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Abstract. Delaminationis one of the mostimportantfailure medanismsin laminates.Nor-
mally, it is modelledusinginterfaceelementsTheseelementsare placedbetweertwo layers
that are modelledwith continuumelementsTheinterfaceelementsare equippedwith a soft-
ening or damae modelin order to simulatedebonding This methodhas somedrawbads,
bothin a numericalandin a mehanicalsenseA recentalternativeis to simulatethe crack by
addinga discontinuouslisplacemenimodeto the continuumelementsaccoding to the parti-
tion of unity method.Theelementslo not containthe discontinuityprior to cradking, but when
the ultimate stressin the bulk material is exceededdelaminationis initiated and additional
degrees-of-feedomare activated.Besidethis, a slightly differentimplementations examined
also.A discontinuityis predefinedand hasan initial dummystiffness Delaminationis initiated
whenthetractionsin the discontinuityexceeda thresholdvalue Theresultsof bothversionsof

this partition of unity modelare compaed mutuallyand with corventionalinterfaceelements
by meansof two examples.
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1 Intr oduction

Oneof the mostimportantfailure mechanismsn laminatedmaterialsis delaminationj.e. the
debondingof two adjacentlayers,causedoy impactor stressconcentrationsat edges,holes
or notchesIn mary casesdelaminationoccursin combinationwith seseral othermechanical
processessuchasmatrix crackingandfibre splitting. Neverthelessfor reasonsf simplicity,
in numericalmodels,delaminationis typically regardedasa singlemechanismandis modelled
with interfaceelementq1] which incorporatea nonlineartraction-separatiomelationship.A
major disadantageof this stratgy is the fact that the path of the crack or delaminationis
predefinedThisimpliesthatthedelaminatiorfront cannotdevelopinto amatrix crackor anewv
delaminatiorcrackin adifferentinterface.Furthermoreinterfaceelementsequireanartificial
‘dummy’ stiffness,andtendto shav spuriousstressoscillationsprior to crackingif thedummy
stiffnessis too high. As aremedy lower dummystiffnessesreoftenusedin combinationwith
alternatve integrationscheme$2].

An alternatve to this approachs to insertdiscontinuitiesn continuumelementdasedon par
titions of unity [3, 4]. The delaminationcrackis thenrepresentedy a discontinuityin the
displacementield of the body [5, 6]. The magnitudeof the displacemenjump is governed
by a numberof additionaldegreesof freedom,which are addedto eachnodewhosesupport
containsthe discontinuity An advantageof this methodis thatthe additionaldegreesof free-
domcanbe ‘switchedon’ asa crackpropagatesThis meansthat prior to theinitiation of the
crack,thediscontinuityis notpresenin theelementatvariancewith theinterfacemodelwhere
high dummystiffnessesnustbe usedto simulatea perfectbond.The discontinuityis actvated
whenthe stresseat a specificmaterial point of the bulk materialexceeda thresholdvalue.
Debondings thengovernedby anonlineartraction-separatiorelationshipat the discontinuity
Anotherbenefitof the methodis thatsincethe trajectoryof the crackis not predefineddevia-
tion of thedirectionof crackgrowth andtheinteractionof two separaterackscanbesimulated.
Furthermorethe elementanalsobe usedin unstructurednesheswhereaswith the corven-
tional method the meshmustbe built aroundthe interfaceelementsGenerallyspeakingwith
this model,the meshstructureandthe materialstructureare decoupledThis implies thatthe
crackpathis not capturedoy the shapeandthe densityof the meshandcanarbitrarily progress
throughthe model.

A simplified implementatiorcanbe consideredlso,in which the perfectbondof the discon-
tinuity prior to delaminations simulatedwith adummystiffness.Debondings initiated when
the tractionsin the discontinuity exceeda thresholdvalue. Despitesomeof the benefitsof
the approachdisappearingit is still numericallymore consistenthan corventionalinterface
elementsgspeciallywhengeometricallynonlinearitiesareincorporatedFurthermorethe ele-
mentscanstill be usedin unstructuredneshesin the remainderof this paper we will referto
this elementtype astheincorporatedinterfaceelementin orderto emphasis¢he distinction,
thegeneraformulationwill bedenotedasthetotal enhancealement

This contrikution is orderedasfollows. In the next section,the kinematicsof the continuum
elementswith an enhancedliscontinuousmodeare discussedTheserelationsare translated
into a finite elementdescriptionin section3. Theimplementatiorof this descriptioninto a set
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of geometricallylinear four and eight-nodedjuadrilateralkelementss explainedin section4.
After that, the material(damage)modelfor the delaminationis outlined. The performanceof
the nev modelsis comparedwith that of corventionalinterface elementsby meansof two
examplesin section6.

