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Abstract:

Power corrections to exclusive processes are usually calculated using models for twist—four
distribution amplitudes (DA) which are based on the leading—order terms in the conformal
expansion. In this work we develop a different approach which does not rely on conformal
symmetry but is based instead on renormalon analysis. This way we obtain an upper bound
for the contributions of higher conformal spin operators, which translates into a bound
on the end—point behavior of DA. The existence of such a bound is important for proving
factorization theorems. For the two—particle twist—four DA we find in the renormalon
model that the conformal expansion converges but it does not converge uniformly near
the end points. This means that power corrections to observables which are particularly
sensitive to the region where one valence quark is soft, may be underestimated when using
the first few terms in the conformal expansion. The renormalon models of twist—four DA
of the pion and the p meson are constructed and can be used as a viable alternative to
existing models.

Submitted to Nuclear Physics B

Keywords: QCD, Higher Twists, Exclusive Processes, Renormalons

fAddress after January 1st 2004.


http://arXiv.org/abs/hep-ph/0401158v1
http://arXiv.org/abs/hep-ph/0401158

Contents

3_Renormalon madel for twist—four DA of the pion 17

4 Conformal expansion 19
W1 General formalisnd . ... ... ... ... 19
L2 The two lowest orderd . . . . . .. 20
U3  Hicher arders and the end point behaviod . . . . . . . . . . . .. .. ... 22

K31 Three particle distributiond . . . . . . . .. ... 22
U.3.2  Twoparticle distributiond . . . . . . . ..o 23

5.1.2  Renormalon model and comparison with Ref. @ ......... 28

5.2 __Chiral-odd distribution amplituded . . . . . . . . .. ... ... 32
.21 Definitiond . . . . . .. ... 32

5.2.2 Renormalon model and comparison with Ref. @ .......... 34
6__Conclusiond 37
— — — 40




1 Introduction

The relevant non-perturbative degrees of freedom in hard exclusive processes are described
by hadron distribution amplitudes (DA) [1), 2] that detail the momentum-fraction distri-
butions of partons in the infinite momentum frame by integrating out the transverse
momentum dependence. The leading—twist parton distributions appear in the QCD de-
scription of hard exclusive reactions to the leading power accuracy and refer to parton
configurations with the minimal number of constituents. The higher—twist distributions,
in turn, are more numerous and are used to take into account a variety of effects due
to parton virtuality, transverse momentum, and contributions of higher Fock states that
are relevant for the description of power—suppressed corrections in the hard momentum.
It should be mentioned that application of QCD factorization to exclusive processes be-
yond the leading—twist approximation presents a serious challenge because of end—point
divergences related to the contributions of soft partons. Up to now such applications
have been mostly in connection with the so—called light—cone sum rules (LCSR) [B] in
which case the end—point divergences are removed by construction. More generally, end—
point contributions have to be added and there is a hope that the precise separation of
hard (twist—expandable) and soft (end—point) contributions can be achieved within the
soft—collinear effective theory, see e.g. [4]. Having in mind the existing and potential ap-
plications it is worthwhile to have a fresh look at the theoretical description of higher—twist
DA and the related uncertainties. The present work presents a step in this direction.

The existing theoretical framework for the description of DA is based on the conformal
symmetry of the QCD Lagrangian, see [0 for a detailed review. The symmetry can be used
to separate the dependence of the hadron wave function on the longitudinal momentum
fractions and the transverse coordinates (that are later traded for the renormalization
scale) in very much the same way as the rotational symmetry of the potential in quantum
mechanics allows to separate the angular and the radial dependence. The orthogonal
polynomials appearing in the expansion of distribution amplitudes [I} 2] are nothing but
the irreducible representations of the collinear conformal group and play the same role as
spherical harmonics in quantum mechanics, with the orbital angular momentum replaced
by conformal spin. One motivation for using the conformal expansion is that contributions
with different conformal spin do not mix with each other under QCD evolution to the
leading logarithmic accuracy [Il, 2]. Another rationale [6] is that QCD equations of motion
(EOM) only relate terms with the same conformal spin so that any exact EOM-based
relation between DA can be satisfied order by order in the conformal expansion. It follows
that any parametrization of DA based on a truncated conformal expansion is consistent
with the EOM and is preserved by evolution.

Assuming that DA are dominated by first few terms having the lowest conformal spin,
the conformal expansion provides a practical framework for constructing models for DA
[, 8, @, 00, 6, 01, 12, 3, T4, 5] which are both consistent with the QCD constraints and
involve just a few non-perturbative parameters. This approach has been used extensively
for phenomenology. Its main limitation is that just the first one or two terms in the
expansion are included; the increasing number of parameters at higher conformal spins
makes this program impractical otherwise, so the assumption that the conformal expansion



converges fast is absolutely essential.

From the theoretical point of view, convergence of the conformal expansion is ex-
pected because anomalous dimensions of conformal operators are rising logarithmically
with the spin* and, therefore, higher-spin contributions are suppressed at asymptotically
large scales. However, this suppression is numerically weak and not sufficient to guar-
antee convergence at the scales of practical interest. For leading twist this question can
eventually be decided by experiment and indeed the qualitative success of quark counting
rules and, more importantly, the CLEO data on the m(n)yy* transition form factor [16]
strongly suggest that the meson DA are not very far from their asymptotic shape. For
higher twist, using experimental data to constrain DA seems totally unrealistic and up
to now there had been no arguments whatsoever whether truncation of the conformal
expansion is legitimate in this case or not.

The aim of this work is to construct alternative models for twist—four meson DA that
do not rely on the conformal expansion and present plausible bounds for the higher—spin
contributions to these DA. To this end, we approach the problem from a different angle,
using the concept of renormalons [I7]. Owing to the breaking of scale invariance in the
quantum theory through the running of the coupling, operators of different twist mix
with each other under renormalization. Independence of a physical observable on the
factorization scale implies intricate cancellations between different twists — the so—called
cancellation of renormalon ambiguities — and the existence of these ambiguities can be
used to estimate power—suppressed corrections in a similar way as the logarithmic scale
dependence is used to estimate the accuracy of fixed—order perturbative calculations.

Most applications of renormalons have so far been in inclusive or semi-inclusive cross
sections [I7, 18], although some work has already been done in the context of exclusive
processes. This includes analysis of the large—order behavior of the Brodsky—Lepage evo-
lution kernel [19], and studies of infrared renormalons in specific processes, e.g. the y*ymg
form factor [20], the pion electromagnetic form factor [21], and deeply—virtual Compton
scattering [22]. Here we do not consider a specific process but instead develop a general
framework for estimating higher—twist contributions to exclusive processes involving pseu-
doscalar and vector mesons by constructing a renormalon model for DA, continuing the
work by J. Andersen [23]. We trace the cancellation of renormalons and in this way es-
tablish an explicit connection between previous renormalon calculations and the operator
product expansion (OPE) for exclusive processes, for cases that the latter exists. We then
use the renormalon model to study the convergence of the conformal expansion.

