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Abstract. Delaminationis oneof the mostimportantfailure mechanismsin laminates.Nor-
mally, it is modelledusinginterfaceelements.Theseelementsare placedbetweentwo layers
that are modelledwith continuumelements.Theinterfaceelementsare equippedwith a soft-
ening or damage model in order to simulatedebonding. This methodhas somedrawbacks,
bothin a numericalandin a mechanicalsense. A recentalternativeis to simulatethecrack by
addinga discontinuousdisplacementmodeto thecontinuumelementsaccording to theparti-
tion of unity method.Theelementsdo not containthediscontinuityprior to cracking, but when
the ultimate stressin the bulk material is exceeded,delaminationis initiated and additional
degrees-of-freedomare activated.Besidethis, a slightly different implementationis examined
also.A discontinuityis predefinedandhasan initial dummystiffness.Delaminationis initiated
whenthetractionsin thediscontinuityexceeda thresholdvalue. Theresultsof bothversionsof
this partition of unity modelare comparedmutuallyandwith conventionalinterfaceelements
bymeansof two examples.
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1 Intr oduction

Oneof themostimportantfailuremechanismsin laminatedmaterialsis delamination,i.e. the
debondingof two adjacentlayers,causedby impact or stressconcentrationsat edges,holes
or notches.In many cases,delaminationoccursin combinationwith severalothermechanical
processes,suchasmatrix crackingandfibre splitting. Nevertheless,for reasonsof simplicity,
in numericalmodels,delaminationis typically regardedasasinglemechanismandis modelled
with interfaceelements[1] which incorporatea nonlineartraction-separationrelationship.A
major disadvantageof this strategy is the fact that the path of the crack or delaminationis
predefined.This impliesthatthedelaminationfront cannotdevelopinto amatrixcrackor anew
delaminationcrackin adifferentinterface.Furthermore,interfaceelementsrequireanartificial
‘dummy’ stiffness,andtendto show spuriousstressoscillationsprior to crackingif thedummy
stiffnessis toohigh.As a remedy, lowerdummystiffnessesareoftenusedin combinationwith
alternative integrationschemes[2].

An alternative to this approachis to insertdiscontinuitiesin continuumelementsbasedon par-
titions of unity [3, 4]. The delaminationcrack is then representedby a discontinuity in the
displacementfield of the body [5, 6]. The magnitudeof the displacementjump is governed
by a numberof additionaldegreesof freedom,which areaddedto eachnodewhosesupport
containsthediscontinuity. An advantageof this methodis that the additionaldegreesof free-
domcanbe ‘switchedon’ asa crackpropagates.This meansthatprior to the initiation of the
crack,thediscontinuityis notpresentin theelement,atvariancewith theinterfacemodelwhere
high dummystiffnessesmustbeusedto simulateaperfectbond.Thediscontinuityis activated
when the stressesat a specificmaterialpoint of the bulk materialexceeda thresholdvalue.
Debondingis thengovernedby anonlineartraction-separationrelationshipat thediscontinuity.
Anotherbenefitof themethodis thatsincethetrajectoryof thecrackis not predefined,devia-
tion of thedirectionof crackgrowth andtheinteractionof two separatecrackscanbesimulated.
Furthermore,theelementscanalsobeusedin unstructuredmeshes,whereaswith theconven-
tional method,themeshmustbebuilt aroundtheinterfaceelements.Generallyspeaking,with
this model,the meshstructureandthe materialstructurearedecoupled.This implies that the
crackpathis not capturedby theshapeandthedensityof themeshandcanarbitrarilyprogress
throughthemodel.

A simplified implementationcanbeconsideredalso,in which theperfectbondof thediscon-
tinuity prior to delaminationis simulatedwith a dummystiffness.Debondingis initiatedwhen
the tractionsin the discontinuityexceeda thresholdvalue. Despitesomeof the benefitsof
the approachdisappearing,it is still numericallymoreconsistentthanconventionalinterface
elements,especiallywhengeometricallynonlinearitiesareincorporated.Furthermore,theele-
mentscanstill beusedin unstructuredmeshes.In theremainderof this paper, we will refer to
this elementtypeasthe incorporatedinterfaceelement. In orderto emphasisethedistinction,
thegeneralformulationwill bedenotedasthe total enhancedelement.

