long exact sequences, natural in DA,

hOIIlDA j‘(:y, hOIIlDA hOIIlDA Y V)[ ] ®V, Z)

k /
VMY @V, Z)

homDA (hompu (Y,

v
hompa(Y, SHz) homp (Y, hompa(V, Z)[-1] @ V)

k/

hOHlDA(}/, hOHlDA(V, Z)[l] X V)

Here the vertical isomorphisms come from the natural identities

hOInDA(hOIIlDA(}/, V)v ® Vv, Z) = hOl’IlDA(}/, V)\/V ® hOIIlDA(Vv, Z)
= hOHlDA(YV7 V) ®homDA(V, Z)
= hompu (Y, hompy(V, Z) @ V)

so that hompy(Hy, Z) = hompa(Y, Hz) naturally (note that this requires that
A be cohomologically finite). This proves in particular that the functor assigning
Y to Hy- is left adjoint to the functor sending Y to Hy (these functors are defined

by the obvious restriction of the above construction).
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4.2. Spanning classes

Similarly we have

homDA (I> Y, Z) hompa(HY, Z)
X /
homp(S~YY, Z)

Y
homDA(Y, @VZ) e —>homDA(Y, Sg'fz)

» /

hOHlD_A (Y, SZ)
and therefore
homDA(¢¥Y, Z) = homDA(Y, (I)VZ)
naturally. Proving right adjointness is similar. O]

With the existence of adjoints proven, the rest of the proof of Theorem [4.1]is

an exercise in the abstract machinery of triangulated categories.

4.2 Spanning classes

A nontrivial collection €2 of objects in a triangulated category D is called a span-

ning class if, for all B € D, we have

e If homp(A, B[i]) =0 for all A € Q and all i € Z, then B ~ 0.

e If homp(B[i], A) =0 for all A € Q and all i € Z, then B ~ 0.
Given an object A € D, we denote by A+ = {B : hom},(A4, B) = 0} and can

define + A similarly.
Lemma 4.3. For a CP"-object V € A, {V} UV is a spanning class in DA.

Proof. Suppose we have B such that hompa(A, B[i]) = 0 for all A € © and all
i € Z. Then putting A = V shows that B € V*. Therefore, in particular,
hompa(B, B[i]) = 0 for all i so that B ~ 0. For the other condition, note that,
by the definition of CP"-object, hompu(V, A) = 0, if and only if hompa (A, V) =
0. [
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4. oy IS A QUASI-EQUIVALENCE

4.3 Equivalence

We now appeal to the following theorem of Bridgeland [13, Theorem 2.3]

Theorem 4.4. Let F': C — D be an exact functor between K-linear triangulated
categories such that F has a left and a right adjoint. Then F is fully faithful
if and only if there exists some spanning class 2 C C such that, for all objects

K, L € Q and all v € Z the natural homomorphism
F': home(K, L[i]) — homqp (F(K), F(L[i]))

1S an isomorphism

For the spanning class from Lemma [£.3] this condition follows immediately
from Proposition |3.4] so ®y is cohomologically full and faithful.

To show that it is an quasi-equivalence, let B C TwA be the full A-
subcategory of objects isomorphic to @Y for some Y. Since &y, maps exact
triangles in H(TwA) to exact triangles in H(TwA), B is actually a triangulated
As-category. On the other hand, from Proposition V € B and so (4.3)
shows that B generates TwA. This means that the inclusion B — TwA must be
a quasi-equivalence, which implies that ®y is also a quasi-equivalence.

So far we have only dealt with the case when A is strictly unital. In the
c-unital case, the standard trick [39, Section 2| is to pass to a quasi-equivalent

Aso-category A which is strictly unital and such that

D\A oy D\A
DA™ pA

commutes (up to isomorphism). Then we can apply our result from the strictly
unital case to complete the proof of Theorem [4.1]
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Chapter 5

Some geometric consequences

5.1 The connection with spherical objects

As we mentioned in the Introduction, it would require a more substantial analysis
to verify that ®y does in fact represent the categorical version of ¢y. However,
in the lowest dimension when V' = CP!, this can be done by using Seidel’s

result resulting geometric Dehn twists and algebraic spherical twists [39], and the

relationship (1.3]).

We shall first recall the basic facts about spherical objects and spherical twists
[39, Section 5.

Definition 5.1. An object V' € A is called spherical of dimension n if
L4 hOHlH(A)<V, V) = K[t]/tQ
e There exists a map [: homiy 4 (V,V) — K such that, for all X, the result-
ing bilinear map hom’;f(fl) (X,V) x homlfq(ﬂ)(V,X) — hom¥ 4 (V,V) — K

s nondegenerate.

Definition 5.2. Given an object V, the twist map Ty is defined by TyY =

Cone(ev).

This forms part of a functor Ty : Q — Q where, given ¢ € homg(Y,2), t =
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5. SOME GEOMETRIC CONSEQUENCES

Ty (t) has first order part

o ( Y1 QU ) _ ( (_1)|v|—1t1(y1> Qv >
Yo t'(y2) + t*(y1,v)

d y]_ ® (% O
t Ad-1 ) = | d+1 :
(P t(y2,a4-1) + 17 (Y1, v, a0-1)

If A is triangulated, we may define the functor Ty on A and Seidel proves the

and

following lemma:

Lemma 5.3. ([39, Lemma 5.11)) Given a spherical object V in a c-finite trian-

gulated Ay -category A, the spherical twist Ty is a quasi-equivalence of A.

Theorem 5.4. When V is a CP'-object (so is also a spherical object of dimension

2), TE and ®y give rise to isomorphic functors on DA.

Proof. Ty(TyY) = (Y(V) ® V(V)[2] & V)@ (U(V)[1] © V)@ (U(V)[1] © V)@Y with

Y1 Qg
:U”_IZQE Yo & Vg
v Y3 @ U3
Ya

(=Dt () @ g @ v+ (1) @ pl(g) @ v+ 31 @ ¢ @ pt (o)
(=D (o) @ va + 12 @ pt (v2) + (=D 2 (y1, ¢) © 0y
(=)=t (y3) @ v + ys @ pt (vs) + 1 @ p* (g, v1)

(1t (ya) + 12 (Y2, v2) + 12 (ys, vs) + 12 (y1, ¢, v1)
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5.1. The connection with spherical objects

and
Y1 @ q X vy
,ud Y2 Q Vg a
2 y Ad—1
v Y3 ® v3
Y4
Y1 @ q® p (v, ag-1)
_ Y2 ® p(va, a4-1)
Yz @ pt(vg, a4-1) + y1 @ p (g, v1,a4-1)

ud(y4, ad—l) + Mdﬂ(ym U2, ad—l) + MdH(y:s, U3, ad—l) + N‘”Q(yl, q,V1, ad—1)

for d > 2.

Without loss of generality we may assume that V(1) is two-dimensional with
basis {ey, h} so that we may write Y(V) @ V(V)[2] as a direct sum e[2]Y(V) &
hY (V') and denote by ), the projection onto the second summand (without any
correcting sign factor).

For all Y, we now define maps ay: T‘%H — &Y by

Y1 & q R vy v
Y2 @0 (=D (y1 ® q) @ vy
Oéé 2 ® 2 _ (_1)|y2‘+‘vg|y2 ® Vo + (_1>‘y3|+‘v3‘y3 ® U3 )
Ys ® v3 (—1)lal=ty,
Ya

and, given t € homg(Y,Z), we now have the diagram

T2y L. T2%

-,k

DyY —- By 2,
and the following are easily checked:
o ub (ay) =0 for all Y;

e By a similar argument to the proof of Proposition [3.4] ay is a quasi-

isomorphism for all Y;

43



5. SOME GEOMETRIC CONSEQUENCES

o (1) (az,8) = (=)l (7, ).

This suffices to prove that there is a natural isomorphism between the two functors
in DA. O

Corollary 5.5. In light of (1.3)), Conjecture holds in the case of a CP'-object.

5.2 Exotic autoequivalences

Suppose we have a symplectic manifold (M,w) and a Lagrangian V' C M which
satisfies the classical ring isomorphism HF*(V, V) = H*(V). Then if V has the
same cohomology ring as CP™ we can form the projective twist ®y of DF(M) even
if V' is not itself diffeomorphic to CIP". However, in this case we would not expect
to find a geometric representative of ®y as we do not expect to find a metric on
V' with periodic geodesic flow. We shall prove that there are indeed situations
as above where no such geometric twist exists (we call such an autoequivalence
exotic). The argument in this section is very similar to that in [6, Proposition
2.17] and we refer the reader there for a more precise discussion of the technical
issues underpinning the definition of the Fukaya category in this situation.

Take some manifold V' such that H*(V) = Ek[h]/h™"! as a ring but such
that 7 (V) is nontrivial (for example we could take the connect sum of CP"
and some homology sphere 3?"). Consider the disc cotangent bundle D*V and
add a Weinstein handle [43] to cap off the Legendrian S?*"~! bounding some
cotangent fibre. The result is an exact symplectic manifold M = D*V#D*S?",
which contains Lagrangians Y = S?" and V, and results of [6] say that (for
some suitable definition of the Fukaya category) F(M) is generated (not merely
split-generated) by these two Lagrangians. Moreover, here we have the identity
HF*(V,V)= H*(V).

Proposition 5.6. In this situation there is no geometric representative ¢y of
Dy,

We first fix the coefficient field K we shall use to define our Fukaya category:
let t: V — V denote the universal cover and fix some K such that char(K)
divides the index of ¢ (so that char(K) is arbitrary when the index is infinite).
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5.2. Exotic autoequivalences

Now suppose that such a geometric morphism ¢y exists. Then there will be a

Lagrangian submanifold L = ¢y (Y') which is represented by the twisted complex

VLV Esy, (5.1)

where the arrows denote the terms in the differential as in (4.4]) (if necessary we
pass to a quasi-equivalent, strictly unital F (M) so that we may work with twisted
complexes as in Chapter [4]). Here we observe that HF*(V,Y) = K generated by
their one point of intersection x. The objects of F(M) are all closed Lagrangians,
but F(M) embeds as a full category of some wrapped Fukaya category W(M),
which includes nonclosed Lagrangians such as cotangent fibres. Let : M— M
be the cover induced by ¢: V — V. Results of [3, Section 6] now say that there
exists a pullback Fukaya category W(M ;) with the following properties:

Theorem 5.7. There is a wrapped Fukaya category W(]Téf ;) which comes with
a pullback functor
7 W(M) — W(M; )

which acts on objects L of W(M) by taking the total inverse image 7= (L) C M

and such that the map on morphisms
HF*(L,L) — HF*(z (L), 7 (L))

agrees with the classical pullback on cohomology whenever L C M is closed. More-

over, deck transformations of ™ act by autoequivalences of W(M, ).

