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Lq wkh hyroxwlrqdu| vhwwlqj iru d �qdqfldo pdunhw ghyhorshg e| Eoxph dqg Hdvoh|
+4<<5,/ zh frqvlghu dq lq�qlwho| uhshdwhg yhuvlrq ri d prgho ã od Jurvvpdq dqg Vwljolw}
+4<;3, zlwk dv|pphwulfdoo| lqiruphg wudghuv1 Lqiruphg wudghuv revhuyh wkh uhdolvdwlrq
ri d sd|r� uhohydqw vljqdo ehiruh pdnlqj wkhlu sruwirolr ghflvlrqv1 Xqlqiruphg wudghuv
gr qrw kdyh gluhfw dffhvv wr wklv nlqg ri lqirupdwlrq/ exw fdq sduwldoo| lqihu lw iurp
pdunhw sulfhv1 Dv d frxqwhusduw iru wkhlu sulylohjhg lqirupdwlrq/ lqiruphg wudghuv
sd| d shu shulrg frvw1 Dv d uhvxow/ lqirupdwlrq dftxlvlwlrq wuljjhuv d wudgh0r� lq rxu
vhwwlqj1 Zh suryh wkdw/ dv orqj dv lqirupdwlrq lv frvwo|/ d vwulfwo| srvlwlyh phdvxuh
ri xqlqiruphg wudghuv zloo vxuylyh1 Wklv uhvxow frqwulexwhv wr wkh olwhudwxuh rq qrlvh
wudglqj1 Lw vxjjhvwv wkdw Iulhgpdq +4<86,*v dujxphqw djdlqvw wkh lpsruwdqfh ri qrlvh
wudghuv lq wkh surfhvv ri sulfh ghwhuplqdwlrq lv wrr vlpsolvwlf1 Wudghuv zkrvh eholhiv
duh �zurqj� dffruglqj wr wkh ehvw dydlodeoh lqirupdwlrq/ lq idfw/ duh qrw zlshg rxw e|
pdunhw irufhv dqg gr d�hfw dvvhw sulfhv lq wkh orqj uxq1
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4 Lqwurgxfwlrq

414 Prwlydwlrq

Wkhuh lv yhu| olwwoh grxew wkdw vxshulru lqirupdwlrq lv wkh nh| wr wkh jroghq zruog ri prqh|0
pdnlqj lq �qdqfldo pdunhwv1 Zkr hyhu lv qrw diwhu vxshulru lqirupdwlrqB Lqglylgxdo lq0
yhvwruv/ zkr zrxog w|slfdoo| krog d vlqjoh vwrfn ru d vpdoo qxpehu ri vwrfnv/ slfn wkhp
wkurxjk wkhlu rzq uhvhdufk ru rq wkh dgylfh ri �qdqfldo suhvv ru sulydwh edqnhuv1 Ixqg
pdqdjhuv 0 zkr riwhq zrxog qrw iroorz hfrqrplvwv* dgylfh wr hqwuxvw wkhlu folhqwv* uhvrxufhv
wr wkh pdunhw sruwirolr 0 gr vwrfn0slfnlqj rq wkh edvlv ri wkhlu ehvw lqirupdwlrq1 Edqnv

� L dp ghhso| lqghewhg wr Oxfd Dqghuolql iru klv khosixo jxlgdqfh1 L dovr ehqh�whg iurp glvfxvvlrq zlwk
Md|dvul Gxwwd dqg Wkruvwhq Khqv1 Xvhixo frpphqwv fdph iurp sduwlflsdqwv wr vhplqduv lq Elhohihog dqg
Hudvpxv Xqlyhuvlw|/ wr wkh �SkG Dzdugv� Lwdoldq wrxu lq Urph/ Qdsohv/ Sdgryd dqg Plodq/ dqg wr wkh
�Vkdgrz Wdon� lq Fdpeulgjh1 Doo uhpdlqlqj huuruv duh plqh1



surxgo| erdvw wkhlu uhvhdufk ghsduwphqwv/ wr frqylqfh folhqwv wkdw wkhlu wudghuv srvvhvv wkh
ehvw lqvljkw lqwr hfrqrplf frqglwlrqv dqg lqwr wkh �qdqfldo dqdo|vlv ri lqglylgxdo frpsdqlhv1

Wkh frpprq eholhi lv wkdw zhoo lqiruphg wudghuv zloo pdnh prqh| dw wkh h{shqvhv ri wkh
xqlqiruphg1 Wkh dlp ri wklv sdshu lv wr dvvhvv zkhwkhu wklv vwdwhphqw lv dozd|v wuxh= lq
sduwlfxodu zh dvn wr zkdw h{whqw lw lv ydolg zkhq lqirupdwlrq dftxlvlwlrq lv d frvwo| dfwlylw|1

Uhvhdufk lv h{shqvlyh= rqo| vl}hdeoh edqnv fdq d�rug ixoo0 hgjhg hfrqrplf uhvhdufk gh0
sduwphqwv1 Lqglylgxdo lqyhvwruv dftxluh lqirupdwlrq ex|lqj dqg uhdglqj qhzvsdshuv dqg
vshfldolvhg suhvv/ wudflqj dqg dqdo|vlqj frpsdqlhv* edodqfh vkhhwv/ dqg wkh olnh1 Qrerg|
zkr kdv jrqh wkurxjk rqh ri wkhvh uhdglqjv dw ohdvw rqfh zrxog grxew wkdw wkrvh duh frvwo|
dfwlylwlhv1 Dowhuqdwlyho|/ lqyhvwruv fdq ex| lqirupdwlrq wkurxjk d sulydwh edqnhu zkr zloo
eh pruh wkdq kdss| wr vhoo wkhp klv h{shuwlvh dw d kljk ihh1 Zkr grhv jhw lqirupdwlrq iru
iuhhB Hyhq zkhq lqglylgxdov sur�w iurp lqirupdwlrq dv lqvlghuv/ wkh frvw ri 0 li qrw rewdlqlqj
0 dw ohdvw xvlqj wkdw lqirupdwlrq iru wudglqj sxusrvhv/ lv lq wkh wkuhdw ri d odzvxlw iru lqvlghu
wudglqj1

Zkdw zh duh wu|lqj wr lpso| khuh lv wkdw/ li lw lv wuxh wkdw vxshulru lqirupdwlrq lv riwhq
vhhq dv dq hvvhqwldo ihdwxuh ri prqh|0pdnlqj lq �qdqfldo pdunhwv/ lw lv dovr wuxh wkdw wkh
dftxlvlwlrq ri vxshulru lqirupdwlrq lv 0 dqg lv uhfrjqlvhg dv 0 d frvwo| dfwlylw|1

Zh frqvlghu d vw|olvhg prgho ri d �qdqfldo pdunhw zkhuh wkhuh duh wzr w|shv ri wudghuv=
wudghuv zkr lqyhvw lq frvwo| lqirupdwlrq dftxlvlwlrq dqg wudghuv zkr wdnh sruwirolr ghflvlrqv
orrnlqj rqo| dw wkh sulfhv ri dvvhwv1

Wkh irfxv ri wkh sdshu lv wzrirog1 Iluvw/ zh duh lqwhuhvwhg lq wkh fkdudfwhulvdwlrq ri d qrq
ixoo| uhyhdolqj lqirupdwlrqdo htxloleulxp lq d g|qdplf vhwwlqj1 Lq sduwlfxodu/ zh h{dplqh
wkh surfhvv ri lqirupdwlrq uhyhodwlrq wkurxjk pdunhw sulfhv dv wkh srsxodwlrq vkduhv ri
lqiruphg dqg xqlqiruphg wudghuv ydu| lq wlph/ lq dq lq�qlwho| uhshdwhg yhuvlrq ri d prgho
ã od Jurvvpdq dqg Vwljolw} ^54`1

Vhfrqg/ zh duh lqwhuhvwhg lq wkh orqj uxq pdunhw rxwfrph1 Lq sduwlfxodu zh dvn zkdw lv
wkh dv|pswrwlf srsxodwlrq vkduh ri xqlqiruphg wudghuv1 Rxu uhvxowv vxjjhvw wkdw/ dv orqj dv
lqirupdwlrq lv frvwo|/ xqlqiruphg wudghuv duh qrw gulyhq wr h{wlqfwlrq/ hyhq zkhq sulfhv gr
qrw ixoo| uhyhdo wkh lqirupdwlrq srvvhvvhg e| lqiruphg wudghuv1 Zh eholhyh wkdw wklv uhvxow
fdq frqvwlwxwh d ydoxdeoh frqwulexwlrq wr wkh olwhudwxuh rq qrlvh wudglqj1

Xqlqiruphg wudghuv lq rxu vhwwlqj wudgh rq wkh edvlv ri wkh lqirupdwlrq uhyhdohg e|
pdunhw sulfhv1 Wkh| fdq dssur{lpdwh exw qhyhu dwwdlq wkh lqirupdwlrq srvvhvvhg e| lqiruphg
wudghuv1 Dv d uhvxow/ wkh| wdnh sruwirolr ghflvlrqv zklfk duh �zurqj� dffruglqj wr wkh ehvw
dydlodeoh lqirupdwlrq1 Iru wklv uhdvrq zh fodlp wkdw xqlqiruphg wudghuv lq rxu prgho wudgh/
dw ohdvw sduwldoo|/ rq qrlvh udwkhu wkdq rq lqirupdwlrq1

Wkh ghedwh rq qrlvh wudglqj lv txlwh olyho| lq �qdqfldo hfrqrplfv1 Qrlvh wudglqj lv
hvvhqwldo wr wkh h{lvwhqfh ri oltxlg pdunhwv/ krzhyhu lw lv gl!fxow wr �qg d jrrg hfrqrplf
uhdvrq iru wkh h{lvwhqfh ri qrlvh wudghuv1 Li qrlvh wudghuv duh nqrzq wr orvh prqh| wr wkh
lqiruphg/ wkhq zk| zrxog xqlqiruphg lqglylgxdov wudgh lq wkh �uvw sodfhB Dv Ilvfkhu Eodfn
^4:` sxwv lw= �Qrlvh wudglqj surylghv wkh hvvhqwldo plvvlqj lqjuhglhqw ^iru d oltxlg �qdqfldo
pdunhw`1 Qrlvh wudglqj lv wudglqj rq qrlvh dv li lw zhuh lqirupdwlrq1 Shrsoh zkr wudgh rq
qrlvh duh zloolqj wr wudgh hyhq wkrxjk iurp dq remhfwlyh srlqw ri ylhz wkh| zrxog eh ehwwhu
r� qrw wudglqj1 Shukdsv wkh| wklqn wkdw wkh qrlvh wkh| duh wudglqj rq lv lqirupdwlrq1 Ru
shukdsv wkh| mxvw olnh wr wudgh1� +^4:`/ s1 864,1



Dv d uhvxow/ qrlvh wudghuv kdyh ehhq vhhq e| wkh olwhudwxuh hlwkhu dv luudwlrqdo lqyhvwruv ru
dv djhqwv zkr jdlq xwlolw| e| wkhlu wudglqj dfwlylw|1 Krzhyhu/ hyhq zkhq rqh srvwxodwhv rqh
ri wkhvh wzr �prwlydwlrqv� wr wudgh/ dqrwkhu pdmru gl!fxow| lq dffrxqwlqj iru wkh suhvhqfh
ri qrlvh wudghuv lv wkh zlgho| dffhswhg dujxphqw djdlqvw wkhlu lpsruwdqfh lq wkh surfhvv ri
sulfh irupdwlrq1 Wklv srlqw kdv ehhq irufhixoo| pdgh e| Iulhgpdq ^4;`1 Lq klv rzq zrugv/
wkh dujxphqw wkdw vshfxodwlrq e| qrlvh wudghuv lv �ghvwdelolvlqj ^111` lv odujho| htxlydohqw wr
vd|lqj wkdw vshfxodwruv orvh prqh|/ vlqfh vshfxodwlrq fdq eh ghvwdelolvlqj lq jhqhudo rqo| li
vshfxodwruv rq ^111` dyhudjh vhoo ^111` orz ^111` dqg ex| ^111` kljk� +^4;`/ s1 4:8,1 Dv d uhvxow/
hyhq li qrlvh wudghuv d�hfw pdunhw sulfhv/ wkh| zloo qrw gr lw iru orqj/ dv wkh| zloo eh zlshg
rxw e| pdunhw irufhv1 Hyhq li zh eholhyh wkdw qrlvh wudghuv kdyh d jrrg uhdvrq wr h{lvw lq
wkh �uvw sodfh/ zh vwloo kdyh wr dffrxqw iru wkhlu shuvlvwhqfh= hfrqrplf dujxphqwv/ lq idfw/
vxjjhvw wkdw wkh| vkrxog jr edqnuxsw dqg glvdsshdu iurp wkh pdunhw1

Rxu uhvxowv vkrz wkdw Iulhgpdq*v dujxphqw/ wkrxjk lqwxlwlyho| dsshdolqj/ lv lqfrpsohwh/
vlqfh qrlvh wudghuv vxuylyh dqg d�hfw dvvhw sulfhv lq wkh orqj uxq1

415 Uhodwhg Olwhudwxuh

Wkhuh duh dw ohdvw irxu glvwlqfw vwuhdpv ri olwhudwxuh uhodwhg wr wkh suhvhqw sdshu1 Iluvw/ iru
wkh w|sh ri prgho zh xvh/ wklv sdshu lv uhodwhg wr wkh olwhudwxuh rq hyroxwlrq dqg pdunhw
ehkdylrxu1 Vhfrqg/ wkh sdshu vshfl�fdoo| frqwulexwhv wr wkh olwhudwxuh rq qrlvh wudglqj1
Wklug/ ehfdxvh ri wkh htxloleulxp frqfhsw zh xvh/ wkh sdshu lv qhvwhg lq wkh ulfk olwhudwxuh
rq sduwldoo| uhyhdolqj udwlrqdo h{shfwdwlrqv htxloleuld1 Ilqdoo|/ dv d jhqhudo prwlydwlrq iru
wklv vwxg|/ wkh sdshu lv uhodwhg wr wkh olwhudwxuh wkdw orrnv dw wkh hphujhqfh ri lplwdwlyh
ehkdylrxu lq d zruog zkhuh jdwkhulqj lqirupdwlrq lv d frvwo| dfwlylw|1

Wkh olwhudwxuh rq hyroxwlrq dqg pdunhw ehkdylrxu lv lq lwv uhodwlyh lqidqf|1 Wkh lghd wkdw
hfrqrplf lqvwlwxwlrqv fdq eh prghoohg dv elrorjlfdo rujdqlvpv lv qrw qhz/ dqg hyroxwlrqdu|
lghdv vxfk dv qdwxudo vhohfwlrq dqg dgdswlyh ehkdylrxu kdyh kdg d orqj klvwru| lq hfrqrplf
dqdo|vlv1 Lq uhfhqw |hduv/ wkh uhvhdufk h�ruw lq wklv gluhfwlrq kdv ehfrph vr lpsuhvvlyh
dqg glyhuvh wkdw zh zloo qrw dwwhpsw d uhylhz khuh1 Zh zloo/ lqvwhdg/ frqfhqwudwh rq wkh
pruh vhoi0frqwdlqhg vwudqg ri olwhudwxuh rq zklfk wkh suhvhqw sdshu exlogv1 Lq sduwlfxodu/
zh zloo irfxv rq wkh olwhudwxuh wkdw dlpv dw vwxg|lqj orqj uxq pdunhw rxwfrphv dv wkh
uhvxow ri d surfhvv dnlq wr qdwxudo vhohfwlrq/ lq zklfk srsxodwlrq g|qdplfv duh hqgrjhqrxv
dqg hphujh iurp wkh surfhvv ri zhdowk dffxpxodwlrq1 D vhplqdo vwxg| lq wklv gluhfwlrq
lv Eoxph dqg Hdvoh| ^9`1 Wkh| ghyhors dq hyroxwlrqdu| prgho ri d �qdqfldo pdunhw dqg
lghqwli| frqglwlrqv iru vxuylydo1 Lq sduwlfxodu/ wkh| vkrz wkdw wkh �wwhvw ehkdylrxu lq d ulvn|
hqylurqphqw lv suhvfulehg e| d orjdulwkplf xwlolw| ixqfwlrq1 Qdpho|/ zkhqhyhu d orjdulwkplf
xwlolw| pd{lplvhu hqwhuv wkh pdunhw/ doo rwkhu wudghuv duh gulyhq wr h{wlqfwlrq xqohvv wkh|
dv|pswrwlfdoo| ehkdyh dv li wkh| zhuh orjdulwkplf xwlolw| pd{lplvhuv41