In order to explain how the concept of renormalons becomes useful for constructing
a consistent model for higher—twist DA let us discuss a concrete example. Consider the
following matrix element:

<O ‘T{J(%)d%u(ﬂh)}‘ W+(p)>u2:1/\A2| = (1.1)

1
= i(pA) fw/ duy e~ tupT1—iupT: {/ dv C(v,u, A2, 13 b (v; pu3) + A2gy (u; p3) + -+,
0 0

where 4 = 1 — u, fr is the pion decay constant and the fields are taken at a small

iThis property is proven for twist-two and twist-three operators and is probably true for all twists.



space-like separation: A = x; — x; with A* < 0, |A?| < 1/Aep. Also, p stands for
the ultraviolet renormalization scale and for this discussion we assume that pu? ~ 1/|A2|
to avoid large logarithms. The expansion in the square brackets on the right—hand side
of Eq. (L) is nothing but the OPE: C'(v,u, A% u%) = 6(u — v) + O(ay) is the twist—
two coefficient function, ¢.(v;u%) is the standard, twist-two pion DA, and A%g(u; u%)
represents the twist—four contribution; u2 is a factorization scale. The function g; (u; u%)
can be interpreted as the distribution of the transverse momentum (squared) of the quark
in the pion [I0, 6] and is one example of the higher—twist DA that we will be interested
in.

The conformal expansion of g; (u; u%) has been constructed in [6] using the expansion
of three—particle DA involving a quark, an antiquark and a gluon, and EOM. In Sect. E
we shall explain how this is done. Here we just quote the result:

gilus pd) = {gV=08) [ v @] + gV (i) [ui (13w + 2) (1.2)
+2(6u?+3u+1)@®In(a) +2(6a* +3a+ 1) usln(u)} g }

where the coefficients g(/) (u2%) renormalize multiplicatively, and J = 3,4, ... is the confor-
mal spin. The corresponding logarithmic scale dependence cancels against the scale de-
pendence of the twist—four coefficient function which is not shown in Eq. ([L1]) for brevity.
To the leading logarithmic accuracy and with the usual choice pp = p ~ 1/|A| this
function reduces to a constant which can be included in the definition of g;(u; u%). The
dots in Eq. ([CZ) stand for the contribution of conformal spins J > 5, which were usually
neglected. In this paper we want to study their significance.

To understand the role of renormalons one needs to carefully examine the separation
made in Eq. (I between twist two and twist four. For a qualitative discussion it is
convenient to use a hard cutoff 1/|A?| ~ 1% > p% > A? for factorization: loop momenta
k? > u2. contribute to the coefficient function C'(v, u, A%, p%) while momenta k% < u3. con-
tribute to the DA. Upon expanding the coefficient function near the light—cone |A?|u% < 1,
one obtains:

C(v,u, A% i) = (1+ 1o, + a2 + -+ ) = d(v,u)up A+, (13)

where o, = a,(p? = 1/|A?|). Tt is the usual perturbative series with coefficients ¢; =
¢; (v,u;In (% /p?)) depending logarithmically on the scales, and the d(v,u) term repre-
sents the leading power correction that arises because the low—momentum regions are cut
off. Since the left-hand side of Eq. ([CT]) does not depend on p2, any such dependence
in C(v,u, A% p%) should cancel within the square brackets on the right-hand side. In
particular, the logarithmic dependence of C(v,u, A% u%) on p% is canceled by that of
the twist-two distribution amplitude ¢, (v;u%). The cancellation of power dependence
must involve the twist—four term AZ%g;(u; %), so it is expected that in this factorization
prescription

1
g1 (s 2) — 112 / o d(v, )5 (v 122) + 1 (3 12) (1.4)
0



where the second term depends on p% at most logarithmically. Indeed, upon renormal-
ization the relevant twist—four operators show not only logarithmic ultraviolet divergence
which is related to their anomalous dimension, but also quadratic ultraviolet divergence.
Using a hard cutoff, the dependence of twist—four on p% is indeed that of Eq. (L4):
the twist—four operators mix with the leading—twist such that the dependence on p2 in
Eq. () cancels out. Clearly the function d(v,u) can be computed either by considering
the dependence of the twist—two coefficient function on u%, i.e. its sensitivity to small
loop momenta, or by considering the dependence of twist—four operators on u% i.e. their
sensitivity to large loop momenta. Cancellation of p% to power accuracy requires that
these two regularizations will be done using the same prescription.

In practice, a hard cutoff is difficult to implement. Usually, dimensional regularization
is used instead. In this case power terms in the coefficient function (Eq. (IL3))) do not ap-
pear. However, the coefficients ¢; computed in a MS-like scheme diverge factorially with
the order 7. The factorial divergence implies that the sum of the perturbative series is only
defined to a power accuracy and this ambiguity (renormalon ambiguity) must be compen-
sated by adding a non-perturbative higher—twist correction. A detailed analysis shows
[T7] that the asymptotic large-order behavior of the coefficients (the renormalons) is in
one-to-one correspondence with the sensitivity to extreme (small or large) loop momenta
and that infrared renormalons in the leading—twist coefficient function are compensated
by ultraviolet renormalons in the matrix elements of twist—four operators. At the end the
picture described above re-appears: only the details depend on the factorization method.

Returning to Eq. (L) we observe that the quadratic term in ug is spurious since its
sole purpose is to cancel the similar contribution to the coefficient function. It does not
contribute, therefore, to any physical observable. The idea of the renormalon model [I7, 18]
is that, with a replacement of pupr by a suitable non-perturbative scale, this contribution
should be of the same order and have roughly the same functional form as the physical
second contribution on the right-hand side of Eq. (IC4), which is the only one of interest.
Assuming this “ultraviolet dominance” [24} 25, [I'f] we get the following model:

1
ailussie) = Koo [ dvd(w, w)onos i), (15)
0
where by explicit calculation (see Sect. B) one finds for d(v,u) at leading order

d(v,u) = 2 u+(v—u)ln<1—%)}9(v>u)
+ﬁ[l—u+(u—v)ln(l—i_u

— v

) }e(v <u).  (16)

The overall coefficient in this model £ = O(1) can be fixed by the normalization inte-
gral fol du g1 (u; u?) corresponding to the matrix element of a local operator which can
be estimated by QCD sum rules [I0), 6] or calculated on the lattice. To the accuracy of
Eq. (C8) the logarithmic pur dependence on the left—hand side and on the right—hand side
of Eq. (LX) do not match: one expects this model to be relevant at low scales of the order
of a few times Aqcp.