This contribution is orderedasfollows. In the next section,the kinematicsof the continuum
elementswith an enhanceddiscontinuousmodearediscussed.Theserelationsare translated
into a finite elementdescriptionin section3. Theimplementationof this descriptioninto a set
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of geometricallylinear four andeight-nodedquadrilateralelementsis explainedin section4.
After that, the material(damage)modelfor the delaminationis outlined.The performanceof
the new modelsis comparedwith that of conventional interfaceelementsby meansof two
examplesin section6.

2 Kinematics

Considera body Ω asshown in Figure1. The body is divided into two parts,which will be
denotedasΩ � andΩ

�
, on eithersideof the discontinuityΓd. The displacementfield u

�
x � t �

canbe decomposedinto two parts,a continuousanda discontinuouspart, seealsoWells et
al. [5]:

u
�
x � t ��� û

�
x � t ���
	 Γd

�
x � ũ � x � t ��� (1)

where û
�
x � t � and 	 Γd

�
x � ũ � x � t � are the continuousand the discontinuousparts of the dis-

placementfield, respectively. 	 Γd

�
x � is the Heaviside function ( 	 Γd

�
x ��� 1 if x � Ω

�
and	 Γd

�
x �
� 0 if x � Ω � ). Thestrainfield εεε in thebodycanbecalculatedby takingthegradient

of equation(1),
εεε � ∇sû �
	 Γd

∇sũ � δΓd

�
ũ � n � s � (2)

whereδΓd
is theDirac-deltafunctioncentredatΓd andn is anormalvectorto thediscontinuity.

Ω
�t̄

Γ

Γu
nΩ � Γd

Figure1: DomainΩ with adiscontinuityΓd.

It is notedthatall strainsremainsmall,sothegradientscorrespondto thesymmetricpartonly,
which is denotedby

��� � s. Equation(2) canbeconceivedasasummationof piece-wisecontinu-
ouspartsthatgovernthestrainsin thebulk materialε̂̂ε̂ε andanunboundedpart ε̃̃ε̃ε describingthe
strainsat thediscontinuity:

ε̂̂ε̂ε � ∇sû �
	 Γd
∇sũ; ε̃̃ε̃ε � δΓd

�
ũ � n � s � (3)

3 Finite elementmodel

Thedisplacementandstrainfields from theprevioussectioncanbewritten in discreteformat
by usingpartitionsof unity. Consideracollectionof n functionsφi

�
x � , eachbelongingto anode
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within thebodyΩ. Thesefunctionsform apartitionof unity if:

n

∑
i � 1

φi

�
x ��� 1 � (4)

It hasbeenshown by DuarteandOden[4] thata field canbe interpolatedin termsof discrete
nodalvaluesusingpartitionsof unity. Using the functionφi

�
x � , an interpolationu

�
x � t � over a

bodycanbeformedby:

u
�
x � t ��� n

∑
i � 1

φi

�
x � � ai

�
t ��� m

∑
j � 1

bi j

�
t � γ j

�
x ����� (5)

whereφi arepartition of unity functions,ai arethe regular nodaldegreesof freedom,bi j the
additionalnodaldegreesof freedomandγ j areenhancedbasisterms.

