
Devwudfw

Zh ghprqvwudwh wkh frqglwlrqv xqghu zklfk wkh elyduldwh surelw prgho fdq eh

frqvlghuhg d vshfldo fdvh ri wkh pruh jhqhudo pxowlqrpldo surelw +PQS, prgho1

Vlqfh wkh dwwhqgdqw sdudphwhu uhvwulfwlrqv surgxfh d vlqjxodu fryduldqfh pdwul{/

wkh vxevhtxhqw sureohpv ri whvwlqj rq wkh erxqgdu| ri wkh sdudphwhu vsdfh duh

flufxpyhqwhg e| wkh frqvwuxfwlrq ri d vfruh whvw1

MHO Fodvvl�fdwlrq= F58/ F54/ F45/ F68

Nh|zrugv= glvfuhwh fkrlfh/ elyduldwh surelw/ pxowlqrpldo surelw/ qhvwhg fkrlfh

prghov1



Wkh Vwdwlvwlfdo Uhodwlrqvkls Ehwzhhq Elyduldwh dqg Pxowlqrpldo Fkrlfh

Prghov4

Phoy|q Zhhnv

Ghsduwphqw ri Dssolhg Hfrqrplfv/ Fdpeulgjh

Fkulv Ruph

Vfkrro ri Hfrqrplf Vwxglhv/ Pdqfkhvwhu

Mxqh 4<<<

41 Lqwurgxfwlrq

Wkh elyduldwh dqg pxowlqrpldo surelw prghov fdq erwk eh wkrxjkw ri dv qdwxudo

h{whqvlrqv ri wkh vlpsoh +elqrpldo, surelw prgho1 Dv B srlqwv rxw/ lq irupxodwlqj

wkh elyduldwh surelw +EYS, prgho wzr csurelw*/ ru elqdu|/ uhjuhvvlrq htxdwlrqv duh

gh�qhg zlwk fruuhodwhg glvwxuedqfhv/ |lhoglqj d glvfuhwh dqdorjxh ri wkh vhhplqjo|

xquhodwhg uhjuhvvlrq prgho lq zklfk wkh ghshqghqw yduldeoh lv d wzr glphqvlrqdo yhf0

wru ri elqdu| rxwfrphv1 Wkh pxowlqrpldo surelw +PQS, prgho/ rq wkh rwkhu kdqg/

pljkw dsshdu wr eh dssursuldwh iru d udwkhu gl�huhqw sureohp lq zklfk wkh ghshq0

ghqw yduldeoh ri lqwhuhvw lv wkh xqltxh fkrlfh pdgh iurp d vhw ri glvwlqfw dowhuqdwlyhv1

Lq wklv qrwh/ zh srlqw rxw wkdw wkh EYS prgho pljkw xvhixoo| eh lqwhusuhwhg dv d

vshfldo fdvh ri d PQS prgho1 Wklv lv dfklhyhg e| uhfrjqlvlqj wkdw wkh wzr elqdu|

htxdwlrqv +ru ghflvlrqv,/ dv vshfl�hg lq wkh EYS dssurdfk/ jhqhudwhv irxu pxwxdoo|

h{foxvlyh rxwfrphv +ru dowhuqdwlyhv,/ zklfk fdq eh prghoohg lq dq PQS iudphzrun1

Irupdoo|/ lw fdq wkhq eh vkrzq wkdw wkh PQS prgho qhvwv wkh EYS prgho/ yld sdud0

phwulf uhvwulfwlrqv/ dqg dq dssuhfldwlrq ri wklv pd| eh ri xvh wr dssolhg zrunhuv lq

irupxodwlqj dssursuldwh sdudphwulf vshfl�fdwlrqv vlqfh/ lq pdq| sxeolvkhg vwxglhv

lqyroylqj glvfuhwh fkrlfh/ erwk wkh EYS dqg pxowlqrpldo prghov +vxfk dv wkh PQS

dqg pxowlqrpldo orjlw +PQO,, kdyh ehhq hpsor|hg zlwkrxw dssduhqw frqvlghudwlrq

ri wkh vwdwlvwlfdo dqg ehkdylrxudo uhodwlrqvkls wkdw h{lvw ehwzhhq wkh wzr gl�huhqw

4Zh duh judwhixo wr Sdxo Uxxg dqg Fkulvwldq Jrxulhurx{ iru ydoxdeoh frpphqwv dqg vxjjhvwlrqv1
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prgho vwuxfwxuhv> vhh/ krzhyhu/ vrph glvfxvvlrq lq B +ss145506,1 Wklv lv ri vrph

lqwhuhvw/ vlqfh d frpprqo| xvhg ehkdylrxudo2hfrqrplf lqwhusuhwdwlrq ri wkh PQS

prgho zrxog eh wkdw wkh revhuyhg cmrlqw* ghflvlrq lv pdgh rq wkh edvlv ri xwlolw|

pd{lplvdwlrq ryhu wkh irxu srvvlelolwlhv wkdw wkh elyduldwh sureohp fdq jhqhudwh1

Frqvhtxhqwo|/ wkh EYS prgho lv lwvhoi/ frqvlvwhqw zlwk vxfk xwlolw| pd{lplvlqj eh0

kdylrxu zkhq wkh dssursuldwh sdudphwulf uhvwulfwlrqv/ lpsrvhg rq wkh pruh jhqhudo

PQS vshfl�fdwlrq/ duh vdwlv�hg1 Wklv vxjjhvwv wkh dydlodelolw| ri d irupdo whvw ri wkh