The “ultraviolet dominance” assumption used to derive Eq. (LH), is in fact sufficient to
derive the full set of two— and three—particle DA of twist—four in terms of the leading—twist
DA. It is important that this approximation is fully consistent with the OPE and respects
all constraints imposed by EOM. On the other hand, it does not assume any hierarchy
of contributions of the increasing conformal spin and indeed the expressions in Eq. (LC2)
and Eq. (C3) are very different for any reasonable choice of the leading—twist DA. Since
twist—four anomalous dimensions are not taken into account, one should expect that this
model overestimates contributions of conformal operators with high spin. It is therefore
complementary to the usual models based on using a first few terms with the lowest spin
and provides an upper—bound estimate of the neglected contributions.

The presentation is organized as follows. In Sect. 2 we formulate our program in more
precise terms, introducing the relevant techniques (Borel transform) and the systematic
approximation (large-N; expansion) that will be used throughout the rest of the work.
The expression in Eq. ([CH) is derived and the cancellation of the renormalon ambiguity
for the matrix element of the type in Eq. ([L1]) is demonstrated by an explicit calculation.
The renormalon model of the pion DA of twist—four is presented in Sect. 3 and in Sect. 4
we discuss its conformal expansion. The generalization of these results for the case of
vector mesons is considered in Sect. 5 while Sect. 6 is reserved for the conclusions.

2 Cancellation of renormalon ambiguities in the OPE

2.1 Definitions

In this section we compute the renormalon ambiguity of the leading—twist coefficient func-
tion in the simplest exclusive amplitude involving a pseudoscalar meson, and demonstrate
how the unique result is restored by adding the twist—four contributions in the OPE. To
begin with, let us set up the necessary definitions.

We choose to consider the gauge—invariant time—ordered product of two quark “cur-
rents” at a small (but non-vanishing) light—cone separation, which can be parametrized in
terms of two Lorentz—invariant amplitudes G(u, A?; p?) and Gy(u, A?%; u?) defined as

<O ‘T{J(l“z)%%[fz,931]“(951)}‘7T+(P)> 2 = (2.1)

I

1 : - AN
=1 fr / duy e~ "HprLTIUPT2 [Gl(u, A% 1P)p, + Ga(u, A% p?) <p_A A, — py)} :
0

Here A = 7 — x5 with [A?] < 1/Agcp, A% < 0 playing the réle of the hard scale, & = 1—u

and p? is the ultraviolet renormalization scale. We use the notation [zq, 2] for the Wilson
line connecting the points x, and xq,

[g, 11] = Pexp {—ig/oldt A A (29 + tA)} . (2.2)

Note that the ;2 dependence comes entirely from the wave—function renormalization of the
quark and the antiquark fields in Eq. (2]) and can be removed by adding the corresponding



Z~factors. Up to this additional renormalization, the functions Gjo(u, A% p?) can be
viewed as physical amplitudes. Their advantage is that they are simpler than exclusive
amplitudes which are relevant for phenomenology (such as the two—photon one) and at
the same time retain all the features that are important in the present context.

The asymptotic behavior of G;(u, A% u?), i = 1,2 in the light—cone limit A? — 0
with A - p fixed can be studied by the OPE, schematically

Gi(u,A%) = CP @ ¢ + A*Y "V sl + O(AY), (2.3)

where CZ-(t) are the coefficient functions and ¢® are the pion DA given by vacuum-to—pion
matrix elements of renormalized non-local operators, t refers to twist and the summation
goes over all independent contributions of given twist. The convolution is defined as

1
Ci®¢:/ dv Ci(v,u, A*, 11, 1) ¢(v; puFp), (2.4)
0

where u, v have the meaning of the light—-cone momentum fractions and we have indicated
the dependence on the factorization scale u% and other variables. The Lorentz structures
in Eq. () are chosen such that the coefficient functions C; depend on A? logarithmically
as follows from power counting.

The leading-twist pion DA ¢, (u) = ¢ (u) is defined as usual by

(0]d(=2) #15=, 2Ju(2)] 7* (1)) 0 = ifx(p) / du e P06 (i pZ),  (2.5)

where the normalization condition is
1
| duontup) =1 (2.6)
0

Here and below z, is the light-like vector, z* = 0. Although we will usually be using
covariant notation, it is sometimes convenient to refer to light—cone coordinates where
p= (p+,0,0) and = = (0,z_,x,). The light—cone limit corresponds to x; — 0 with z_
fixed such that z = (0,z_,0).

In the present paper we will consider the leading—twist coefficient function to all or-
ders in a4(p?) but restrict ourselves to the leading order in higher—twist contributions:
CD(u,v) = §(u—v) + O(ay). To this accuracy there is a single twist—four DA contribut-
ing to each of the functions G »:

Gi(u, A?) = [1 + 0, + ol + - ] ® ¢r + A? 54)(%#%) o
Galu, %) = [Grag + 602+ | @ b+ A28 (wi i) + - (2.7)

In physical terms (;554) (u; p2) and ¢§4’ (u; u2) correspond to contributions of valence—quark
transverse momenta and of the “wrong” components of the quark spinors, respectively. In
the notations of Ref. [

plw)= o) ad () = o)



For an operator definition, it is convenient to use the concept of non-local operator off the
light cone [26] which is defined as the generating function (formal Taylor expansion) for
renormalized local operators. For example,

_ 2k+1 — — twist—2
d(—x) fvys[—xz, x]u(m)] P Z o T .x,,k{ [d% Dy, ... Dy, u— Traces} p
+[Traces]225t_4 + [Traces]zg“_ﬁ o }, (2.8)
where Bylzf),,l — B,,l is the covariant derivative, see [26], 27| for details. Note that

the twist expansion of a non-local operator corresponds to its expansion over irreducible
representations of the Lorentz group. This involves rearrangement of traces and sym-
metrization over groups of indices if necessary, c¢f. [28]. This compact notation is widely
used in [6, 10, [T, 26, 3, T5]. In particular, we have [6]

(01 [dlws)ysls, ailutz)}] | 17+ (p)) =

o

1
=i fups / due™ e 6O (s i) + A0 (s i) + O(AY)]
0

i fx(AupA) = pA?) / duermei [0 ) + 0(8Y)] . (29)

Despite the similar appearance, beyond the tree level Eq. (21l and Eq. ([23) describe
different objects. As follows from the Taylor expansion Eq. (Z8) the non-local operator
on the left—hand side of Eq. (23) is an analytic function of A? at A? — 0. It corresponds
to the analytic part of the amplitude in Eq. (1) [27] while the coefficient functions (by
definition) take into account singular contributions. The most striking difference is that
the non-local operator in Eq. (Z3) does not include the whole twist—two part of Go(u, A?)
in Eq. (1), which is ~ 1/AZ% This contribution was overlooked in [23]. The non-local
operator also does not include any of the coefficient functions appearing in Eq. (211), which
absorb all logarithms ~ In(—A2pu%).