Equation(5) canbe transformedinto finite elementnotation,sincefinite elementshapefunc-
tionsform apartitionof unity:

u
�
x � t ��� N

�
x � a � t ��� N

�
x ��� Nγ

�
x � b � t ����� (6)

wherea andb arevectorscontainingthe regular andadditionalnodaldegreesof freedomof
the element,N is a matrix containingthe shapefunctionsandNγ is a matrix containingthe
enhancedbasisterms.To simulatethediscontinuity, Nγ is replacedby a diagonalmatrix con-
tainingHeavisidefunctions:

u � Na �
	 Γd
Nb � (7)

Thenumberof additionaldegreesof freedompernodeis equalto thenumberof enhancements
timesthe spatialdimensions.Dif ferentiatingequation(7) with respectto x andfollowing the
standardprocedures[7] leadsto:

εεε � Ba �
	 Γd
Bb � � δΓd

R � Nb � (8)

whereB � LN , with L adifferentialoperator:

L � ��� ∂
∂x 0
0 ∂

∂y
∂
∂y

∂
∂x

�! "$# (9)

for two dimensionsandR amatrixcontainingthecomponentsof thevectorn �&% nx � ny ' T which
is normalto thediscontinuity, pointinginto theΩ

�
domain,

R � �� nx 0
0 ny

ny nx

�"$( (10)
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3.1 Variational formulation

Neglectingbodyforces,theweakequationfor thestaticequilibriumis writtenas:)
Ω

∇sηηη : σσσ dΩ � )
Γu

ηηη
�
t̄ dΓ � (11)

whereηηη areadmissibledisplacementvariations,σσσ is thestressfield andt̄ aretheexternaltrac-
tions.Theadmissibledisplacementvariationsaretakenthesameasthedisplacementfunctions
(seeequation(1)):

ηηη � η̂̂η̂η �*	 Γd
η̃̃η̃η � (12)

Insertingequation(12) into equation(11)yields:)
Ω

∇s � η̂̂η̂η �
	 Γd
η̃̃η̃η � : σσσ dΩ � )

Γu

�
η̂̂η̂η �
	 Γd

η̃̃η̃η � � t̄ dΓ � (13)

andtakingthegradientof ηηη,)
Ω

% � ∇sη̂̂η̂η �
	 Γd
∇sη̃̃η̃η � : σσσ � δΓd

�
η̃̃η̃η � n � s : σσσ ' dΩ � )

Γu

�
η̂̂η̂η �
	 Γd

η̃̃η̃η � � t̄ dΓ � (14)

The Heaviside functionscanbeeliminatedfrom the integralsby changingthe integrationdo-
main from Ω to Ω

�
. Thetermwith theDirac-deltafunctioncanbetransformedinto a surface

integral over the discontinuityΓd by usingthe integral propertiesof the Dirac-deltafunction.
Rearrangingequation(14)gives:)

Ω

∇sη̂̂η̂η : σσσ dΩ � )
Ω + ∇sη̃̃η̃η : σσσ dΩ � )

Γd

η̃̃η̃η
�
t dΓ � )

Γu

�
η̃̃η̃η �
	 Γd

η̃̃η̃η � � t̄ dΓ � (15)

wheret � σσσn, the tractionactingacrossthe discontinuity. Taking the variationsη̂̂η̂η andη̃̃η̃η , re-
spectively, gives: )

Ω

∇η̂̂η̂η : σσσ dΩ � )
Γu

η̃̃η̃η
�
t̄ dΓ � (16a))

Ω + ∇η̃̃η̃η : σσσ dΩ � )
Γd

η̃̃η̃η
�
t dΓ � )

Γu

	 Γd
η̃̃η̃η
�
t̄ dΓ � (16b)

3.2 Discretised,linearisedequations

Thediscreteform of theweakequations(16a)and(16b)canbeformedby insertingthediscrete
expressionsfor thedisplacementandtestfunctions:

û � Na; ũ � Nb;

∇û � Ba; ∇ũ � Bb; (17)

η̂̂η̂η � Na, ; η̃̃η̃η � Nb , ;
∇η̂̂η̂η � Ba, ; ∇η̃̃η̃η � Bb ,-�
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wheretheprimesindicatethevariations.Theresultis:)
Ω

BTσσσ dΩ � )
Γu

NT t̄ dΓ � (18a))
Ω + BTσσσ dΩ � )