2 Kinematics

Considera body Q asshown in Figure 1. The body is divided into two parts,which will be
denotedasQ~ andQ™, on eitherside of the discontinuityl ;. The displacementfield u(x,t)
can be decomposednto two parts,a continuousand a discontinuougart, seealso Wells et
al. [5]:

u(x,t) = 0(x,t) +%d(x) b(x,t), (1)
where G(x,t) and Jfrd(x)ﬁ(x,t) are the continuousand the discontinuousparts of the dis-
placementfield, respectiely. ffrd(x) is the Heaviside function (%d(x) =1if xe Q" and
%ﬂrd(x) =0if x € Q7). Thestrainfield € in the body canbe calculatedby taking the gradient
of equation(1),

€ =00+ %0+ & (Gen)®, (2)

whered; is theDirac-deltafunctioncentredat "y andn is anormalvectorto thediscontinuity

|

Figurel: DomainQ with adiscontinuityl .

It is notedthatall strainsremainsmall,sothe gradientscorrespondo the symmetricpartonly,
whichis denotedoy (-). Equation(2) canbe concevedasa summatiorof piece-wisecontinu-
ouspartsthatgovernthe strainsin the bulk materialé andanunboundedarté describingthe
strainsat the discontinuity:

£= DSG—i—%ﬂrdDSG; £ = 6rd(0®n)s. (3)

3 Finite elementmodel

The displacemenandstrainfields from the previous sectioncanbe written in discreteformat
by usingpartitionsof unity. Considera collectionof n functionsg(x), eachbelongingto anode
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within thebody Q. Thesefunctionsform a partitionof unity if:

> AW =1 @

It hasbeenshavn by DuarteandOden[4] thata field canbeinterpolatedn termsof discrete
nodalvaluesusing partitionsof unity. Using the function ¢ (x), aninterpolationu(x,t) over a
bodycanbeformedby:

e = 5 @09 (a0+ 3 by (). ©
1= ]J=

where ¢ are partition of unity functions,a, arethe regular nodaldegreesof freedom,bij the
additionalnodaldegreesof freedomandyj areenhancedbasisterms.

Equation(5) canbe transformednto finite elementnotation,sincefinite elementshapefunc-
tionsform a partition of unity:

u(x,t) = N(x)a(t) + N(x) (N, (x)b(t)), (6)

wherea andb arevectorscontainingthe regular and additionalnodal degreesof freedomof
the element,N is a matrix containingthe shapefunctionsand N, is a matrix containingthe
enhancedasisterms.To simulatethe discontinuity N, is replacedoy a diagonalmatrix con-
tainingHeaviside functions:

u=Na+ %”rdNb. (7)

Thenumberof additionaldegreesof freedompernodeis equalto the numberof enhancements
timesthe spatialdimensionsDifferentiatingequation(7) with respecto x andfollowing the
standardgprocedure$7] leadsto:

€ =Ba+ .7 Bb+(d R)ND, 8)

whereB = LN, with L adifferentialoperator:

(9)

,_
I

S o~

SN

)

for two dimensionsndR amatrix containingthe component®f thevectorn = [ny, ny]T which
is normalto the discontinuity pointinginto the Q* domain,

ne O
R=10 ny (20)
Ny Nxj
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3.1 Variational formulation

Neglectingbodyforces,theweakequationfor the staticequilibriumis written as:

/Dsn:adQ:/n-t_dr, (11)
Q My

wheren areadmissibledisplacementariations g is the stresdfield andt arethe externaltrac-
tions. Theadmissibledisplacementariationsaretakenthe sameasthe displacementunctions
(seeequation(1)):

n=f+# . (12)
Insertingequation(12) into equation(11) yields:
/Ds(ﬁ +3£ﬂrdﬁ):od§2:/(f7 +%ﬂrdﬁ)-t_dr, (13)
Q My
andtakingthegradientof n,
/[(Dsﬁ + 7 0%) 10+ & (il ®n)*: 0] dQ = /(r‘) + 4 1) -t (14)
Q My