So when we pullback the twisted complex ([5.1]) under 7, we get a new twisted
complex in W(M; 7):
VSV =7 (Y),

where the first differential is zero by our choice of K. This means that, up to

shifts, we get the splitting
TN 2V e (T/m - w‘l(Y)) . (5.2)

Also, 7 (L) =11, L., where all the components are related in W(]Tj ;) by deck
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5. SOME GEOMETRIC CONSEQUENCES

transformations of 7. By looking at the rank of HW(V,V) = HFO(V,V) = K
we see that V is an indecomposable object of the category, as is each Za.
We now work in D’TW(M; 7), the idempotent completion of DW(M; ) [39,

Chapter 4], where we can appeal to the following lemma.

Lemma 5.8. If X = ®X; is a direct sum of indecomposable objects in D’TW(]\A/[/; )
and Y 1s a indecomposable summand of X, then' Y must be isomorphic to one of
the Xz

Proof. By considering inclusion and projection morphisms, we see that the com-
position X — Y — X is idempotent. This splits as a direct sum of idempotents
X; =Y — X;. When one of these is nonzero it means that, either the compo-
sition is the identity or that, having taken idempotent completion, X; admits a
nontrivial summand. In the first instance, ¥ — X; — Y is then idempotent, so
again the composition is either the identity or Y admits a nontrivial decompo-
sition. As X; and Y are assumed indecomposable, we conclude that X; and Y

must be isomorphic. O

Therefore, in order to show that the twisted complex in the right-hand side of
(5.2) cannot arise as the pullback of a geometric Lagrangian and that therefore

¢y cannot exist, it suffices to prove

Lemma 5.9. V[1] — 7~ 1(Y) is not quasi-isomorphic in W(M, ) to a direct sum

of objects obtained from 1% by deck transformations.

Proof. Pick a cotangent fibre to one of the components of 77*(Y") and consider
its Floer cohomology with these two twisted complexes. In the case of V the rank
will be zero; in the case of V[1] — 7~ 1(Y) the rank will be 1. O

Remark 5.10. This argument requires that we may freely choose our coeffiecient
field for F(M). To do this one usually restricts attention to spin Lagrangians so
that we can orient the moduli spaces of holomorphic curves used to define our As-
maps. However, following [18], it is enough that our Lagrangians be relatively
spin, meaning that there is some class st € H*(M,7Z/2) such that st|;, = wq(L),
which clearly holds here. Therefore the above argument will still work in the case

where n 1s even.
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Part 11

Distinguishing between exotic

symplectic structures
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Chapter 6

Lefschetz fibrations

In this chapter, we recall the standard notions of Picard-Lefschetz theory. The
treatment here largely follows that of [39, Part III], but we shall adapt the pre-
sentation there to include certain nonexact symplectic manifolds, as we want to
consider arguments involving nonexact deformations of our symplectic form.

Let (M, w) be a noncompact symplectic manifold. We say (M, w) is convez at
infinity if there exists a contact manifold (Y, ) which splits M into two parts:
a relatively compact set M™; and M°“ which is diffeomorphic to the positive
symplectization of (Y, «) where, in a neighbourhood of Y, we have a 1-form 6
satisfying df = w and 0]y = a. Such a contact manifold is canonically identified
up to contactomorphism. If 6 can be defined on the whole of M, we call (M, 0)
a Liouville manifold.

Given a compact symplectic manifold with boundary M such that, in a neigh-
bourhood of the boundary, we have a primitive 6 of the symplectic form which
makes the boundary contact, we say M has conver boundary. If 6 is defined
everywhere, (M, 0) is usually called a Liouville domain. Given a symplectic man-
ifold with convex boundary, we can complete M canonically to get a symplectic

manifold convex at infinity,

—~

M = M Ugy; [0,00) x OM,

with forms § = €0 and & = d on the collar, where r denotes the coordinate on
[0, 00).
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6. LEFSCHETZ FIBRATIONS

6.1 Definition

Let (F,w) be a compact symplectic manifold with corners such that, near the
boundary, w = df for some form 6 which makes the codimension 1 strata contact,
and let m: ' — S be a proper map to a compact Riemann surface with boundary

such that the following conditions hold:

e There exists a finite set E“* C E such that Dm, is a submersion for all
xr ¢ E°% and such that D?m, is nondegenerate for all z € E%, which
means that locally we can find charts such that 7(z) = 3 22 . We denote
by S¢ the image of E* and require that S C S\ 9S. We also assume,
for sake of notational convenience, that there is at most 1 element of E %

in each fibre.

e For all z ¢ S the fibre E, = 77 1(2) becomes a symplectic manifold with
convex boundary with respect to w|g,. This means that we get a splitting

of tangent spaces
TE,=TE"® TE?,

where the vertical part TE? is the kernel ker(Dm,) and the horizontal part

TE" is the orthogonal complement of TE® with respect to w.

e At every point x € E such that z = 7(z) € 95, we have T'S = T(9S) +
Dn(TE,). This implies that 7#=1(9S) is a boundary stratum of E of co-
dimension 1, which we shall call the vertical boundary, denoted 0"E. The
union of boundary faces of E not contained in d”FE we shall call the hori-
zontal boundary of E, denoted O"E.

e If F' is a boundary face of E not contained in 0"FE, then 7|p: ' — S is a
smooth fibration, which implies that any fibre is smooth near its boundary.
We also want the horizontal boundary 0"F to be horizontal with respect
to the above splitting, so that parallel transport (see below) will be well-

defined along the boundary.

Definition 6.1. If all the above holds we call (E,m,w) a compact convex Lefschetz
fibration. For ease of notation, in what follows we shall often call (E,m,w) simply

a Lefschetz fibration, suppressing the extra adjectives.
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6.2. Vanishing cycles

The splitting of tangent spaces into horizontal and vertical subspaces means
that we have a connection over S\ S* and hence symplectic parallel transport
maps. In other words, for a path v: [0,1] — S which misses S*  our connection
defines a symplectomorphism ¢, : E, ) — Ey).

There is a method [31] of completing E to a symplectic manifold E which
is convex at infinity, such that we get a map 7: E — S to the completion of
the base. When S is a disc D, this is done as follows: firstly, the horizontal
boundary O"E is just OM x D, where M is a smooth fibre, and we can attach
OM x [0,00) x D to O"E in the same as we complete a symplectic manifold with
convex boundary. This gives us a new manifold we shall call F; and we can
extend 7 to m, on E; in the obvious way. Now consider 7;'(0D) = N. Attach to
this N x [0, 00) and call the resulting manifold E, over which we can extend 7 to
7. More details can be found in [31], Section 2]|. This map 7 restricts to 7 on the
subsets corresponding to E and S and outside we have a local model looking like
the completion of the mapping cone for some symplectic map p which we shall
call the outer monodromy of the Lefschetz fibration E. Given this, we shall also
talk in this thesis about Lefschetz fibrations over C, which are understood to be

the completions of Lefschetz fibrations over some disc Dir C C, in the sense of

Definition [6.1]

6.2 Vanishing cycles

We can use the parallel transport maps to introduce the notion of a wvanishing
cycle. Choose an embedded path «: [0,1] — S such that v~ 1(S%) = {1}. We
can consider the set of points which tend to the critical point y = y(1) under our

parallel transport maps

V, = {x € Byt lim oy, (@) = y} .

This set V, is called the vanishing cycle associated to the vanishing path . The
vanishing cycle is actually a Lagrangian sphere in the fibre [38] and if we take
the Lefschetz thimble, the union of the images of the vanishing cycle as we move

along ~ together with the critical point, we get a Lagrangian ball A, in the
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6. LEFSCHETZ FIBRATIONS

total space E. In fact, A, is the unique embedded Lagrangian ball that lies over
~v. These vanishing cycles come together with the extra datum of a “framing”
[38, Lemma 1.14], meaning a parametrization f: S™ — V. Here, two framings
f1, fo are equivalent if f;'f; can be deformed inside Dif f(S™) to an element of
O(n + 1), but this framing information is irrelevant in the dimensions in which

we work, so shall neglect to mention framings in what follows.

6.3 Constructing Lefschetz fibrations

Given a Lefschetz fibration (E,7), we can pick a smooth reference fibre F, and
a collection of vanishing paths 7;, one for each critical point, which all finish at
z, but which are otherwise disjoint. This then gives us a symplectic manifold
M = FE, and a collection of vanishing cycles V; C M associated to the ~;. For
our purposes, in constructing symplectic manifolds, it is important to note that
we can go the other way as in the following lemma, taken from [39, Lemma 16.9]

but with unnecessary assumptions of exactness removed.

Lemma 6.2. Suppose we have a collection (Vi,...,V,,) of (framed) Lagrang-
ian spheres in a symplectic manifold M with convexr boundary. On the disc D,
choose a base point z, and a distinguished basis of vanishing paths vy, ..., Vm all of
which have one endpoint at z. Then there is a compact convex Lefschetz fibration
m: B — D, whose critical values are precisely the endpoints v1(1), ..., Ym(1); this
comes with an identification E, = M, under which the (framed) vanishing cycles

V., correspond to Vj,.

This will be the technique used to construct the symplectic manifolds consid-
ered in this thesis. However, in order to do this, we need to identify a collection of
Lagrangian spheres in a given symplectic manifold M. In the case where M itself

admits a Lefschetz fibration, we shall do this by considering matching cycles.

6.4 Matching cycles

Consider a Lefschetz fibration 7: M — S and an embedded path ~: [0,1] — S

such that v~ (5%) = {0,1}. In the fibre 7! (v(3)), we get two vanishing cycles,
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one coming from either endpoint. If they agree, then parallel transport allows us
to glue the two thimbles together to obtain a smooth Lagrangian sphere V' C M.
We shall call v a matching path, and V' the associated matching cycle.

In this thesis we shall usually work in situations where the vanishing cycles
do agree exactly so that we do get matching cycles, but occasionally we will
have the situation where the two vanishing cycles are not equal, but are merely
Hamiltonian isotopic. In this situation we may appeal to the following result of
[8, Lemma 8.4]:

Lemma 6.3. Let (M,w) be a symplectic manifold with a Lefschetz fibration
m: M — C and let v: [0,1] — C be a path such that v~ *(S“") = {0,1}. Sup-
pose that the two vanishing cycles Vo, Vi C Mw(%) coming from either end of this
path are Hamiltonian isotopic for some compactly supported Hamiltonian H, de-
fined on the fibre My(%). Then M contains a Lagrangian sphere homotopic to

Matching cycles will be used for our main method of construction. We take
a symplectic manifold (M,w) equipped with a Lefschetz fibration and consider
an ordered collection of matching paths. In favourable circumstances these will
give rise to a family of framed Lagrangian spheres (Vi,...,V,,) C M and we now
apply Lemma [6.2| to construct a new Lefschetz fibration (E, ).