Lq wklv sdshu/ zh dgrsw Eoxph dqg Hdvoh|*v gh�qlwlrq ri grplqdqfh/ vxuylydo dqg h{0
wlqfwlrq ri wudghuv1 Krzhyhu rxu iudphzrun gl�huv iurp wkhluv iru wzr pdlq uhdvrqv1 Iluvw/
zh lqwurgxfh vljqdov dqg dv|pphwulf lqirupdwlrq lq wkhlu vlpsohu vhwwlqj1 Vhfrqg/ lq wkh
suhvhqw prgho pdunhwv duh lqfrpsohwh1 Zh lqwurgxfh lqfrpsohwhqhvv lq d prgho ã od Eoxph
dqg Hdvoh|/ wkurxjk d udqgrp yhfwru ri dvvhw vxssolhv1 Surshuwlhv ri wkh orjdulwkplf xwlolw|

4Vflxeed ^67` vkrzv wkdw wkh vdph idwh dzdlwv FDSP wudghuv dqg phdq0yduldqfh wudghuv1



ixqfwlrq jxdudqwhh/ krzhyhu/ wkdw orjdulwkplf xwlolw| pd{lplvdwlrq lv vwloo wkh �wwhvw ehkdy0
lrxu dprqj wudghuv zlwk wkh vdph lqirupdwlrq vhwv1 Iru wklv uhdvrq/ zh dvvxph wkdw doo
wudghuv duh orjdulwkplf xwlolw| pd{lplvhuv/ vr wkdw zh fdq frqfhqwudwh rq wkh �wqhvv ri wkhlu
eholhiv udwkhu wkdq sruwirolr uxohv1

Vdqgurql ^66` dgguhvvhv d vlplodu sureohp= kh orrnv dw wkh �wqhvv ri eholhiv dqg vkrzv
wkdw/ zkhq djhqwv fkrrvh vdylqjv hqgrjhqrxvo|/ wkh prvw survshurxv wudghuv duh wkrvh zkr
duh deoh wr pdnh wkh prvw dffxudwh suhglfwlrqv51 Wkh pdlq lqwxlwlrq ehklqg klv uhvxow lv wkdw
wudghuv zkr dovr fkrrvh vdylqjv udwhv zloo doorfdwh pruh zhdowk wr ixwxuh vwdwhv ri qdwxuh wkdw
wkh| eholhyh prvw olnho| wr rffxu1 Wklv ihdwxuh pdnhv wkhlu ehkdylrxu �forvhu� wr orjdulwkplf
xwlolw| pd{lplvdwlrq1 Dv d uhvxow/ dprqj djhqwv glvsod|lqj htxdoo| �w sruwirolr uxohv/ wkrvh
zlwk wkh prvw dffxudwh suhglfwlrqv zloo grplqdwh1

Wkh olwhudwxuh rq qrlvh wudglqj/ lq uhfhqw |hduv/ kdv gudzq pdq| lghdv iurp wkh olwhudwxuh
rq hyroxwlrq dqg pdunhw ehkdylrxu61 Vkhiulq dqg Vwdwpdq ^68` ghyhors d prgho lq zklfk
vrsklvwlfdwhg dqg lqiruphg wudghuv lqwhudfw zlwk wudghuv zkr pdnh v|vwhpdwlf frjqlwlyh
huuruv1 Wkh| vkrz wkdw/ surylghg wkdw qrlvh wudghuv duh sdwlhqw hqrxjk dqg wkdw wkh|
gr qrw frpplw huuruv zklfk duh �wrr vhulrxv�/ wkh| zloo qrw eh gulyhq wr h{wlqfwlrq e|
lqiruphg wudghuv1 Lq rxu sdshu/ srsxodwlrq g|qdplfv gr qrw klqjh rq vdylqjv ehkdylrxu/
exw h{foxvlyho| rq wkh dgrswhg srolf| iru lqirupdwlrq dftxlvlwlrq1

Eldv dqg Vkdgxu ^6` frqvlghu d �qdqfldo pdunhw zkhuh ex|huv dqg vhoohuv duh udqgrpo|
pdwfkhg lq d vlwxdwlrq ri elodwhudo prqrsro| dqg wudgh wr vkduh ulvn1 Wkh| vkrz wkdw
luudwlrqdo wudghuv zkr plvshufhlyh ulvn fdq/ lq idfw/ hqmr| d kljkhu edujdlqlqj srzhu/ vr
wkdw wkh| fdq rewdlq odujhu jdlqv iurp wudgh wkdq udwlrqdo djhqwv1 Lq wkhlu vhwwlqj/ rqo|
wzr g|qdplfdoo| vwdeoh htxloleuld duh srvvleoh= rqh lq zklfk wkhuh duh udwlrqdo vhoohuv dqg
luudwlrqdo ex|huv dqg rqh lq zklfk wkhuh duh luudwlrqdo vhoohuv dqg udwlrqdo ex|huv1 Xqolnh
xv/ wkh| �qg qr vwdeoh htxloleulxp zkhuh udwlrqdo dqg luudwlrqdo sod|huv frh{lvw rq wkh vdph
vlgh ri wkh pdunhw1

N|oh dqg Zdqj ^5:` frqvlghu d gxrsrolvwlf pdunhw zkhuh d vlqjoh ulvn| dvvhw lv wudghg
dqg h{dplqh wkh vxuylydo ri wudghuv zkr pdnh plvwdnhv lq dvvhvvlqj wkh suhflvlrq ri wkhlu
lqirupdwlyh vljqdov1 Wkh| vkrz wkdw ryhufrq�ghqfh dfwv olnh d frpplwphqw ghylfh lq d
Frxuqrw gxrsro| prgho/ �jlylqj wkh ryhufrq�ghqw wudghu d uhsxwdwlrq iru wudglqj vr djjuhv0
vlyho| wkdw klv udwlrqdo rssrqhqw +uhfrjql}lqj wklv, wudghv ohvv djjuhvvlyho|� +^5:`/ s1 53:7,>
dv d uhvxow/ ryhufrq�ghqw wudghuv pd| hqmr| kljkhu sur�wv dqg vxuylyh lq wkh orqj uxq1 Lq
wkh suhvhqw sdshu/ zh dujxh wkdw wudghuv zlwk �zurqj� eholhiv vxuylyh dovr lq d frpshwlwlyh
pdunhw vhwwlqj/ zkhuh wkh sruwirolr fkrlfh lv qrw vwudwhjlf1

Gh Orqj hw do1 ^44`^45` frqvlghu wkh orqj uxq glvwulexwlrq ri zhdowk ehwzhhq udwlrqdo
lqyhvwruv dqg qrlvh wudghuv1 Wkh| vkrz wkdw qrlvh wudghuv fdq hyhqwxdoo| frph wr grpl0
qdwh wkh pdunhw li wkh| xqzloolqjo| kdsshq wr pdnh �jrrg� frjqlwlyh plvwdnhv1 Lq idfw/
wkh| fdq h{klelw d idvwhu udwh ri zhdowk dffxpxodwlrq li wkhlu plvshufhswlrqv fdxvh wkhp wr
plplf orjdulwkplf xwlolw| pd{lplvhuv1 Wkh| dujxh wkdw wkhuh lv d odujh fodvv ri sodxvleoh

5Iurp wklv shuvshfwlyh/ erwk Vdqgurql ^66` dqg wkh suhvhqw sdshu/ dovr uhodwh wr wkh olwhudwxuh zklfk
vwxglhv frqyhujh wr udwlrqdo h{shfwdwlrqv1 Vhh/ iru lqvwdqfh/ wkh wkuhh uhodwhg sdshuv e| Eoxph hw do ^7`/ Eud|
^;` dqg Eoxph dqg Hdvoh| ^8`1

6Qrlvh wudglqj kdv ehhq h{whqvlyho| vwxglhg dovr iurp d zhoiduh shuvshfwlyh1 Vhh iru lqvwdqfh/ Vwhlq ^6:`
wkdw vkrzv krz vshfxodwlrq uhgxfhv wkh lqirupdwlyhqhvv ri pdunhw sulfhv dqg wkhuhiruh fdxvhv d zhoiduh orvv1



plvshufhswlrqv wkdw zrxog ohdg wr wklv uhvxow1
Lq wkhlu prgho/ wkrxjk/ qrlvh wudghuv gr qrw d�hfw sulfhv1 Lq wkhlu rzq zrugv/ wkh|

�wdnh d �uvw vwhs lq frqvlghulqj wkh orqj0uxq glvwulexwlrq ri zhdowk dqg h{dplqh d prgho
lq zklfk qrlvh wudghuv gr qrw d�hfw sulfhv1 Li wkh| glg d�hfw sulfhv/ wkh uhwxuqv rq dvvhwv
zrxog ghshqg rq wkh glvwulexwlrq ri zhdowk ehwzhhq qrlvh wudghuv dqg udwlrqdo lqyhvwruv1
Wklv dgghg frpsolfdwlrq zrxog pdnh dqdo|wlfdo vroxwlrqv ^111` yhu| gl!fxow� +^45`/ s1 5,1

Lq wkh suhvhqw sdshu/ xqlqiruphg wudghuv gr d�hfw pdunhw sulfhv dqg zh eholhyh wkdw wklv
lv rxu pdlq frqwulexwlrq wr wkh olwhudwxuh rq qrlvh wudglqj1

Wklv sdshu lv yhu| forvh lq vslulw wr Jurvvpdq dqg Vwljolw} ^54` dqg fdq/ lq idfw/ eh
ylhzhg dv dq lq�qlwho| uhshdwhg yhuvlrq ri wkhlu prgho1 Jurvvpdq dqg Vwljolw} frqvlghu d
vwdwlf �qdqfldo pdunhw zkhuh wkhuh duh wzr w|shv ri lqglylgxdov= wkrvh zkr revhuyh d vljqdo
zklfk jlyhv qrlv| lqirupdwlrq rq wkh uhwxuq ri wkh ulvn| dvvhw dqg wkrvh zkr rqo| revhuyh wkh
pdunhw sulfh dqg lqihu lqirupdwlrq iurp lw71 Wkhlu pdlq frqwulexwlrq lv wr vkrz wkdw dv orqj
dv lqirupdwlrq lv frvwo|/ hyhu|rqh lqiruphg ru hyhu|rqh xqlqiruphg lv qrw dq htxloleulxp1

Olnh Jurvvpdq dqg Vwljolw}/ rxu prgho lv lq wkh wudglwlrq ri wkh qrlv| udwlrqdo h{shfwd0
wlrqv prgho lqwurgxfhg e| Oxfdv ^5<`1 Wkh pdlq ihdwxuh/ dqg gl!fxow|/ ri wklv w|sh ri prghov
olhv lq wkh idfw wkdw wkh ixqfwlrq vhuyhg e| sulfhv lv qrw rqo| pdunhw fohdulqj/ exw dovr lqiru0
pdwlrq wudqvplvvlrq1 D zhoo0nqrzq uhvxow lv wkdw/ jhqhulfdoo|/ zkhq wkhuh duh �qlwho| pdq|
vwdwhv ri sulydwh lqirupdwlrq/ wkhuh h{lvwv d udwlrqdo h{shfwdwlrq htxloleulxp +UHH, dqg doo
wkh UHH duh ixoo| uhyhdolqj81 H{lvwhqfh ri sduwldoo| uhyhdolqj htxloleuld lv pruh sureohp0
dwlf dqg jhqhudo uhvxowv duh qrw nqrzq1 Frqvhtxhqwo|/ lq wkh olwhudwxuh h{lvwhqfh lv suryhg
iru sdudphwulf prghov zkhuh xwlolwlhv duh qhjdwlyh h{srqhqwldo dqg glvwxuedqfhv duh qrupdo1
Vhh/ iru h{dpsoh= Nuhsv ^59`/ Jurvvpdq ^53`/ Juhhq ^4<`/ Khoozlj ^55`/ Jurvvpdq dqg Vwljolw}
^54`/ Gldprqg dqg Yhuuhffkld ^46`/ Eud| ^:`/ Yhuuhffkld ^6;`/ Grz dqg Udkl ^47`1

Lq wklv sdshu zh dvvxph wkdw doo wudghuv glvsod| wkh ��wwhvw� orqj uxq ehkdylrxu wrzdugv
ulvn dqg duh wkhuhiruh hqgrzhg zlwk orjdulwkplf xwlolw| ixqfwlrqv1 Xqghu wklv dvvxpswlrq/
h{lvwhqfh ri d sduwldoo| uhyhdolqj htxloleulxp lv jxdudqwhhg lq rxu vhwwlqj1

Ilqdoo|/ wkh pdlq uhvxow lq wklv sdshu lv uhodwhg wr wkh olwhudwxuh rq wkh hyroxwlrqdu|
hphujhqfh ri lplwdwlyh ehkdylrxu1 Lq sduwlfxodu/ Frolqvn ^<` ghyhorsv dq hyroxwlrqdu| prgho
zkhuh lq wkh orqj uxq frvwo| rswlplvhuv frh{lvw zlwk fkhds lplwdwruv1 Ilqdoo|/ Urjhuv ^64`
h{dplqhv wkh wudgh0r� ehwzhhq vrfldo dqg lqglylgxdo ohduqlqj1 Kh vkrzv wkdw d vwdeoh htxl0
oleulxp lv dwwdlqhg dw d ohyho ri ohduqlqj vxfk wkdw wkh �wqhvv ri vrfldo ohduqlqj lv wkh vdph
dv ri lqglylgxdo ohduqlqj dqg kh dujxhv wkdw lq htxloleulxp lqglylgxdo ohduqlqj lv qrw pd{0
lplvhg/ vr wkdw lqghhg iuhh0ulglqj rq lqirupdwlrq dftxlvlwlrq suhyhqwv wkh dfklhyhphqw ri d
ixoo| h!flhqw rxwfrph1

7Iru h{shulphqwdo hylghqfh vxssruwlqj ^54`/ vhh Vxqghu ^69`1
8Wkh vwxg| ri wkh jhqhulf h{lvwhqfh ri UHH kdv frqfhqwudwhg rq wkuhh fdvhv/ dffruglqj wr zkhwkhu wkh

glphqvlrq ri wkh vsdfh ri �vwdwhv ri sulydwh lqirupdwlrq� lv ohvv wkdq/ htxdo wr/ ru juhdwhu wkdq wkh sulfh
vsdfh1 Lq wkh �uvw fdvh/ Udgqhu ^63` dqg Doohq ^4` suryh wkdw ixoo| uhyhdolqj htxloleuld h{lvw jhqhulfdoo|/ l1h1
h{fhsw iru d phdvxuh0}hur vhw ri hfrqrplhv1 Lq wkh vhfrqg fdvh h{lvwhqfh ri ixoo| uhyhdolqj htxloleuld fdq
rewdlq/ exw qrw jhqhulfdoo|1 Ilqdoo|/ lq wkh wklug fdvh/ Mrugdq ^57` vkrzv wkdw wkhuh lv d vhw ri hfrqrplhv
zklfk shuplw htxloleuld duelwudulo| forvh wr ixoo uhyhodwlrq1 Iru d vxuyh|/ vhh Mrugdq dqg Udgqhu ^58`1 Dovr/
iru zhoiduh dqdo|vlv ri udwlrqdo h{shfwdwlrqv htxloleuld zlwk dv|pphwulf lqirupdwlrq/ vhh Od�rqw ^5;`= kh
vkrzv wkdw sduwldoo| uhyhdolqj UHH duh qrw hyhq h{0srvw Sduhwr rswlpdo> lq rughu wr dwwdlq h{0srvw Sduhwr
h!flhqf|/ ixoo uhyhodwlrq lv qhhghg1



416 Ryhuylhz

Wkh vwuxfwxuh ri wkh sdshu lv dv iroorzv1 Lq vhfwlrq 5 zh suhvhqw wkh prgho> vxe0vhfwlrqv
514 dqg 515 fkdudfwhulvh uhvshfwlyho| wkh eholhiv ri lqiruphg dqg xqlqiruphg wudghuv> �qdoo|
vxe0vhfwlrq 516 suryhv h{lvwhqfh dqg vkrzv frqglwlrqv iru xqltxhqhvv ri d sduwldoo| uhyhdolqj
lqirupdwlrqdo htxloleulxp1

Vhfwlrq 6 frqwdlqv wkh pdlq g|qdplf uhvxowv ri rxu vwxg|1 Lq sduwlfxodu/ vxe0vhfwlrq 615
vkrzv frqglwlrqv iru grplqdqfh ri xqlqiruphg wudghuv> vxe0vhfwlrq 616 suryhv wkdw/ dv orqj
dv lqirupdwlrq dftxlvlwlrq lv frvwo|/ xqlqiruphg wudghuv vxuylyh> lq vxe0vhfwlrq 617 zh dvn
zkdw lv wkh orqj0uxq pdunhw rxwfrph zkhq wkh frvw ri lqirupdwlrq ghfuhdvhv dqg hyhqwxdoo|
jrhv wr }hur1