EYS vshfl�fdwlrq zklfk pljkw dovr eh xvhg wr dvvhvv zkhwkhu ru qrw wklv ehkdylrxudo

lqwhusuhwdwlrq/ dffrpprgdwhg e| wkh PQS prgho/ lv gdwd frqvlvwhqw1

Wkh rxwolqh ri wkh sdshu lv dv iroorzv= Lq vhfwlrq 5/ wkh edvlf sdudphwulf EYS

dqg PQS prghov duh rxwolqhg dqg frqwudvwhg1 Lq vhfwlrq 6/ wkh vhw ri sdudphwulf

uhvwulfwlrqv duh ghulyhg/ iru d PQS prgho/ zklfk |lhogv wkh EYS dv d vshfldo fdvh

dqg dq dssursuldwh vfruh whvw ghulyhg1 Lq frqvwuxfwlqj vxfk d whvw fduh pxvw eh

wdnhq vlqfh wkh uhvwulfwlrqv surgxfh d vlqjxodu fryduldqfh pdwul{ lq wkh lpsolhg

PQS vshfl�fdwlrq1 Wkh vxevhtxhqw sureohpv ri whvwlqj rq wkh erxqgdu| ri wkh

sdudphwhu vsdfh duh flufxpyhqwhg e| wkh frqvwuxfwlrq ri d vfruh whvw1 Vhfwlrq 7

frqfoxghv1

51 Elyduldwh dqg Pxowlqrpldo Prghov

B ghvfulehv d qxpehu ri dssurdfkhv iru dqdo|vlqj pxowlyduldwh elqdu| rxwfrphv1 Dv

wkh qxpehu ri elqdu| udqgrp yduldeohv +�, xqghu frqvlghudwlrq lqfuhdvhv/ d vlpsolvwlf

phwkrg lv wr wuhdw hdfk ri wkh yduldeohv dv lqghshqghqw1 Lq hfrqrplfv/ dvvxplqj d

sdudphwulf phdq dqg dgglwlyh huuru/ zh duh wkhq idfhg zlwk � lqghshqghqw elqdu|

surelw +ru orjlw, uhjuhvvlrqv1 Zlwk � ' 2c ghshqghqfh lv hdvlo| lqwurgxfhg yld wkh

EYS prgho dqg kdv ehhq xvhg h{whqvlyho| lq d qxpehu ri �hogv/ lqfoxglqj hfrqrplfv

dqg elrdvvd|1 D gl�huhqw dssurdfk lv wr wuhdw wkh 2� rxwfrphv dv ehlqj jhqhudwhg

iurp d pxowlqrpldo glvwulexwlrq/ zklfk jlyhv wkh pxowlqrpldo frxqwhusduwv ri wkh

vlpsoh surelw dqg orjlw prghov1

Wkh elyduldwh prgho lv srsxodu lq elrorjlfdo dvvd| dqg zdv �uvw lqwurgxfhg e|

B lq uhfrjqlwlrq ri wkh ghshqghqfh ehwzhhq glvwlqfw sk|vlrorjlfdo v|vwhpv1 Wkh

dxwkruv/ iroorzlqj B/ duh fduhixo wr srlqw rxw wkh glvwlqfwlrq ehwzhhq d prgho zklfk
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uhfrjqlvhv ghshqghqfh ryhu wzr glvwlqfw v|vwhpv zklfk ghwhuplqh 7 pxwxdoo| h{0

foxvlyh rxwfrphv/ dqg d vlqjoh v|vwhp surylglqj irxu rxwfrphv zlwk dq duelwudu|

ghshqghqfh vwuxfwxuh1 +Wkh pxowlyduldwh dqg pxowlqrpldo prghov h{whqg wklv wr

frqvlghu ghshqghqfh ryhu � v|vwhpv dqg wkh 2� pxwxdoo| h{foxvlyh rxwfrphv/ uh0

vshfwlyho|1, Dsduw iurp wkh frpphqwv e| B/ lw dsshduv wkdw wkh suhflvh qdwxuh ri

wklv glvwlqfwlrq lv qrw zlgho| dssuhfldwhg lq hfrqrplfv1 B +s1<46, qrwhv wkdw wkh

pxowlyduldwh prghov duh glvwlqfw iurp wkh pxowlqrpldo fkrlfh prghov lq wkdw iru wkh

iruphu/ wkh irfxv lv xsrq wkh prghoolqj ri wzr ru pruh ghflvlrqv/ zlwk hdfk ghflvlrq

lqyroylqj wzr dowhuqdwlyhv/ zkhuhdv lq wkh odwwhu fdvh wkhuh lv d vlqjoh ghflvlrq dprqj

wzr ru pruh dowhuqdwlyhv1 Qrwzlwkvwdqglqj wklv ehkdylrxudo glvwlqfwlrq/ lq wkh qh{w

vhfwlrq lw lv ghprqvwudwhg krz wkh PQS prgho qhvwv EYS prgho1

Wr ehjlq zlwk/ krzhyhu/ ohw xv uh0h{dplqh wkh edvlf vwdwlvwlfdo uhodwlrqvkls eh0

wzhhq elyduldwh dqg pxowlqrpldo fkrlfh prghov1 Ohw E+Wc 5W�
�

eh d yhfwru ri vfdodu

udqgrp yduldeohv/ hdfk zlwk vxssruw rq wkh uhdo olqh/ dqg gh�qh + ' �E+W : f� dqg