6.5 Maydanskiy’s examples

Figure shows the examples considered in [27]. Although higher-dimensional
examples are also considered in [27], the meaning of all such diagrams in this
thesis is that we take the symplectic manifold M* built according to Lemma
by taking fibre 7*S! and vanishing cycles given by the zero-section, one for each
cross. The lines in Figure [6.1] are then matching paths which yield the spheres
required to apply Lemma again to obtain ES. The fact that the paths in
Figure [6.1] actually do give matching cycles will for us be a consequence of the
method of construction considered in the next chapter.

Maydanskiy [27] proves that the two symplectic manifolds in Figure are
diffeomorphic (they are both 7*S3 U 2-handle) but are not symplectomorphic.
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. RN
> %

X -contains a Lagrangian S® X, -contains no Lagrangian S®

Figure 6.1:

X is just T*S® with a Weinstein 2-handle attached as in [43] and contains an
exact Lagrangian sphere inherited from the zero-section of 7*S3. In contrast, X;
contains no exact Lagrangian submanifolds, and so is considered exotic.

One way of thinking about this intuitively is that the manifolds are diffeo-
morphic because one can construct a smooth isotopy taking the top matching
cycle in X; and moving it over the critical point in the middle to get X|. The
reason this fails to work symplectically is that we are free to move our cycles only
by Hamiltonian isotopies, and we will not then be able to avoid the central crit-
ical point (since we cannot displace the zero-section of 7*S1), although the actual

proof in [27] has to make use of more sophisticated Floer-theoretic arguments.
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Chapter 7

Deformations of symplectic

structures

Definition 7.1. Let (E,w) be a symplectic manifold. By a deformation of the
symplectic structure (E,w) we shall mean a smooth 2-form Q on E = E X 0, 1]
such that

o |, is symplectic on each E x {t}
® Q’O =W

o 1,02 =0 for any v € ker(Dp) where p is the projection E — E.

This is equivalent to a smooth 1-parameter family of symplectic forms {w; : t € [0,1]}
on E such that wy = w. We shall denote by (Et,wt) the symplectic manifold
(B x {t}, Q).

We shall consider X7, the exotic example of Maydanskiy from the previous

chapter. In this chapter, we shall prove

Theorem 7.2. There is a deformation X, of X1 such that, for all t > 0, X’f

contains a Lagrangian sphere.

7.1 Constructing a deformation of X;

The fibres of Maydanskiy’s examples are A, Milnor fibres. For our purposes,

which crucially rely on matching paths defining genuine matching cycles without
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7. DEFORMATIONS OF SYMPLECTIC STRUCTURES

having to rely on Lemma [6.3] we shall work with the specific model as below.

Let M be the affine variety defined by
M = {Z% + Zg = (Zg - 1)(23 — 2)(23 — 3)} - Cg

equipped with symplectic form w, which is the restriction of the standard symplec-
tic form on C?. We may restrict to some compact set M™ C M (M™ C Br C C
for some sufficiently large R), such that M is a Liouville domain which be-
comes a Lefschetz fibration in the sense of Definition [6.1| once we project onto
the z3-coordinate [39, Section 19b]. It has three critical values, at 1, 2 and 3.

There is a homologically essential Lagrangian sphere A living over the straight-
line path joining the two critical points at 1 and 2, which is given by the part of
the real locus Mg living over this path. This sphere is precisely the matching cy-
cle associated to that line. We can do the same with the part of M NR(z3,y1, y2)
living over the interval [2,3] to find another Lagrangian sphere B and we shall
take A and B to define our standard basis of Hy(M;R) = R

The manifold M carries an S'-action given by

21 cosf) —sinf 0 21
zo | — | sinf cosf O 2
Z3 0 0 1 23

and the symplectic form w is invariant under this action.

Every smooth fibre is of the form zf + 23 = A for some nonzero A = se’® and
we observe that such a fibre is preserved by the S'-action, which in particular
means that the parallel transport map associated to a path v is S'-equivariant.

This fibre is symplectomorphic to 7*S?, where the model we use for T*S* is

78" = {(q.p) ER*x R?:||g| =1, (g,p) = 0}

The symplectomorphism is defined as follows: let 2 = ze~**/? and map
R(2)
~ (TR ~SEIRE ).
(||9?(2)||
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7.1. Constructing a deformation of X;

Note that, for each fibre, the S'-orbits are mapped to level sets ||p|| = constant
so, given that the parallel transport maps are S'-equivariant, the vanishing cycle

associated to any vanishing path will itself correspond to such a level set.

We shall deform the symplectic structure by introducing 2-forms which are
intended to resemble area forms supported near the equators of A and B. We

therefore consider the 2-form on C? \ iR?,

n=0c (o) (qafuts e+ s e+

]l

Iz H3dac1 A dx2>
where g.(x) = g.(x3) denotes a cutoff function for the z3-coordinate which has
supp(ge) C {|zs] < e}

As 1 is defined using only coordinates on the real slice R*\ {0} and annihilates
the radial direction, this is a closed form on C?\ iR3. We shall choose € such that
e < 8R’
now well-defined on M, so that in the Lefschetz fibration M — Dp, 1 is a closed,
S'-equivariant 2-form supported in the region lying over {|z3 — 3/2| < 1/4} and

and apply a translation z — z + (0,0,3/2). It is easy to show that 7 is

the sphere A has some nonzero area with respect to 7.

Moreover, we can rescale 1 so that w + 7 is still symplectic on M, since the
property of being symplectic is an open condition and M®™ is compact. Also,
since M is an As Milnor fibre, its boundary dM is topologically the quotient of
S3 by a Z/3 action and therefore H*(OM;R) = 0. This means that, perhaps

after rescaling n again, M™ will still have contact boundary.

We repeat the above procedure to obtain another closed 2-form 7' on M™,
defined now using the coordinates ¥, 92, 3 which is again S'-equivariant and is
supported over {|xs — 5/2| < 1/4} and has the property that

We denote by w; the 2-forms w + t(n + 7') for ¢ € [0,1], all of which make M™

symplectic with convex boundary.

Remark 7.3. Such a construction can be generalized: choose a finite collection
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7. DEFORMATIONS OF SYMPLECTIC STRUCTURES

of distinct points pi,...,pnsr1 € R and consider the affine variety

Mp = {Z% + Z% = H(Zg _pz>} C (C3,
which will be diffeomorphic to the A, Milnor fibre, with a basis of Ha(My) given
by the spheres A; living over the straightline path joining p; and p;y1. We may
construct a deformation of the symplectic structure on My by adding on 2-forms

which are supported on strips lying between the critical points as above.

7.2 Obstructions to forming matching cycles are

purely homological

We now consider the path -, in Figure [7.1], going from 1 to 3 in C. We would
like this to define a genuine matching cycle, with respect to the parallel transport
maps coming from w; = w + t(n +7') for t € [0,1]. However, we may no longer
get a genuine Lefschetz fibration in the sense of Chapter [6] since the horizontal
boundary may no longer be horizontal with respect to our splitting. This means
that parallel transport cannot be done near "M, but we shall not need this: our
vanishing cycles stay within a region away from the boundary, since deforming the
symplectic form will only change the parallel transport maps by a small amount.

Therefore, for any given ¢, the path 7 gives us two circles in the central
fibre which we know correspond to level sets ||p|| = constant. (In Figure [7.1]
the fibres shown at the top are those living over the path 7y.) These two circles
enclose some chain S; in the fibre over ’yo(%), and the sum of this chain and the
two thimbles is homologous to [A] + [B], so therefore has symplectic area 0 with
respect to w;. Since the vanishing thimbles are Lagrangian, this means that the
chain S, C T*S! must also have zero symplectic area, and therefore S; must in
fact be empty. In other words, we get a genuine matching cycle for all ¢, which
we denote V. We can do likewise for the path 7, to obtain the matching cycle
VY.

By the same argument, for any ¢ > 0 we can take a straightline path given by

the interval [1, 3], which goes over the central critical point at 2, and say that this
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7.2. Obstructions to forming matching cycles are purely homological

Figure 7.1:

too will define a matching cycle: in the central nonsmooth fibre we shall either
get, by Sl-symmetry, the critical point or some circle. However, if we obtained
the critical point, then we would have found a Lagrangian in a homology class of
positive symplectic area. Which smooth component this circle lives in depends
on whether we choose to give the class A positive or negative area.

Therefore, for ¢ > 0, we can take a smooth family of paths interpolating
between the two matching paths and get a smooth family (V)scp,1] of Lagrangian

S?s joining the two matching cycles. This has the following standard consequence.
Lemma 7.4. Fort >0, V§ and V} are Hamiltonian isotopic.

Proof. We can identify some neighbourhood of Vi with 7*S? and, for 0 < s < s
for some small sg, V! will correspond to the graph of some 1-form ay. Since V!
is Lagrangian, da, = 0, and therefore a, = df, since H*(V};R) = 0. We can
moreover choose these f; smoothly. A direct calculation shows that H(z,s) =
4 (fs(p(x))) is a Hamiltonian yielding an isotopy between V{ and V! , where here
p: T*S? — S? is the standard projection map. We can patch together such
isotopies to get from V{ to V{, and then apply some cutoff function to make our

Hamiltonian to be compactly supported. O
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7.3 X, contains a Lagrangian sphere after defor-

mation

We are now in a position to prove Theorem To do this, we shall establish a
deformation version of Lemmal[6.2l This is stated below in the case where there is
just one vanishing cycle, since the general case follows from gluing together such
examples.

Suppose we have M, a deformation of the symplectic structure (M,w), such
that M* has convex boundary for all ¢, and suppose that we also have V C M,
which is the image of an embedding of S™ x [0, 1] such that, for all ¢, we get a
Lagrangian sphere V C (M?*, w).

Then, by Lemmal6.2] we can construct a Lefschetz fibration B — I from M

and V' for each t. We want the family E* to comprise a deformation of (E° wg).

Proposition 7.5. In the above situation, we can construct a bundle of symplectic
manifolds E — [0, 1], such that each fibre E' has convex boundary and comes with
an identification E' = M*, under which the vanishing cycle V., corresponds to V*.
After applying a trivialization of this bundle which is the identity over 0, this is

a deformation of (E°,wg).

Proof. We closely follow [38 Proposition 1.11]. First we need a neighbourhood
theorem, whose proof follows the same argument as that of the standard Lagrang-

ian neighbourhod theorem [29].

Lemma 7.6. Let (M,Q) be a deformation of (M,w). Suppose we have V. C M
an embedding of V x [0, 1] such that, for all t, we get a Lagrangian vVt (]\th, We)-
Then there ezists a neighbourhood N C T*V x [0, 1] of the zero-section V x [0, 1]
and a neighbourhood W C M of V and a diffeomorphism ¢: N — WU such that
¢*Q = [ where B is the 2-form on T*V x [0, 1] given by the pullback of the standard
symplectic form on T*V .