Lq vhfwlrq 7 zh orrn dw wkh srsxodwlrq g|qdplfv lq d prgho zkhuh sulfhv ixoo| uhyhdo wkh
lqirupdwlrq ri lqiruphg wudghuv wr wkh xqlqiruphg1

Vhfwlrq 8 frqfoxghv wkh sdshu1
Iru hdvh ri h{srvlwlrq/ surriv duh lq wkh dsshqgl{1

5 Wkh Prgho

Zh frqvlghu d yhu| vw|olvhg prgho ri d �qdqfldo pdunhw1 Wlph lv glvfuhwh dqg lqgh{hg e|
| ' fc �c ���1 Wkhuh duh 7 sd|r� uhohydqw vwdwhv ri wkh zruog dqg 7 hohphqwdu| dvvhwv= zlwk
olwwoh dexvh ri qrwdwlrq/ erwk vwdwhv ri wkh zruog dqg dvvhwv duh lqgh{hg e| r ' �c2c ���c 71 Dw
wkh hqg ri hdfk shulrg/ wkhuh lv d udqgrp gudz ryhu vwdwhv ri wkh zruog1 Li vwdwh r rffxuv/
dvvhw r sd|v d vwulfwo| srvlwlyh sd|r� �r : f dqg doo rwkhu dvvhwv r� 9' r sd| }hur1

Wudghuv gr qrw revhuyh wkh uhdolvdwlrq ri wkh udqgrp gudz ryhu vwdwhv ri wkh zruog sulru wr
wkhlu wudglqj1 Krzhyhu/ wkh| fdq revhuyh h{0dqwh wkh uhdolvdwlrq ri dqrwkhu udqgrp yduldeoh/
+srvvleo|, fruuhodwhg zlwk wkh vwdwh ri wkh zruog/ wkdw zh vkdoo wkhuhiruh uhihu wr dv vljqdo1
Zh zloo dvvxph wkdw wkhuh duh dv pdq| vljqdov dv vwdwhv ri wkh zruog9 dqg zh zloo lqgh{
vljqdov e| 5 ' �c ���c 71 Wkh mrlqw suredelolw| glvwulexwlrq ryhu vwdwhv ri wkh zruog dqg vljqdov
lv frqvwdqw ryhu wlph dqg lv frpprq nqrzohgjh dprqj wudghuv1 Wkhuhiruh wkh suredelolvwlf
vwuxfwxuh ri wkh dvvhw sd|rxwv fdq eh vxppdulvhg e| wkh iroorzlqj suredelolw| pdwul{=

4 5 � � � r � � � 7

4 R�� R2� � � � Rr� � � � R7� w�
5 R�2 R22 � � � Rr2 � � � R72 w2
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111
111

1 1 1
111

1 1 1
111

111
5 R�5 R25 � � � Rr5 � � � R75 w5
111

111
111

1 1 1
111

1 1 1
111

111
7 R�7 R27 � � � Rr7 � � � R77 w7

R� R2 � � � Rr � � � R7 4

9Zh qhhg wkh qxpehu ri vljqdov wr eh juhdwhu ru htxdo wr wkh qxpehu ri vwdwhv ri wkh zruog ehfdxvh zh
zdqw wr doorz iru ixoo| uhyhdolqj vljqdov1 Rq wkh rwkhu kdqg/ kdylqj pruh vljqdov wkdq vwdwhv ri wkh zruog
zrxog pdnh wkh v|vwhp lqirupdwlrqdoo| uhgxqgdqw1 Iru wklv uhdvrq zh dvvxph wkdw wkhuh duh dv pdq| vljqdov
dv vwdwhv ri wkh zruog1



zkhuh Rr5 � f ghqrwhv wkh mrlqw suredelolw| �h irc 5j> iw5j
7

5'�
dqg iRrj

7

r'�
duh wkh pdujlqdo

suredelolw| glvwulexwlrqv uhvshfwlyho| ryhu vljqdov dqg vwdwhv ri wkh zruog1 Fohduo|=
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7[
r'�
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Wkh vxsso| ri dvvhw r dw gdwh |/ %r|/ lv vxfk wkdw f 	 %r| 	 41 Zh dvvxph wkdw %r| lv
wkh udqgrp gudz dw gdwh | ri d frqwlqxrxv udqgrp yduldeoh fr glvwulexwhg ehwzhhq 3 dqg
4 dffruglqj wr d frqwlqxrxv ghqvlw| ixqfwlrq sfr

E%r�1 Zh dovr dvvxph wkdw f�/ f2/ 111/ f7

duh l1l1g1 vr wkdw zh fdq zulwh sfr
E%r� ' sf E%r�/ ;r dqg zh fdq ghqrwh wkh mrlqw ghqvlw| dv

s E%� '
T7

r'�
sf E%r�1 Li vwdwh r rffxuv dw |/ wkhq wkh wrwdo zhdowk lq wkh hfrqrp| dw wkh hqg

ri shulrg | zloo eh �| ' %r|�r1
Zh duh qrz uhdg| wr vxppdulvh wkh suredelolvwlf vwuxfwxuh ri wklv vw|olvhg �qdqfldo

pdunhw1 Wkhuh duh wkuhh vrxufhv ri xqfhuwdlqw| uhsuhvhqwhg e| wkuhh udqgrp yduldeohv= wkh
70glphqvlrqdo udqgrp yhfwru ri dvvhw vxssolhv %|/ wkh vljqdo 5 wkdw lqiruphg wudghuv revhuyh
dqg wkh vwdwh r ri wkh zruog wkdw ghwhuplqhv zklfk dvvhw zloo sd|1 Wkh udqgrp yhfwru %|
lv lqghshqghqw iurp 5 dqg r/ zkhuhdv 5 dqg r duh +srvvleo|, ghshqghqw udqgrp yduldeohv1
Zh fdq ixoo| ghvfuleh wkh vwdwh ri wkh hfrqrp| dw gdwh | dv /| 5 i�c ���c 7j � i�c ���c 7j �?7

n

zkhuh /| ' Erc 5c %|� zkhuh r dqg 5 duh uhvshfwlyho| wkh vwdwh ri wkh zruog: dqg wkh vljqdo dw
gdwh |1

Ghqrwh e| l ' �"|'f irc 5c %|j wkh vhw ri vdpsoh sdwkv/ zlwk uhsuhvhqwdwlyh hohphqw / '
E/fc /�c ���c /|c ����1 Gh�qh l| ' �|

�'f irc 5c %�j zlwk w|slfdo hohphqw /| iru hdfk | ' fc �c 2c ���
Ohw @ ghqrwh wkh surgxfw0j0�hog rq l> �qdoo| ohw @| ghqrwh wkh vxe0j0�hog j E/|� ri @/ vr
wkdw i@|( | � fj lv d qdwxudo �owudwlrq1

Wkhuh lv d �qlwh qxpehu ri wudghuv lq wklv hfrqrp|/ lqgh{hg e| � 5 i�c ���c Uj1 Doo wudghuv
duh ulvn dyhuvh dqg hqgrzhg zlwk d orjdulwkplf xwlolw| ixqfwlrq/ zklfk wkh| pd{lplvh jlyhq
wkhlu eholhiv dqg wkhlu exgjhw frqvwudlqwv1 Dw gdwh |/ wudghu � lqyhvwv klv hduqlqjv iurp shulrg
| � �/ ��

|3�/ lq wkh 7 dydlodeoh dvvhwv1 Ohw 4r| eh wkh pdunhw sulfh ri +rqh xqlw ri, dvvhw r
dw gdwh |1 Wudghu � wdnhv wkh sulfh yhfwru 4| ' E4�|c ���c 47|� dv jlyhq/ dqg fkrrvhv d sruwirolr

i^�r|j
7

r'�
zkhuh ^�r| ghqrwhv klv ghpdqg ri dvvhw r dw gdwh |1 Lw lv riwhq frqyhqlhqw wr h{suhvv klv

sruwirolr fkrlfh dv d yhfwru ri sruwirolr zhljkwv ik�
r|j

7

r'�
/ zkhuh k�

r| ghqrwhv wkh shufhqwdjh
ri zhdowk wkdw wudghu � lqyhvwv lq dvvhw r1 Fohduo|/ e| gh�qlwlrq/ wkh iroorzlqj uhodwlrq krogv=

k�
r| �

^�r| 4r|
��
|3�

:Lq zkdw iroorzv/ zh zloo uhihu wr d vwdwh v dv vwdwh ri wkh zruog dqg wr wkh ghvfulswlrq ri wkh vwdwh ri wkh
hfrqrp| $w dv vwdwh ri qdwxuh1 Zkhq wkh phdqlqj ri wkh zrug lv fohdu iurp wkh frqwh{w/ zh pljkw uhihu wr
hlwkhu ri wkhp dv vwdwh1



Zh zloo vrphwlphv uhihu wr wkh yhfwru k�
| dv d sruwirolr uxoh1

Dw wkh hqg ri shulrg |/ wkh uhdolvdwlrq ri wkh udqgrp gudz ryhu vwdwhv ri wkh zruog lv
revhuyhg e| doo djhqwv dqg wkh wrwdo sd|rxw �| lv glvwulexwhg dprqj wudghuv sursruwlrqdwho|
wr wkh txdqwlw| ri wkh udqgrpo| gudzq dvvhw wkdw hdfk ri wkhp rzqv1 Iru h{dpsoh/ li vwdwh r
rffxuv/ wkh lqyhvwphqw lqfrph wkdw wudghu � zloo fdvk dw gdwh | lv htxdo wr wkh vkduh ri dvvhw
r wkdw kh krogv wlphv wkh wrwdo sd|rxw ri dvvhw r1 Wkhuhiruh=
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| ' ^�r| �r '

k�
r| �

�
|3�

4r|
�r

Wklv dprxqw dovr frqvwlwxwhv wudghu �*v hqgrzphqw; ri zhdowk dydlodeoh iru lqyhvwphqw lq
shulrg |n �1

Zh frqvlghu wzr w|shv ri wudghuv= lqiruphg wudghuv +w|sh U, dqg xqlqiruphg wudghuv +w|sh
L,1 Lqiruphg wudghuv revhuyh wkh uhdolvdwlrq ri wkh udqgrp gudz ryhu vljqdov ehiruh pdnlqj
wkhlu sruwirolr ghflvlrqv> xqlqiruphg wudghuv gr qrw kdyh dffhvv wr wkdw nlqg ri lqirupdwlrq1
Dv d frxqwhusduw ri wkhlu lqirupdwlyh sulylohjh/ lqiruphg wudghuv sd| d shu shulrg frvw dw
wkh ehjlqqlqj ri hdfk wlph shulrg<= qdpho| wkh| ghyrwh d frqvwdqw shufhqwdjh S ri wkhlu
sruwirolr/ zlwk f 	 S 	 �/ wr lqirupdwlrq dftxlvlwlrq1 Doo rwkhu lqirupdwlrq lv iuhh dqg
frpprq nqrzohgjh dprqj djhqwv1 Lq sduwlfxodu/ xqlqiruphg wudghuv revhuyh wkh pdunhw
fohdulqj sulfh yhfwru 4| ' E4�|c ���c 47|� dqg wu| wr lqihu iurp lw vrph lqirupdwlrq rq wkh
uhdolvdwlrq ri wkh vljqdo1

Wkh lqirupdwlrq vwuxfwxuh ri wklv hfrqrp| fdq eh irupdolvhg dv iroorzv= ghqrwh e| xU
|

dqg xL
| wkh lqirupdwlrq vhwv ri lqiruphg dqg xqlqiruphg wudghuv uhvshfwlyho|> zh dvvxph

wkdw xU
| ' i4|c 5j dqg xL

| ' i4|j zkhuh 5 lv wkh vljqdo revhuyhg dw gdwh |1 Erwk w|shv ri
wudghuv kdyh dffhvv wr fxuuhqw sulfhv43> zkhuhdv rqo| lqiruphg wudghuv revhuyh wkh fxuuhqw
uhdolvdwlrq ri wkh vljqdo441

Wkh wlph olqh lq �jxuh 4 pljkw khos wr ylvxdolvh wkh rughu lq zklfk dfwlrq wdnhv sodfh lq
wkh pdunhw zh duh prghoolqj1 Qrwh wkdw zh fdoo shulrg | wkh wlph ehwzhhq gdwh | � � dqg
gdwh |1

Vlqfh doo wudghuv duh orjdulwkplf xwlolw| pd{lplvhuv/ wkh| doo ehw wkhlu eholhiv= wkh| fkrrvh
d sruwirolr frpsrvlwlrq zkhuh hdfk dvvhw r lv khog lq d shufhqwdjh htxdo wr wkh suredelolw|

;Zh duh qrw prghoolqj vdylqjv ghflvlrqv khuh1 Krzhyhu doo rxu uhvxowv zrxog vwloo krog li erwk w|shv ri
wudghuv kdg wkh vdph vdylqjv udwh1 Vhh Eoxph dqg Hdvoh| ^9`1

<Wudghuv gr qrw fkrrvh vwudwhjlfdoo| zkhwkhu wr sxufkdvh lqirupdwlrq ru qrw1 Wklv lv d frpshwlwlyh pdunhw
dqg wkh| wdnh erwk sulfhv dqg wkh lqirupdwlyhqhvv ri sulfhv dv jlyhq1 Doo rxu uhvxowv zrxog vwloo krog +dqg
lq idfw krog d iruwlrul, li zh doorzhg wudghuv wr uhylvh wkhlu srolf| iru lqirupdwlrq dftxlvlwlrq1 Vxssrvh/ iru
h{dpsoh/ wkdw lq hyhu| wlph shulrg d vpdoo qxpehu ri wudghuv kdg wkh fkdqfh wr uhylvh wkhlu lqirupdwlrq
srolf| dqg vzlwfk iurp lqiruphg wr xqlqiruphg ru ylfh yhuvd/ frpsdulqj wkhlu h{shfwhg xwlolwlhv xqghu erwk
uhjlphv= wkh g|qdplfv zrxog zrun lq wkh vdph gluhfwlrq dv wkh hqgrjhqrxv zhdowk g|qdplfv dqg vlpso|
uhlqirufh lw1

43Zh frxog dovr dvvxph wkdw erwk w|shv ri wudghuv kdyh dffhvv wr sdvw klvwru|= wklv zrxog qrw fkdqjh rxu
dqdo|vlv/ vlqfh erwk vljqdov dqg vwdwhv ri wkh zruog duh lqghshqghqw ryhu wlph1

44Lq Jurvvpdq dqg Vwljolw} ^54` wkh lqirupdwlrq vhwv ri lqiruphg dqg xqlqiruphg wudghuv dovr gl�hu lq
wkdw wkh iruphu revhuyh dvvhw vxssolhv dqg wkh odwwhu grq*w1 Lq rxu vhwwlqj/ zh gr qrw qhhg wr dvvxph wkdw
lqiruphg wudghuv revhuyh dvvhw vxssolhv/ vlqfh wkh sruwirolr wkdw wudghuv fkrrvh lv lqghshqghqw iurp dvvhw
vxssolhv1 Wklv lv fohduo| gxh wr wkh idfw wkdw zh fkdudfwhulvh xwlolwlhv dv orjdulwkplf1 Krzhyhu doo rxu uhvxowv
zrxog vwloo krog li zh kdg wr dvvxph/ dv lq Jurvvpdq dqg Vwljolw}/ wkdw lqiruphg wudghuv gr revhuyh dvvhw
vxssolhv1
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observe z(t)

all traders update their
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clearing prices as given
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Iljxuh 4= Wlph olqh1

wkdw wkh| dwwdfk wr vwdwh r1 Wkh mrlqw suredelolw| pdwul{ lv frpprq nqrzohgjh dprqj wudghuv
dqg zh fdq lqwhusuhw wkh pdujlqdo glvwulexwlrqv iw5j

7

5'�
dqg iRrj

7

r'�
dv wkhlu frpprq sulruv

uhvshfwlyho| rq wkh vljqdo vsdfh dqg rq wkh vwdwh vsdfh/ zklfk wkh| xsgdwh dw hdfk wlph
shulrg dffruglqj wr Ed|hv* uxoh1 Wkh| xvh wkhlu srvwhulruv wr wdnh sruwirolr ghflvlrqv1 Zh

ghqrwh e| RU| '
�
RUr|
�7
r'�

dqg RL| '
�
RLr|
�7
r'�

wkh srvwhulru eholhiv ryhu wkh vwdwh vsdfh ri
lqiruphg dqg xqlqiruphg wudghuv uhvshfwlyho|1