5 ' �E5W : f�c lq zklfk �E�� lv wkh lqglfdwru ixqfwlrq> l1h1/ + ' � li +W : fc dqg

lv }hur rwkhuzlvh1 Edvhg xsrq wkhvh uhodwlrqvklsv zh pd| hqxphudwh irxu pxwxdoo|

h{foxvlyh rxwfrphv iru wkh sdlu E+c 5� � Ohw wkh rxwfrph eh ghqrwhg e| wkh glvfuhwh

udqgrp yduldeoh rc wdnlqj rq ydoxhv � ' �c � � � c ec wr zklfk d ydoxh phdvxuh +ru xwlolw|

ohyho,/ ghqrwhg �Wc lv dvvljqhg1 Wklv lv looxvwudwhg lq Wdeoh 4=

Wdeoh 4=

+ 5 r �W

� � � �W
�

� f 2 �W
2

f � � �W
�

f f e �W
e

Dowkrxjk wkh deryh wdeoh uhsuhvhqwv d kljko| devwudfw v|vwhp/ wkhuh h{lvw pdq|

h{dpsohv iurp lqwhu dold elrdvvd| dqg hfrqrplfv zkhuh wkh uhodwlrqvkls ehwzhhq wzr

+ru pruh, Ehuqrxool udqgrp yduldeohv dqg wkh dvvrfldwhg vwdwhv lv lpsruwdqw1
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H{dpsoh 4

Lq hfrqrplfv + pljkw uhsuhvhqw wkh glvfuhwh ghflvlrq E(�� zkhwkhu ru qrw wr

zrun1 Wklv ghflvlrq pljkw eh edvhg xsrq wkh uhvshfwlyh xwlolwlhv ri ehlqj lq ru rxw

ri wkh oderxu irufh/ ghqrwhg +W
�
dqg +W

f
/ zlwk wkh lpsolfdwlrq wkdw +W ' E+W

�
� +W

f
� �

Ixuwkhu/ 5 pljkw ghqrwh wkh ghflvlrq E(2� zkhwkhu ru qrw wr wdnh xs irupdo +l1h1/

sdlg, fklog0fduh +djdlq edvhg xsrq d frpsdulvrq ri xqghuo|lqj xwlolwlhv/ ghqrwhg

5W
�
dqg 5W

f
zlwk 5W ' 5W

�
� 5W

f
,1 Wkh wzr ghflvlrqv pd| eh fruuhodwhg dqg/ lq wklv

lqvwdqfh/ wkh glvfuhwh udqgrp yduldeoh r hqxphudwhv wkh irxu srvvleoh frpelqdwlrqv

ri= zrun/ qrw zrun
�
`c 7̀

�
/ fklog0fduh/ qrw fklog0fduh

�
�c 7�

�
rxwfrphv1 Wklv lv

looxvwudwhg lq Iljxuh 4+d,1 Khuh wkh suredelolw| wkdw dq lqglylgxdo erwk zrunv dqg

xwlolvhv sdlg fklog0fduh lv jlyhq e| wkh suredelolw| �hE+W : f _ 5W : f�1 Lq Iljxuh

4+e, zh frqvlghu d vrphzkdw gl�huhqw vwuxfwxudo iudphzrun/ iru wkh vdph sureohp/

lq zklfk d vlqjoh ghflvlrq E(� |lhogv rqh ri e srvvleoh rxwfrphv/ exw edvhg xsrq d

udqnlqj ri wkh xwlolwlhv +ru/ wkh lpsolhg ydoxh phdvxuh,1 Lq wklv pxowlqrpldo prgho/

dqg zlwk uhihuhqfh wr Wdeoh 4/ wkh suredelolw| ri zrunlqj dqg xvlqj sdlg fklog0fduh

lv jlyhq e| wkh suredelolw| �hE
eW

�'2

�W
�
� �W� : f�1

H{dpsoh 5

Lq elrdvvd| + pljkw lqglfdwh wkh glvfuhwh uhvsrqvh ri d vxemhfw diwhu wdnlqj d

sduwlfxodu guxj1 Krzhyhu/ vlqfh lw lv nqrzq wkdw vxemhfwv pd| h{klelw erwk d pdlq

h�hfw dqg d qxpehu ri rwkhu srvvleo| uhodwhg vlgh h�hfwv/ lw pljkw eh qhfhvvdu| wr

prqlwru d vhfrqgdu| uhvsrqvh/ 51 Wkh revhuyhg uhvsrqvh lv wkhq wkh mrlqw uhdolvdwlrq

ri wkh wzr xqghuo|lqj sk|vlrorjlfdo v|vwhpv1 Iru h{dpsoh/ B grfxphqwv uhvhdufk

lqwr wkh uhvsludwru| v|vwhpv ri frdoplqhuv1 Wzr v|pswrpv zhuh h{dplqhg= euhdwk0

ohvvqhvv dqg zkhh}h1 Iru hdfk v|pswrp zh pd| frqvlghu d frqwlqxxp ri h{srvxuh

+vd| +W dqg 5W�c zkhuh eh|rqg fhuwdlq wkuhvkrogv/ wkh vxemhfw lv vdlg wr eh vx�hu0

lqj iurp wkh frqglwlrq1 Vlqfh hdfk uhvsrqvh ixqfwlrq kdv wzr ohyhov +d"lfwhg/ qrw

d"lfwhg,/ wkh wzr elqdu| yduldeohv +vd| + dqg 5� gh�qh irxu srvvleoh vwdwhv1
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H{dpsoh 6