Γd

NTt dΓ � )
Γu

	 Γd
NT t̄ dΓ � (18b)

Thestressratein thebulk materialis relatedto thestrainratevia:

σ̇̇σ̇σ � Dε̇̇ε̇ε � (19)

whereD is the tangentialconstitutive matrix. Using the boundedpart of equation(2), which
appliesto thebulk, weobtain:

σ̇̇σ̇σ � DB
�
ȧ �
	 Γd

ḃ � � (20)

Thetractionrateat thediscontinuitycanbeexpressedin termsof thevelocitiesof theadditional
degrees-of-freedom:

ṫ � TNḃ (21)

whereT is the tangentmatrix at the constitutive relationfor the discontinuity. Insertingthese
relationsinto equations(18a)and(18b)gives:.

Kaa Kab
Kab Kbb/ . ∆a

∆b / � .
fext
a

fext
b /10 .

f int
a

f int
b / # (22)

for finite displacementincrements,wherethestiffnesstermsare:

Kaa � )
Ω

BTDB dΩ; Kab � )
Ω + BTDB dΩ; (23a)

Kbb � )
Ω + BTDB dΩ � )

Γd

NTTN dΓ � (23b)

Theexternalforcevectorsareequalto:

fext
a � )

Γu

NT t̄ dΓ; fext
b �2	 Γd

)
Γu

NT t̄ dΓ � (24)

Theinternalforcevectorsareequalto:

f int
a � )

Ω

BTσσσ dΩ; f int
b � )

Ω + BTσσσ dΩ � )
Γd

NTt dΓ � (25)
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regularnodes

enhancednodes

Figure 2: Group of eight-nodedquadrilateralelementswith a discontinuity(bold line). The
enhancednodescontainadditionaldegreesof freedom.

4 Implementation

Theprocedureis implementedin four andeight-nodedtwo-dimensionalquadrilateralelements.
It is assumedthat a discontinuitywithin an elementis a straightline, which implies that the
normalvectorn is constantwithin theelement.Thefourandeight-nodedelementsareintegrated
numericallywith a 4 3 4 anda 6 3 6 Gaussintegrationscheme,respectively, sothat for nearly
all positionsof the discontinuity, both partsof the element(Ω � andΩ

�
) arecoveredwith a

sufficientamountof integrationpoints.TheintegralsovertheΓd domain,canbeevaluatedwith
differentintegrationschemes(e.g.Gauss,Newton-Cotes)with avariablenumberof integration
points.Elementswhicharenotcrossedby thediscontinuitycanbeintegratedwith thestandard
integrationschemesfor quadrilateralelements.Hence,theextracomputationaleffort is limited.

Moreover, thediscontinuityis only introducedthroughtheentireelement.Consequently, acrack
tip is alwayslocatedat theedgeof anelement,asshown in Figure2. Thissimplifiesthemodel
significantly, but leadsto stressjumps,at thesuddenintroductionof thediscontinuity. However,
this hasno influenceon therobustnessandstability of thenumericalprocedure[5]. Thenodes
on the boundaryof the elementtouchedby the crack tip do not have additionaldegreesof
freedom,ascanbeseenin Figure2. Doing so,theseparationat the tip of thediscontinuityis
equalto zero.

The implementationof theenhancedelementswith anelasticdummystiffnessfor thediscon-
tinuity, theincorporatedinterfaceelements,is morestraightforward.Sincethetrajectoryof the
crackis known beforehand,thesurroundingnodescanbeenhancedapriori.