The Heaviside functionscanbe eliminatedfrom the integralsby changingthe integrationdo-
mainfrom Q to Q. Thetermwith the Dirac-deltafunction canbe transformednto a surface
integral over the discontinuityl” ; by usingthe integral propertiesof the Dirac-deltafunction.
Rearrangingquation(14) gives:

/DSﬁ :adQ+/DSﬁ :adQ+/f7-tdF:/(ﬁ+<%”rdf7)-t_dr, (15)
Q Q+ My My

wheret = an, the tractionactingacrossthe discontinuity Taking the variationsf) andf, re-
spectvely, gives:

/Df):adQ:/ﬁ-t_dF, (16a)
Q My
/DF) :adQ-i—/ﬁ-tdF:/%”rdﬁ-t_dl'. (16b)
Q+ rd My

3.2 Discretised,linearised equations

Thediscreteform of theweakequationg16a)and(16b)canbeformedby insertingthediscrete
expressiongor the displacemenandtestfunctions:

U= Na; U = Nb;

00 = Ba; 0t = Bb; (17)
N =Nd; i = Nb’;

0f = Ba’; 0f =Bb/,
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wherethe primesindicatethevariations.Theresultis:

/ BTo dO = / NTTdr,
Q My

/ BTo dQ + / NTtdr = / Az NTEdr
Qt r My

d

Thestresgatein thebulk materialis relatedto the strainratevia:

o =Deg,

(18a)

(18b)

(19)

whereD is the tangentialconstitutve matrix. Using the boundedpart of equation(2), which

appliesto thebulk, we obtain:
6 =DB(a+.7 b).

(20)

Thetractionrateatthediscontinuitycanbeexpressedn termsof thevelocitiesof theadditional

degrees-of-freedom:
t=TNb

(21)

whereT is the tangentmatrix at the constitutve relationfor the discontinuity Insertingthese

relationsinto equationg18a)and(18b)gives:

o o] ] =[] - [
Kap Kppl [Ab fxt fint ,
for finite displacemenincrementsywherethe stiffnesstermsare:

Kaa:/BTDB dQ; Kap= /BTDB dQ;
Q Qt
Kbb:/BTDB dQ—l—/NTTN dr.
Qt My

The externalforce vectorsareequalto:

f&<t— [ NTtdr: &< — 7z [ NTtdr.
a Fd
My My

Theinternalforce vectorsareequalto:

= [Blodo;  fi'= [Blodo+ [NTear.
Q Qt

My

(22)

(23a)

(23b)

(24)

(25)
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e enhancedhodes

O regularnodes

Figure 2: Group of eight-nodedquadrilateralelementswith a discontinuity (bold line). The
enhancechodescontainadditionaldegreesof freedom.

4 Implementation

Theprocedures implementedn four andeight-nodedwo-dimensionauadrilateraklements.
It is assumedhat a discontinuitywithin an elementis a straightline, which implies that the
normalvectorn is constantvithin theelementThefour andeight-nodeclementareintegrated
numericallywith a4 x 4 anda 6 x 6 Gausdntegrationschemerespectrely, sothatfor nearly
all positionsof the discontinuity both partsof the element(Q~ and Q™) are coveredwith a
sufficientamountof integrationpoints.Theintegralsoverthel” ; domain,canbe evaluatedwith
differentintegrationschemege.g.GaussNewton-Cotes)with avariablenumberof integration
points.Elementsvhich arenot crossedy the discontinuitycanbeintegratedwith the standard
integrationschemesor quadrilateraklementsHence the extracomputationaéffort is limited.

Moreover, thediscontinuityis only introducedhroughtheentireelementConsequentlyacrack
tip is alwayslocatedat the edgeof anelementasshaovn in Figure2. This simplifiesthe model
significantly but leadsto stresgumps,atthesudderntroductionof thediscontinuity However,
this hasno influenceon the robustnessandstability of the numericalprocedurd5]. The nodes
on the boundaryof the elementtouchedby the cracktip do not have additional degreesof
freedom,ascanbe seenin Figure2. Doing so, the separatiorat the tip of the discontinuityis
equalto zero.