Zh fdq irupdolvh wkh sruwirolr fkrlfh ri lqiruphg wudghuv dv iroorzv=
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Wkh rswlpdo sruwirolr iru lqiruphg wudghuv kdv zhljkwv=

kU
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dqg d sruwlrq S ri lw zloo eh ghyrwhg wr lqirupdwlrq dftxlvlwlrq1
Wkh sruwirolr fkrlfh ri xqlqiruphg wudghuv fdq eh irupdolvhg dv iroorzv=
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dqg wkhlu rswlpdo sruwirolr kdv zhljkwv=
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Lqiruphg wudghuv revhuyh wkh uhdolvdwlrq ri wkh vljqdo h{ dqwh= wkhlu srvwhulru lv htxdo wr wkh
suredelolw| glvwulexwlrq ryhu wkh vwdwh vsdfh frqglwlrqdo rq wkh vljqdo wkh| kdyh revhuyhg1
Vxssrvh wkdw vljqdo 5 lv gudzq dqg revhuyhg dw |/ wkhq wkh srvwhulru ri wkh lqiruphg wudghuv45/
RU| c lv dv iroorzv=

RU| '
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r m xU
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' �h ir m 5j '

Rr5

w5

�7
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Fohduo| li vljqdov dqg vwdwhv ri wkh zruog duh lqghshqghqw/ revhuylqj wkh uhdolvdwlrq ri
wkh vljqdo h{ dqwh grhv qrw dgg dq| uhohydqw lqirupdwlrq rq wkh suredelolw| glvwulexwlrq ryhu
wkh vwdwh vsdfh1 Lq idfw lqghshqghqfh lpsolhv/ ;rc 5 5 i�c ���c 7j � i�c ���c 7j G

Rr5 ' Rrw5

zklfk lq wxuq lpsolhv=
RU| ' iRrj

7

r'�

qdpho| wkh srvwhulru ri lqiruphg wudghuv lv htxdo wr wkh frpprq sulru wkh| vwduwhg zlwk1
Iru vljqdov wr eh lqirupdwlyh zh qhhg vrph ghjuhh ri ghshqghqfh ehwzhhq vljqdov dqg vwdwhv1

Dv d phdvxuh ri krz lqirupdwlyh wkh vljqdo v|vwhp lv/ zh dgrsw wkh uhodwlyh hqwurs|
phdvxuh ehwzhhq frqglwlrqdo dqg xqfrqglwlrqdo glvwulexwlrqv1

Gh�qlwlrq 4 +Uhodwlyh hqwurs|, Jlyhq wzr suredelolw| glvwulexwlrqv % ' i%rj
7

r'�
dqg + '

i+rj
7

r'�
/ wkh uhodwlyh hqwurs| ri + zlwk uhvshfw wr % lv

7[
r'�

%r *L}
%r

+r

Dowkrxjk qrw d phwulf/ wkh uhodwlyh hqwurs| phdvxuh surylghv xv zlwk d xvhixo qrwlrq ri
glvwdqfh ehwzhhq wzr suredelolw| glvwulexwlrqv= lw lv dozd|v qrq0qhjdwlyh dqg lw lv htxdo wr
3 li dqg rqo| li %r ' +r/ ;r1

Zh gh�qh dv srzhu ri wkh vljqdo � wkh dyhudjh uhodwlyh hqwurs| ri xqfrqglwlrqdo zlwk
uhvshfw wr frqglwlrqdo suredelolw| glvwulexwlrqv1

Gh�qlwlrq 5 +Srzhu ri wkh vljqdo,
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45Qrwlfh wkdw wkh lqirupdwlrq frqwdlqhg lq pdunhw sulfhv lv qrw ydoxdeoh wr lqiruphg wudghuv/ dv wkh| douhdg|

srvvhvv wkh vxshulru lqirupdwlrq jlyhq e| wkh uhdolvdwlrq ri wkh vljqdo1 Whfkqlfdoo|/ wkh rqo| lqirupdwlrq

frqwdlqhg lq sulfhv lv lqirupdwlrq derxw wkh vljqdo wkdw lqiruphg wudghuv kdyh revhuyhg/ vr wkdw fohduo|=

Su iv m �
w
> }j @ Su iv m }j =



Iru h{dpsoh/ vxssrvh wkdw/ diwhu revhuylqj vljqdo 5/ wkh eholhiv ri wkh lqiruphg wudghuv
fkdqjh frqvlghudeo| dqg ehfrph yhu| �glvwdqw� iurp wkh lqlwldo sulru1 Wkh �glvwdqfh� eh0
wzhhq wkh sulru dqg wkh srvwhulru ri wkh lqiruphg wudghuv/ lv fdswxuhg e| wkh uhodwlyh hqwurs|
ri wkh suredelolw| glvwulexwlrq ryhu wkh vwdwh vsdfh/ frqglwlrqdo rq vljqdo 5 ehlqj revhuyhg 0
iRr5*w5j

7

r'�
0 zlwk uhvshfw wr wkh sulru glvwulexwlrq 0 iRrj

7

r'�
0=

7[
r'�

Rr5
w5

*L}
Rr5*w5
Rr

Dyhudjlqj ryhu 5/ zh rewdlq d phdvxuh ri krz glvwdqw iurp wkh sulru/ wkh srvwhulru ri
lqiruphg wudghuv lv rq dyhudjh1 Wklv fdq eh hdvlo| lqwhusuhwhg dv d phdvxuh ri wkh srzhu ri
wkh vljqdo1 Lq idfw/ li frqglwlrqdo suredelolwlhv duh �forvh� wr wkh sulru/ ehlqj deoh wr revhuyh
wkh uhdolvdwlrq ri wkh vljqdo h{0dqwh/ lv qrw yhu| fuxfldo1 Zh zloo wkhq vd| wkdw wkh srzhu ri
wkh vljqdo lv orz1 Frqyhuvho|/ li frqglwlrqdo suredelolwlhv duh �idu� iurp wkh sulru/ revhuylqj
wkh uhdolvdwlrq ri wkh vljqdo h{0dqwh/ zloo pdnh d uhdo gl�huhqfh1 Zh zloo wkhq vd| wkdw wkh
srzhu ri wkh vljqdo lv kljk1

Dqrwkhu xvhixo qrwlrq lv wkh qrwlrq ri hqwurs|/ zklfk fdq eh lqwhusuhwhg dv d phdvxuh ri
wkh xqh{shfwhgqhvv ri dq hyhqw1

Gh�qlwlrq 6 +Hqwurs|, Jlyhq d suredelolw| glvwulexwlrq % ' i%rj
7

r'�
/ lwv hqwurs| lv

.% ' �
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%r *L} %r

Wkh hqwurs| ri d suredelolw| glvwulexwlrq lv d qrq0qhjdwlyh qxpehu zklfk lv htxdo wr }hur
rqo| zkhq wkh suredelolw| glvwulexwlrq lv ghjhqhudwh dqg dvvljqv suredelolw| 4 wr rqh ri wkh
uhdolvdwlrqv dqg 3 wr doo wkh rwkhuv/ vr wkdw wkh xqh{shfwhgqhvv ri wkh udqgrp gudz lv qxoo1
Rq wkh rwkhu kdqg/ wkh hqwurs| uhdfkhv lwv joredo pd{lpxp zkhq doo suredelolwlhv duh wkh
vdph/ vr wkdw wkh xqh{shfwhgqhvv ri wkh udqgrp gudz lv pd{lpdo1

Pdnlqj xvh ri wkh qrwlrq ri hqwurs| zh fdq zulwh wkh srzhu ri wkh vljqdo dv iroorzv=
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zkhuh=
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dqg zkhuh.w uhsuhvhqwv wkh xqh{shfwhgqhvv ri wkh vljqdo/ .�- uhsuhvhqwv wkh xqh{shfwhgqhvv
ri wkh vwdwh ri wkh zruog +zlwkrxw nqrzlqj wkh vljqdo uhdolvdwlrq, dqg .R uhsuhvhqwv wkh



xqh{shfwhgqhvv ri wkh vwdwh ri wkh zruog rqfh wkdw d fhuwdlq vljqdo kdv rffxuuhg1 Wkh
kljkhu lv wkh xqh{shfwhgqhvv ri wkh vljqdo dqg wkh xqh{shfwhgqhvv ri wkh vwdwh ri wkh zruog
zlwk uhvshfw wr wkh xqh{shfwhgqhvv ri wkh mrlqw udqgrp yduldeoh/ wkh pruh ydoxdeoh lv wkh
lqirupdwlrq dgghg e| revhuylqj wkh vljqdo uhdolvdwlrq1

Lq idfw/ zkhq/ iru h{dpsoh/ wkh xqh{shfwhgqhvv ri wkh vljqdo lv yhu| orz +khqfh .w lv
forvh wr }hur, wkhq/ hyhq li xqlqiruphg wudghuv fdqqrw revhuyh wkh vljqdo uhdolvdwlrq/ wkhlu
dvvhvvphqw rq wkh udqgrp gudz ryhu vljqdov lv olnho| wr eh fruuhfw dqg wkhuhiruh revhuylqj
wkh vljqdo lv qrw yhu| ydoxdeoh1 Vlploduo| zkhq wkh xqh{shfwhgqhvv ri wkh vwdwh ri wkh zruog
lv qrw vljql�fdqwo| uhgxfhg e| revhuylqj wkh uhdolvdwlrq ri wkh vljqdo +khqfh wkh gl�huhqfh
.�- � .R � f lv vpdoo,/ wkhq djdlq wkh vljqdo lv qrw yhu| ydoxdeoh1

Dv zh qrwhg deryh/ zkhq vljqdov dqg vwdwhv duh lqghshqghqw vljqdov duh xqlqirupdwlyh1
Lq idfw/ li ;rc 5

Rr5 ' Rrw5

wkhq
.w n .�- ' .R , � ' f

Rq wkh rssrvlwh vlgh ri wkh vshfwuxp/ zh fdq jhw ixoo lqirupdwlrq zkhq vljqdov dqg vwdwhv
duh shuihfwo| fruuhodwhg1 Frqvlghu wkh iroorzlqj suredelolw| pdwul{=

4 5 � � � 7
4 w� 3 � � � 3 w�
5 3 w2 � � � 3 w2
111

111
111

1 1 1
111

111
7 3 3 � � � w7 w7

R� ' w� R2 ' w2 � � � R7 ' w7 4

Lq wklv fdvh .w ' .�- ' .R dqg wkhuhiruh46 � ' .w1 Qdpho| wkh srzhu ri wkh vljqdo olhv lq
wkh xqh{shfwhgqhvv ri wkh ydoxh ri 51 Lq sduwlfxodu wkh lqirupdwlyh sulylohjh lv wkh kljkhvw47

zkhq wkh xqh{shfwhgqhvv ri wkh vljqdo lv wkh kljkhvw dqg wkhuhiruh zkhq w5 ' w ' �

7
/ ;51 Lq

wklv fdvh wkh srzhu ri wkh vljqdo � uhdfkhv lwv xsshu erxqg *L}7 vr wkdw zh fdq fodlp wkdw=

f � � � .w � *L}7

Lq zkdw iroorzv/ xqohvv rwkhuzlvh vwdwhg/ zh zloo dvvxph vljqdov wr eh lqirupdwlyh exw
zlwk vrph qrlvh1

Dvvxpswlrq 4 +Qrlv| vljqdov, Wkh mrlqw suredelolw| glvwulexwlrq ryhu vwdwhv ri wkh zruog

dqg vljqdov lv vxfk wkdw ;rc 5 5 i�c ���c 7j � i�c ���c 7j=

Rr5 : f dqg Rr5 9' Rrw5

Dqg wkhuhiruh � lv erxqghg dzd| iurp }hur dqg iurp .w1

46Vlqfh HSU �Hs � 3/ wkhq S � H� lv dozd|v wuxh1
47Lq wklv fdvh/ li wkh suredelolw| glvwulexwlrq ryhu wkh vljqdo vsdfh lv ghjhqhudwh vr wkdw rqh vljqdo lv dvvljqhg

suredelolw| 4 dqg doo rwkhu vljqdov suredelolw| 3/ wkhq S @ 31 Lq idfw wkh lqirupdwlyh sulylohjh zrxog glvdsshdu

vlqfh wkhuh lv qr xqfhuwdlqw| ryhu wkh vljqdo vsdfh dqg wkhuhiruh hyhu|rqh yluwxdoo| �revhuyhv� wkh vljqdo1
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Xqlqiruphg wudghuv gr qrw revhuyh wkh uhdolvdwlrq ri wkh vljqdo1 Krzhyhu wkh| nqrz wkh
pdujlqdo suredelolw| glvwulexwlrq ryhu wkh vljqdo vsdfh dqg wkhuhiruh dwwdfk wr hdfk vljqdo
uhdolvdwlrq d sulru eholhi1 Pruhryhu wkh| fdq lqihu lqirupdwlrq iurp wkh pdunhw fohdulqj sulfh
yhfwru dw |/ 4|/ dqg xsgdwh wkhlu eholhiv rq zklfk vljqdo kdv ehhq gudzq/ dffruglqj wr Ed|hv*
uxoh1

Vxssrvh/ iru lqvwdqfh/ wkdw vljqdo 5 sodfhv d kljk suredelolw| rq vwdwh r1 Lqiruphg wudghuv/
zkr fdq revhuyh 5/ zloo fkrrvh d sruwirolr frpsrvlwlrq zlwk d kljk zhljkw rq dvvhw r1 Iru
wklv uhdvrq/ zkhq dvvhw r lv wudghg dw d kljk sulfh/ xqlqiruphg wudghuv lqihu wkdw vwdwh r
lv pruh olnho| wr rffxu dv lqiruphg wudghuv pljkw kdyh revhuyhg d �jrrg� vljqdo rq dvvhw
r1 Dv d uhvxow/ wkh| xsgdwh wkhlu sulru eholhiv sodflqj d kljkhu suredelolw| rq vwdwh r1 Wkh
lqirupdwlrq wkdq fdq eh lqihuuhg iurp sulfhv lv wkhuhiruh ydoxdeoh1 Krzhyhu lw lv qrlv|1 Lq
idfw/ zkhq d wudghu revhuyhv d kljk sulfh iru dvvhw r/ kh grhv qrw dfwxdoo| nqrz li wklv lv gxh
wr d �jrrg� vljqdo rq r ehlqj revhuyhg e| lqiruphg wudghuv ru wr d orz vxsso| ri dvvhw r1

Li xqlqiruphg wudghuv frxog revhuyh wkh uhdolvdwlrq ri wkh udqgrp yhfwru ri dvvhw vxssolhv/
sulfhv zrxog ixoo| uhyhdo zklfk vljqdov kdv ehhq revhuyhg1 Krzhyhu/ zh dvvxph wkdw wklv lv
qrw wkh fdvh/ vr wkdw wkh lqirupdwlrq frqwdlqhg lq pdunhw sulfhv lv qrlv|1

Dffruglqj wr Ed|hv* uxoh/ wkh srvwhulru ri wkh xqlqiruphg wudghuv ryhu wkh vljqdo vsdfh/
^|c lv=
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dqg �qdoo| wkhlu srvwhulru eholhi ryhu wkh vwdwh vsdfh48 RL| lv dv iroorzv=
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Wkhuhiruh lq rughu wr frpsxwh wkhlu srvwhulru eholhiv xqlqiruphg wudghuv kdyh wr frqvlghu
wkh suredelolw| glvwulexwlrq zklfk lv lqgxfhg rq pdunhw sulfhv1

H{lvwhqfh ri htxloleulxp zloo eh glvfxvvhg dqg suryhg lq wkh qh{w vhfwlrq1 Ohw xv dvvxph/
iru wkh prphqw/ wkdw dq htxloleulxp h{lvwv dqg ohw xv fkdudfwhulvh wkh eholhiv ri xqlqiruphg
wudghuv1

Ghqrwh e| 0U|3� ' �U
|3�*�|3� wkh vkduh ri �|3� khog e| lqiruphg wudghuv/ vr wkdw

�
�� 0U|3�

�
lv wkh zhdowk vkduh ri xqlqiruphg wudghuv dydlodeoh iru lqyhvwphqw dw gdwh |1 Wkh exgjhw ri
xqlqiruphg wudghuv iru dvvhw dftxlvlwlrq dw gdwh | lv wkhuhiruh

�
�� 0U|3�

�
�|3�1 Ehfdxvh ri

wkh  rz frvw S sdlg iru lqirupdwlrq/ wkh exgjhw ri lqiruphg wudghuv iru dvvhw dftxlvlwlrq lv
E�� S� 0U|3��|3�1

48Wkh uhdvrq zh fdqqrw frpsxwh gluhfwo| d srvwhulru ryhu wkh vwdwh vsdfh vxfk dv=
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lv wkdw wkh sulfh yhfwru lv ghwhuplqhg h{ dqwh dqg wkhuhiruh sulfhv gr qrw ghshqg rq wkh uhdolvdwlrq ri wkh

vwdwh1 Wkh| ydu|/ lqvwhdg/ dffruglqj wr wkh vljqdo wkdw lqiruphg wudghuv revhuyhg1
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Li vljqdo 5 lv gudzq dw wlph | wkhq wkh pdunhw fohdulqj sulfh ri dvvhw r vdwlv�hv
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wkh yhfwru ri dvvhw vxssolhv vxfk wkdw=
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Revhuylqj wkh yhfwru ri pdunhw sulfhv 4
|
/ xqlqiruphg wudghuv nqrz wkdw rqh ri wkh iroorz0
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516 Lqirupdwlrqdo Htxloleulxp