Dv dqrwkhu h{dpsoh/ PfFxoodjk dqg Qhoghu +4<;<, uhsruw d vwxg| ri pruwdolw|

gxh wr udgldwlrq1 H{srvhg dqg qrq0h{srvhg lqglylgxdov zhuh fodvvl�hg dw wkh hqg

ri wkh vwxg| dv ghdg ru dolyh/ zlwk pruwdolw| ixuwkhu fodvvl�hg dffruglqj wr ghdwkv

gxh wr fdqfhu ru rwkhu fdxvhv1 Fdqfhu ghdwkv zhuh ixuwkhu gl�huhqwldwhg dffruglqj

wr ohxnhpld ghdwkv dqg ghdwkv iurp rwkhu fdqfhuv1 Wkh irxu pxwxdoo| h{foxvlyh

uhvsrqvh fdwhjrulhv duh wkhuhiruh= dolyh/ ghdwk iurp fdxvhv rwkhu wkdq fdqfhu/ ghdwkv

iurp fdqfhuv rwkhu wkdq ohxnhpld dqg ghdwkv iurp ohxnhpld1 Djdlq wkh fulwlfdo lvvxh

lv krz gr zh prgho wkh revhuyhg gdwd1 Lq wklv fdvh lw vhhpv dssursuldwh wr prgho wkh

gdwd lq whupv ri d qxpehu ri glvwlqfw glfkrwrplhv/ dqg wkhuhiruh surfhhg e| pdnlqj

d vhsdudwh vwxg| ri wrwdo pruwdolw|/ fdqfhu pruwdolw| dqg ohxnhpld pruwdolw|/ udwkhu

wkdq hqwhuwdlq d EYS vwuxfwxuh1

Krzhyhu/ wkhuh pd| dulvh rwkhu vlwxdwlrqv lq zklfk wkh dssursuldwh prgho lv ohvv

fohdu1 Lq vxfk fdvhv/ d ixqgdphqwdo lvvxh lv xqghu zkdw flufxpvwdqfhv zh pljkw

xvh wkh lqirupdwlrq frqwdlqhg lq wkh udqgrp yduldeohv + dqg 5 +shukdsv doorzlqj iru

fruuhodwlrq,/ dqg zkhq zh vkrxog xvh wkh udqgrp yduldeoh r1 Lq dgglwlrq lw zrxog eh

lqvwuxfwlyh wr nqrz xqghu zkdw frqglwlrqv wkh wzr duh htxlydohqw dqg wklv txhvwlrq

lv dgguhvvhg lq wkh qh{w vhfwlrq1

5141 Elyduldwh Surelw

Wkh EYS prgho lv ghulyhg iurp wkh odwhqw yduldeohv +W dqg 5W lqwurgxfhg deryh1

Vshfl�fdoo|/ zh dvvxph wkdw +W dqg 5W duh glvwulexwhg elyduldwh qrupdo zlwk d vlpsoh

sdudphwulf vwuxfwxuh jlyhq e|

+W '  ��n � +514,

5W '  �� n �

zkhuh � dqg � duh xqnqrzq sdudphwhu yhfwruv/  lv d E& � �� yhfwru ri uhjuhvvruv

dqg wkh mrlqw glvwulexwlrq ri � dqg � lv elyduldwh qrupdo zlwk fruuhodwlrq 4=

3
C �

�

4
D � �T�

3
C
3
C f

f

4
D c

5
7 � 4

4 �

6
8
4
D � +515,
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Dv glvfxvvhg suhylrxvo|/ +514, jhqhudwhv wkh irxu srvvleoh rxwfrphv ri wkh sdlu E+c 5�>

vhh Wdeoh 41 Wkh fruuhvsrqglqj irxu suredelolwlhv zloo eh ghqrwhg Z�c � ' �c � � � c e

dqg duh uhodwlyho| vwudljkwiruzdug wr ghulyh1 Iru h{dpsoh/ r ' � li dqg rqo| li + ' �

dqg 5 ' �� Wkxv

Z� ' �hEr ' �� ' �h E+W : f _ 5W : f�

' �h E� : � �� _ � : � ��� �

Wkh rwkhu wkuhh suredelolwlhv duh rewdlqhg lq dq reylrxv pdqqhu1 Irupdoo|/ li

x2 E@c K( 4� ghqrwhv wkh elyduldwh qrupdo glvwulexwlrq ixqfwlrq ri E�c�� hydoxdwhg

dw wkh srlqw E@c K� dqg xES� wkh vwdqgdug qrupdo glvwulexwlrq ixqfwlrq hydoxdwhg dw

wkh srlqw Sc wkhq lw lv hdv| wr vhh wkdw

Z� ' x2 E 
��c ��(4�

Z2 ' x2 E 
��c� ��(�4� ' xE ���� Z�

Z� ' x2 E� 
��c ��(�4� ' xE ���� Z�

Ze ' x2 E� 
��c� ��(4� ' �� Z� � Z2 � Z��

+516,

Wkh nh| srlqw wr hpskdvlvh lq wkh deryh lv wkdw wkh suredelolwlhv iru wkh irxu

vwdwhv kdyh ehhq fdofxodwhg xvlqj wkh wzr udqgrp yduldeohv +W dqg 5W1 Dv vxfk/

wkh uhtxluhg suredelolwlhv lqyroyh rqo| wkh hydoxdwlrq ri wkh elyduldwh glvwulexwlrq/

x2 E@c K( 4� c dqg wzr xqlyduldwh glvwulexwlrqv/ xE@� dqg xEK��

Ilqdoo|/ lqwurgxfh wkh pxwxdoo| h{foxvlyh lqglfdwruv S� ' � Er ' �� c � ' �c � � � c e(

l1h1/ S� ' � li dqg rqo| li r ' �� Wkhq frqwulexwlrqv wr d orj0olnholkrrg ixqfwlrq ri dq

duelwudu| lqglylgxdo wdnh wkh irup
S

e

�'� S� *?EZ���

5151 Pxowlqrpldo Surelw

Dv vkrzq deryh/ dowkrxjk wkh EYS prgho fdq surylgh hvwlpdwhv ri wkh suredelolwlhv

iru irxu pxwxdoo| h{foxvlyh vwdwhv/ wklv lv grqh xvlqj frpelqdwlrqv ri wkh wzr xqghu0