Using the EOM the two-particle pion DA q§§4) (u; p%) and ¢§4) (u; %) can be expressed
in terms of the Fock components involving an extra gluon field. Following [6] we define
the three—particle pion DA of twist four

<0 ‘J(—z)[—z, v2] Y, Y59G e (v2) V2, z]u(z)‘ 7T+(p)> =

—ipz(ai—as+asv) [ Pv
= fﬂ /Dai e WP (a1 —a2+as ){]; (puzp —ppzu)én(al,ag,ag)

ZuPv “pPv }
. - ) (a1, 00,05) ), (21
+ [Pp (gu i ) Pu (gp e )} 1 (o, ag, a3) (2.10)

where the longitudinal momentum fraction of the gluon is a3 and the integration measure
is defined as

1
/DO(Z' = / dOéldOéQdOég 5(1 — ] — (g — Oég) . (211)
0

8



One obtains [6] (see also Appendix A in [12])

/ dv/ dal/ dag— 2®l—(I>||} (a1, g, i3)
(2.12)

UO[ — U
o\ (u) + / doy / " [201 — )] (an, 02, 3),

where a3 = 1 —a; —ap. The derivation of these relatlons relies on exact operator identities
[26] which relate integrals over v of the quark—gluon—antiquark operator in Eq. (ZI0) to
derivatives of the quark—antiquark operator appearing in Eq. (Z3).

For completeness, we present here the definitions of the other three—particle twist—
four pion DA. These distributions do not contribute to Eq. (1)) to leading order because
of our specific choice of the (simple) correlation function, but are important for other
applications. We will use these definitions in Sect. 3 where we construct the renormalon
model.

First of all, there exist another pair of DA that correspond to the substitution® of 75G,,,
by iGHP = 1e'P G5 in Eq. (ZI0). To the twist-four accuracy

(0ld(=2)[2, v igGlp(v2) [0z, 2Ju(z) |7 (p)) =

—ipz(o1 —as+a3v Pv
= fﬂ /DO(,' e P (a1 —a2+as ){pz (puzp ppzu)\lf”(al,ozg,ag)

AN _ Eobw
+ [pp (gpu vz ) Pu (gpu Dz )] \Ill(alaa%aii)}' (2-13)

The functions ¥, | and @, | are not independent. In particular ¥, and @ can be obtained
as the symmetric and the antisymmetric part, respectively, of a more general DA [13]

(Old(=2)[=2, v217- 2 7489Gp(v2) [0z, 2Jul2) |7 (p)) = (2.14)

ZuDv ZpPv —ipz(a1 —ao+tagv
= fx {pp (guv_ ;—Z) — Pu <gpv_ ;Z )} /Dai e pHloamatas )H”(abo%a?»)-

One obtains [I3]

1
U (o, g, a3) = —3 [H' (a1, an, a3) + H' (002, 01, 03)]
1
‘bl(al,az,%) = —5 [H”(Oél,az,a?,) - H”(OQ,Oél,CYS)] ) (2-15)

see also Appendix A in [30].
In addition, we introduce a new three—particle DA =, («;) as

<0 }d )Y 59D Gop(vz) vz, 2]u (z)} 7T+(p)> =

= ifapuPs / Doy e Pler—o2tvas) = (o) ay, ag). (2.16)

$We are using the sign conventions for the ¢##*” tensor and the 5 matrix from Bjorken and Drell [29].
In particular, Tr(vAyPy%yPy5) = 4ie#?*P and Gop = i0as7s-

9



The Lorentz structure p,pg is the only one relevant at twist four. Thanks to the equation of
motion D“Gﬁﬁ =9, qt"~5q where the summation goes over all light flavors, =, («;) can
be viewed as describing either a quark—antiquark—gluon or a specific four—quark component
of the pion: with the quark—antiquark pair in a color-octet state and at the same space—
time point. This DA was not considered previously because its conformal expansion starts
with a higher spin J = 5 (see below) whereas in [6, [[3] only the terms with J = 3 and
J = 4 were included.

There exist further twist—four four—quark operators where all quark light—cone coordi-
nates are separated, and also twist—four operators which include two gluons in addition to
the quark—antiquark pair. They give rise to four—particle DA and will not be considered in
this work. Although such operators contribute to exclusive amplitudes at twist four, they
do not appear to leading order in the flavor expansion (cf. [31]) and can be systematically
neglected to our accuracy.

2.2 Infrared renormalons in the twist—two coefficient functions

The scale separation made in Eq. (Z3)) is arbitrary in two respects. To a given logarithmic
accuracy the separation between coefficient functions and operator matrix elements is
ambiguous. However, the logarithmic dependence on the factorization scale u?% cancels
between the coefficient function C*=2 and the corresponding DA ¢(*=?) leaving their
product invariant. This can be phrased through perturbative evolution equations. To
power accuracy the separation between terms of different twist is ambiguous and the
scale-independence of “structure functions” G is only restored in the sum of all twists.

As discussed in the introduction the intuitive way to see this is to imagine using a
cutoff scale p2 to implement factorization: this scale serves as an infrared cutoff for
the coefficient functions while it acts as an ultraviolet cutoff for the DA. The twist—two
contribution would then depend on the scale as ~ u%A2¢?). To keep G invariant this
dependence should cancel against a term of the form p2¢® in ¢§4). In other words, the
twist—four operator has a quadratic ultraviolet divergence through which it mixes with
the twist—two operator. In dimensional regularization the power-like cutoff dependence
does not occur, but the ambiguity still persists because the perturbative series develops a
factorial large—order behaviour. The perturbation theory, therefore, diverges (renormalon
divergence) and its sum is only defined to power—like accuracy. This is the renormalon
ambiguity which we are going to address now.

2.2.1 An all-order calculation

In order to evaluate the infrared—renormalon ambiguity in the twist—two coefficient func-
tions

CP (v, u, A, 2, 12) = 6(u — ) + cro(p?) + a0 (i) + - --
O (v,u, A% 12, p2) = Grag (1) + G (i) + - - (2.17)

we need to calculate them to all orders in the coupling. Of course, a full all-order calcu-
lation cannot be performed. Instead, as in other applications [I7], we restrict ourselves to

10



the perturbative series generated by the running—coupling effects in one—loop diagrams,
i.e. using QCD coupling at the scale of the gluon virtuality¥. A convenient tool to perform
this calculation is the Borel representation of the running coupling,

Focts (=K) :/Oodwegw (A—;)w (2.18)
i -

™

where (3, is the leading—order coefficient of the § function,

d(ovs/m)
dIn p?