Theimplementatiorof the enhanceatlementswvith an elasticdummy stiffnessfor the discon-
tinuity, theincorporatednterfaceelementsis morestraightforvard. Sincethetrajectoryof the
crackis known beforehandthe surroundinghodescanbe enhanceda priori.

5 Constitutive models

Delaminationgrowth in laminateswith differentmaterialpropertiesperlayeris a combination
of mode-landmode-Ill cracking.In previous studieswith conventionalinterfaceelementsan
orthotropicdamagemodelwasderived[8, 9, 10]. Thismodelcanbeadaptedo thecurrentfinite
elementdescriptionsin a straightforvard manner Presently an ad-hocmode-I delamination
modelhasbeenimplementedusedpreviously by Wells etal. [11]. In it, aloadingfunction f is
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definedas:
f(arhK):Gn—K, (26)

wherelp, is thenormalseparatiorof thecrackandk ahistoryparametefThis historyparameter
is equalto thelargestvalueof Gy, reacheditherto.Whenf = 0, loadingoccursandwhenf < 0
thereis unloading.The normal traction force t, at the crack edgesdecreasegxponentially
accordingto thefollowing equation:

f
th = f, exp(—G—th), (27)

wheref; is theultimatetensilestrengthandG; thefracturetoughnessThetractionin thetrans-
versedirectionts is equalto zero.In orderto have quadraticcorvergencein aNewton-Raphson
procedurdor obtainingequilibriumatastructuralevel, aconsistentljlinearisedangenmatrix
T hasbeenderived:

2 f
T [_GfeXp(_G_th) 0] 28)
0 0

Thistangentmatrix doesnot have anelasticcounterpartsincethetractionsareonly calculated
whenthediscontinuityhasbeeninitiated.

In the incorporatednterface element,the materialmodelis slightly different. Prior to crack
growth, thetractionsdependon the separatiorof the crackvia anelasticdummystiffnessD:

th| _|D O] |un

= 1o o] G
Crack growth is initiated when the equialent normal separationn the interface exceedsa
thresholdvaluek, # 0. Thereforetheloadingfunctionis formulatedas:

f(On, k) = Uh—K; where k = max[Kpre,, KO] . (30)
Consequentlythe softeninglaw is alsodifferent:

th = f; exp(—ci—t (k — KO)> (31)

f

Quadraticconvergencds obtainedoy applyingaconsistentljinearisedangentmatrix T, which
is similar to the total enhancednaterialmodelin equation(28).

6 Numerical examples

Examplesarenow presentedo illustratetheaccurag of the proposedormulation.All calcula-
tionshave beenperformedwith corventionalinterfaceelementswith theincorporatednterface
elementsandwith thetotal enhancealements.
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Figure3: Geometryof anotchedbeamin athreepoint bendingtest.

6.1 Threepoint bendingtest

In the first example,the performanceof the incorporatednterface elementss examinedby

meanf athreepointbendingtest.Conventionalinterfaceelementsuffer from spuriousstress
oscillationsfor high ratios of dummy stiffnessesandthe Young’s modulusof the continuum
elementg2]. Theseoscillationscanbeeliminatedby eitherreducingthe dummystiffnessor by

applyinganalternatve integrationmethod.

Considera beamasshown in Figure 3. The beamis supportedon both sidesandhasa notch
in the centre.The beamis madeof an elastic,isotropic materialwith Young’s modulust =
20000N/mn? anda Poissonsratio v = 0.2. Themodelconsistof 51 x 20 four-nodedor 25 x
10 eight-nodecelementsBoth the notchandthe interfacein front of the notcharemodelled
with incorporatednterfaceelementsThe notchis simulatedas a traction-freediscontinuity
theremainingincorporatednterfaceelementsareequippedvith alinearelasticmaterialmodel.
Calculationhave beencarriedoutfor differentvaluesof thedummystiffnessD andfor different
integration schemesThe traction profiles, as a function of the distancefrom the notch, are
shown in Figures4 to 6 for differentcases.