5 Constitutivemodels

Delaminationgrowth in laminateswith differentmaterialpropertiesperlayer is a combination
of mode-Iandmode-II cracking.In previousstudieswith conventionalinterfaceelements,an
orthotropicdamagemodelwasderived[8, 9, 10].Thismodelcanbeadaptedto thecurrentfinite
elementdescriptionsin a straightforward manner. Presently, an ad-hocmode-I delamination
modelhasbeenimplemented,usedpreviouslyby Wellsetal. [11]. In it, a loadingfunction f is
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definedas:
f
�
ũn � κ �4� ũn 0 κ � (26)

whereũn is thenormalseparationof thecrackandκ ahistoryparameter. Thishistoryparameter
is equalto thelargestvalueof ũn reachedhitherto.When f � 0, loadingoccursandwhen f 5 0
there is unloading.The normal traction force tn at the crack edgesdecreasesexponentially,
accordingto thefollowing equation:

tn � ft exp � 0 ft
Gf

κ � # (27)

where ft is theultimatetensilestrengthandGf thefracturetoughness.Thetractionin thetrans-
versedirectionts is equalto zero.In orderto havequadraticconvergencein aNewton-Raphson
procedurefor obtainingequilibriumatastructurallevel,aconsistentlylinearisedtangentmatrix
T hasbeenderived:

T �76 0 f 2
t

G f
exp � 0 ft

G f
κ � 0

0 08 ( (28)

This tangentmatrix doesnothaveanelasticcounterpart,sincethetractionsareonly calculated
whenthediscontinuityhasbeeninitiated.

In the incorporatedinterfaceelement,the materialmodel is slightly different.Prior to crack
growth, thetractionsdependon theseparationof thecrackvia anelasticdummystiffnessD:.

tn
ts/ � .

D 0
0 0/ . un

us / ( (29)

Crack growth is initiated when the equivalent normal separationin the interfaceexceedsa
thresholdvalueκ0 9� 0. Therefore,theloadingfunctionis formulatedas:

f
�
ũn � κ ��� ũn 0 κ ; where κ � max

.
κprev � κ0 / � (30)

Consequently, thesofteninglaw is alsodifferent:

tn � ft exp

� 0 ft
Gf

� κ 0 κ0 � � ( (31)

Quadraticconvergenceis obtainedby applyingaconsistentlylinearisedtangentmatrixT, which
is similar to thetotal enhancedmaterialmodelin equation(28).

6 Numerical examples

Examplesarenow presentedto illustratetheaccuracy of theproposedformulation.All calcula-
tionshavebeenperformedwith conventionalinterfaceelements,with theincorporatedinterface
elementsandwith thetotal enhancedelements.

8



ECCM-2001,Cracow, Poland

100mm

20mm

P � 1000N

250mm

Figure3: Geometryof anotchedbeamin a threepointbendingtest.

6.1 Threepoint bending test

In the first example,the performanceof the incorporatedinterfaceelementsis examinedby
meansof a threepointbendingtest.Conventionalinterfaceelementssuffer from spuriousstress
oscillationsfor high ratiosof dummystiffnessesandthe Young’s modulusof the continuum
elements[2]. Theseoscillationscanbeeliminatedby eitherreducingthedummystiffnessor by
applyinganalternative integrationmethod.

Considera beamasshown in Figure3. The beamis supportedon both sidesandhasa notch
in the centre.The beamis madeof an elastic,isotropicmaterialwith Young’s modulusE �
20000N/mm2 andaPoisson’sratioν � 0 � 2. Themodelconsistsof 51 3 20 four-nodedor 25 3
10 eight-nodedelements.Both thenotchandthe interfacein front of thenotcharemodelled
with incorporatedinterfaceelements.The notch is simulatedasa traction-freediscontinuity,
theremainingincorporatedinterfaceelementsareequippedwith alinearelasticmaterialmodel.
Calculationshavebeencarriedoutfor differentvaluesof thedummystiffnessD andfor different
integration schemes.The traction profiles,as a function of the distancefrom the notch,are
shown in Figures4 to 6 for differentcases.