:—ﬁo(as/ﬂ)2—|—... ﬁOZ%CA_le, (219)

6
A = A%D and the exponential factor e3* originates from the renormalization of the
fermion loop in the MS scheme. This way the calculation reduces to one loop with a
modified gluon propagator
1 (A2)w
% .
—k2 (—k2)1+w

and the result for the coefficient functions takes the form of a Borel integral

(2.20)

Cr(v,u, A2 p?, u%) = 0(u—v) + / dw e3® By (w; v, u, A2, g/ p?) (—A%A%)",
0

Co(v,u, A® p?, u3) :/ dwes® Bo(w;v,u, AY2, i/ i?) (—A%A%)". (2.21)
0

The perturbative expansion of C; can be recovered order by order from the expansion of
their Borel transforms B; near w = 0 observing that for one-loop coupling
/OO dww™ (A?/ 2)w = L = n! (s fo/m)"
0 s (ln,uQ/A?)"Jrl e '

The fixed—sign factorial behavior of the coefficients in this expansion in high orders man-
ifests itself in that the functions B; develop singularities at finite values of w on the
positive real axis (renormalon singularities) rending the integrals in Eq. (Z2Z1]) ill-defined.
The imaginary part that arises when the integration contour is moved above (or below) of
the nearest singularity (to the origin) can be taken as a measure of the ambiguity of the
summation of the perturbative series, see [I7] for details.

The relevant diagrams are shown in Fig. [l The calculation is presented in detail in
Appendix [Al We consider quarks on—shell and set the space-time dimension to d = 4 from
the beginning since w # 0 acts as a regulator. The result for the (not yet renormalized)
coefficient functions reads

By (w;u,v) = Cp T(-w)

- et o> o7 [ (1= 2) —upt) (1-2))

(Y

+ 0(u < U)% [(1 “‘w)fJ(:U) <1 - E) —wf™ (1 B g)]

v v
IThis approximation is sometimes referred to as the large—(y limit and can formally be defined con-
sidering first the large Ny limit with «s Ny is fixed, and replacing Ny by —605, to recover the non-Abelian
contributions.
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Xl X2 Xl X'Z

Figure 1: One-loop diagrams appearing in the non-local matrix element of Eq. (2I). The upper
double line represents a path—ordered exponential (a Wilson line) connecting x; and x9, while
the dashed line represents a dressed gluon (dressing is equivalent to summing over any number
of fermion-loops insertions in the large-N¢ limit).

+ I_—Z [H(u > v) (%)wﬂ +60(u < v) (%)wﬂ}

1+
-1 _12w5(u — v)} (2.22)
and
By (w;u,v) = %%4_“’ O(u > v) (%)WFI +6(v > u) (%)wﬂ} . (2.23)

where we used a short—hand notation

_ 6211)—1(1 _ /6)1-4—10

F@(3) T F12w,w+1,2+w;1—0). (2.24)
In particular
(w=0)( gy _ L= B
f=(B) 5
fe=(3)=1—-6+3m3. (2.25)

The “+” prescription is defined as usual by:

£B8) = F@(B) - 6(8) /0 4B (). (2.26)

The terms ~ f™) in Eq. [Z2) correspond, in Feynman gauge, to the contribution of the
vertex correction (Diagram 1) in Fig. [[l and its symmetric counterpart, the contribution

12



in the third line in Eq. (Z22) and the entire Eq. ([Z2Z3)) originate from the box diagram
(Diagram 2) and the remaining term ~ 1/(1 —2w) in the last line of Eq. (Z22)) stands for
the self-energy insertion in the Wilson line (Diagram 3).

2.2.2 Singularities of the Borel transform

The answer for By(w;u,v) in Eq. (Z22) has a simple pole at w = 0. This singularity is
expected [I7] and has to be removed by the subtraction of ultraviolet (UV) logarithmic
divergences due to the wave—function renormalization of the quark fields, and of infrared
(IR) logarithmic divergences that correspond to the renormalization of the leading—twist
DA. To this end, note that vanishing of the Diagram 4 in Fig. [l is a result of an exact
cancellation between IR and UV divergent integrals. Upon introducing a scale which
regulates one singularity, the other one will appear as a 1/w pole. Schematically

By (w;u, v)PReem=t = f—ﬁi <{%] - {%} ) : (2.27)

In addition to renormalizing Diagram 4, ultraviolet subtraction removes the 1/w pole of
Diagram 3 in Fig. [1

Having performed the UV renormalization the remaining 1/w singularities from Dia~
grams 1, 2 and 4 are removed upon performing IR factorization. The counter-term which
is to be subtracted from the DA ¢ and added to the coefficient function B;(w;u,v) is

~ Cp K(u,v) + O(w)
= 2% ”

where K (u,v) is obtained as the limit at w — 0 of the expression in the curly brackets in
Eq. (222) and adding the IR-pole contribution in Eq. (2217):

By (w;u, v)*"

(2.28)

K(u,v) = [3 (1 + (2.29)

u

)9(u>v)+i_v<1+

—Uu

)9(u<v)

u—v Vv—Uu

_l’_

K (u,v) can easily be identified as the leading-order Brodsky-Lepage kernel [Il 2] control-
ling the p%—evolution of the pion DA ¢, (u; u%):

d¢7r(,u7:u%') _ CFas /1 9
dln :U“%? - o 0 dUK(uv U) (bw(ua :U’F) . (230)

The terms O(w) in Eq. (Z228) correspond to scheme-dependent higher—order contributions
to the Brodsky—Lepage evolution kernel. In MS-like schemes the kernel has an expansion
in a; with a finite radius of convergence, see [19] for explicit expressions in the large—/,
limit. In other words in such schemes the infrared counter-term is free of Borel singularities.

To summarize, the subtraction of logarithmic UV and IR divergences removes the 1/w
singularity in the Borel transformed coefficient functions in much the same way as poles
1/(d—4) are subtracted in renormalized amplitudes when using dimensional regularization.
For the subsequent discussion it is important that in MS-like schemes the subtracted
terms are analytic functions of the Borel variable w and do not influence the structure of

13



singularities of B; at w > 0 which we are going to address now. For this reason we can
work with non-subtracted amplitudes in what follows.

First, we note the presence of a Borel singularity at w = 1/2 in the last term in
Eq. (222) which comes from the self-energy insertion in the Wilson line and reflects a
linear divergence in the UV region (UV renormalon). Such singularities are well-known in
the context of the heavy—quark effective theory [32] in which case they reflect ambiguities
in the non-perturbative definition of the heavy—quark mass [33, B2]. In our case, this
singularity is an artifact of choosing an oversimplified “exclusive process” in Eq. (1)
where a dynamical quark propagating between the points z; and x5 is replaced by a path—
ordered exponential. It has nothing to do with the twist expansion and will not appear
in realistic physics applications. Therefore we will not consider this singularity further in
this paper.

The remaining singularities at positive integer wy = 1,2,... have IR origin and are
called IR renormalons. They obstruct the Borel integration in Eq. (22I]) and render
the sum of perturbation theory ambiguous to power accuracy ~ (A2A?)“0. Hence we
concentrate on the IR renormalon with wy = 1 which is the closest one to the origin and
the only one relevant for the calculation to the twist-four accuracy ~ AZ?. For definiteness,
we choose the residue at the w = 1 singularity times 7 = 3.14... as a measure of the
ambiguity of the Borel integral [Z21]), i.e.