Lq wklv vhwwlqj/ lqirupdwlrq dftxlvlwlrq dqg htxloleulxp sulfhv kdyh wr eh ghwhuplqhg vlpxo0
wdqhrxvo|1 Lq idfw/ dvvhw ghpdqgv/ dqg khqfh dvvhw sulfhv/ ghshqg rq wkh lqirupdwlrq wkdw
wudghuv dftxluh/ dqg wkh lqirupdwlrq wkdw +vrph, wudghuv dftxluh ghshqgv rq dvvhw sulfhv1
Lq wkh iudphzrun zh prghohg/ sulfhv dfwxdoo| vhuyh wzr ixqfwlrqv= wkh| fohdu pdunhwv dqg
frqyh| lqirupdwlrq1 H{lvwhqfh ri htxloleulxp lv riwhq sureohpdwlf lq jhqhudo htxloleulxp
prghov zlwk dv|pphwulf lqirupdwlrq/ suhflvho| iru wkh grxeoh uroh sod|hg e| pdunhw sulfhv1
Dv Juhhq ^4<` srlqwhg rxw/ wklv �vhhpv wr eh gxh wr wkh idfw wkdw wkh vsdfh ri sulfhv lq qrw
odujh hqrxjk ^111` wr wudqvplw doo ri wkh uhohydqw gdwd� d^4<`/ s1 784o �

Gh�qlwlrq 7 +Lqirupdwlrqdo Htxloleulxp, Dq lqirupdwlrqdo htxloleulxp dw gdwh | iru

wklv hfrqrp| lv dq duud| ri eholhiv/ sruwirolrv dqg dvvhw sulfhv vxfk wkdw eholhiv duh frp0

sxwhg dffruglqj wr Ed|hv* uxoh/ jlyhq doo dydlodeoh lqirupdwlrq> sruwirolrv pd{lplvh h{shfwhg

xwlolw|/ jlyhq wudghuv* eholhiv/ dqg pdunhwv fohdu1 Irupdoo|/ dq lqirupdwlrqdo htxloleulxp lv
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Wkh rqo| frqglwlrq zh qhhg lq rughu wr jxdudqwhh h{lvwhqfh ri htxloleulxp lv frqwlqxlw|
ri wkh ghqvlw| ixqfwlrq sf E%r�1

Sursrvlwlrq 8 +H{lvwhqfh, Li sf E%r� lv frqwlqxrxv/ wkhq dq lqirupdwlrqdo htxloleulxp

dozd|v h{lvwv lq wklv hfrqrp|1



Surri1 Vhh dsshqgl{1
Wkh surri ri sursrvlwlrq 8 lv vwudljkwiruzdug1 Zh �uvw srvwxodwh wkdw wkh eholhiv ri

xqlqiruphg wudghuv duh d frqwlqxrxv ixqfwlrq ri htxloleulxp dvvhw sulfhv1 Zh wkhq suryh wkdw
dq htxloleulxp h{lvwv xqghu wklv dvvxpswlrq dqg zh fkhfn wkdw wkh srvwhulru ri xqlqiruphg
wudghuv lv d frqwlqxrxv ixqfwlrq ri dvvhw sulfhv1 Dv d uhvxow/ dq htxloleulxp zlwk eholhiv wkdw
duh frqwlqxrxv lq sulfhv zloo dozd|v h{lvw1 Wklv grhv qrw jxdudqwhh/ krzhyhu/ xqltxhqhvv1

Lq rughu wr eh deoh wr dqdo|vh wkh g|qdplf surshuwlhv ri wklv prgho/ zh zrxog olnh wkh
htxloleulxp wr eh xqltxh1 Iru wklv uhdvrq/ rxu qh{w txhvwlrq lv zkhwkhu zh fdq fkdudfwhulvh
d vhw ri ghqvlw| ixqfwlrqv vxfk wkdw htxloleulxp lv dovr xqltxh1

Uhfdoo wkdw wkh srvwhulru ri xqlqiruphg wudghuv pdsv d yhfwru ri sulfhv lqwr wkh 70
glphqvlrqdo xqlw vlpsoh{49=

RL| G U7
n
$ {7

Fdoo S| wkh vhw ri doo vxfk pdsslqjv1 Jlyhq d RL| 5 S|/ wkh udqgrp yhfwru ri vxssolhv/ %|/
lqgxfhv d mrlqw suredelolw| glvwulexwlrq rq E4|c 5�/ wkurxjk pdunhw fohdulqj=
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Fdoo K| wkh vhw ri doo wkh suredelolw| glvwulexwlrqv ryhu E4|c 5�> pdunhw fohdulqj fdq wkhuhiruh
eh vhhq dv d pdsslqj iurp S| wr K|=

pdunhw fohdulqj G S| $K|

Rq wkh rwkhu kdqg/ jlyhq d suredelolw| glvwulexwlrq ryhu E4|c 5�/ Ed|hv* uxoh jlyhv xv d
srvwhulru ryhu vwdwhv ri wkh zruog=

Ed|hv* uxoh G K| $ S|

Htxloleuld/ dv d uhvxow/ duh d �{hg srlqw ri wkh pdsslqj=

)| G S| $ S|

Zh fdq pdnh wkh ixqfwlrqdo vsdfh S| lqwr d frpsohwh phwulf vsdfh dvvrfldwlqj zlwk hdfk
RL| 5 S| lwv vxsuhpxp qrup1 S| lv wkh vhw ri doo frqwlqxrxv ixqfwlrqv zlwk grpdlq U7

n
dqg

frgrpdlq lq wkh 70glphqvlrqdo xqlw vlpsoh{1 Zh dvvrfldwh zlwk hdfk RL| 5 S| lwv vxsuhpxp
qrup= ��RL| �� ' t�T
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Zh gh�qh wkh glvwdqfh ehwzhhq RL| 5 S| dqg }L| 5 S| wr eh=��RL| � }L|
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��RL| E4|�� }L| E4|�
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dqg zh kdyh wkxv pdgh S| lqwr d phwulf vsdfh zklfk fdq eh suryhg wr eh frpsohwh4:1

49Qrwlfh wkdw zh gr qrw qrupdolvh dvvhw sulfhv/ vr wkdw wkh sulfh vsdfh lv qrw wkh vlpsoh{/ exw UV.1
4:Vhh/ iru h{dpsoh/ Uxglq ^65`/ s14841



Vlqfh S| lv d frpsohwh phwulf vsdfh/ li wkh pdsslqj )| G S| $ S| lv d frqwudfwlrq/ wkhq
wkhuh h{lvwv rqh dqg rqo| rqh �{hg srlqw1 Qdpho|/ li <D 	 � vxfk wkdw/ ;RL| c }

L
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wkhq )|

�
RL|
�
lv d frqwudfwlrq dqg htxloleulxp lv xqltxh1

Zh fdq vkrz wkdw d vx!flhqw frqglwlrq vr wkdw wkh srvwhulru ri xqlqiruphg wudghuv lv d
frqwudfwlrq pdsslqj lv wkdw sulfhv duh vx!flhqwo| glvwdqw iurp ixoo| uhyhdolqj1 Qdpho|/ zh
qhhg olnholkrrg udwlrv wr eh erxqghg1 Ghqrwh e| o|

�
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�
wkh olnholkrrg udwlr dw gdwh |

ri vljqdo 5� zlwk uhvshfw wr 5 zkhq wkh srvwhulru ixqfwlrq lv RL| G

o|
�
5c 5�c RL|

�
'

s
�
%5

�

|

�
RL|
��

s E%5| ER
L
| ��
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zkhq 5 lv wkh wuxh vljqdo ehlqj revhuyhg dqg o|
�
5c 5�c RL|

�
' 4 zkhq wkh wuxh vljqdo ehlqj

revhuyhg lv rwkhu wkdq 51 Erxqghg olnholkrrg udwlrv lpso| rqo| sduwldo uhyhodwlrq1
Zh fdq �qdoo| fodlp wkh iroorzlqj=

Sursrvlwlrq 9 +Xqltxhqhvv, Li ;5c 5� dqg ;RL| c }
L
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wkhq htxloleulxp lv xqltxh1

Surri1 Vhh dsshqgl{1

Uhpdun 4 Li/ ;5 5 i�c ���c 7j/ olnholkrrg udwlrv olh lq d udqjh zkrvh vl}h lv erxqghg dzd|

iurp w5 wkhq wkh frqglwlrq lq sursrvlwlrq 9 lv vdwlv�hg1

Lq idfw/ vxssrvh wkdw <@5c K5 vxfk wkdw/ ;5�c RL| G
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vr wkdw wkh frqglwlrq lq sursrvlwlrq 9 lv fhuwdlqo| vdwlv�hg li=
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Dv zh dujxhg deryh/ lpsrvlqj d erxqghg udqjh rq olnholkrrg udwlrv fruuhvsrqgv wr uh0
txlulqj wkdw sulfhv kdyh wr eh vx!flhqwo| idu iurp ixoo uhyhodwlrq1

D idplo| ri ghqvlw| ixqfwlrqv wkdw fohduo| vdwlv�hv wkh frqglwlrq lq sursrvlwlrq 9 lv wkh
h{srqhqwldo1 Lq idfw/ zkhq s E%|� lv h{srqhqwldo/ ;R
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H{dpsoh : +H{srqhqwldo ghqvlw| ixqfwlrq, Dvvxph wkdw/ ;r 5 i�c ���c 7j/ fr duh h{sr0
qhqwldoo| glvwulexwhg zlwk phdq4; htxdo wr 41 Wkh mrlqw ghqvlw| ri dvvhw vxssolhv zloo eh=
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Zh fdq vroyh iru wkh srvwhulru ri xqlqiruphg wudghuv dqg jhw=
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Lq zkdw iroorzv zh zloo dvvxph wkdw wkh ghqvlw| ixqfwlrq s E%|� vdwlv�hv frqglwlrq 7 lq
sursrvlwlrq 9/ vr wkdw htxloleulxp lv xqltxh1

Lw lv lqwhuhvwlqj wr fkdudfwhulvh wkh olplwlqj eholhiv ri xqlqiruphg wudghuv zkhq wkh pdunhw
lv doprvw hqwluho| srsxodwhg e| rqo| rqh w|sh ri wudghuv1 Zh pljkw h{shfw wkdw wkh txdolw|
ri lqirupdwlrq wkdw fdq eh uhyhdohg wkurxjk pdunhw sulfhv lv d ixqfwlrq ri wkh qxpehu ri
wudghuv zkr duh lqiruphg lq wkh hfrqrp|/ vr wkdw li pruh shrsoh duh lqiruphg/ sulfhv uh hfw
pruh lqirupdwlrq1

Frqvlghu wkh olplw ri RLr| iru 0
U
| $ f/ qdpho| wkh olplwlqj srvwhulru ri xqlqiruphg wudghuv

zkhq doprvw hyhu|rqh lq wkh hfrqrp| lv xqlqiruphg1 Lq wklv fdvh %5
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wkhuhiruh lwv olplwlqj ydoxh grhv qrw ghshqg rq 5/ vr wkdw=
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Dv zh h{shfwhg/ zh �qg wkdw zkhq doprvw hyhu|erg| lv xqlqiruphg/ pdunhw sulfhv frqwdlq
yluwxdoo| qr lqirupdwlrq dqg wkh srvwhulru ri xqlqiruphg wudghuv lv htxdo wr wkhlu sulru1

Dw wkh rwkhu hqg ri wkh vshfwuxp/ zkhq 0U| $ �/ zh �qg wkdw

%5
r| $

E� � S� Rr5*w5
4r|

�|3�

vr wkdw s
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9' � l� 5� 9' 5 dqg wkh srvwhulru ri xqlqiruphg wudghuv lv gl�huhqw

iurp wkhlu sulru/ vr wkdw wkh| lqghhg vxffhhg lq h{wudfwlqj vrph lqirupdwlrq iurp pdunhw
sulfhv1 Zh dvn qrz zkhwkhu wkh lqirupdwlrq lqihuuhg iurp pdunhw sulfhv lv frpsohwh/ vr wkdw
htxloleulxp sulfhv duh ixoo| uhyhdolqj1

Gh�qlwlrq ; +Ixoo uhyhodwlrq, Dq lqirupdwlrqdo htxloleulxp lv ixoo| uhyhdolqj li wkh srv0
whulruv ri lqiruphg dqg xqlqiruphg wudghuv djuhh/ vr wkdw=

;| � f/ RU| ' RL|

Lw lv vwudljkwiruzdug wr vkrz wkdw/ dv orqj dv wkhuh lv qrlvh lq wkh v|vwhp/ xqlqiruphg
wudghuv fdqqrw ixoo| h{wudfw wkh lqirupdwlrq ri lqiruphg wudghuv iurp pdunhw sulfhv1

Fruroodu| < +Qrq0Ixoo| Uhyhdolqj Htxloleulxp, Xqghu dvvxpswlrq 4/ wkh lqirupdwlrqdo
htxloleulxp lq wklv hfrqrp| lv qrw ixoo| uhyhdolqj1

Surri1 Vhh dsshqgl{1

4;Wdnlqj wkh sdudphwhu ri wkh h{srqhqwldo htxdo wr 4 lv iru vlpsolflw| rqo|1



6 Wkh Hyroxwlrq ri Zhdowk Vkduhv

Lq wklv sdshu zh duh lqwhuhvwhg lq dvvhvvlqj wkh hyroxwlrqdu| �wqhvv ri wkh wzr w|shv ri wudghuv
zh ghvfulehg lq wkh suhylrxv vhfwlrq1 Zh vkdoo orrn dw wkh hyroxwlrq ri wkhlu zhdowk vkduhv wr
fkdudfwhulvh zkdw kdsshqv lq wkh orqj uxq1 Ohw xv ghvfuleh wkh zhdowk g|qdplfv ri lqiruphg
wudghuv �uvw1 Li vljqdo 5 kdv ehhq gudzq dqg li vwdwh r rffxuuhg dw |/ wkhq wkh lqyhvwphqw
lqfrph ri dq lqiruphg wudghu/ �U

| / zloo eh htxdo wr wkh vkduh ri dvvhw r wkdw kh krogv wlphv
wkh wrwdo sd|rxw ri dvvhw r1 Wkhuhiruh=
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vkduh ri dvvhw r wkdw
lqiruphg wudghuv krog
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wrwdo sd|rxw
dw gdwh |c �|

Ghqrwh e| 0U| ' �U
| *�| wkh zhdowk vkduh ri lqiruphg wudghuv/ vr wkdw zh fdq zulwh=
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Htxdwlrq 8 ixoo| ghvfulehv wkh shulrg wr shulrg g|qdplfv ri wkh zhdowk vkduh ri lqiruphg
wudghuv li 5 dqg r rffxu dw |1

Vlploduo| zh fdq ghvfuleh wkh g|qdplfv ri wkh zhdowk vkduh ri xqlqiruphg wudghuv1 Ghqrwh
e| �L

| wkh lqyhvwphqw lqfrph ri xqlqiruphg wudghuv dw | li vwdwh r rffxuv1 Fohduo|=
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vkduh ri dvvhw r wkdw

xqlqiruphg wudghuv krog
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wrwdo sd|rxw
dw gdwh |c �|

Ghqrwh e| 0L| ' �L
| *�| dqg jhw=
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Htxdwlrqv 8 dqg 9 uhsuhvhqw d �wqhvv0prqrwrqlf g|qdplf= wkh zhdowk vkduh ri lqiruphg
+xqlqiruphg, wudghuv zloo lqfuhdvh li dqg rqo| li wkh| vfruh d sd|r� zklfk lv kljkhu wkdq wkh
dyhudjh srsxodwlrq sd|r�1 Lq idfw/ wkh udwlr zklfk dsshduv lq wkh ghqrplqdwru ri 8 dqg 9
fdq eh uhzulwwhq dv iroorzv=
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dqg h{suhvvlrq : fohduo| jlyhv xv d phdvxuh ri wkh dyhudjh srsxodwlrq sd|r�1
Zh duh lqwhuhvwhg lq fkdudfwhulvlqj wkh olplwlqj ehkdylrxu ri zhdowk vkduhv dv wlph jrhv wr

lq�qlw| dqg lq ghwhuplqlqj xqghu zklfk frqglwlrqv hdfk w|sh ri wudghuv grplqdwhv/ vxuylyhv
ru ydqlvkhv dffruglqj wr wkh iroorzlqj gh�qlwlrq eruurzhg e| Eoxph dqg Hdvoh| ^9`=