o|lqj odwhqw udqgrp yduldeohv1 Wkhuhiruh/ wkh prgho lpsolhv d sduwlfxodu vwdwlvwlfdo

vwuxfwxuh1 Lq d PQS prgho ri irxu vwdwhv +ru dowhuqdwlyhv,/ ghqrwhg e| wkh udqgrp

yduldeoh rc wkh ydoxh +ru xwlolw|, ri hdfk vwdwh lv uhsuhvhqwhg h{solflwo| e| wkh udqgrp

yduldeoh �Wc zklfk fdq wdnh rq ydoxhv �W
� c � ' �c � � � c ec +vhh Wdeoh 4, dqg/ lq dssol0

fdwlrqv frpprq lq hfrqrplfv dqg elrorj|/ lw lv xqghuvwrrg wkdw wkh rxwfrph zlwk

:



wkh kljkhvw cydoxh* dwwdfkhg lv revhuyhg1 Dv d uhvxow/ wkh fdofxodwlrq ri suredelolwlhv

iru hdfk ri wkh rxwfrph lv vrphzkdw gl�huhqw/ wkdq lq wkh EYS prgho1 Khuh/ wkh

suredelolw| wkdw r ' � +ru/ htxlydohqwo|/ S� ' �c � ' �c � � � c e� pd| eh zulwwhq

R� ' �hES� ' �� ' �hE
e_

, �'�

�W
� � �W

, : f� +517,

dqg/ lq jhqhudo/ uhtxluhv wkh hydoxdwlrq ri d wulyduldwh lqwhjudo1 Frqwulexwlrqv wr

wkh orj0olnholkrrg duh wkxv
S

e

�'� S� *?ER��c dqg wkh irup ri wkh R� duh jlyhq ehorz

wrjhwkhu zlwk vrph frpphqwv rq lghqwl�fdwlrq lvvxhv1

Lq wkh PQS prgho/ wkh qdwxudo vshfl�fdwlrq zrxog eh

�W
� '  ��� n 0�( � ' �c � � � c ec +518,

lq zklfk wkh �� duh yhfwruv ri xqnqrzq sdudphwhuv dqg % ' E0�c 02c 0�c 0e�
� lv glv0

wulexwhg pxowlyduldwh qrupdo zlwk }hur phdq yhfwru dqg fryduldqfh pdwul{P ' ij�,j>

l1h1/ % � �T�EfcP�� Lq rughu wr rewdlq wkh suredelolwlhv gh�qhg lq +517,/ lqwurgxfh

�W
�, ' �W

� � �W
, vr wkdw �W

�, ' �W
�, � �W

��/ vd|1 Vrph vwudljkwiruzdug fdofxodwlrq wkhq

|lhogv=
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+519,

vr wkdw doo wkh uhtxluhg suredelolwlhv fdq eh gh�qhg lq whupv ri wkh wkuhh udqgrp

yduldeohv/ �W
��c � ' 2c � � � c ec dqg gl�huhqfhv wkhuhri15

Ixuwkhupruh/ e| gh�qlqj �� ' �
�
� �� dqg #� ' 0�� 0�c wkh suhfhglqj suredelo0

5Wklv ghprqvwudwhv wkdw wkh glphqvlrqdolw| ri wkh pxowlqrpldo sureohp lv uhgxfhg lq wkdw wkh

uhtxlvlwh suredelolw| fdofxodwlrqv lqyroyh wkh hvwlpdwlrq ri 60irog pxowlyduldwh lqwhjudov1

;



lwlhv lq +519, ehfrph
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+51:,

zklfk zloo eh ghwhuplqhg e| wkh mrlqw glvwulexwlrq ri � ' E#2c #�c #e�
�c ehlqj�T�Efcl��

Qrwh wkdw h{dfwo| wkh vdph suredelolwlhv rewdlq e| vxevwlwxwlqj #_
� ' /#� dqg

�
_
� ' /�� wkurxjkrxw/ � ' 2c � � � e� Lw lv wkhuhiruh fohdu wkdw qrw rqo| duh wkh lq0

glylgxdo �� lq +518, qrw lghqwl�deoh exw wkdw lw lv rqo| srvvleoh wr lghqwli| �� dqg l

xs wr d idfwru ri sursruwlrqdolw|1 Wr ryhufrph wklv d qrupdolvdwlrq lv uhtxluhg rq

rqh ri wkh hohphqwv ri l( h1j1/ �@o E#
2
� ' �c zrxog eh vx!flhqw wr lghqwli| �� dqg

wkh uhpdlqlqj D glvwlqfw sdudphwhuv lq l� Wkhvh dujxphqwv fdq eh jhqhudolvhg wr

d PQS prgho/ gh�qhg e| +518,/ lq zklfk wkhuh duh a srvvleoh rxwfrphv2fkrlfhv/ vr

wkdw rqo| aEa � ��*2� � fryduldqfh sdudphwhuv lq l ' �@oE��c Ea � �� a � �� duh

lghqwl�hg wrjhwkhu zlwk wkh ��c E& � �� c � ' 2c � � � c a ( vhh/ iru h{dpsoh/ wkh glvfxvvlrq

lq B1

Lq wkh qh{w vhfwlrq/ frqglwlrqv duh ghulyhg xqghu zklfk R� ' Z�c � ' �c � � � c ec

lpso|lqj wkdw wkh EYS prgho lv d vshfldo fdvh ri wkh PQS prgho1

61 D Uhvwulfwhg Pxowlqrpldo Surelw

Lw zdv vkrzq deryh wkdw wkh PQSprgho uhtxluhv d uhvwulfwlrq rq rqh ri wkh hohphqwv