In our case, we may assume our neighbourhood N in Lemma is of the
form N = T%,5™ x [0, 1] for some A > 0, where T%,S™ denotes the disc cotangent

bundle with respect to the standard metric on 7%S™. Given this, we follow [38|
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7.3. X; contains a Lagrangian sphere after deformation

Proposition 1.11] which starts by considering the local Lefschetz model g: C"* —
C, q(z) = >_ z2. We also consider the function h(z) = ||z||* — |q(2)]*.

When we restrict to W C C"*! cut out by the inequalities h(z) < 4A\? and
lg(z)] < 1, we get a compact Lefschetz fibration 7y : W — D. As explained in
[38], W comes together with an identification ¢: m! (1) — T%,5™, a neighbour-
hood Y C W of 9,W, a neighbourhood Z of 9(TZ,5™) in TZ,S™ and a diffeomor-
phism U: Y — D x Z which fibres over D and agrees with ¥ on Y N ;' (1). Let
W = W x[0,1] and, by taking the product with [0, 1], consider the corresponding
Y, Z,4, .

Now define M_ to be M \ (¢(N'\ Z)) and consider

E:DXM,UNW,

where the identification made identifies Y with D x ¢(Z) through (id x ¢) o U,
This now has all the required properties. O

Proof of Theorem[7.2] Using Proposition , we can construct a deformation X,
of Maydanskiy’s exotic example X; and we want to say that we have a Lagrangian
sphere L' ¢ X! for all t > 0. X! admits a Lefschetz fibration with two critical
points. We take a path joining the two critical points in the Lefschetz fibration
on X;. If we choose the vanishing paths v in Proposition such that they join
together smoothly, then the concatenation of these paths is smooth and yields
two vanishing cycles in the central fibre, which are precisely just V{f and V{ from
Lemma [7.4], which we know are Hamiltonian isotopic for all ¢ > 0. We then just
apply Lemma to find a Lagrangian sphere. ]

Remark 7.7. Ast — 0, the Lagrangian spheres Lt degenerate to some singular
Lagrangian cycle, which is worse than immersed. In fact, topologically it looks like
S3 with some St in it collapsed to a point. Presumably, pseudoholomorphic curve
theory with respect to this cycle is very badly behaved, so that a Floer theory along
the lines of |7] cannot be made to work here, although see [2])] for some analysis

of holomorphic discs on certain similar special Lagrangian cones.
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Chapter 8
Floer cohomology

To consider X, and adapt the arguments presented in [2§], we shall need to
consider the Lagrangian Floer cohomology H F'(Lg, L1) of two transversely inter-
secting Lagrangian submanifolds in some symplectic manifold (M,w). To define
this, one has to pick a generic family of almost complex structures J = (.J;), which
are usually required to be compatible with w, in the sense that g,(u, v) = w(u, Jyv)
defines a Riemannian metric. However, we shall want to consider .J; which are
w-tame except on a small neighbourhood of Ly N Li, where here J; is still w-
compatible. (w-tame means that w(u, Jyu) > 0 for all nonzero u.) We shall show
that, given any such family of almost complex structures J = (J;), there exists
J= (J;) arbitrarily close to it, with the same properties, such that HF(Lg, L)
can be defined with respect to (J;) The key point is that we are using Cauchy-
Riemann type operators with totally real boundary conditions, so all the relevant

elliptic regularity theory can still be applied.

Remark 8.1. The content of this chapter, that we can relax the condition on the
almost complex structures to define Floer cohomology is probably already known

to experts, but we are unaware of any written account of this in the literature.

8.1 Setup

Let (M,w) be a symplectic manifold of dimension 2n and let Ly, L; be two

Lagrangian submanifolds which intersect transversely. For each intersection z,
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fix some small open set U, around z such that Lo N L; N U, = {x}. Assume
moreover that the U, are disjoint. Pick some family J = (.J;) of smooth almost
complex structures which tame w (this in particular implies that the Ly are totally
real), and which are w-compatible on each U,.

We note here for future reference the following lemma due to Frauenfelder
[17].

Lemma 8.2. Let (M?*,J) be an almost complex manifold and L™ C M a totally

real submanifold. Then there exists a Riemannian metric g on M such that
e g(J(p)v, J(p)w) = g(v,w) forpe M and v,w € T,M,
e J(p)T,L is the orthogonal complement of T,L for every p € L,

e [ 1is totally geodesic with respect to g.

Let ¥ denote the holomorphic strip R x [0,1] C C. Given a map u: ¥ — M,

we can consider the Jy operator defined by
Oyu(s,t) = Oqu(s,t) + Ji(s,t)Ou(s, t).

We care about holomorphic maps, which are just those such that dyu = 0 and
we define the energy of any map u to be E(u) = [ ||0sul*.

Let My denote the set of holomorphic u as above which also satisfy the bound-
ary conditions u(s,0) € Lo, u(s,1) € Ly as well as E(u) < oo. It is proved in [36]
that any such map must have the property that

lim wu(s,t) = ¥,
s—+oo
where z* are intersection points in Lo N L;. Moreover, the convergence near

the ends is exponential in a suitable sense about which we shall say more later.
We define Mj(z,y) to be the space of finite-energy trajectories as above which
converge to x and y at the ends.

We want to examine the properties of Mj(z,y) and, in particular, determine
when it is a smooth manifold, so we follow the standard procedure of Floer [16], in

exhibiting Mj(z, y) as the zero set of some Fredholm section of a Banach bundle.
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Much of what follows is already contained in Floer’s original work [16], but we

shall recall the main details for the reader’s convenience.

8.2 Banach manifolds

Let kp > 2. We can consider the Sobolev space Lj;,.(¥, M) and define
P = {u e L}, (3, M) : u(s,0) € Lo, u(s,1) € L }.

Let 3, = {z € ¥ : |Rz| < p}. The topology on P} is defined using the basis of

open sets given by
Oupe={v € P} v=-exp,&on,and |||, <€ for p <p}.

Here v € P} and p,e > 0.
For our present purposes, and in order to ensure that we do in fact get a
Banach manifold, we shall need to restrict to a subset of P} with nice behaviour

near intersection points x € Lo h Ly. Consider
Ph(x) = {u € PL:3p > 0,3¢ € L, (S, TuM), uls, ) = exp, £(s.1)¥s > p}

In other words, we restrict attention to maps which, at one end, look like the
exponentiation of some vector field. We impose a similar condition at the other
end to define P (z,-), and then consider P (x,y).

For u € P}, w'T'M is an L, -bundle, so we can talk about sections which are
locally of Ly, .-type. We shall introduce the shorthand Lj(u) = Lj,.(u*"T'M)

and we may also consider
W]f(U) = {£ S Li(u> : 5(57 0) S Tu(s,O)L()?g(Sv 1) S Tu(s,l)Ll} )

so here we have tangent pointing along the Lagrangian boundary.
We can also consider spaces of sections W)'(u) and L (u) of different regularity

provided that [ < k and
2 2
l——<k—-. (8.1)
q p
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Theorem 8.3. ([16, Theorem 3]) Let p > 1 and kp > 2. Then P (z,y) is a
smooth Banach manifold and its tangent space at u is given by T, P (x,y) =
Wi (u).

To show this is a Banach manifold, Floer uses a system of charts based on
the exponential map. Accordingly, pick a family of metrics (g;) such that Ly is
totally geodesic with respect to g, as in Lemma (8.2

Define

exp: X X TM — M,

exp(s,t,r,v) = exp,, (z,v).
Let ¢ denote the minimal injectivity radius of the metrics g, and define
Un = {6 € Wi (u) : [|€]le <t}

On a noncompact manifold M, we will not necessarily have ¢ > 0. However,
in our cases, this will hold since all our symplectic manifolds are geometrically
bounded at infinity.

The charts are now given by

exp,: Uy, = Vi, = exp,(U,),
exp, (§)(s,t) = exp(s, t,u(s, t),£(s,1)).

It is because of this system of charts that we restricted the convergence con-
ditions at the ends in defining P} (z,y). The proof of above theorem is technical
but makes no use of the symplectic structure.

Moreover we may also consider Banach bundles W} — P} (z,y) and L] —
PP (x,y), with fibres modelled on W} (u) and Lj(u) respectively, provided that
the regularity condition holds.

The same proof as in [16] shows that 5 is a smooth section of £7 . In fact,
since Oy is a real Cauchy-Riemann operator with totally real boundary conditions
[30, Appendix C] Oy is a Fredholm operator. We denote its linearization at u by
E, = Doy(u): W} — L} ..
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We now consider the zero-set of the section Jy. It is shown in [36] that if
u € M(z,y), then u has the right convergence conditions at the ends to be an
element of P} (z,y) and moreover these sets are locally homeomorphic. Moreover,
any solution to dyu = 0 will in fact be smooth, using elliptic bootstrapping
techniques. This is proved in [16] for w-compatible J, and this proof carries over
in region U,, and elsewhere it follows from [30, Proposition 3.1.9]. Therefore the

zero set of Jy is precisely U, ,Mj(,y).

8.3 Fredholm theory

This zero set will not always be a manifold, but we shall show that we can always
perturb J = (J;) to some arbitrarily close J = (J;) such that the corresponding
moduli space Mj is in fact a manifold. To do this, we need to have some space
which represents the possible perturbations of J.

The space of w-tame J is a Fréchet manifold whose tangent space at .J is
given by smooth sections of End(T'M, J,w), which is defined to be the bundle
over M whose fibre at x is the space of linear maps Y : T, M — T, M such that
YJ+ JY = 0. In order that we may have a Banach manifold, not a Fréchet one,

we use the following argument of Floer [16].

Pick any sequence of positive real numbers (e;) and define
Ylle=> e max |DFY (z)).

Denote by C>°(M, End(T'M, J,w)) those Y with finite ||-||c norm. This is a Banach
manifold. Floer [I6] proves that there is a sequence (¢;) that tends to zero suffi-
ciently quickly that C>°(M, End(TM, J,w)) is dense in L*(M,End(TM, J,w)).
Now fix some 1-parameter family J° = (J?) of almost complex structures. For
a l-parameter family Y = (Y;) of elements of C>°(M, End(T'M, J,w)), we consider
the map f:Y; — J? exp(—JPY;)). On some neighbourhood of the zero-section f

restricts to a diffeomorphism. Define

Y = {Y = ()): [[Villow < r and Yy(p) = 0 for p € U},
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where U = U, U, is our neighbourhood of the intersection points x and r is chosen
small enough such that the restriction of f is a diffeomorphism. Denote by J,.(J°)
the image of Y under f. This space represents our space of perturbations of J°.
In what follows, we shall usually consider J° to be fixed and write J instead of
9,(3°)

We have a section of Banach manifolds

As before, this section is smooth. We want to prove that its linearization is
surjective on its zero set. Since E, = DJj(u) is closed, it suffices to prove that
the image is dense whenever dyu = 0. This is proved in the Appendix of [33],
which is itself a correction of the argument appearing in [I6]. This result makes

no assumption of any w-compatibility condition.