Theincorporatednterfaceelementshav the samestressscillationsasthe standardnterface
elementsThe elementgroducecorrectresultsif the dummystiffnessis not too high in com-
parisonwith the stiffnessof the continuum.Whenthe dummy stiffnessincreasesa Gaussn-
tegrationschemeexhibits stressoscillations.A Newton-Cotesntegrationschemegivescorrect
resultsfor all rangesof the dummy stiffness.Neverthelessin Figure6 it is shavn that over-
integrationwith this schemeagainresultsin stressoscillations.Thereforejn theremainderwe
will integratethe discontinuitytermsin the four-nodedincorporatednterfaceelementswith a
two point Newton-Cotesntegrationschemeandin the eight-nodecdelementswith athreepoint
Newton-CotesschemeThediscontinuityof thetotal enhancealementswill still beintegrated
with a Gaussantegrationscheme.
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Figure4: Tractionprofilesat theinterfaceof the notchedbeam(Gaussntegrationscheme).
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Figureb: Tractionprofilesattheinterfaceof notchedoeam(Newton-Cotesntegrationscheme).
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Figure6: Effectsof over-integrationonthetractionprofilesof theinterfaceof thenotchedoeam
with a Newton-Cotesntegrationscheme.

10



ECCM-2001, Cracow, Poland

____________ — Ilmm

VP
- 1 mm

10mm

A
Y

Figure7: Geometryof clampedaminatesubjectedo a peeltest.
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Figure8: Finite elementmodelwith unstructurednesh(eight-nodectlements)

6.2 A peeltest

We now considerthelaminateshowvn in Figure7. The laminateconsistsof two layerswith the
samethicknessandwith identicalisotropicmaterialpropertiesE = 100N/mm? andv = 0.3.
The two layersare connectedvith an adhesre. The ultimate tensilestrengthof this material
equalsf, = 1 N/mn?, the fracturetoughnesss G; = 0.1N/mm. Sincethe stressstateat the
interfaceis expectedo bepurelyin mode-I,the shearstiffnessequalszero.Thefirst millimetre
is assumedo bedebondedAn externalloadP is appliedatthetips of bothlayers.

The specimerhasbeenanalysedwith both numericalapproachesthe incorporatednterface
elementsand the total enhancecelements.Theseelementhave beenusedin structuredand
unstructurednesheqseeFigure 8). The model contains70 x 7 four-nodedor 50 x 5 eight-
nodedelementsCorventionalinterfaceelementdhave beenusedalso. The dummystiffnessin
theseelementsandin theincorporatednterfaceelementss setto D = 10° N/mm?.

Theresultsof theanalysiswith thevariousmodelsaregivenin theFigures9 - 11. All methods
give nearlyidenticalresultsfor bothstructuredandunstructuredneshes.

7 Conclusions

The applicationof enhanceclementsn the simulationof delaminationgrowth hasbeendis-
cussedThe enhancemerttasbeenappliedin two ways,asanincorporatednterfaceelement

11
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Figure9: Deformationplot for peeltestwith a structuredmesh(left) andanunstructuredanesh.
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Figurel0: Loadvs. displacementor differentelementypesfor structuredneshes.
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Figure 11: Load vs. displacemenfor structuredand unstructuredmesheswith incorporated
interfaceelements.
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with adummyinterfacestiffnessprior to crackingandasantotal enhanceadontinuumelement.
Debondinghasbeenmodelledwith a mode-Itraction-separatiotaw. The resultsof the analy-
sesof two simplestructureshave beencomparedor both formulationsandwith corventional
interfaceelements.

Theincorporatednterfaceelementwith adummystiffnessexhibits the samestressscillations
prior to crackingaswasobsenedwith the interfaceelementsAlternative integrationschemes
and/orareduceddummystiffnessarea solutionto thisincorvenieny [1, 2]. Both this element
andthetotal enhancealementdave shovn to be robustandnumericallystablein a peeltest.
Goodresultshave beenobtainedevenfor unstructuredneshes.

The methodis appealingoothfrom a theoreticalandcomputationapoint of view. It is mathe-
matically moreconsistenthancorventionalinterfacemodels.The simulationof morecompli-
catedfailuremechanismss possibleaswell, sincethecrackpathis independentrom thefinite
elementmesh.
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