5IR{ f(w) } = —nf(w=1). (2.31)

1—w

Using Eq. (222) and Eq. ([Z23) we obtain the ambiguity of the twist-two approximation
for the amplitudes GG; and G5

0 {C1 ® s} = —cA2A2/01dv br () {% FO (1—%) (v > u) + % FO (1—%) f(v < u)}
— —cA2A2/01dv gbﬂ(v){v—lz [u + (v—u)ln (1 - %) }9(1} > u)

+% [u+(u—v)ln<1—g)]9(v<w},

(%

O {Cy ® 6.} = cAZA? /01 dv d(v) {(%)29(0 > u) + (9)26@ < u)} , (2.32)

v

respectively, where we used Eq. (2228) and where the overall normalization

c=——e3 ~0.7 (2.33)
corresponds to the convention in Eq. (Z31]). The given number is for Np = 3. We are going
to demonstrate that this ambiguity is exactly canceled by the UV renormalon ambiguity

in the twist—four DA, which is reminiscent of quadratic UV divergence of the contributing
operators.
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Figure 2: One-loop diagrams appearing in the non-local matrix element of quark—antiquark—
gluon light—cone operators. The upper double line represents a path-ordered exponential (a
Wilson line) along the light cone connecting between —z and vz and between vz and z while the
dashed line represents a dressed gluon (dressing is equivalent to summing over any number of
fermion-loops insertions in the large-NNy limit).

2.3 UV renormalons in higher—twist operators and cancellation
of ambiguities

In order to reveal the UV-renormalon divergence in the twist—four DA we consider the
perturbative series generated by running—coupling effects in the matrix element of a generic
quark—antiquark—gluon operator

d(—2)[—z,v2]LgGap(v2)[v2, 2JU(2), (2.34)

sandwiched between quarks states with momenta ¢; and ¢y with ¢? # 0. Here I' stands
for an arbitrary Dirac structure and 22 = 0. The relevant diagrams are shown in Fig. A
One obtains |

2 e’}
i Cr / dwe3® (—A%)"
Bo  Jo

X [Czqz’ﬁﬁpruql IAP(Q% (1+v)z) — Czqu%)’Yu“ql IAP(QM (1- U)Z)} , (2.35)

<q2 }J(—z)FgGag(vz)u(z)} q1> — e lnte)z (gmgg - gxggﬁ)

where d,, and u,, are quark spinors and I**(q, z) stands for the momentum integral

Mg o) — d'k k(g + k)? ik
I"(q,z) = / @)1 (52) T (g 1 R (2.36)

which is UV divergent at w = 1. Performing the integral and extracting the w = 1 pole,
we obtain:

: 1
A o —1 iqz(l—a
I p(CI’Z)‘w:l = 21— w) /0 da a1~

1
X [z’qu”(l —a) — i’ a+ g™ + 5&(1 - a)q22)‘zp]. (2.37)

In the following for brevity we do not show the Wilson lines in the non-local operators.
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As a consequence of the w = 1 singularity the Borel integral in Eq. (23H) is ill-defined.
Using Eq. ([Z31)) to quantify the ambiguity and specifying for the relevant Dirac and
Lorentz structures the final result can be brought to a form of operator relations (cf.
117, 23))

o {2 d(=2)7"159 G (v2)u(2)} = 2icA? / da (1 = a) [d(~y)rsu(z) — d(~2)fr5uF)],

0

bov {27 d(=2) 59 G o2)u2)} = —2ica’s, [ daa [d(—p)rsuz) — A=)
Ouv {z“J( 2)y” ngW vz)u } 21 cA2/ da (1+ a) [ci(—y)i%u(z) + cZ(—z);f%u@ﬂ,

Sov {Z“J( )/éngM, v2)u } = 210A2zp/ daa[ 1(—y) Fysu(z )+ci(—z);ffy5u(@],
(2.38)

where y = z2(1 — (1 +v)(1 —a)) and y = 2(1 — (1 —v)(1 — a)), and ¢ is the constant
defined in Eq. (Z33)). In order to arrive at these expressions we performed integration by
parts over a in order to remove factors of ¢ -z and then converted the results into operator
relations in configuration space. The relations in Eq. ([238) can be viewed as the mixing
under renormalization between the twist—four quark—gluon—antiquark operators and the
twist—two quark—antiquark operator and the first two of them were derived in [23]. In a
similar manner — see Appendix [Bl — we obtain one more operator relation

duv {J(_ gD Gaﬁ UZ i”)%u } =

= tien® [ oot [ depp) + dcapam]. @)

+ v

Taking matrix elements of Eqs. (238) and (239) between the vacuum and the pion state
we derive UV ambiguities of three—particle pion DA defined in Sect. 2.1 in terms of the
leading—twist pion DA:

Suv {P 1 (o, an, a3)} = cA? [%(al) - %(az)] ;

1—041 1—042

Sov {® (a1, 0, a5)} = 2cA2 {0‘2%(0‘1) . O‘l‘z’”(%)} ,

(1 — 061>2 (1 — Oé2)2

1—041 1—062

Suy {0 L (a1, cua, a3)} = A2 [Wm) + ‘b“(o‘z)] ,

Sov {01, 0, a5)} = —2¢A2 [a2¢”(“1) O‘l‘z’”(o‘ﬂ ,

(1 — Oé1>2 (1 - 052)2
a2 (1) ¢7r(042)] ’

1—0(1 1—Oé2

Suov {Zx(ay, ag, a3)} = —4cA? [ (2.40)
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where we used the symmetry property ¢.(a) = ¢.(1—a) to arrive at the given expressions.
Last but not least, we use EOM in Eq. (2I2) to calculate the UV-renormalon ambiguity
in the two—particle twist—four pion DA gbf‘% and find that it coincides identically with the
IR renormalon ambiguity of the twist—two result in Eq. (232) but has opposite sign. It
follows that the “structure functions” G; are unambiguous to the twist—four accuracy

5 (G} = 6 {C) @ ) +A26UV{ §4>} —0,

5 {Cs} = 6,0 {Cs @ ) + A?éUV{ g4>} —0, (2.41)

as expected. For the cancellation to hold, it is important that both the leading—twist
coefficient functions and the matrix elements of higher—twist operators are calculated using
the same regularization and renormalization prescription. This can be seen as a consistency
check for the OPE analysis.