Theincorporatedinterfaceelementsshow thesamestressoscillationsasthestandardinterface
elements.Theelementsproducecorrectresultsif thedummystiffnessis not too high in com-
parisonwith thestiffnessof thecontinuum.Whenthedummystiffnessincreases,a Gaussin-
tegrationschemeexhibits stressoscillations.A Newton-Cotesintegrationschemegivescorrect
resultsfor all rangesof the dummystiffness.Nevertheless,in Figure6 it is shown that over-
integrationwith this schemeagainresultsin stressoscillations.Therefore,in theremainder, we
will integratethediscontinuitytermsin the four-nodedincorporatedinterfaceelementswith a
two point Newton-Cotesintegrationschemeandin theeight-nodedelementswith a threepoint
Newton-Cotesscheme.Thediscontinuityof thetotal enhancedelementswill still beintegrated
with aGaussintegrationscheme.
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Figure4: Tractionprofilesat theinterfaceof thenotchedbeam(Gaussintegrationscheme).
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Figure5: Tractionprofilesat theinterfaceof notchedbeam(Newton-Cotesintegrationscheme).
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Figure6: Effectsof over-integrationonthetractionprofilesof theinterfaceof thenotchedbeam
with aNewton-Cotesintegrationscheme.
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1mm
10mm

Figure7: Geometryof clampedlaminatesubjectedto a peeltest.

  

P

P

Figure8: Finiteelementmodelwith unstructuredmesh(eight-nodedelements)

6.2 A peeltest

We now considerthelaminateshown in Figure7. Thelaminateconsistsof two layerswith the
samethicknessandwith identicalisotropicmaterialproperties,E � 100N/mm2 andν � 0 � 3.
The two layersareconnectedwith an adhesive. The ultimatetensilestrengthof this material
equals ft � 1N/mm2, the fracturetoughnessis Gf � 0 � 1N/mm. Sincethe stressstateat the
interfaceis expectedto bepurelyin mode-I,theshearstiffnessequalszero.Thefirst millimetre
is assumedto bedebonded.An externalloadP is appliedat thetips of bothlayers.

The specimenhasbeenanalysedwith both numericalapproaches:the incorporatedinterface
elementsand the total enhancedelements.Theseelementhave beenusedin structuredand
unstructuredmeshes(seeFigure 8). The model contains70 3 7 four-nodedor 50 3 5 eight-
nodedelements.Conventionalinterfaceelementshave beenusedalso.Thedummystiffnessin
theseelementsandin theincorporatedinterfaceelementsis setto D � 106 N/mm3.

Theresultsof theanalysiswith thevariousmodelsaregivenin theFigures9 - 11.All methods
givenearlyidenticalresultsfor bothstructuredandunstructuredmeshes.

7 Conclusions

Theapplicationof enhancedelementsin thesimulationof delaminationgrowth hasbeendis-
cussed.Theenhancementhasbeenappliedin two ways,asan incorporatedinterfaceelement
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Figure9: Deformationplot for peeltestwith astructuredmesh(left) andanunstructuredmesh.
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Figure10:Loadvs.displacementfor differentelementtypesfor structuredmeshes.
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Figure 11: Load vs. displacementfor structuredand unstructuredmesheswith incorporated
interfaceelements.
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with adummyinterfacestiffnessprior to crackingandasantotalenhancedcontinuumelement.
Debondinghasbeenmodelledwith a mode-Itraction-separationlaw. Theresultsof theanaly-
sesof two simplestructureshave beencomparedfor both formulationsandwith conventional
interfaceelements.

Theincorporatedinterfaceelementwith adummystiffnessexhibits thesamestressoscillations
prior to crackingaswasobservedwith theinterfaceelements.Alternative integrationschemes
and/ora reduceddummystiffnessareasolutionto this inconveniency [1, 2]. Both this element
andthetotal enhancedelementshave shown to berobustandnumericallystablein a peeltest.
Goodresultshavebeenobtainedevenfor unstructuredmeshes.

Themethodis appealingbothfrom a theoreticalandcomputationalpoint of view. It is mathe-
maticallymoreconsistentthanconventionalinterfacemodels.Thesimulationof morecompli-
catedfailuremechanismsis possibleaswell, sincethecrackpathis independentfrom thefinite
elementmesh.
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