Now the implicit function theorem [30, Theorem A.3.3] says that the universal

Floer moduli space
M(z,y,d) = {(u,I) : v € My(z,y)}

is a smooth Banach manifold. Once we have this, we may consider the projection

onto the J factor, which is a Fredholm map and apply the Sard-Smale theorem.

Theorem 8.4 (Sard-Smale). The set of reqular values of a Fredholm map g: A —

B between paracompact Banach manifolds is a Baire set in B.

This shows that there is a second category set d,., C d of so-called regular
almost complex structures, such that My is a smooth manifold for J € J,¢,. In
particular, this means that there exist regular J arbitrarily close to J°. The
dimension of this manifold is given by the Fredholm index, which in this case is
|z| — |y, the difference of the Maslov indices of the intersections [I5]. Note also
that My(z,y) carries a free R-action by translation in the s variable and we shall

denote the quotient space by j/\[_](l', Y).
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8.4 Compactifications

From this point onward we shall assume that ¢; (M) = 0. This is independent of
the almost complex structure chosen. From the previous section, we now know
that, given two intersection points x and y, My(z,y) is a smooth manifold of the
correct dimension, provided we pick J € J,¢4. Given some real number F, we
can restrict attention to the set M¥(x,y) of Floer trajectories with the energy
bound E(u) < E. Gromov compactness says that this manifold admits a natural
compactification by adding broken trajectories, possibly with bubbles. In order to
be able to define Floer cohomology, we shall need to look at the compactifications
of these moduli spaces in cases when they have dimension < 2.

We want to prove that we can pick our almost complex structures (J;) in such
a way that we get no bubbling along solutions to the Floer equation. There are
two possible types of bubbles: discs appearing on the Lagrangian boundary, and
spheres appearing on the interior of some Floer solution. We shall prove that in
the case where ¢;(M) = 0, we can exclude the possibility of sphere bubbles. Disc
bubbles are more difficult and no general approach exists to deal with these (in
fact such an approach cannot exist in all situations as evidenced by the existence
of obstructed Lagrangians [18]). However, we shall show later that we can avoid
such bubbles in some specific cases. To prove that we get no sphere bubbles, we
adapt the argument found in [22].

Fix some nonzero homology class A € Hy(M;Z). For a given J, we can
consider the moduli space of simple J-holomorphic maps v: S? — M representing
the homology class A, which we shall denote M (A, J). We can also take a 1-

parameter family J = (J;) and consider the space
Ms(A,T) ={(t,v) :v e Ms(A, J;)}.
We can also consider the universal moduli space
Ms(A,9) ={(t,v,T) : (t,v) € M (A, T)}.

This is a smooth Banach bundle and the projection to J is Fredholm of index

2n + 2c1(A) + 1, so that for J € 7, some second category set of almost com-

reg
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plex strcutures, M (A, J) is a smooth manifold of that dimension. The analysis
underlying all this is similar to that in the previous section and can be found,
for example, in [30]. We also note that M(A,J) admits a free action by the
real 6-dimensional reparametrization group of the sphere G = PSL(2,C) and we
consider the space M (A, J) X S?, which, for generic J, is a smooth manifold of
dimension 2n + 2¢, (M) — 3.

By taking the fibre product over J, we can consider
N = (M(A,3) xa S?) x5 (M(z,y,d) x [0,1])

and the map
N— M x[0,1] x M x [0,1]

given by
([v, 2], t,u, t') = (v(2),t,u(0,t),t).

We want to know the intersection of the image of this map with the diagonal
Aprxjo,)- Since Mj(z,y) carries an R-action, if there is any such intersection,
there must be a bubble intersecting a Floer solution u at some u(0, %), since we
only care about J;,-bubbles meeting some Floer solution at time ;.

For any ¢, we have an evaluation map ev;: Mj(x,y) — M given by ev,(u) =
u(0,t) and a version of Proposition 3.4.2 in [30] says that this map is a submersion
for all ¢. This means that the intersection with the diagonal is transverse, and

therefore the space

Z={([v, 2], t,u,t') : (v(2),t) = (u(0,t'),t)}

is a submanifold of (M,(A, J) X S?) x3(M(z,y,d) x [0, 1]) of codimension 2n + 1.
This means that the projection Z — J has Fredholm index

(2n + 2c1(A) = 3) + (|z] = |y| +1) = 2n + 1)
= 2c1(A) + [z = |y| = 3.

Since we have ¢; = 0, this means that for generic J = (J;), the 1- and 2-

dimensional moduli spaces of Floer solutions (which are needed to define the
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Floer differential d and show that d? = 0) will not intersect any sphere bubbles.
Bearing in mind that the compactification of these spaces involves adding broken
solutions, possibly with bubbles, the same argument as in [22] shows that we still
get no intersection even after compactifying our spaces.

The case of disc bubbles is more difficult and there is no general approach
that will work, but if we have chosen appropriate .Jy, J; such that we get no
disc bubbles for our Lagrangians, then picking a generic path of almost complex
structures (J;) interpolating between these two gives a family of (J;) such that
we can in fact define HF'(Lg, L;). This will be discussed more in Chapter

8.5 Floer cohomology

We first fix the coefficient field we shall use. Although (subject to certain topo-
logical assumptions) the relevant moduli spaces can be oriented so that Floer
cohomology can be defined over fields of arbitrary characteristic, we don’t need

this for our purposes. We therefore introduce the Novikov ring

Azjp = {Zarq”:ar €Z/2,r e Rir — o0, #{a, #0: 7 < E} < oo for allE}

T

of power series in the formal parameter ¢ as in the Introduction. This is in fact
a field.

In order to define Floer cohomology, we define the Floer cochain complex to
be

CF(Lo, L) = @B Agpla).

xe€LoNLy

In the case where |y| = |z| — 1, the Floer differential is defined by

dy = Z "W,

uGJV[J (xzy)

For this map to be well-defined over the Novikov ring, for any F, there must be
only finitely many terms involving powers of ¢ less than E. This follows from

Gromov compactness. When |y| = |z| — 1, the compactification of JVE? (z,y) can
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only involve adding bubbles, since breaking cannot occur as the solutions are
already of minimal index. But we have shown that we can pick J such that no
bubbling occurs. Therefore the zero-dimensional manifold 3\7[53 (x,y) is compact,

hence consists of finitely many points.

In order to show that this is in fact a differential (i.e. that d* = 0), the
standard approach is to identify the boundary of the compactification of any 1-
dimensional M; (z, z) with M (x,y) % JV[J(y, z), and use the fact that boundary
points of a 1-manifold come in pairs. This identification again relies on the fact
that no bubbing occurs, which is ensured by the previous section. Once again we
stress that we have not yet dealt with disc bubbling, so that the content of this

section is incomplete and Floer cohomology will not be properly defined until we
do so in Chapter

In our setting, where ¢; (M) = 0, we may also pick a grading so that H F™*(Ly, L1)
becomes a Z-graded group [37].

We also want to define a multiplication map on Floer cohomology. We start

by doing this on the chain level.

Consider three Lagrangian submanifolds L;, ¢ = 0,1,2 and transverse inter-
section points © € Lo N Ly, y € Lo N Ly, 2 € L1 N Ly. Similar to before we may
consider the moduli space M3(x, y, z) of holomorphic curves u from a disc with 3
marked boundary points mapping to M such that the marked boundary points
tend to z,y, z and the remainder of the boundary maps to the various Lagrang-
ians (see [39, Section 2] for more specific details). Here J is a 2-parameter family
of almost complex structures (Jy,)wep and a similar analysis to the previous sec-
tion shows that, for a generic choice of J, M3(z,y,2) is a smooth manifold of
dimension |z| — |y| — |z|.

We can therefore define

m: CF(Ll, Lg) & CF(L(), Ll) — CF(L(), LQ),
mzy) = Y, ¢

uEM?] (z,y,2)

in the case where |z| = |y| + |z|. We want this to be a chain map so that we get

a multiplication on the cohomological level.
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Here the standard approach is again to consider the boundary of the compact-
ification of the 1-dimensional part of M3(xz,y, z) (see for example [35]). However,
in our case we must once more rule out the possibility of bubbling off of spheres
(disc bubbles will be dealt with in Chapter [8.7).

We continue in a similar vein to before and consider the universal moduli
space

M (z,y,2,d) = {(u,J) :u € M3(z,y,2)}

for an appropriate Banach space J of 2-parameter families of almost complex

structures defined similarly to the previous section. We then consider
N = (My(A,J) xg 5?) x5 (M*(z,y,2,d) x D).

By mapping to M x D x M x D via ([v, z], w, u,w") — (v(z), w,u(w’),w"), we see

that N’ contains a submanifold

of codimension 2n + 2, which represents the intersections between J,-bubbles
and multiplication curves u at point u(w). The projection Z' — 7 is Fredholm of

index

(2n +2c1(A) = 2) + (x| = |y| — |2] +2) — (2n + 2) (8.2)
= 2c1(A) + [z| = Jy| — [2] — 2.

Therefore, for generic J = (J,,), the 0- and 1-dimensional moduli spaces of such
holomorphic discs do not intersect any sphere bubbles (recall that we are assuming
c1(M) = 0), so these will not obstruct our multiplication surviving to cohomology.

We shall also want, when defining wrapped Floer cohomology, to have a map
Ur: CF(Lo, L1) = CF (Lo, vr(L1)),

where ¥y is the Hamiltonian isotopy coming from some Hamiltonian H: M X
[0,1] — R (when M is noncompact but convex at infinity, we additionally require
H to be monotone: 0;Hs; < 0 [35]). First note that intersection points y € Ly N
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Y(Ly) are in one-to-one correspondence with Hamiltonian chords y: [0,1] — M
such that y(0) € Lo, y(1) € Ly, and g(s) = Xu(y(s)).
For x € Ly N Ly and y € Lo N (Ly), we consider the moduli space of contin-

uation Floer trajectories MY (z,y), solutions u to the equation
asv + Js,t(atv - XH) =0

on the strip R x [0, 1] such that u(-,0) € Lo, u(-,1) € Ly, and which converge
to the point x at +oo and to the chord y(t) at —oo. The standard approach
[5] shows that, for generic J = (Js;), this moduli space is a smooth manifold of

dimension |y| — |z| and we can define

Ve =Y ¢""y

uEM‘I]'I (z,y)

in the case when |y| = |z|. Again the standard argument involving the 1-
dimensional part of M4 (x,y) shows that this is a chain map modulo bubbling.
But no bubbling of spheres occurs because of the same dimension count as in (8.2))
replacing vdim M3 (z, y, 2) with vdim M¥ (z,y): the space Z” representing inter-
sections between J;,-bubbles and continuation trajectories at u(s,t) has virtual

dimension

(2n+2c1(A) = 2) + (Jy| — || +2) — (2n +2)
= 26, (A) |y — o] 2.