3 Renormalon model for twist—four DA of the pion

The UV-renormalon ambiguities in the twist—four DA should be viewed as indicative of
the size and the momentum—fraction dependence of “genuine” non-perturbative effects.
We define the renormalon model for twist—four DA of the pion by taking the functional
form of the corresponding UV-renormalon ambiguities, replacing the overall normalization
constant cA? by a suitable non-perturbative parameter. The crucial observation is that al-
though the absolute normalization of the renormalon ambiguity in Eq. [Z31]) is essentially
ad hoc, the relative normalization for the different DA in Eq. (40) is meaningful since the
running—coupling calculation satisfies all constraints imposed by Lorentz symmetry and
the EOM. Therefore, the renormalon model for the entire set of twist—four DA of the pion
has just one free parameter: the overall normalization. This parameter can be related to

the matrix element of the local operator
. 1
<0\d7,,ngupu|7r+(p)> = gfwéz[ppguv - pugpu] ) 6%~ 0.2 GeV2, (3.1)

where the number comes from QCD sum rules [34]. The UV-renormalon ambiguity of the
same matrix element is, on the other hand

bov { O1digGupuln (0) } = 2feA2(Dygr — Pugn] (3.2)
so in Eq. (240) we replace
cA® — 252 ~ (180 MeV)? (3.3)
and end up with the set of three—particle DA
5_2 |:¢7r(al) . %(%)} ’

6 1—0(1 1—Oég

6_32 [?12%033 - ?fgigg] ’

(bl(alaa%a?») =

D (aq, g, 03) =
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52
\IIJ_(Oélaa%aS) = = [

6

5 [2ap 6]

252 [OQ Pr(on) o %(O@)] '

3 1-0&1 1-0&2

Orlar) | %(O@)] |

1—0(1 1—Oég

\I]”(Oél, a2, O{3> =

(3.4)

Er(ar, g, a3) = —

Note that we have made the same replacement in all five DA. It must be so because these
DA are all related — see Appendix [Bl Using the EOM, Eq. (B4), (¢f. Eq. (Z32)),

o9 (u) = %2/01@@(@){% [u 4 (v—u)ln (1 - 3) }e(v > u)

—l—z_]—lz [ﬂ+(u—v)ln(1—%)}9(v<u)},
o () = _5; Oldv bn (V) {(%)29(21 > u) + (%)29@ < u)} (3.5)

which completes the calculation.
The given expressions are valid for an arbitrary leading—twist pion DA ¢, (u). For
practical applications it may be worthwhile to choose the asymptotic expression

Or(u) = 6u(l —u) (3.6)
which is known to provide one with a reasonable accuracy [16]. With this choice

(I)J_(ab g, as) = 52[041 - 042] )

1 1
P (a az) = 262 —
||( 1, (g, 3) Q0 {1 ) 1 Oé2:| )

\IIJ_(Oél,OéQ,Oég) = 52 [Oél +Oé2] s

1 1
v Laz) = —267 :
(a1, ag, o) Q10 {1—041 + 1_%}

EW(Oél,OéQ,Oég) = 0 (37)
Note that =, (a1, ag, avg) is vanishing in this approximation, but in general it is not zero

and has to be taken into account if corrections to the asymptotic pion DA are included.
For the two particle DA one gets [23]

2
@ () = 52{a[1n(a) - Lig(ﬂ)] tu [m(u) - Lig(u)] —ua+ %}
W (y) = §2 {u2 In(w) + @2 In(a) + uu} (3.8)
where Li,(z) =) o2, 2™ /n® In the next section we shall compare these expressions with
the model of [6l, [3] based on conformal expansion.
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4 Conformal expansion

4.1 General formalism

For fields “living” on the light—cone the conformal transformations reduce to the three—
parameter group SL(2,R) with the algebra of hyperbolic rotations, see [5] for a review.
The conformal transformations for quantum fields are governed by their conformal spin

which is defined as 1

j:§(s+€), (4.1)
where £ is the scaling dimension, ¢ = 3/2 for quarks and ¢ = 1 for gluons, and s is the spin
projection on the light cone. For Dirac spinors (quarks) the different spin components can

be separated with the help of projection operators g+ = II.q where

1 1
H+ — 57—7—]-’ 1I_ = 5’}/—]—7—’ H+ +II_=1. (42)

The ¢, and ¢_ fields have spin projections s = 1/2 and s = —1/2, and hence different
conformal spins j = 1 and j = 1/2, respectively. Similarly, the gluon field strength has to
be decomposed in different spin components: G, has spin projection s = 1 and conformal
spin j = 3/2; G, and G;_ both have s = 0 and j = 1; finally G_, has s = —1 and
j=1/2.

Conformal expansion of DA presents an example of the classical problem of spin sum-
mation in quantum mechanics, with the only difference being that the total conformal spin
J of the multi-parton system is always larger or equal to the sum of spins of constituents:

J = Jnin + N, Jmin = 1+ ..+ Ji - (4.3)

The integer number N can be identified with the total number of covariant derivatives D
in the corresponding local operator. Adding a derivative increases the conformal spin by
one unit and does not change the twist of the operator, defined as dimension minus spin.
The generic conformal expansion for two—particle DA has the form [36]

['(2j1 + 2j2)

Bu) = o PP (1 — )2t Y e PR (9 - 1) (4.4)
F(2]1)F(2]2) N—0

where P](Va’ﬁ ) [z] are Jacobi polynomials [35], v and 1 —wu stand for the momentum fractions
of the parton with spin j; and js, respectively, and the coefficients c; correspond to the
contribution of the total conformal spin J = j; + j» + N. The factor in front of the sum
is called the asymptotic distribution amplitude.

For three partons, a generic DA can be written as a double sum

. . . 00 N
U(251 4+ 2j2 + 273) 2,1 2j5-1 2js—1 (12)3
) ) = J1 J2 J3 C.. Yy i), 4.5
(OK ) 1—\(2]1)1—\(2]2)F(2]3) al OK2 OK3 ]VZ::O — Jj Jj (O{ ) ( )
where [37, B8]
12)3 T 2j3—1,25—1 2j1—1,2j5—1) | Q2 —
Vi a) = (= aap o PV = g P [0 (g
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are the basis functions [3] corresponding to the total conformal spin J = j;+7j2+ 73+ N and
the fixed conformal spin of the (1,2)-parton pair j = j; + jo +n. The functions Y};z)?’ (cvi)
form a complete basis and are mutually orthogonal with respect to the conformal scalar
product:

/ DO(Z 2]1 ! 3]2 1@3]3 1Y(12) ( ,)Y}}J%)g(al) = NJ]' 6JJ/ 5jj’a (47)
where
Ny = L(+j1—52)0 (G —ji+J2) U(J—j+4s) I (J+7—Js)
T TG—g =g+ DI+ +i2—1)(25—1) T(J—j—js+1)D(J+j+j3—1)(2]—1)
(4.8)

Using this orthogonality property the coefficients in the expansion of any DA can be
obtained by projection:

['(251)1(252)T(23)
(271 + 272 + 2j3)

Cy; = e / Da; (o) YJ(]12) (). (4.9)
The use of conformal symmetry is that, for a given twist, only the coefficients C;; with
1+ 72 <j < J-—jsin Eq. @H) and c; in Eq. (4] for the same value of the total
spin J can be related by EOM and/or renormalization group evolution to the leading
logarithmic accuracy. It follows that any parametrization of DA based on a truncated
conformal expansion is consistent with the EOM and is preserved by evolution.