ri lc lq rughu iru sdudphwhuv wr eh lghqwl�hg1 Wkh EYS prgho rewdlqv iurp wkh

PQS prgho/ zlwk a ' ec e| lpsrvlqj ixuwkhu uhvwulfwlrqv rq lc dqg wkh ��c dv

ghwdlohg ehorz1

6141 Sdudphwulf uhvwulfwlrqv

Wkh zd| lq zklfk wkh PQS prgho irupdoo| qhvwv wkh EYS prgho lv ghvfulehg e|

wkh iroorzlqj sursrvlwlrq=

<



Sursrvlwlrq 6141 Ohw E��
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Wkh uhvxow lv uhdglo| hvwdeolvkhg dqg zh ghprqvwudwh lw rqo| iru R�� Xsrq vxe0

vwlwxwlrq ri E��� E����c lq wkh h{suhvvlrq iru R�c zh fdq zulwh
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Lw lv fohdu wkdw wkh frqglwlrqv lghqwl�hg lq wkh deryh sursrvlwlrq ohdg wr d frq0

vwudlqhg PQS prgho> l1h1/ wkh PQS prgho lv dojheudlfdoo| htxlydohqw wr wkh EYS

prgho li +518, lv vxemhfw wr sdudphwulf uhvwulfwlrqv/ zklfk duh qrz lqyhvwljdwhg1

Iluvwo|/ qrwh wkdw frqglwlrq E��� lq wkh deryh sursrvlwlrq lpsolhv wkdw
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FFFD +614,

lq zklfk wkh fryduldqfh pdwul{ lv vlqjxodu1 Wkh txhvwlrq zh zlvk wr dgguhvv qrz

lv/ jlyhq +614,/ zkdw fdq zh vd| derxw wkh glvwulexwlrq ri wkh yhfwru %B Vlqfh wkhuh

duh rqo| D lghqwl�deoh fryduldqfh sdudphwhuv/ lq wklv fdvh/ zh wkhuhiruh ehjlq e|

lpsrvlqj d qxpehu ri udwkhu lqqrfxrxv uhvwulfwlrqv xsrq wkh �uvw wkuhh yduldqfhv 0

qdpho|/ �@oE0,� ' �c , ' �c � � � c �1 Lw wkhq iroorzv wkdw

� ' �@oE#2� ' �@oE0� � 02�

' 2 E�� j�2� �

Vlploduo|/

� ' �@oE#�� ' �@oE0� � 0��

' 2 E�� j��� c
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jlylqj j�2 ' j�� '
�

2
1 Frqwlqxlqj lq wklv idvklrq wkh uhvwulfwhg fryduldqfh pdwul{ ri

wkh yhfwru % hphujhv dv
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c +615,

qrwlqj wkdw 4 ' .E#2#�� ' .EE0� � 02�E0� � 0��� ' j2�1 Lw wkhq lpphgldwho| iroorzv

wkdw wkh EYS prgho +514, lv rewdlqhg iurp wkh PQSprgho +518, xqghu wkh iroorzlqj

vhw ri sdudphwhu uhvwulfwlrqv=

41 �@oE%� ' P-(

51 �e ' �2 n ��c zlwk �2 ' � dqg �� ' � iuhh1

Jlyhq wkdw lq wkh xquhvwulfwhg irup ri wkh PQS prgho wkhuh zrxog rqo| eh

D n �& iuhh sdudphwhuv/ wklv fruuhvsrqgv wr ED n �&�� E� n 2&� ' e n & sdudphwulf

uhvwulfwlrqv1 Lq Vhfwlrq 616 zh glvfxvv d surfhgxuh iru whvwlqj vxfk uhvwulfwlrqv1

Ehiruh grlqj vr/ krzhyhu/ lw lv vkrzq krz wkh frqvwudlqhg PQS prgho +ru EYS

prgho, ghvfulehg deryh lv/ lq idfw/ frqvlvwhqw zlwk d udwkhu uhvwulfwlyh irup ri xwlolw|

pd{lplvdwlrq ehkdylrxu1

6151 D Ehkdylrxudo Lqwhusuhwdwlrq

Frqvlghu djdlq Wdeoh 4 dqg dvvxph wkdw/ lq wkh frqwh{w ri fkrlfhv E+c 5�c wkh mrlqw

ghflvlrq/ rc lv lqghhg pdgh rq wkh edvlv ri xwlolw| pd{lplvdwlrq/ exw e| frqvlghulqj

wkh xwlolw| rewdlqhg iurp + dqg 5 lqglylgxdoo| udwkhu wkdq mrlqwo| +dv zrxog eh wkh

fdvh lq wkh PQS prgho,1 Vshfl�fdoo|/ zulwh

+W+ '  ��+ n �+c + ' fc �c

5W

5 '  ��5 n �5c 5 ' fc �c +616,

zkhuh +W

f
lv wkh xwlolw| ghulyhg iurp wkh ghflvlrq + ' f dqg +W

�
lv wkdw ghulyhg

iurp + ' �c zlwk d vlplodu lqwhusuhwdwlrq iru 5W

f
dqg 5W

�
� Xqghu wkh dvvxpswlrq ri
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xwlolw| pd{lplvlqj ehkdylrxu rq lqglylgxdo ghflvlrqv/ + ' f +uhvshfwlyho|/ + ' �,

lv revhuyhg li dqg rqo| li +W

f
� +W

�
: f +uhvshfwlyho|/ +W

�
� +W

f
: f,/ dqg vlploduo|

iru 5� Wklv fkdudfwhulvdwlrq jlyhv wkh EYS prgho ri +514, lq zklfk= +W ' +W
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c � ' �� � �fc � ' �� � �fc � ' �� � �f dqg � ' �� � �fc zlwk