Note that we are here using 2-parameter families of almost complex structures
on Rx[0, 1] as opposed to the 1-parameter families used in defining d. See Chapter
for the argument for disc bubbles.

A similar argument shows that Wy intertwines the multiplicative structures
on HF(Lg, Ly) and HF (Lo, ¥y (L1)).

Remark 8.5. In the case of exact Lagrangians in an exact symplectic manifold,
much of the above analysis is unnecessary: exactness means that no bubbles occur
in the compactifications of our moduli spaces, and we also get a priori energy

bounds independent of u, so we can actually work over Z/2 should we wish.
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8.6 Floer cohomology in Lefschetz fibrations

In the context of a Lefschetz fibration 7: E — C, we can make a choice of almost

complex structures which lends itself well to Floer cohomology calculations.

In some neighbourhood of £ we pick .J to agree with the standard integrable
complex structure in the local model z — >~ 22 as in Definition [6.1], which makes

w locally a Kéhler form. Away from E“%, we have the splitting
T.E=T'E®T'E

where TVE = ker(Dr,) and T"E = Ty, C. With respect to this splitting, we

choose J that, away from E%, look like

i 0
0o Jv )’

such that Jv, the vertical part of J, is compatible with w restricted to the fibre
and 7 is compatible with the standard form on the base. Such a J makes the
projection 7 J-holomorphic, so that Floer solutions in E project to j-holomorphic
strips mowu: X — C, and we can now use the maximum principle for holomorphic

functions to restrict the region in which Floer solutions may appear.

The problem is that such a J will not necessarily be regular, so not be suitable
for defining HF'(Lg, L1). In [28], they proceed as follows. They take some small
generic perturbation of (J;) to regular (J;) such that (.J;) is still w-compatible,
losing in the process the property that 7 is holomorphic. However, Gromov
compactness says that Floer solutions for (.J;) will be close to Floer solutions for
(jt). In order to apply Gromov’s compactness theorem for this argument to work,
we need some energy bounds, which a priori exist in the setting of [28] as all their

manifolds are exact.

We do not have any such energy bounds. Therefore, we perturb J by adding

some horizontal component to get
B 0
=" ,
H Jv
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where H is some small perturbation that is zero on some neighbourhood of the in-
tersctions of our Lagrangians and such that J2 = —1. Now = is still holomorphic,
S0 we can use maximum principles in the base, but .J is no longer compatible with
w. However, for small H, it will still tame w and we can use the discussion above
to say that we can still do Floer cohomology in this setting. The proof that the
space of such H is large enough for us to achieve transversality as in Chapter 8.3

can be found in [38, Lemma 2.4].

8.7 Disc bubbles

We have not yet said anything about how to avoid disc bubbles, J-holomorphic
maps w: (D, 0D) — (M, L). However, for the purposes of this thesis, we need only
consider specific sorts of Lagrangian submanifolds, namely spheres or Lefschetz
thimbles in some Lefschetz fibration, with a six-dimensional total space and whose
first Chern class vanishes.

In the first instance, it is shown in [44], using techniques inspired by symplectic
field theory, that for a Lagrangian sphere in a symplectic manifold of dimension
at least 4 with vanishing first Chern class, there exists a J such that no disc
bubbles exist. This is proven in [44] only for compatible J, not the larger class
of almost complex structures we have considered in this chapter. However, in
the next chapter there is only one point at which we need to consider the Floer
cohomology of a 3-sphere in the total space of a Lefschetz fibration (Chapter
and here we don’t need to perform the horizontal perturbation trick, so at this
point in the argument we can just pick a compatible J for the sphere as usual.

As for thimbles, we start by picking J adapted to our Lefschetz fibration as
above. If a disc bubble exists, then by considering the projection to the base, we
see that any such bubble must entirely be contained in some fibre of 7: £ — C.
The part of the thimble living in this fibre is now just a sphere, so we can arrange
for the vertical part J¥ of J to be such that we get no bubbles as in the previous
paragraph. However, this fails to take into account of the fact that we have a 1-
parameter family of such fibres (the vanishing path). In fact, in [44] the relevant
Fredholm problem involves a Fredholm operator whose index is bounded from

above by —2, so we may in fact generically pick a 1-parameter family of such J
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so that we get no bubbles.

Now to complete the definition of the Floer cohomology of two such Lagrang-
ians, we pick appropriate Jy and J; as above and then pick some path J = (J;)
interpolating between them. A generic perturbation of J, which may be cho-
sen such that the endpoints are fixed will then be suitable. We may do likewise
to exclude the possibility of disc bubbles appearing in the compactifications of
M3(z,y, 2) and M¥ (x,y) (although we now consider 2-parameter families of al-
most complex structures, we are free to choose that J be constant along the
boundary components of the disc/strip since we can achieve transversality by

perturbing J just on the interior), thus completing the constructions of Chapter

B.A
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Chapter 9

The examples of
Maydanskiy-Seidel

Using the same method as explained in Chapter [6], we can construct the six-
dimensional symplectic manifold X5 in Figure 0.1 Its generic fibre is diffeo-
morphic to the A,,; Milnor fibre M, and the Lefschetz fibration 7: Xy — C
has m + 1 critical points corresponding to m + 1 vanishing cycles in M,,,,1. The
first m, Vi,...,V,, come from the straightline matching paths, but V,,,; is the
sphere associated to the curved path 7,,.,. For each critical value x;, correspond-
ing to V;, fix some vanishing path §;: [0,00) — C such that 5;(¢t) =t for ¢ > 0.
Let A; C X5 denote the corresponding Lefschetz thimble.

Figure 9.1:

A trivial extension of the argument in [28], which will be recapped in this
chapter, shows that X, is diffeomorphic to T*S® U 2-handle and also contains no
Lagrangian sphere L such that [L] # 0 in Hy(X5;Z/2). (We have shown below
only one such possible choice of v,,.1; there are infinitely many others for which

this is also true [28].) We construct a deformation X, of this manifold by adding
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on a closed 2-form supported in the shaded region R, as in Chapter [7], to obtain
a family of symplectic manifolds (X%, w;). ¢1(X5) = 0 so therefore ¢y(X%) = 0
for all . We also note that, after deformation, the V; will still be Lagrangian
in M, 11 since they live away from the region R. Also the thimbles A; will stay
Lagrangian in X.

In this chapter, we shall prove the following:

Theorem 9.1. For all t € [0, 1], )2'5 contains no Lagrangian sphere L such that
[L] #0 € Hy(X5Z/2).

The proof of this will essentially just be a repeat of the argument in [28], so
we shall not explain all the details fully, instead directing the interested reader to
the relevant sections of [28]. However, this proof relies heavily on the technology
of Floer cohomology and Fukaya categories. In the original paper, everything
is carried out working within the category of exact symplectic manifolds so the
analytical issues involved in setting up Floer cohomology are easily overcome.
This was why we had to go through the analysis of the previous chapter as we
now often have to work in the more problematic nonexact setting. With the
results of the previous chapter however, the argument of [28] more or less just
carries over, and we only make a few remarks where particular care needs to be
exercised.

In what follows, we shall denote by HF}*(Lo, L1) the Floer cohomology com-
puted with respect to w; in any situations where there is likely to be confusion

about the symplectic form being used.

9.1 Wrapped Floer cohomology

We start by defining a variant of Floer cohomology, wrapped Floer cohomology.
Following [28], we shall not need to define this in the level of generality found in
[5, [35], but instead restrict to a simpler (and, in our setting, equivalent) definition
which is well-suited to Lefschetz fibrations.

Given a Lefschetz fibration 7: F — C, we consider a Hamiltonian H: E — R
of the form H(y) = ¢(3|m(y)[*) where 1): R — R is such that ¢)(r) = 0 for r < 1/2
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and ¢'(r) = 1 for r > 0. Let ®* denote the time-a flow of this Hamiltonian and,

given some Lagrangian L, we define L* = ®*(L).

We can now define the wrapped Floer cohomology of a Lagrangian L and a
thimble A (where, in order to exclude bubbling of discs as mentioned previously,
L is either a sphere or another thimble) to be the direct limit of Floer cohomology
groups

HW} (L, A) = li; HF} (L, A*™F)
k

for some very small € > 0. The maps involved in this direct limit are the contin-

uation maps from Chapter [8.5

We will actually need to perform an extra small Hamiltonian isotopy in
addition to ®* in order to ensure transversality of intersections but will sup-
press further mention of this. For our purposes, it is not necessary to identify our
Floer groups canonically so the details of how we do this are irrelevant for what

follows.

To prove Theorem [9.1], suppose for sake of contradiction that there does exist
a Lagrangian sphere L C X! such that [L] # 0 in H,(X%;Z/2). X} is topologically
T*S? with a 2-handle attached, and it is shown in [28, Section 9] that L-A,, 41 # 0
for such a sphere . This intersection number is the Euler characteristic of the Floer
cohomology group HF/(L,A,,;+1). Given the compactness of L, this group is
equal to the wrapped Floer cohomology group HW}* (L, A, +1) (we may choose to
start “wrapping” outside some compact set containing L) and HW}/ (L, A1) is
itself a module over the unital ring HW; (A, 11, Apms1), where the multiplication
maps here are the images under the direct limit of the multiplication defined in

Chapter 8.5 Thus we conclude
Lemma 9.2. If such a Lagrangian sphere exists, then HW(Ap1, Ami1) # 0.

The rest of this chapter is devoted to proving that HW;(A41, Apmy1) = 0 to

provide the required contradiction.
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9.2 From total space to fibre

If we consider the directed system of groups used to define HW; (A1, A1),
we see that each step introduces new intersection points as the path over which
our wrapped Lefschetz thimble lives wraps round the base once more. Choose our
family of almost complex structures (.J;) as in Chapter [8.6] In [28], they establish
the existence of a spectral sequence computing the wrapped Floer cohomology of
any two thimbles, which carries over in our setting in light of the discussion of
Chapter . When we consider HW} (A1, Apy1), this spectral sequence yields

the following long exact sequence

HFt*(AmHv Afnﬂ) - HFt*<Am+17 A%fjf)

T

HFF (1t (Viny1), Ving1),

where the bottom group is calculated in the fibre F, and p denotes the outer
monodromy of the Lefschetz fibration. Lemma allows us to identify some
particular fibre E., with the manifold M included in the data of this lemma. We

may arrange that z = 2/

In particular, since the unit in HW; (A1, A,41) arises as the image of
1 € HF} (A1, A%, 1) = Azye, the map o must be zero. By analysing the curves
involved in defining the map o [28, Section 5] and comparing to the maps involved
in Seidel’s the long exact sequence [38], we can, by Poincaré duality, identify the

map o with an element of HF?(V,,,11, #(Vini1)), which we shall also denote by o.