Gh�qlwlrq 43 +d, Wudghu � grplqdwhv rq wkh vhw ri vdpsoh sdwkv ' 5 @ li =
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+e, Wudghu � vxuylyhv rq wkh vhw ri vdpsoh sdwkv ' 5 @ li =
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+f, Wudghu � ydqlvkhv rq wkh vhw ri vdpsoh sdwkv ' 5 @ li =

*�4
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t�T 0�| ' f d1v1 rq '1

Dffruglqj wr gh�qlwlrq 43/ lq rughu wr hvwdeolvk zkhwkhu lqiruphg +ru xqlqiruphg, wudghuv
grplqdwh rq d vdpsoh sdwk / ' E/�c /2c ���c /|c ���� zh qhhg wr frqvlghu wkh dv|pswrwlf eh0
kdylrxu ri wkhlu zhdowk vkduh= qdpho| zh kdyh wr fkhfn zkhwkhu lw lv erxqghg dzd| iurp
}hur ru qrw1 Qrwh wkdw wkh zhdowk vkduh ri d grplqdwlqj wudghu grhv qrw qhfhvvdulo| frqyhujh
wr 4/ dv wkhuh pljkw eh rwkhu vxuylylqj wudghuv1

Pruhryhu/ pdunhw grplqdqfh lv fohduo| uhodwhg wr wkh surfhvv ri sulfh ghwhuplqdwlrq=
gl�huhqwldo udwhv ri zhdowk dffxpxodwlrq lqfuhdvh wkh uhodwlyh vljql�fdqfh ri vrph lqglylgxdov
lq ghwhuplqlqj pdunhw rxwfrphv dqg qdpho| htxloleulxp sulfhv1 Lq sduwlfxodu/ Eoxph dqg
Hdvoh| ^9` mxvwli| wkhlu xvh ri wkh zrug �grplqdqfh� dv iroorzv= �zkhq vdylqjv udwhv duh
lghqwlfdo/ d wudghu zkr grplqdwhv dfwxdoo| ghwhuplqhv wkh sulfh dv|pswrwlfdoo|1 Klv zhdowk
vkduh qhhg qrw frqyhujh wr rqh ehfdxvh wkhuh pd| eh rwkhu wudghuv zkr dv|pswrwlfdoo| kdyh
wkh vdph sruwirolr uxoh/ exw sulfhv dgmxvw vr wkdw klv frqglwlrqdo h{shfwhg jdlqv frqyhujh wr
}hur� +^9`/ s1 4<,1 Wklv frqvlghudwlrq dovr mxvwl�hv wkh glvwlqfwlrq ehwzhhq grplqdqfh dqg
phuh vxuylydo1

Lq rughu wr vwxg| wkh dv|pswrwlf surshuwlhv ri zhdowk vkduhv zh fdq uho| rq vrph lqwhu0
phgldwh uhvxowv1

Iluvw/ zh vkrz wkdw *L} 0�| lv wkh vxp ri xqlirupo| erxqghg ghshqghqw udqgrp yduldeohv1
Ehfdxvh ri ghshqghqfh zh fdqqrw dsso| wkh odz ri odujh qxpehuv> krzhyhu/ wkdqnv wr xqlirup
erxqghgqhvv/ zh fdq xvh uhvxowv nqrzq wr dsso| wr vxpv ri xqlirupo| erxqghg udqgrp
yduldeohv dqg zklfk gr qrw uhtxluh lqghshqghqfh1

Frqvlghu wkh zhdowk vkduh ri lqiruphg wudghuv1 Jlyhq d vdpsoh sdwk/ zh fdq ixoo| ghvfuleh
wkh g|qdplfv ri zhdowk vkduhv dqg uhfxuvlyho| vroyh htxdwlrq 8 vr wkdw lw lv srvvleoh wr h{suhvv
0U| dv d ixqfwlrq ri wkh lqlwldo zhdowk vkduh 0U

f
=

0U| '
|\

�'�

7\
r'�

7\
5'�

r5�
E�� S� Rr5*w5
%r�4r�*��3�

0U
f
' +;,

'
|\

�'�

7\
r'�

7\
5'�

r5�
E�� S� Rr5*w5

0U�3� E�� S� Rr5*w5 n
�
� � 0U�3�

�S
5� ^5�� ERr5�*w5��

0U
f

zkhuh r5| lv dq lqglfdwru ixqfwlrq wkdw lv htxdo wr � li Erc 5� dw | dqg wr f rwkhuzlvh1 Zh fdq
wdnh orjv ri htxdwlrq ; dqg h{suhvv lw dv d vxp ri udqgrp yduldeohv=
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Fohduo| bU
| ghshqgv rq sdvw zhdowk vkduhv dqg/ wkurxjk dvvhw sulfhv/ rq wkh sdvw ohyho ri

zhdowk1 Dv d uhvxow/ bU
| duh qrw lqghshqghqw udqgrp yduldeohv1

Zh fdq vkrz/ krzhyhu/ wkdw wkh udqgrp yduldeohv bU
| duh xqlirupo| erxqghg1 Lq idfw/

;| � f=
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Vlploduo|/ orrnlqj dw wkh zhdowk vkduh ri xqlqiruphg wudghuv/ zh fdq vkrz wkdw=
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Xqlirup erxqghgqhvv lv fuxfldo/ vlqfh lw doorzv xv wr vwdwh wkh iroorzlqj lqwhuphgldwh
uhvxow=

Ohppd 44 Wudghu � grplqdwhv rq wkh vhw ri vdpsoh sdwkv ' 5 @ li=
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Surri1 Vhh dsshqgl{1
Wkh surri ri ohppd 44 uholhv rq d wkhruhp wkdw hvvhqwldoo| fodlpv wkdw wkh olplwlqj

ehkdylrxu ri vxpv ri xqlirupo| erxqghg udqgrp yduldeohv fdqqrw eh gl�huhqw iurp wkh
olplwlqj ehkdylrxu ri wkh vxp ri wkhlu frqglwlrqdo phdqv1 Lqwxlwlyho|/ wklv rffxuv ehfdxvh
xqlirupo| erxqghg udqgrp yduldeohv fdqqrw glvsod| odujh ghyldwlrqv iurp wkhlu h{shfwhg
ydoxhv1 Wkh irupdo surri exlogv rq fruroodu| 718 lq Iuhhgpdq ^49` dqg rq ohppdv D14 dqg
D15 lq Eoxph dqg Hdvoh| ^9`1

Ohppd 44 lv fuxfldo vlqfh lw doorzv xv wr zrun gluhfwo| rq h{shfwhg ydoxhv udwkhu wkdq rq
udqgrp yduldeohv1 Lw fodlpv/ lq idfw/ wkdw/ surylghg wkdw b�

| duh xqlirupo| erxqghg udqgrp
yduldeohv/ *�4 �?u |<"

S|

�'f
.
�
b�
� m @�3�

�
: �4 doprvw vxuho|/ lpsolhv *�4 �?u |<"

S|

�'f
b�
� :

�4 doprvw vxuho|1



614 Wkh Hyroxwlrqdu| Dgydqwdjh dqg Glvdgydqwdjh ri Frvwo| Lq0

irupdwlrq

Frvwo| lqirupdwlrq wuljjhuv d wudgh0r� lq rxu vhwwlqj1 Lqiruphg wudghuv hqmr| dq lqirupdwlyh
dgydqwdjh zlwk uhvshfw wr xqlqiruphg wudghuv dqg lqwxlwlrq vxjjhvwv wkdw wklv dgydqwdjh
lv kljkhu zkhq prvw ri wkh djhqwv duh xqlqiruphg1 Rq wkh rwkhu kdqg lqiruphg wudghuv
kdyh wr ghyrwh d shufhqwdjh ri wkhlu zhdowk wr lqirupdwlrq dftxlvlwlrq dqg ehdu d frvw
glvdgydqwdjh zlwk uhvshfw wr xqlqiruphg wudghuv1 Wklv glvdgydqwdjh zloo eh kljkhu zkhq
prvw ri wkh djhqwv duh lqiruphg1 Li d wudghu frxog fkrrvh zkhwkhu wr sxufkdvh lqirupdwlrq
ru qrw/ kh zrxog kdyh wr idfh wkh wudgh0r� ehwzhhq dgydqwdjh dqg glvdgydqwdjh ri ehlqj
lqiruphg dqg kh zrxog kdyh wr pdnh klv fkrlfh dffruglqjo|1 Vlqfh erwk wkh dgydqwdjh dqg
glvdgydqwdjh ri frvwo| lqirupdwlrq ghshqg rq wkh pdunhw vkduh ri lqiruphg djhqwv zlwk
uhvshfw wr xqlqiruphg rqhv/ zh fdq frqmhfwxuh wkdw wkhuh zloo eh d srsxodwlrq frpsrvlwlrq
ehwzhhq lqiruphg dqg xqlqiruphg wudghuv vxfk wkdw d udwlrqdo wudghu zrxog eh lqgl�huhqw
ehwzhhq dftxlulqj lqirupdwlrq ru qrw1 Vxfk srsxodwlrq vkduhv vwdqg dv d vwurqj fdqglgdwh
iru d vwdeoh hyroxwlrqdu| htxloleulxp lq rxu vhwwlqj1

Wkh wudgh0r� zh kdyh mxvw ghvfulehg ehfrphv fohdu zkhq zh irupdolvh lw1 Uhfdoo wkh
shulrg wr shulrg g|qdplfv ri wkh zhdowk vkduh ri lqiruphg wudghuv=

0U
|
'

E� � S� Rr5*w5
%r|4r|*�|3�

0U
|3�

+<,

Wkh djjuhjdwh exgjhw frqvwudlqw uhtxluhv wkdw wkh djjuhjdwh h{shqglwxuh lq dvvhwv pxvw
eh htxdo wr wkh djjuhjdwh zhdowk lqyhvwhg lq dvvhwv=

7[
r'�

%r|4r| '
�
E� � S� 0U

|3�
n
�
� � 0U
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vr wkdw zh fdq uhzulwh htxdwlrq < dv iroorzv=
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E� � S� Rr5*w5
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dqg �qdoo|=

0U
|
'

Rr5*w5

%r|4r|*
S

7

r'�
%r|4r|

�
�� S

� � S0U
|3�

� 0U
|3�

+43,

H{suhvvlrq 43 ixoo| ghvfulehv wkh g|qdplfv ri wkh zhdowk vkduh ri lqiruphg wudghuv iurp
gdwh | � � wr gdwh |/ li irc 5c %|j dw |1 Zh fdq wdnh orjv ri h{suhvvlrq 43 dqg jhw wkdw/ li
irc 5c %|j dw |/ wkhq=

*L} 0U
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Zh fdq qrz wdnh wkh h{shfwhg ydoxh ri 44 dqg jhw=
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*L}
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n *L}
�� S

� � S0U
|3�

n *L} 0U
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zkhuh _%| vwdqgv iru
T

r
_%r|> dqg zkhuh fohduo|/ e| lqghshqghqfh ri irc 5j iurp %|/ �h drc 5c %|o '

�h drc 5o �h d%|o ' Rr5s E%|�1
Wkh �uvw whup ri htxdwlrq 45 lv dozd|v qrq0qhjdwlyh dqg lw lv htxdo wr }hur li dqg rqo| li

sulfhv duh vxfk wkdw %r|4r|*
S

7

r'�
%r|4r| ' Rr5*w5/ ;rc 51 Lq idfw wkh h{suhvvlrq=
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Rr5
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%r|4r|
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lv wkh uhodwlyh hqwurs| ri
q
%r|4r|*

S
7

r'�
%r|4r|

r
7

r'�

zlwk uhvshfw wr iRr5*w5j
7

r'�
1 Wkh vhfrqg

whup ri htxdwlrq 45 lv dozd|v qhjdwlyh ehfdxvh E�� S� 	
�
�� S0U

|3�

�
dv orqj dv 0U

|3�
	 �1

Wkh srvlwlyh frpsrqhqw/ wkhuhiruh/ uhsuhvhqwv wkh hyroxwlrqdu| dgydqwdjh jlyhq e| lq0
irupdwlrq1 Lqiruphg wudghuv duh lq idfw dgrswlqj wkh �wwhvw sruwirolr uxoh zklfk lv lqyhvwlqj
dffruglqj wr suredelolwlhv4<1 Wkhlu hyroxwlrqdu| dgydqwdjh lv wkh kljkhvw zkhq wkh glvwdqfh
iurp suredelolwlhv +dv phdvxuhg e| uhodwlyh hqwurs|, ri wkh sruwirolr uxoh wkdw wkh pdunhw rq
dyhudjh lv dgrswlqj/ lv wkh kljkhvw1 Dv zh vxjjhvwhg deryh/ zh fdq wkhuhiruh h{shfw wkhlu
hyroxwlrqdu| dgydqwdjh wr eh kljkhvw zkhq wkhlu zhdowk vkduh lv forvh wr }hur/ vr wkdw doprvw
hyhu|rqh lv xqlqiruphg dqg wkh pdunhw lv rq dyhudjh idu iurp wkh �wwhvw sruwirolr uxoh1

Wkh qhjdwlyh frpsrqhqw lv wkh frvw glvdgydqwdjh lpsrvhg e| frvwo| lqirupdwlrq dftxlvl0
wlrq1 Wkh glvdgydqwdjh lq hyroxwlrqdu| whupv lv wkh orzhvw zkhq wkh zhdowk vkduh ri lqiruphg
wudghuv lv forvh wr 41

Lq idfw/ vxssrvh wkdw doprvw hyhu|rqh lv sxufkdvlqj lqirupdwlrq dqg sd|lqj wkh lqirupd0
wlrq frvw S/ wkhq fohduo| wkh glvdgydqwdjh ri frvwo| lqirupdwlrq dftxlvlwlrq uhodwlyh wr wkh
uhvw ri wkh srsxodwlrq ri wudghuv zloo eh yhu| orz1 Rq wkh frqwudu|/ zkhq wkhuh duh rqo| d
ihz wudghuv zkr ehdu wkh frvw ri lqirupdwlrq dftxlvlwlrq/ fohduo| wkh glvdgydqwdjh uhodwlyh
wr wkh uhvw ri wkh srsxodwlrq ri wudghuv zloo eh wkh kljkhvw1

Lq rughu wr eh pruh suhflvh ohw xv ghqrwh e|=
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Htxdwlrq 46 lv fhqwudo wr wkh ixqfwlrqlqj ri rxu prgho dqg lw ixoo| ghvfulehv wkh shulrg
wr shulrg dyhudjh g|qdplfv ri wkh zhdowk vkduh ri lqiruphg wudghuv1 Zkhq wkh dgydqwdjh ri

4<Vhh Eoxph dqg Hdvoh| ^9`1



ehlqj lqiruphg r�vhwv wkh frvw ri lqirupdwlrq/ wkhq rq dyhudjh wkh zhdowk vkduh ri lqiruphg
wudghuv lqfuhdvhv/ dv wkh| gr ehwwhu wkdq wkhlu xqlqiruphg frxqwhusduw1 Zkhq/ rq wkh frq0
wudu|/ wkh dgydqwdjh ri ehlqj lqiruphg lv r�vhw e| wkh frvw ri lqirupdwlrq/ wkhq xqlqiruphg
wudghuv gr ehwwhu dqg wkh zhdowk vkduh ri lqiruphg wudghuv ghfuhdvhv rq dyhudjh1

Lq rughu wr eh deoh wr fkdudfwhulvh wkh orqj0uxq glvwulexwlrq ri zhdowk ehwzhhq lqiruphg
dqg xqlqiruphg wudghuv/ zh qhhg wr vwxg| wkh ehkdylrxu ri wkh dgydqwdjh dqg glvdgydqwdjh
ri lqirupdwlrq dftxlvlwlrq/ dv ixqfwlrqv ri wudghuv* zhdowk vkduhv1 Lqwxlwlrq vxjjhvwv wkdw wkh
dgydqwdjh ri ehlqj lqiruphg lv d ghfuhdvlqj ixqfwlrq ri 0U

|3�
/ zkloh wkh frvw ri ehlqj lqiruphg

lv dq lqfuhdvlqj ixqfwlrq ri 0U
|3�

1
Wkh vhfrqg uhvxow lv vwudljkwiruzdug> vlpsoh fdofxoxv lq idfw suryhv wkh iroorzlqj=

Sursrvlwlrq 45 Wkh frvw ri ehlqj lqiruphg �|

�
0U
|3�

�
lv d prqrwrqlfdoo| lqfuhdvlqj dqg

frqfdyh ixqfwlrq ri 0U
|3�

1

Surri1 Wulyldo1
Zh fdq fkdudfwhulvh wkh ydoxh ri wkh frvw ixqfwlrq dw wkh wzr h{wuhphv=
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Wkh dgydqwdjh ri ehlqj lqiruphg dv d ixqfwlrq ri 0U
|3�

/ rq wkh rwkhu kdqg/ lv d pruh
frpsolfdwhg remhfw1 Zh fdq/ krzhyhu/ fkdudfwhulvh lwv ydoxh dw wkh h{wuhphv dqg lwv xsshu
erxqg/ zklfk fdq eh vkrzq wr eh prqrwrqlfdoo| ghfuhdvlqj1

Zh fdq lq idfw vkrz wkdw wkh dgydqwdjh ri ehlqj lqiruphg kdv dq �lqwhuhvwlqj� xsshu
erxqg lq wkh hyroxwlrqdu| dgydqwdjh wkdw lqiruphg wudghuv hqmr| zlwk uhvshfw wr wudghuv
zkr gr qrw lqihu lqirupdwlrq iurp pdunhw sulfhv1 Lq idfw zh fdq uhzulwh �(T|
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Sursrvlwlrq 46 +Xsshu erxqg, Wkh dgydqwdjh ri ehlqj lqiruphg �(T|

�
0U
|3�

�
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pdo zkhq xqlqiruphg wudghuv lqyhvw dffruglqj wr wkhlu sulruv=
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Surri1 Vhh dsshqgl{1
Wklv uhvxow frq�upv wkh lqwxlwlrq wkdw wkh lqirupdwlrq uhyhdohg e| pdunhw sulfhv grhv/ lq

idfw/ uhgxfh wkh hyroxwlrqdu| dgydqwdjh ri wkrvh wudghuv zkr srvvhvv vxshulru lqirupdwlrq1
Ohw xv ghqrwh e| �(T |

�
0U
|3�

�
wkh xsshu erxqg ri �(T|

�
0U
|3�

�
/ vr wkdw sursrvlwlrq 46

fdq eh vxppdulvhg dv=
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Wkh xsshu erxqg ri wkh hyroxwlrqdu| dgydqwdjh ri ehlqj lqiruphg lv d pxfk vlpsohu ixqfwlrq
ri 0U

|3�
/ vr wkdw zh fdq suryh wkh iroorzlqj=

Sursrvlwlrq 47 Wkh xsshu erxqg ri wkh dgydqwdjh ri ehlqj lqiruphg/ �(T |

�
0U
|3�

�
/ lv d

prqrwrqlfdoo| ghfuhdvlqj ixqfwlrq ri wkh zhdowk vkduh ri wkh lqiruphg/ 0U
|3�

1

Surri1 Vhh dsshqgl{1
Ilqdoo| zh fdq fkdudfwhulvh wkh ydoxh ri wkh dgydqwdjh ri ehlqj lqiruphg dqg ri lwv xsshu

erxqg dw wkh wzr h{wuhphv iru 0U
|3�
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zkhuh � lv wkh srzhu ri wkh vljqdo dqg ghshqgv hqwluho| rq wkh h{rjhqrxv sdudphwhuv ri wkh
prgho1

Sduwlfxoduo| lqwhuhvwlqj lv wkh dqdo|vlv ri wkh ehkdylrxu ri dgydqwdjh dqg glvdgydqwdjh
ri ehlqj lqiruphg lq wkh sur{lplw| ri 0U

|3�
' �1 Zh fdq vkrz wkdw �(T|

�
0U
|3�

�
lv  dw dw

0U
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' �1

Sursrvlwlrq 48 Wkh pdujlqdo dgydqwdjh ri ehlqj lqiruphg zkhq doprvw hyhu|rqh lv lq0

iruphg lv qxoo1 Irupdoo|G
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Surri1 Vhh dsshqgl{1
Rq wkh rwkhu kdqg lw lv lpphgldwh wr vkrz wkdw wkh pdujlqdo glvdgydqwdjh ri ehlqj

lqiruphg zkhq doprvw hyhu|rqh lv lqiruphg lv vwulfwo| qhjdwlyh dv orqj dv S : f=
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Wkhvh suholplqdu| uhvxowv vxjjhvw wkdw �hyhu|rqh lqiruphg� lv qrw d vwdeoh htxloleulxp1 Zh
fdq vxppdulvh rxu dqdo|vlv lq wkh gldjudp ghslfwhg lq �jxuh 5/ zkhuh wkh vrolg olqhv uhsuhvhqw
wkh dgydqwdjh dqg wkh glvdgydqwdjh ri ehlqj lqiruphg dqg wkh grwwhg olqh uhsuhvhqwv wkh
xsshu erxqg iru wkh hyroxwlrqdu| dgydqwdjh53 ri lqiruphg wudghuv1

53Qrwh wkdw zh duh ghslfwlqj wkh hyroxwlrqdu| dgydqwdjh ri ehlqj lqiruphg dv d prqrwrqlfdoo| ghfuhdvlqj
ixqfwlrq ri %L

w�4
iru vlpsolflw|1 Zh gr qrw surylgh vxfk d uhvxow dqdo|wlfdoo| dqg gr qrw/ lq idfw/ qhhg lw lq

zkdw iroorzv1
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     P

  log [1/(1-c)]

Iljxuh 5= Dgydqwdjh dqg glvdgydqwdjh ri ehlqj lqiruphg1

615 Grplqdqfh ri Xqlqiruphg Wudghuv

Vxssrvh wkdw wkh lqirupdwlrq dydlodeoh lv qrw yhu| jrrg ydoxh iru prqh|1 Lq sduwlfxodu/
frqvlghu wkh fdvh lq zklfk wkh  rz frvw wkdw lqiruphg wudghuv sd| lq rughu wr sxufkdvh
lqirupdwlrq lv yhu| kljk zlwk uhvshfw wr wkh txdolw| ri wkh lqirupdwlrq sxufkdvhg/ dv phdvxuhg
e| wkh srzhu ri wkh vljqdo � 1 Qdpho| vxssrvh wkdw wkh  rz frvw sdlg iru lqirupdwlrq lv
deryh d wkuhvkrog ohyho jlyhq e|

�
e� � �

�
*e� > qdpho|54=

S �
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e�

vr wkdw=
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wkhq fohduo|/ dv ghslfwhg lq �jxuh 6/ wkh frvw ixqfwlrq lv deryh wkh xsshu erxqg ri wkh
hyroxwlrqdu| dgydqwdjh ixqfwlrq1 D iruwlrul= ;| � f= �(T|
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dqg=
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|3�

vr wkdw *L} 0U
|
lv d surfhvv wkdw ghfuhdvhv rq dyhudjh/ d vxshupduwlqjdoh1

Lq wklv fdvh zh fdq vkrz wkdw xqlqiruphg wudghuv grplqdwh dqg gulyh wr h{wlqfwlrq wudghuv
zkr sxufkdvh wkh dydlodeoh lqirupdwlrq1

Sursrvlwlrq 49 +Grplqdqfh ri Xqlqiruphg Wudghuv, Li S lv vxfk wkdw

e� � �

e�
� S � �

54Qrwlfh wkdw wkh h{srqhqwldo whup dsshduv lq wkh wkuhvkrog ohyho ehfdxvh wkh dfwxdo �xwlolw| frvw� ri
lqirupdwlrq lv orj f1
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Iljxuh 6= Grplqdqfh ri xqlqiruphg wudghuv1

xqlqiruphg wudghuv grplqdwh dqg lqiruphg wudghuv ydqlvk=

*�4
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' f d1v1

Surri1 Vhh dsshqgl{1
Fohduo|/ wkh orzhu lv wkh srzhu ri wkh vljqdo � / wkh orzhu lv wkh wkuhvkrog ohyho iru wkh

 rz frvw S1 Lq sduwlfxodu/ zkhq � lv forvh wr }hur55/ dq| vwulfwo| srvlwlyh lqirupdwlrq frvw
zloo fdxvh xqlqiruphg wudghuv wr grplqdwh dqg gulyh lqiruphg wudghuv wr h{wlqfwlrq1

616 Vxuylydo ri Xqlqiruphg Wudghuv

Wklv vhfwlrq frqwdlqv wkh pdlq uhvxow ri rxu sdshu1 Zh zloo vkrz wkdw/ dv orqj dv wkh  rz frvw
sdlg lq rughu wr rewdlq vxshulru lqirupdwlrq lv erxqghg dzd| iurp }hur/ xqlqiruphg wudghuv
zloo qrw eh gulyhq wr h{wlqfwlrq e| wkh lqiruphg1 Dq lqwxlwlyh uhdvrq iru wklv uhvxow lv wkdw/
dv wkh zhdowk vkduh ri lqiruphg wudghuv jurzv/ wkh dgydqwdjh jlyhq e| vxshulru lqirupdwlrq
lv judgxdoo| r�vhw e| lwv frvw1

Lq sduwlfxodu/ zkhwkhu xqlqiruphg wudghuv vxuylyh ru qrw zloo fuxfldoo| ghshqg rq wkh
ehkdylrxu ri wkh surfhvv ri zhdowk dffxpxodwlrq lq wkh qhljkerxukrrg ri 0U

|
' �1

Zh fdq vkrz wkdw/ zkhq wkh hyroxwlrqdu| dgydqwdjh ri ehlqj lqiruphg lv pd{lpdo 0 l1h1
lw frlqflghv zlwk lwv xsshu erxqg 0/ xqlqiruphg wudghuv duh qrw zlshg rxw e| wkh lqiruphg1
D iruwlrul/ xqlqiruphg wudghuv vxuylyh zkhq wkh hyroxwlrqdu| dgydqwdjh ri ehlqj lqiruphg lv
orzhu wkdq lwv xsshu erxqg1

Ohw xv frqvlghu wkh surfhvv ri zhdowk dffxpxodwlrq zkhq=
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55Uhfdoo wkdw S @ 3 li= hlwkhu vljqdov dqg vwdwhv ri wkh zruog duh lqghshqghqw/ ru wkh suredelolw| glvwulexwlrq
ryhu vljqdov +vwdwhv, lv ghjhqhudwh/ vr wkdw rqo| rqh vljqdo +rqh vwdwh, rffxuv zlwk srvlwlyh suredelolw|1
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Iljxuh 7= Vxuylydo ri xqlqiruphg wudghuv1

Zh kdyh ghslfwhg wklv surfhvv lq �jxuh 71 Fdoo 0W wkh ydoxh iru wkh zhdowk vkduh ri lqiruphg
wudghuv vxfk wkdw wkh dgydqwdjh jlyhq e| lqirupdwlrq lv h{dfwo| r�vhw e| lwv frvw1 Irupdoo|
0W lv gh�qhg dv wkh vroxwlrq +gl�huhqw iurp 4, ri wkh iroorzlqj htxdwlrq56=
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Wkh surshuwlhv zh suryhg wr krog iru �(T | dqg �| lq wkh suhylrxv vhfwlrq jxdudqwhh
wkdw= dv orqj dv S �
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*e� dqg S lv erxqghg dzd| iurp }hur/ d vroxwlrq iru 0W dozd|v

h{lvwv> lw lv xqltxh57 dqg lw lv erxqghg dzd| iurp 41
Zh fdq vwxg| wkh ehkdylrxu ri wkh surfhvv ri zhdowk dffxpxodwlrq iru lqiruphg wudghuv

revhuylqj wkdw= iru 0U
|3�

� 0W/ wkh surfhvv dw | ehkdyhv dv d vxshupduwlqjdoh> iru 0U
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wkh surfhvv dw | ehkdyhv dv d vxepduwlqjdoh1 Irupdoo|=
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Zh fdq �qdoo| surylgh wkh pdlq uhvxow ri rxu dqdo|vlv= zh suryh wkdw xqlqiruphg wudghuv
vxuylyh zlwk srvlwlyh suredelolw|1 Wkh dujxphqw lv e| frqwudglfwlrq1 Vxssrvh wkdw xqlq0
iruphg wudghuv ydqlvk doprvw vxuho|= wklv zrxog lpso| wkdw wkhlu zhdowk vkduh frqyhujhv wr
}hur zlwk suredelolw| 41 Li wklv lv wkh fdvh/ wkhq wkhuh h{lvwv d wlph A vxfk wkdw/ diwhu A /
wkh surfhvv ri zhdowk dffxpxodwlrq iru lqiruphg wudghuv ehkdyhv dv d vxepduwlqjdoh/ l1h1 lw
ghfuhdvhv rq dyhudjh1 Wkhuhiruh/ wkh surri fdq eh frpsohwhg e| vkrzlqj wkdw d erxqghg
vxepduwlqjdoh fdqqrw frqyhujh doprvw vxuho| wr lwv xsshu erxqg581

56Wkh htxdwlrq lv fohduo| vdwlv�hg dovr e| %
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57Xqltxhqhvv lv jxdudqwhhg e| prqrwrqlflw| ri erwk ixqfwlrqv1
58Lq rughu wr suryh wkdw xqlqiruphg wudghuv vxuylyh doprvw vxuho|/ zh vkrz lq wkh dsshqgl{ wkdw wkh hyhqw
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$ 4 d1v1 lv frqwudglfwhg rq dq| vhw ri vdpsoh sdwkv zlwk vwulfwo| srvlwlyh phdvxuh1



Sursrvlwlrq 4: +Vxuylydo ri Xqlqiruphg Wudghuv, Xqlqiruphg wudghuv vxuylyh1 Iru0
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Surri1 Vhh dsshqgl{1
Sursrvlwlrq 4: lv wkh pdlq uhvxow ri wkh sdshu1 Zkhq prvw wudghuv lqyhvw lq lqirupdwlrq/

lw sd|v iru vrph ri wkhp wr vwd| xqlqiruphg1 Vr wkdw hyhq li wkh frvw ri lqirupdwlrq lv vpdoo
uhodwlyho| wr wkh txdolw| ri wkh lqirupdwlrq sxufkdvhg/ dv phdvxuhg e| wkh srzhu ri wkh vljqdo
� / qhyhuwkhohvv wudghuv zkr pdnh wkhlu sruwirolr ghflvlrqv rq wkh edvlv ri lqihulru lqirupdwlrq
zloo vxuylyh1 Lw lv lqwhuhvwlqj wr qrwh wkdw wkh uhvxow lv qrw rqo| gxh wr wkh idfw wkdw/ zkhq
pruh wudghuv duh lqiruphg/ wkhq sulfhv uh hfw pruh ri wkh sxufkdvhg lqirupdwlrq59/ exw
pdlqo| wr wkh idfw wkdw/ lq hyroxwlrqdu| whupv/ lw grhv qrw sd| wr eh lqiruphg zkhq doprvw
hyhu|rqh hovh lv1 Lq rwkhu zrugv/ lqirupdwlrq lv ydoxdeoh dv orqj dv lw vwd|v �sulydwh�5:1

Zh eholhyh wkdw wklv uhvxow fdq frqwulexwh wr wkh vwudqg ri olwhudwxuh wkdw dwwhpswv wr
h{sodlq wkh vxuylydo ri qrlvh wudghuv1

Iulhgpdq ^4;`*v frqmhfwxuh djdlqvw wkh lpsruwdqfh ri qrlvh wudghuv lq wkh surfhvv ri sulfh
ghwhuplqdwlrq lv wkhuhiruh frqwudglfwhg1 Lw lv wrr vlpsolvwlf wr dujxh wkdw li qrlvh wudghuv duh
v|vwhpdwlfdoo| zurqj wkhq wkh| vkrxog pdnh zurqj ghflvlrqv/ lqfxu orvvhv dqg frqvhtxhqwo|
glvdsshdu iurp wkh pdunhw1 Dv orqj dv wkh dftxlvlwlrq ri vxshulru lqirupdwlrq lv d frvwo|
dfwlylw|/ xqlqiruphg wudghuv zloo qrw eh zlshg rxw e| wkh lqiruphg dqg zloo frqwulexwh wr
ghwhuplqh dvvhw sulfhv dovr lq wkh orqj uxq1

617 Orz Frvw Lqirupdwlrq

Lq wklv vhfwlrq zh h{dplqh wkh orqj uxq ehkdylrxu ri wkh zhdowk vkduhv ri lqiruphg dqg
xqlqiruphg wudghuv dv wkh  rz frvw wkdw pdunhw sduwlflsdqwv sd| lq rughu wr rewdlq vxshulru
lqirupdwlrq ehfrphv pruh dqg pruh luuhohydqw1

Zkhq wkhuh lv qr frvw lq rewdlqlqj lqirupdwlrq/ qdpho| zkhq S ' f/ wkhq fohduo| wudghuv
zkr srvvhvv vxshulru lqirupdwlrq grplqdwh dqg doo wkh rwkhuv ydqlvk1 Zh dvn xqghu zklfk
frqglwlrqv xqlqiruphg wudghuv dovr ydqlvk dv S$ f/ vr wkdw zh kdyh frqwlqxlw| lq wkh surfhvv
ri zhdowk dffxpxodwlrq1