glvwulexwlrqdo dvvxpswlrq +515, lq rughu wr hqvxuh lghqwl�fdwlrq1

Qrz dvvxph wkdw wkh xwlolwlhv/ ghqrwhg �W

� c � ' �c � � � c ec dqg ghulyhg iurp wkh

mrlqw rxwfrph E+c 5� c duh iruphg dgglwlyho| dv +W

+ n 5W

5 � Wkxv/

�W

�
' +W

�
n 5W

�
c

�W

2
' +W

�
n 5W

f
c

�W

�
' +W

f
n 5W

�
c

�W

e
' +W

f
n 5W

f
�

Wklv lv d vwurqj dvvxpswlrq> lw vd|v wkdw wkh xwlolwlhv/ �W

� c duh dgglwlyho| vhsdudeoh dqg/

jlyhq +616, dovr lpsolhv wkdw +518, fruuhfwo| h{suhvvhv wkh xwlolw| ghulyhg iurp wkh

mrlqw ghflvlrq1 Qrwh wkdw/ jlyhq +616,/ dgglwlyh vhsdudelolw| lv qrw rqo| vx!flhqw/ exw

lw lv dovr qhfhvvdu| iru wklv uhsuhvhqwdwlrq ri �W

� �
6 Dowkrxjk uhvwulfwlyh/ ohw xv sxuvxh

wklv iru wkh prphqw dqg zulwh wkhvh xwlolwlhv dv �W

� '  ��� n 0�c zlwk �� ' �
�
� ��

dqg #� ' 0� � 0�c dv lq Vhfwlrq 5151 Wkhq/ iurp +616,/ dvvxpswlrq ri +515, dqg wkh

lpsolhg uhvwulfwlrq ri dgglwlyh vhsdudelolw|/ lw lpphgldwho| iroorzv wkdw wkh frqglwlrqv

ri Sursrvlwlrq 614 duh vdwlv�hg1

Iurp wkh deryh glvfxvvlrq wkh iroorzlqj frqfoxvlrqv pd| eh gudzq=

41 li +518, lv dq dghtxdwh uhsuhvhqwdwlrq iru �W

� c dqg wkh sdudphwulf uhvwulfwlrqv ri

vhfwlrq 614 duh wuxh/ wkhq qrw rqo| lv �W

� dgglwlyho| vhsdudeoh lq wkh elyduldwh

xwlolwlhv/ exw wkh dssurdfk r�huhg e| wkh EYS prgho lv frqvlvwhqw zlwk xwlolw|

pd{lplvdwlrq ryhu wkh e glvwlqfw dowhuqdwlyhv>

51 li +518, lv dq dghtxdwh uhsuhvhqwdwlrq iru �W

� dqg wkh sdudphwulf uhvwulfwlrqv

duh qrw wuxh/ wkhq wkh EYS prgho fdq qrw eh frqvlvwhqw zlwk vxfk xwlolw|

pd{lplvlqj ehkdylrxu/ vlqfh �W

� lv qrw dgglwlyho| vhsdudeoh>

6Ri frxuvh/ dq| olqhdu frpelqdwlrq ri |�| dqg }
�

} zloo jhqhudwh olqhdu y
�

m > exw duelwudu| vfdoh dqg

orfdwlrq sdudphwhuv lq dq| vxfk olqhdu frpelqdwlrq zloo qrw eh lqghqwl�deoh iurp wkh elyduldwh

gdwd1
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61 li +518, lv qrw dq dghtxdwh uhsuhvhqwdwlrq iru �W� +h1j1/ qrq0olqhdulwlhv h{lvw lq wkh

uhjuhvvlrq vshfl�fdwlrq,/ wkhq wkh EYS prgho pd| eh frqvlvwhqw zlwk xwlolw|

pd{lplvdwlrq ryhu wkh e lpsolhg dowhuqdwlyhv/ exw �W� lv qrw dgglwlyho| vhsdudeoh

lq wkh elyduldwh xwlolwlhv1

Wkhvh frqfoxvlrqv vxjjhvw d srvvleoh whvwlqj vwudwhj| lq rughu wr vkhg vrph oljkw

rq zkhwkhu/ lq wkh frqwh{w ri d elyduldwh ghflvlrq sureohp/ wkh EYS prgho lv frqvlv0

whqw zlwk xwlolw| pd{lplvdwlrq ryhu wkh lpsolhg irxu dowhuqdwlyh vwdwhv1 Iluvwo|/ whvw

wkh dghtxdf| ri prghoolqj �W� dv lq +518,/ lq zklfk wkh uhjuhvvru yhfwru lv wkh vdph dv

wkdw zklfk dsshduv lq wkh lqglylgxdo surelw htxdwlrqv ri wkh elyduldwh ghflvlrq sure0

ohp> h1j1 whvw iru qrq0olqhdulwlhv lq wkh uhjuhvvlrq vshfl�fdwlrq11 Li +518, dsshduv gdwd

frqvlvwhqw/ wkhq surfhhg wr whvw wkh sdudphwulf uhvwulfwlrqv dv ghvfulehg lq Vhfwlrq

616/ ehorz1 Li wkh uhvwulfwlrqv sdvv wklv whvw/ wkhq wkhuh lv hylghqfh wkdw wkh EYS

prgho lv frqvlvwhqw zlwk xwlolw| pd{lplvlqj ehkdylrxu ryhu wkh irxu glvwlqfw dowhu0

qdwlyhv dqg wkdw wkh xwlolw| ghulyhg iurp wkh mrlqw rxwfrph lv dgglwlyho| vhsdudeoh

lq wkh lqglylgxdo xwlolwlhv11 Li wkh whvw uhmhfwv wkh uhvwulfwlrqv/ wkhq wkhuh lv hylghqfh

wkdw wkh EYS prgho lv qrw frqvlvwhqw zlwk vxfk ehkdylrxu1 Ilqdoo|/ li +518, lv dq

lqfruuhfw prgho iru �W� / wkhq EYS prgho pd| eh frqvlvwhqw zlwk xwlolw| pd{lplvdwlrq

ryhu wkh irxu glvwlqfw dowhuqdwlyhv exw �W� fdq qrw eh dgglwlyho| vhsdudeoh lq +W+ dqg