Lemma 9.3. ([28, Proposition 5.1]) If HW (A1, Amt1) # 0, then o vanishes.

9.3 Fukaya categories

We now shift attention to the Fukaya category of the fibre F(F.), and introduce

two related categories.

The first is a directed A, -category A, which has as objects the finite set
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{W1,...,V,} and morphisms

(Z/2)e; fori=j
homa(Vi, Vj) = § (Z/2)f; fori=j—1

0 otherwise,

where the degrees are chosen to be |e;] = 0 and |f;] = 1. This category is
chosen to reflect the fact that we have an A,,, configuration of Lagrangian spheres
V; C M, coming from the straightline paths in Figure [9.1], where the only points
of intersection are between adjacent spheres and the gradings can be chosen in
a nice way. This determines the higher-order A.-structure, namely that the
only nontrivial higher products are given by p?(e;, e;) = e; and p(f;, ;) = fi =
,U2(€7;+1, fi)-

The second variant of the Fukaya category we shall consider is the A, -category
B, which is the subcategory of the Fukaya category F(F,) generated by the

following collection of Lagrangian submanifolds

‘/1, ceey Vm, Vm+1>TVm(Vm+1)aTVm_lTVm(Vm+1)7 ey TV -TVm<Vm+1>-

In [28], there is no need to restrict attention specifically to B and we can happily
work with the whole Fukaya category F(E,), even though as above we do not
strictly need to. However, all the objects in B are disjoint from the region R
where w; is nonexact and we can use maximum principles to ensure that all
pseudoholomorphic curves between these objects also do not enter the region R.
This means there is no extra analysis to do in defining the A, -category B as we

are essentially just in an exact setting.

In what follows, we shall also want to use Seidel’s long exact sequence in
Floer cohomology [38]. Part of the proof of this long exact sequence in [3§]
relies on a spectral sequence argument coming from a filtration on Floer cochain
groups given by the symplectic action functional. Seidel needs to upgrade this
R-filtration to some Z-subfiltration in order to show that a certain mapping cone
is acyclic, which can be done since the action spectrum will be discrete for finitely

many exact Lagrangians in an exact symplectic manifold. In B, this argument
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remains valid since maximum principles mean that we are considering the same
holomorphic curves with the same actions as in the exact case, although this
approach would not work in general.

We can consider the “derived” versions of A and B defined via twisted com-
plexes as DA = H°(TwA) and DB = H°(TwB) [39]. There is a canonical (up
to quasi-isomophism) functor ¢ : A — B which on the derived level extends to an
exact functor Dt : DA — DB.

On the level of derived Fukaya categories DB, thanks to the result of Seidel
[39] relating algebraic and geometric twisting operations, o corresponds to an
element S € homps(Vini1, Tv, - - - Ty, Ving1). If o vanishes S must too, so, looking

at exact triangles in DB, this means that
Vi [1] @ Ty, - - Tv;, Vi1 = Cone(S5),

so we wish to understand C' = Cone(S).

Given all this, the next lemma is pure algebra.

Lemma 9.4. ([28, Proposition 6.2]) If S = 0, then V,,41 is isomorphic to a direct
summand of an object lying in the image of the functor Div: DA — DB.

9.4 Contradiction

The fibre E, itself admits a Lefschetz fibration as pictured at the start of this
chapter, such that the matching cycles of interest arise from matching paths
Y1y -+ Yma1- By assumption, v,,.1 is not isotopic to 7; for 1 < i < m within the

class of paths which avoid the critical values except possibly at their endpoints.

Lemma 9.5. (|28, Lemma 7.2]) For 1 <i < m, and for all t € [0, 1], the image
of the product map

HFt*(Verla ‘/z) @ HF:(V;, Vm+1) — HFt*(Verla Verl) = H*(Verl; AZ/?)

does not contain the identity in its image.

As in [28], this is proved by considering the auxiliary Lagrangian Le = S x R
associated to the path £ in Figure The key point is that, since ~; is not
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isotopic to Y41, we can draw £ so that it intersects 7,1 but is disjoint from
7; (here we have drawn only two of the matching paths, v,,+1 and ;, to avoid
clutter).

It is proven in [25] that dim HF}(Lg¢, Ving1) > 0, whereas clearly we have
dim HF}(L¢, Vi) = 0. As before, we may choose £ to lie away from the region R
where our deforming 2-form is supported since, by assumption, this also true for
the paths 7;, so once more we may use maximum principles to restrict all Floer

solutions to a region of M,, 1 where w; is exact.

Figure 9.2:

Suppose we have elements a; € HF}(V,,41,V;) and ay € HF}(V;, V,y11) such
that as - a; € H°(V,,41), the invertible part of this ring.

This then means that the composition
HE; (Le, Vi) 5 HE, (Le,V)) ™5 HE} (Le, V1)

is an isomorphism, which is a contradiction.

Once we have this, we can complete the proof of Theorem [9.1], the remainder
of which carries over directly from [28] as it is essentially just algebra.

Suppose that HW(Ayi1, Apmy1) # 0. Then V,,, 4 is contained in the image
of Dv: DA — DB. Say that V,,,1 occurs as a direct summand of C' in the image.

Then, in particular
hompg(C, Ving1) @ homps (Vingr, C) = homps(Viny1, Vinyr) = H*(S™; Az)o)

contains the identity in its image as we can consider the maps corresponding to
projection and inclusion with respect to this summand. However, thanks to the

particularly simple form of A, there exists a classification of twisted complexes
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9. THE EXAMPLES OF MAYDANSKIY-SEIDEL

in A, following from Gabriel’s theorem [19]. It says that any twisted complex is

isomorphic to a direct sum of (possibly shifted copies of) the basic complexes Cy;

W; =17Z/2 for k <i < concentrated in degree 0
W,=0 otherwise

61'4_1,1‘ = fz for k <<l

Ci =X

0;; =0 otherwise.
\

However, by repeated application of our Lemma [9.5] above, we derive a contra-
diction, since the terms in the C}; correspond geometrically to V; involved there.
This completes the proof that HW; (A,,41, Apy1) = 0, and therefore, by Lemma
, there cannot exist a homologically essential Lagrangian sphere in X;
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Chapter 10

Distinguishing X and X>

10.1 Moser for symplectic manifolds convex at
infinity

Take a symplectic manifold (M,w) which is convex at infinity. Recall that this
means that there is a relatively compact set M such that on a neighbourhood
of the boundary OM™ we have a 1-form 6 such that df = w and 0|ypm is a
contact 1-form, and that M\ M looks like the positive symplectization of dM™
according to 0|gpzin.

Suppose that we have a family of cohomologous 2-forms (w;)sc[,1] which make
M™ a symplectic manifold with convex boundary. We can complete (M™,w;)
to a family (M, &;) of noncompact symplectic manifolds with cohomologous sym-
plectic forms all convex at infinity. We want to prove a version of Moser’s theorem
[32] in this setting.

Lemma 10.1. The family (M,w,;) above are all symplectomorphic, by symplec-

tomorphisms modelled on contactomorphisms at infinity.

Proof. We follow the standard argument, but need to pay attention to possible
problems arising from the noncompactness of M. Since the w; are all cohomolo-

gous, we pick o; such that

87



10. DISTINGUISHING X; AND X,

Then, Moser’s theorem follows from considering the flow v, defined by integrating
the vector fields Y; determined by

O¢ + L(n)(ﬂt = 0,

although we need to be careful that we can actually integrate Y; all the way to
time 1. This can be done because our forms are all cylindrical at infinity, so
the vector fields obtained above will all scale according to " as we move in the
r-direction along the collar. This bound is enough to ensure we can integrate to
a flow. O

10.2 Proof of Theorem 1.2

To prove Theorem we just apply Lemma [10.1] in our case. Let wy,ws be the
exact forms induced on X7, X5 respectively and suppose, for a contradiction, that
there exists a diffeomorphism ¢: Xy — X such that ¢*(wy) = ws.

Then we also consider the deforming 2-forms 7, and ¢*(n;) defined on X5 and
by rescaling we may assume without loss of generality that these two 2-forms are
cohomologous (since H?(X;;R) = R). We now consider the family of 2-forms on
Xo

Q= (1 —t)(wa +m2) + 1" (w1 +m) = w2 + 10" (m) + (1 —)m2.

There exists some compact subset X3" which is an interior for X, with respect to
Qo = wy + 12, and by the compactness of both Xi" and its boundary, we can say
that, after perhaps once more rescaling n; and 7, if necessary, Q; makes X3" a
symplectic manifold with convex boundary for all t. However, €2, is not necessarily
cylindrical for all ¢ so we now change our family €2, by replacing €| xguw with the
completion of €| xi» to get a new family of cohomologous symplectic forms (2
on X" Uaxin [0, 00) X 0X3, which are all cylindrical on the collar. Therefore, by
Lemma [10.1] (X2, Q) are all symplectomorphic.

However, we can choose X" sufficiently large that it contains the image ¢~ (L)
of the Lagrangian sphere exhibited in Section [} This is a contradiction of The-
orem 0.1
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Chapter 11
Symplectic cohomology vanishes

In this chapter, we digress from the main theme and discuss symplectic cohomol-
ogy. All symplectic manifolds considered in this chapter will be exact and we
shall work with Z/2-coefficients. As mentioned in the Introduction, symplectic
cohomology is one of the standard invariants used to examine and distinguish
Liouville domains. We prove that the symplectic cohomology SH*(X;;7Z/2) of
X7 and X5 both vanish, thereby showing that this invariant does not suffice to
distinguish between the examples of this thesis, and so a different approach such
as that of this thesis truly is needed.

We shall not define symplectic cohomology here; an appropriate definition
may be found in [42], for example. We shall instead refer to two results from [4].
In the formulation of these two lemmas, we consider the Liouville domain E to
be built from fibre M and the collection of vanishing cycles (V4, ..., V;) according
to Lemma We denote by A; the Lefschetz thimble associated to V; in the
corresponding Lefschetz fibration 7: £ — C.

Lemma 11.1. ([4, Property 2.3]) For a Liouville domain E, constructed from
(M; Vi, ..., Vi), SH*(E) = 0 if and only if HW*(A;, A;) =0 for all i.

Lemma 11.2. ([4, Property 2.5]) Consider a Liouville domain E, constructed
from (M;Vy, ..., V) and let E' be the Liouville domain built from (M; Va, ... V).
Let A;, Al be the Lefschetz thimbles in E, E' respectively. If HW*(A, A1) =0
and HW*(AL AL) =0 for all i, then HW*(A;, A;) =0 for all 1.
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11. SYMPLECTIC COHOMOLOGY VANISHES

We also note that if SH*(E;Z/2) = 0, then E cannot contain any exact
Lagrangian submanifolds [42].