Zh �uvw shuirup vrph frpsdudwlyh vwdwlfv h{huflvhv wr dvn zkdw lv wkh h�hfw rq wkh
surfhvv ri zhdowk dffxpxodwlrq ri d uhgxfwlrq lq wkh  rz frvw wkdw pdunhw sduwlflsdqwv
sd| lq rughu wr rewdlq vxshulru lqirupdwlrq1 Dv xvxdo zh zloo glvwlqjxlvk ehwzhhq wkh wzr
rssrvlwh frpsrqhqwv lq wkh dffxpxodwlrq surfhvv dqg qdpho| ehwzhhq zkdw zh fdoohg wkh
frvw dqg wkh hyroxwlrqdu| dgydqwdjh ri ehlqj lqiruphg1

Zkhq wkh  rz frvw S ghfuhdvhv/ wkh frvw ri ehlqj lqiruphg ghfuhdvhv dv zhoo1 Lq idfw=
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Lq rxu gldjudp/ wkh frvw ixqfwlrq vkliwv grzqzdugv1

59Lq idfw/ hyhq wudghuv zkr lqyhvw dffruglqj wr wkhlu sulruv zrxog vxuylyh1
5:Lq d gl�huhqw iudphzrun/ Kluvkohlihu ^56` ghyhorsv d prgho zkhuh lqirupdwlrq lv rqo| lpshuihfwo| dssur0

suldeoh e| lwv glvfryhuhu1 Kh vkrzv wkdw ulvn0dyhuvh lqglylgxdov pljkw suhihu qrw wr rewdlq wkh lqirupdwlrq lq
wkh �uvw sodfh= d frppxqlw| ri vxfk lqglylgxdov zrxog dfwxdoo| sd| vrphwklqj wr dq rxwvlghu qrw wr uhyhdo/
lq dgydqfh ri pdunhw wudglqj/ zklfk vwdwh zloo rewdlq1
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Iljxuh 8= D ghfuhdvh lq wkh  rz frvw iru lqirupdwlrq1

Zh qhhg qrz wr lghqwli| wkh h�hfw ri d uhgxfwlrq lq wkh  rz frvw iru lqirupdwlrq rq wkh
dgydqwdjh ri ehlqj lqiruphg1 Uhfdoo wkdw=

�(T|

�
0U
|3�

�
'

]
"

f

7[
5'�

w5

7[
r'�

Rr5
w5

*L}
Rr5*w5

�
|3�

Rr5*w5 n
�
� � �

|3�

�
RL
r|

s E%|� _%|

zkhuh

�
|3�

�
0U
|3�

c S
�
'

0U
|3�

E� � S�

0U
|3�

E� � S� n
�
�� 0U

|3�

�
Wkhuhiruh wkh dgydqwdjh ri ehlqj lqiruphg lv jlyhq e| wkh glvwdqfh +dv phdvxuhg e| wkh
uhodwlyh hqwurs|, ehwzhhq frqglwlrqdo suredelolwlhv dqg �
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idfw uhsuhvhqw uhvshfwlyho| wkh sruwirolr ri lqiruphg wudghuv dqg wkh pdunhw sruwirolr1 Wkh
idfwru �

|3�
uhsuhvhqwv wkh zhdowk vkduh ri lqiruphg wudghuv diwhu lqirupdwlrq h{shqglwxuh=

lw lv wkh idfwru dffruglqj wr zklfk lqiruphg wudghuv ghwhuplqh pdunhw sulfhv1 Wkh kljkhu
lv �

|3�
/ wkh kljkhu lv wkh zhljkw ri lqiruphg wudghuv lq wkh surfhvv ri sulfh ghwhuplqdwlrq/

wkh vpdoohu wkh glvwdqfh ehwzhhq wkhlu sruwirolr dqg wkh pdunhw sruwirolr dqg/ �qdoo|/ wkh
vpdoohu wkh hyroxwlrqdu| dgydqwdjh jlyhq e| dftxlulqj vxshulru lqirupdwlrq1

D ghfuhdvh lq wkh  rz frvw iru lqirupdwlrq lpsolhv dq lqfuhdvh lq wkh idfwru �
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Lq rxu gldjudp/ wkh dgydqwdjh ixqfwlrq vkliwv grzqzdugv1
Zh fdq vxppdulvh wkhvh frpsdudwlyh vwdwlfv h{huflvhv fodlplqj wkdw d uhgxfwlrq lq wkh

 rz frvw iru lqirupdwlrq kdv wzr rssrvlwh h�hfwv rq wkh surfhvv ri zhdowk dffxpxodwlrq ri
lqiruphg wudghuv=

41 D gluhfw srvlwlyh h�hfw wkurxjk d uhgxfwlrq ri �|
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Iljxuh 9= D ghfuhdvh lq wkh  rz frvw iru lqirupdwlrq1

51 D qhjdwlyh lqgluhfw h�hfw1 D orzhu  rz frvw lpsolhv wkdw lqiruphg wudghuv kdyh pruh
lq xhqfh rq sulfhv dqg pdunhw rxwfrphv1 Wkhuhiruh wkh uhodwlyh �wqhvv ri wkhlu ehkdy0
lrxu zlwk uhvshfw wr wkh dyhudjh pdunhw ehkdylrxu ghfuhdvhv1

Dv orqj dv wkhuh lv qr ixoo uhyhodwlrq/ wkh gluhfw srvlwlyh h�hfw suhydlov rq wkh qhjdwlyh
lqgluhfw h�hfw/ vr wkdw d ghfuhdvh lq wkh  rz frvw iru lqirupdwlrq lpsolhv d odujhu ydoxh iru
0W1 Lq wkh olplw/ dv S$ f/ 0W $ � dqg xqlqiruphg wudghuv ydqlvk1

Sursrvlwlrq 4; Zkhq S $ f/ dv orqj dv wkhuh lv qr ixoo uhyhodwlrq/ xqlqiruphg wudghuv

ydqlvk=
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Surri1 Vhh dsshqgl{1

7 Ixoo Uhyhodwlrq

Prvw ri wkh vwdwhphqwv zh suryhg lq wkh suhylrxv vhfwlrqv dvvxphg wkdw wkh pdunhw qhyhu
dwwdlqv ixoo uhyhodwlrq1 Lw lv wkhuhiruh lqwhuhvwlqj wr h{soruh zkdw lv wkh orqj uxq rxwfrph
zkhq zh gr/ lq idfw/ kdyh ixoo uhyhodwlrq1 Fruroodu| < vkrzv wkdw/ dv orqj dv dvvxpswlrq 4
krogv/ sulfhv duh qrw ixoo| uhyhdolqj1 Wkhuhiruh/ lq rughu wr kdyh sulfhv wkdw ixoo| uhyhdo doo
wkh dydlodeoh lqirupdwlrq zh qhhg wr uhod{ rxu qrlvh dvvxpswlrqv1

Wkhuh duh wkuhh gl�huhqw flufxpvwdqfhv lq zklfk zh pljkw kdyh ixoo uhyhodwlrq lq rxu
vhwwlqj= ohw xv h{dplqh wkhp rqh e| rqh1

Fdvh 4= %| nqrzq1



Vxssrvh wkdw wudghuv frxog dfwxdoo| revhuyh wkh uhdolvdwlrq ri wkh udqgrp yhfwru ri dvvhw
vxssolhv5;/ vr wkdw=
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Li wklv lv wkh fdvh/ wkhq xqlqiruphg wudghuv srvvhvv doo wkh uhohydqw lqirupdwlrq wr lqihu iurp
pdunhw sulfhv wkh suhflvh vljqdo wkdw lqiruphg wudghuv revhuyhg1 Lq idfw wkh uhodwlrq ehwzhhq
pdunhw sulfhv dqg vljqdov revhuyhg/ jlyhq wkh lqirupdwlrq vhw ri xqlqiruphg wudghuv/ zloo eh
rqh wr rqh1

Fdvh 5= � ' .w1

Wkh srzhu ri wkh vljqdo � lv pd{lpdo zkhq lw lv htxdo wr wkh xqh{shfwhgqhvv +wkh hqwurs|,
ri wkh vljqdo/ .w1 Lq wklv fdvh/ vljqdov dqg vwdwhv duh shuihfwo| fruuhodwhg dqg lqiruphg
wudghuv nqrz wkh dfwxdo vwdwh ri wkh zruog zkhq wkh| revhuyh wkh vljqdo1 Wkh| wkhuhiruh gr
qrw ghpdqg dq| rwkhu dvvhw wkdq wkh rqh zklfk lv jrlqj wr sd| zlwk suredelolw| rqh1 Dv d
uhvxow/ xqlqiruphg wudghuv duh deoh wr h{wudfw ixoo| wklv lqirupdwlrq iurp pdunhw sulfhv1

Fdvh 6= � ' f1

Wkh srzhu ri wkh vljqdo � lv qxoo zkhq vljqdov dqg vwdwhv duh lqghshqghqw ru zkhq wkh
pdujlqdo suredelolw| glvwulexwlrq ryhu wkh vljqdo vsdfh +ru ryhu wkh vwdwh vsdfh, lv ghjhqhudwh
vr wkdw rqh vljqdo +ru rqh vwdwh, rffxuv zlwk suredelolw| rqh1 Lq wklv fdvh/ vljqdov gr qrw
frqyh| uhohydqw lqirupdwlrq rq wkh vwdwhv ri wkh zruog dqg wkhuhiruh wkhuh lv qrwklqj wr lqihu
iurp pdunhw sulfhv1 Krzhyhu/ li zh wklqn ri ixoo uhyhodwlrq dv ri wkh vlwxdwlrq lq zklfk wkh
srvwhulru ri lqiruphg dqg xqlqiruphg wudghuv frlqflgh/ wkhq wklv fdvh idoov lq wkdw fdwhjru|
vlqfh wkh srvwhulruv ri erwk w|shv ri wudghuv duh htxdo wr wkhlu frpprq sulru1

Zkhqhyhu ixoo uhyhodwlrq rffxuv wkh g|qdplfv ri wkh zhdowk vkduhv ehfrph wulyldo1 Lq
idfw wudghuv lqyhvw dffruglqj wr wkh vdph sruwirolr uxoh dqg wkhuhiruh wkh rqo| gl�huhqfh lq
wkhlu zhdowk dffxpxodwlrq udwhv lv jlyhq e| wkh  rz frvw S sdlg iru lqirupdwlrq dftxlvlwlrq
e| lqiruphg wudghuv1 Dv orqj dv S : f/ wkh zhdowk jurzwk udwh ri lqiruphg wudghuv zloo
eh rxwshuiruphg e| wkh zhdowk jurzwk udwh ri wkh xqlqiruphg1 Xqlqiruphg wudghuv zloo
grplqdwh dqg lqiruphg wudghuv zloo ydqlvk1 Lq wkh orqj uxq qr lqirupdwlrq zloo eh sxufkdvhg
dqg wudghuv zloo lqyhvw dffruglqj wr wkhlu sulruv1

Lw lv lqwhuhvwlqj wr qrwlfh wkdw wklv lv dq h!flhqw rxwfrph lq fdvh 6/ zkhuh wkh frvwo|
lqirupdwlrq dydlodeoh lv qrw ydoxdeoh1 Krzhyhu/ wklv lv qrw wkh h!flhqw rxwfrph lq fdvhv
4 dqg 5/ zkhuh vrph uhohydqw lqirupdwlrq lv dydlodeoh dqg |hw qrw h{sorlwhg1 Lq sduwlfxodu
wkh fdvh � ' .w lv vxusulvlqj= zkhq wkh frvwo| lqirupdwlrq dydlodeoh lv shuihfw/ wkhq wkh
sulydwh uhwxuq ri ehlqj lqiruphg ehfrphv qxoo dqg wkh lqirupdwlrq lwvhoi lv qrw h{sorlwhg5<1
H!flhqw pdunhwv wkhrulvwv kdyh fodlphg wkdw �dw dq| wlph sulfhv ixoo| uh hfw doo dydlodeoh

5;Iru ixoo uhyhodwlrq wr rffxu lw vx!fhv wkdw {w lv lqfoxghg lq wkh lqirupdwlrq vhw ri xqlqiruphg wudghuv1
Krzhyhu/ wr plqlplvh wkh lqirupdwlrqdo dv|pphwu| dfurvv wudghuv/ zh nhhs wkh dvvxpswlrq wkdw wkh lqiru0
pdwlrq vhwv ri wkh wzr w|shv ri wudghuv rqo| gl�hu ehfdxvh ri wkh vljqdo }1

5<Ehun ^5` frqvwuxfwv dq h{dpsoh zkhuh/ hyhq li wkh htxloleulxp lv ixoo| uhyhdolqj/ wkhq djhqwv pljkw vwloo
zdqw wr sd| d sulfh iru lqirupdwlrq1 Wklv lv rewdlqhg/ krzhyhu/ lq d pxowlshulrg prgho zkhuh lqirupdwlrq
lv ixoo| uhyhdohg rqo| lq wkh odvw shulrg dqg wudghuv qrw rqo| fkrrvh zkhwkhu wr dftxluh lqirupdwlrq ru qrw/
exw dovr wkh wlplqj ri wkh sxufkdvh ri lqirupdwlrq1
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Iljxuh := Ixoo uhyhodwlrq1

lqirupdwlrq� +Idpd ^48`/ s1 6;6,1 Lq rxu vhwwlqj wkh h!flhqw pdunhwv k|srwkhvlv lv fohduo|
ylrodwhg dqg lw hphujhv/ olnh lq Jurvvpdq dqg Vwljolw} ^54`/ wkdw frvwohvv lqirupdwlrq lv qrw
rqo| d vx!flhqw frqglwlrq iru pdunhw h!flhqf|/ exw dovr d qhfhvvdu| rqh1

Lq idfw/ li zh dvvxph wkdw lqirupdwlrq lv dydlodeoh dw d }hur frvw/ wkhq fohduo| hyhu|rqh
lqiruphg lv wkh rqo| vwdeoh htxloleulxp dqg/ dv d uhvxow/ pdunhwv duh lqirupdwlrqdoo| h!flhqw1
Krzhyhu/ frvwohvv lqirupdwlrq lv rxu rqo| fkdqfh wr dfklhyh lqirupdwlrqdo h!flhqf|/ dv pdu0
nhwv idlo wr eh h!flhqw dv vrrq dv zh ghsduw iurp wkh dvvxpswlrq ri frvwohvv lqirupdwlrq1

Dv Jurvvpdq dqg Vwljolw} sxw lw= �H!flhqw pdunhwv wkhrulvwv vhhp wr eh dzduh wkdw
frvwohvv lqirupdwlrq lv d vx!flhqw frqglwlrq iru sulfhv wr ixoo| uh hfw doo dydlodeoh lqirupdwlrq
^111`> wkh| duh qrw dzduh wkdw lw lv d qhfhvvdu| frqglwlrq� +^54`/ s1 737,1

Pruhryhu/ vlqfh lq wkh suhvhqfh ri ixoo uhyhodwlrq lqiruphg wudghuv ydqlvk iru dq| vwulfwo|
srvlwlyh S/ wkh h!flhqw pdunhw k|srwkhvlv idlov dovr li S$ f1 Dv d uhvxow/ wkh fodlp wkdw zkhq
lqirupdwlrq lv frvwohvv pdunhwv duh h!flhqw lv qrw urexvw wr vpdoo fkdqjhv lq wkh lqirupdwlrq
frvwv1 Dv wkh gldjudp lq �jxuh : vkrzv/ wkhuh lv d glvfrqwlqxlw| lq wkh surfhvv ri zhdowk
dffxpxodwlrq zkhq wkhuh lv ixoo uhyhodwlrq dqg S ' f1 Lq idfw=
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8 Frqfoxglqj Uhpdunv

Lq wkh hyroxwlrqdu| vhwwlqj iru d �qdqfldo pdunhw ghyhorshg e| Eoxph dqg Hdvoh| ^9`/ zh
frqvlghu dq lq�qlwho| uhshdwhg yhuvlrq ri d prgho ã od Jurvvpdq dqg Vwljolw} ^54` zlwk
dv|pphwulfdoo| lqiruphg wudghuv1

Lqiruphg wudghuv revhuyh wkh uhdolvdwlrq ri d sd|r� uhohydqw vljqdo ehiruh pdnlqj wkhlu
sruwirolr ghflvlrqv1 Xqlqiruphg wudghuv gr qrw kdyh gluhfw dffhvv wr wklv nlqg ri lqirupd0
wlrq/ exw fdq sduwldoo| lqihu lw iurp pdunhw sulfhv1 Dv d frxqwhusduw iru wkhlu sulylohjhg
lqirupdwlrq/ lqiruphg wudghuv sd| d  rz frvw1 Dv d uhvxow/ lqirupdwlrq dftxlvlwlrq wuljjhuv
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