5W5 �

6161 D Vfruh Whvw

Vlqfh wkh sdudphwulf uhvwulfwlrqv/ ghvfulehg lq Vhfwlrq 614/ lpso| d vlqjxodu frydul0

dqfh pdwul{ lq wkh PQS prgho/ wkh prvw qdwxudo olnholkrrg udwlr surfhgxuh lv qrw

vwulfwo| dydlodeoh gxh wr wkh sureohp ri whvwlqj rq wkh erxqgdu| ri wkh sdudphwhu

vsdfh1 D vfruh whvw surfhgxuh lv wkhuhiruh rxwolqhg/ zkrvh dv|pswrwlf ydolglw| lv

xqd�hfwhg e| vxfk d sureohp1 Iluvw zh gh�qh dq dssursuldwh E6� �� yhfwru ri xq0

uhvwulfwhg sdudphwhuv �� ' E��c��� iru wkh PQS prgho/ +518,/ zklfk dffrpprgdwhv

wkh EYS prgho dv d vshfldo fdvh=

�� ' E��
2
c ��

�
c ��

e
� c �� ' Ej2�c j�ec j2ec j�ec jee� c

zkhuh P ' ij�,j c �c , ' �c � � � c ec dqg 6 ' Dn �&� Frqglwlrqdo rq  c ohw wkh uhohydqw

irxu suredelolwlhv/ +51:,/ eh h{suhvvhg dv ixqfwlrqv ri �> l1h1/ R&E�m �� Wkhq edvhg rq
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� lqghshqghqw uhdolvdwlrqv ri wkh lqglfdwru S�c ghqrwhg S��c � ' �c � � � c �c wkh orj0

olnholkrrg lv OE�� '
S�

�'�

S
e

�'� S�� *?ER�E�m ���� Iurp wklv wkh E6� �� vfruh yhfwru

dqg E6�6� Khvvldq pdwul{ duh
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ghqrwh +uhvwulfwhg, pd{lpxp olnholkrrg hvwlpdwhv ri wkh EYS

prgho/ +514,/ dqg gh�qh dffruglqjo| wkh uhvwulfwhg PQS pd{lpxp olnholkrrg hvwl0

pdwhv dv
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Dq dv|pswrwlfdoo| ydolg whvw ri wkh lpsolhg ^ ' en & sdudphwhu uhvwulfwlrqv fdq

eh edvhg rq wkh vfruh whvw vwdwlvwlf jlyhq e| V ' �3�}E����
q
V
�
��
�r

3�

}E���c zkhuh

V
�
��
�
lv dq| frqvlvwhqw hvwlpdwru iru wkh dyhudjh lqirupdwlrq pdwul{/ xqghu wkh

dvvxpswlrq wkdw wkh uhvwulfwlrqv xqghu whvw duh ydolg> h1j1/ V
�
��
�
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�
O
�
��
�
� Lq

odujh vdpsohv/ V lv glvwulexwhg dv d fkl0vtxduh udqgrp yduldeoh zlwk ^ +qxpehu

ri uhvwulfwlrqv, ghjuhhv ri iuhhgrp zkhq wkh sdudphwulf uhvwulfwlrq lpsrvhg rq wkh

PQS prgho duh fruuhfw1 Vljql�fdqwo| odujh ydoxhv ri V zrxog eh surylgh hylghqfh

djdlqvw wkh EYS prgho dqg/ dv d frqvhtxhqfh/ lw zrxog dovr vxjjhvw wkdw wkh EYS

vshfl�fdwlrq lv lqfrqvlvwhqw zlwk xwlolw| pd{lplvdwlrq ryhu wkh lpsolhg irxu srvvleoh

rxwfrphv1

71 Frqfoxglqj Uhpdunv

Lq wklv qrwh zh kdyh srlqwhg rxw wkh qdwxuh ri wkh vwdwlvwlfdo uhodwlrqvkls ehwzhhq wkh

elyduldwh surelw +EYS, prgho dqg pxowlqrpldo surelw +PQS, prgho1 Vshfl�fdoo|/

d jhqhudo PQS vshfl�fdwlrq frxog eh xvhg wr prgho wkh irxu pxwxdoo| h{foxvlyh

rxwfrphv/ zklfk d elyduldwh ghflvlrq surfhvv fdq jhqhudwh/ dqg d uhvwulfwhg yhuvlrq

ri wklv |lhogv wkh EYS prgho1 Wklv vxjjhvwv d zd| ri whvwlqj wkh EYS prgho e|
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qhvwlqj lw zlwklq wkh PQS prgho dqg d vfruh whvw surfhgxuh kdv ehhq rxwolqhg iru

wklv sxusrvh1 +D vfruh whvw lv xvhg vlqfh wkh lpsolhg sdudphwulf uhvwulfwlrqv |lhog

d vlqjxodu fryduldqfh pdwul{ lq wkh PQS vshfl�fdwlrq,1 Vxfk d whvw pljkw dovr eh

xvhg e| wkh dssolhg zrunhu dv d zd| ri dvvhvvlqj zkhwkhu/ lq wkh elyduldwh ghflvlrq

sureohp/ lqglylgxdov pd{lplvh xwlolw| ryhu wkh irxu srvvleoh rxwfrphv wkdw fdq eh

jhqhudwhg1

Uhihuhqfhv
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