Lemma suffices to prove that Maydanskiy’s exotic examples [27] have van-
ishing symplectic cohomology, as do the exact symplectic manifolds X7 considered
in Chapter [I2l We now prove that the exotic examples of Maydanskiy-Seidel, as
well as their versions obtained from adding a 2-handle in the way described in
Chapter [9 have vanishing symplectic cohomology. Take some exotic example Xj
from [2§], as in Figure , but without the extra rightmost critical point.

The proof in [28], as outlined in Chapter |§|, shows that HW*(Ai1, A1) =
0. We apply Lemma in this setting, and remark that this lemma still holds
if we remove the final vanishing cycle instead of the first. If we restrict to the
A, configuration of vanishing cycles (Vi,...,V,,) in Figure then X is just
isomorphic to the standard ball. This means that if we compute HW*(A], A}),
we get zero as all the Floer groups involved in the definition of HW*(A], Af) will
vanish. This suffices to prove that HW*(A;, A;) = 0 for all 4, and so SH*(X) =
0.

We construct the manifold X, of Chapter [ by adding a 2-handle to M,,.
However, because this handle is added away from all the vanishing cycles, we can
just view this as a subcritical handle added to Xy, as opposed to a critical one
added to M, since X is a product fibration in the region where the handle is
attached. Cieliebak’s result [14] says that SH*(X3) = SH*(X)) is still zero. In

particular we have

Theorem 11.3. X5 and X, are both empty as exact symplectic manifolds, in the

sense of containing no exact Lagrangian submanifolds.

Remark 11.4. It is sometimes possible to define symplectic cohomology with re-
spect to some nonexact symplectic form. Ritter [3])] shows that, if one performs a
nonexact deformation of the exact symplectic form, then this is the same as com-
puting the symplectic cohomology of the original structure, but with coefficients
in some twisted Novikov bundle: SH*(M,df +n) = SH*(M,d0;A,,). This has
implications for the existence of exact Lagrangians and it would be interesting to

compare the results of this thesis with this viewpoint.
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Chapter 12

Many inequivalent exotic

symplectic forms

12.1 An invariant

We shall now extend the ideas of Chapter [10] in order to prove Theorem [1.3]
Suppose we have a symplectic manifold (F,w) which is convex at infinity and
such that the map H?(E;R) — H?(OE;R) is zero. Then, given any cohomology
class n € H*(E;R), we can construct a deformation of E in the sense of Chapter
[9)in the direction of 7, in other words [w;] = [w + ten] € H?(E;R) for some small
e > 0.

Suppose in addition that (£, w) contains no homologically essential Lagrang-
ian sphere. We denote by I'i(E,w) the set of directions | € P(H?(E;R)) such
that, after constructing a “small” deformation of (E,w) in direction [, we still have
no homologically essential Lagrangian sphere. The Moser-type argument from

Chapter |10 says that this set is well-defined (up to projective linear equivalence).

We can likewise consider the invariants I'y(E,w), which are the set of k-
planes P, in the Grassmanian Gr(H?(FE;R)), such that we get no homologically
essential Lagrangian sphere for every direction [ contained in Pj. These are again
invariants up to the correct notion of linear equivalence, and so in particular, if

we get a finite set of such planes, the cardinality of I'y(E,w) is invariant.
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12. MANY INEQUIVALENT EXOTIC SYMPLECTIC FORMS

12.2 The construction

We now extend the construction of Maydanskiy [27] to exhibit, for any n > 1,
a Liouville manifold which admits n + 1 symplectic forms wy all of which have
no homologically essential exact Lagrangian sphere (in fact which have vanish-
ing symplectic cohomology SH*(E,wy;Z/2) and therefore no exact Lagrangian
submanifolds), but such that there exists no diffeomorphism ¢ of E such that
¢*w; = w; for 7 # j.

Take the points 0,1,...,n+ 1 € C and consider two paths in C as in Figure
12.1} The first vy joins the extreme crosses and goes over all the others. We
have some choice in the second path and denote by ; the path which goes below
the points 1,...,7 and then over j + 1,...,n. (We include here the possibility
that the second path actually goes over all central crosses and in this case just

consider it to be another copy of vy.)

Figure 12.1:

With the same conventions as before, having made our choice of v;, we can
associate to Figure the 6-dimensional manifold (X7, w;), which is diffeomor-
phically 7*S3 with n 2-handles attached. It is the total space of a Lefschetz
fibration whose generic fibre is the A, ; Milnor fibre, which we shall denote
M, 1. Associated to each dotted line we get a Lagrangian 2-ball B; C M, for
1 <4 < n, and we denote by V{ and V; the two matching paths associated to the
paths 7o and ;. If v; = 79, the 6-manifold we obtain clearly contains a Lagrang-
ian S®, coming from the zero-section of T*S%. We shall denote by Ag, A; the
Lefschetz thimbles associated to the two critical points of the Lefschetz fibration
m: XI — C.

Hy(M,11;R) = R"™! and we shall choose as our standard basis the spheres
A; given by straightline paths joining adjacent critical points i — 1 and 7 in Figure
[12.1] When included into our total space, these all determine nonzero homology
classes in F, but now with the relation _ A; = 0. We shall therefore choose to
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12.2. The construction

identify H?(E;R) with the n-dimensional vector space V = {v € R"* : Y ¢; =
0}.

Pick some vector v = (vy,...,0,,v,11) € V. By the same process as in Chap-
ter [7] we can construct a deformation of the symplectic structure on M, 1, by
adding on 2-forms in the regions between the critical point weighted according to
the components. The condition on v means the that the homological obstruction
to the matching paths above defining matching cycles vanishes, so we can once
more build the corresponding deformation of (X7, w;). We are interested in what
choices of j and v mean that (X7, w;) contains a Lagrangian sphere after the
deformation coresponding to v.

We first observe that, as in Chapter 7 we shall get a Lagrangian sphere in X7
when we can “lift” V} over the critical points and onto Vj. For this to be true,

we need

k
> v, # 0 for all k < j.

In this case we shall get a Lagrangian sphere in X' once we perturb in the
direction of v. We shall now show that in all other cases we do not get such a
sphere.

Fix some direction v € V. In what follows, we shall as before denote by H F
the Floer cohomology group computed with respect to the time-t deformation
of w in the direction of v. For the same reasons as already discussed, all these
groups are well-defined (perhaps after rescaling v).

Suppose that there is a homologically essential Lagrangian sphere L C (X7, w;).
Then, as in Chapter |§|, we must have L-A; # 0, which implies that HW} (A, A;) #

0. This wrapped Floer group fits in an exact triangle as before.

HE (8, A§) — HE} (A, A7) (12.1)

T~ |

HE? (u(V5), V5).

where the bottom group is calculated in the fibre E,. Here pu is, up to isotopy,
Ty, © Ty, so we shall need to consider the group HF} (my,V;, V;).

The argument in this chapter largely follows that found in [27], from where
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12. MANY INEQUIVALENT EXOTIC SYMPLECTIC FORMS

we reproduce the following basic observation.

Lemma 12.1. If we have an exact triangle of graded vector spaces

K-f.p
1 l
M,

then rank(M) = rank(K) 4 rank(L) — 2 rank(im(F)).

We shall consider this lemma applied to the following triangle coming from

the long exact sequence in [38].

HE Vo, Vy) © HE] (Vi Vo) ——— HE;(V, V)

I

HE; (v, V5, V).

Remark 12.2. To apply Seidel’s long exact sequence in this nonexact setting, we
can no longer filter the Floer cochain groups by the symplectic action, as discussed
in Chapter (9.3 However, we can introduce a filtration by powers of our formal
Nouvikov parameter q. This will give us an appropriate Z-filtration as the energy

spectrum of the (unperturbed) holomorphic curves u will form a discrete set.

Consider now the Lagrangian balls B; associated to the dotted paths in Figure
12.1}and suppose there is an ¢ such that H F(V;, B;) is nonzero. Then the product
pp t (Vj p

HE; (Vo, Vi) ® HF; (V;, Vo) — HEF} (V;,V;) = H*(S?)
does not contain the identity in its image, because if it did, then the composite
HE(V;, Bi) @ HEY (Vo, Vi) @ HEY (V;, Vo) — HEY(V;, B;)

would hit the identity despite factoring through HF}(Vy, B;) which is zero as
these Lagrangians are disjoint. Here we use the fact that the product structure
on Floer cohomology is associative. However, the fundamental class of H?(S?) is

in the image, by Poincaré duality for Floer cohomology.
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12.2. The construction

So, when we consider the ranks of the groups in the above triangle, we see
that

Lemma 12.3. If HF}(V;, B;) # 0 for any i, then rank HF} (1, V;,V;) = 4.

We now consider the triangle relating the first few terms in the system
of groups computing HW;(A;, A;). Again, by computing ranks we see that, if
rank H F'(1y,V;, V;) = 4, then the rank of the image of the horizontal map must
be zero, and therefore take 1 to 0, which in turn forces HW;(A;, A;) = 0. We

conclude

Lemma 12.4. If HF}(V}, B;) # 0 for any i, then there exists no homologically

essential Lagrangian sphere.

For ¢ > j, V; and B; are disjoint so HF;(V}, B;) = 0 is automatic. For i < j,

the criterion that HF}(V;, B;) be nonzero corresponds to

k
ZUT#Oforallkgi

since, in the fibre where the paths defining V; and B, intersect we either get
disjoint circles or instead two copies of some circle C' whose self-Floer cohomology

HF}(C,C) = H*(C) is nonzero.

Remark 12.5. In particular, the above argument shows that, in the undeformed
case, HW*(A;,A;) = 0. A similar argument also shows that HW*(Aq, Ag) = 0,
which, by Lemma proves that, for our undeformed exact symplectic mani-
folds SH*(X!) =0 for all i.

Therefore, if we consider the (n — 1)-Grassmanian invariant I';,_1(X7), we see
that the planes for which we get no Lagrangians appearing are, in our choice of

basis, precisely those (n — 1)-planes defined by any one of the equations

k
ZUT = 0 for some k < 7,

T

so that T',,_;(X?) is a set consisting of j points.
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We now have, for 1 < i < n, exact symplectic manifolds such X! is not sym-
plectomorphic to X7 for i # j, even though neither contains any exact Lagrangian
submanifolds. Our final manifold (X" w, 1) simply comes from adding n han-
dles to some exotic Maydanskiy-Seidel example, just as in Figure[9.1] The same
argument as in Chapter [0 will show that I',,— 1 (X, wy41) = Gry—i (R7), so X7H1
cannot be symplectomorphic to any of the X for i < n. This completes the proof

of Theorem [1.3]
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