4.2 The two lowest orders

The relevant light—cone projections of the twist—four light—cone operators corresponding
to the three—particle pion DA are

1

H! =d (=2 Y ’759GJ_+( ) +(Z)7

(-
+(=
dy (=2 fy+igé+_(vz)u+(z) )

(=2)71759 D" Gy (v2)ui (2) - (4.10)

O
O
D

)
2)V4+759G 1~ (v2)uy (2),

)

)

_l’_

In the first operator j; = %, Ju = 1 and j, = 3/2 while in the second and the third operators
Jja =1, ju = 1 and j, = 1. In all these cases the sum is the same, J = jq + j, + j; = 3.
This is the minimum conformal spin corresponding to the asymptotic DA. In the fourth
operator jq = j, = 1 but owing to the derivative j, = 2, making the minimal conformal
spin 4. In addition, the G-parity demands that DA ®| and =, are antisymmetric under
the interchange of a; <+ ay. This implies that the matrix elements of the operators with
minimal conformal spin vanish identically in these two cases and the conformal expansion
for @ and =, starts one unit of spin higher at J =4 and J = 5, respectively.
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Figure 3: The two—particle twist—four DA ¢§4) (left) and —¢g4) (right) based on the renormalon
model (full line) and model of Ref. [6] (crosses) which uses the first two orders in the conformal
expansion with the sum-rule estimate ¢ = 0.5. The normalization is chosen to be the same § = 1.

The model developed in [6l, T3] corresponds to taking into account contributions of the
lowest two conformal spins J = 3 and J = 4. To this accuracy

ar, g, a3) = 100 (a1 — az)ai [1+6¢€(1 —2a3)] ,
) = 120e6% o anas(ar — ag),
U, (o, g, a3) = 106%a3(1 — a) [1 + 6€(1 — 2a3)] ,
) = 4082 anas [1 + 3¢(1 — 3as)]
Er(ag,ag,a3) =0. (4.11)

The terms ~ §% are J = 3 and define the asymptotic DA while contributions ~ €§?
correspond to J = 4. For each spin J = 3 and J = 4 there exists only one independent
non-perturbative parameter and from conformal symmetry it follows that they have to
have an autonomous scale dependence. This can be checked by a direct computation.

We have defined an alternative, renormalon model of higher—twist DA in Sect. 3 by
requiring that it reproduces the correct normalization in Eq. (BI). It is now a matter of a
simple algebra to expand the renormalon model in Eq. (B4) in contributions of increasing
conformal spin ({LH) and compare with Eq. ([LI]). We find that the structure in Eq. (1)
is reproduced and the parameter € proves to be independent on the choice of the leading—
twist pion DA. One obtains

€lpen = 7/12 ~ 0.58 (4.12)

which is comfortably close to the QCD sum-rule estimate
€lgg ~0.5£0.1 [6]. (4.13)
It is important that the conformal expansion of all four DA in Eq. (1) yields the same

value of €, which illustrates that the renormalon model is consistent with the EOM. Note
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that = (a1, az,a3) = 0 to this accuracy; as mentioned above, its conformal expansion
starts with J = 5.

The two-particle twist—four DA of Eq. (Z3)) are related to the three—particle ones
through the EOM, Eq. (2I2). Thus, when truncated to order J = 4 in the conformal
expansion, the renormalon model essentially coincides with the model of [6], with the sole
difference being the replacement of the sum-rule estimate for € in Eq. (EI3), by that in
Eq. (EIZ). However, in the renormalon model there is a priori no need to truncate the
expansion at J = 4: Eq. (B8) represents the sum of all conformal spins.  Figure
compares the two—particle DA between the model of [6] and that of Eq. (B8). In general
the two models are close, especially for ¢§4). We note, however, a qualitative difference in
the end—point behavior. This is the subject of the next section.

4.3 Higher orders and the end—point behavior
4.3.1 Three—particle distributions

Let us start with the three—particle functions. The difference between the models in
Eq. B4) and Eq. [IT) corresponds to the contribution of higher conformal spins J > 5.
Most striking is that the end—point behavior of the renormalon model expressions for
small gluon momenta a3 = ay — 0is ® ~ const for all five three-particle distributions
in question whereas for each order in the conformal expansion @), W) ~ o, ®,, ¥, ~ o3
and 2, ~ aj.

The difference indicates that the conformal expansion is not converging. Indeed, as-
suming the asymptotic leading—twist pion DA in Eq. (B8] we derive** the following formal

expansion of the DA in Eq. (B) in contributions of the conformal spin J:

{\IU_(Oéi>} _ 52 {a1+a2} o2 i (2J —1)(J +1) P _ gy

(I)J_(Oéi) a1 — g par J—1
Vi) _ e e 1 (17 (27 - D@ - (T +5 - 1)
{q)n(ai)} e 22{1—<—w} (J=1)J( —1)
x (1 —ag)/ 2 P{22 V(1 — 2a5) P {%} (4.14)

Taken literally the expansions in Eq. ([EI4]) are badly divergent for any fixed value of the
gluon momentum fraction az and have to be understood as distributions in mathematical
sense, i.e. they have to be convoluted with a suitable test function. Note that for the
“transverse” distributions the double sum disappears since the only non-vanishing con-
tributions come from j = 3/2 (n = 0) terms, c¢f. Eq. (EX). Owing to G—parity the DA
U, ¥ are symmetric and ®,,® are antisymmetric under replacement o; < 3. This
symmetry is realized differently for the transverse and the longitudinal components: for

**To project the different DA onto the basis one uses the coefficients of Eq. @3). The integration over ay
and as separates into a product of two independent integrals upon changing variables to 7 = 2(a1 +a2) —1
and o = (a2 — a1)/(aq + az) with both integrals ranging from —1 to 1.
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® |, U, it is associated with the explicit overall factor a; 4= ap while the expansion itself is
symmetric, depending only on a; +ap = 1 —as. For @, ¥, on the other hand, the proper
symmetry is obtained by the selection of odd/even values of j and taking into account
that Py [z] = (—1)7 P{"y) [~a].

Absence of convergence may be an artifact of the single-dressed—gluon approximation.
As well known [I7], this accuracy is sufficient to identify the position of the singularity
w = 1 but does not distinguish between singularities of different strength so that all
renormalons appear as simple poles'™. In the full theory they will be converted to branch
points and instead of a pole at w = 1 for a given J there will be a sum of terms with
different singular behavior

N

1
— 3 Tk (4.15)

L—w A= )" s

where [y is defined in Eq. (219) and véj’h) are the eigenvalues of the leading—order anoma-
lous dimension matrix 78‘]) for operators O;(1?) with conformal spin J:

2 O, (1?)

For large spins the anomalous dimensions are dominated by soft—gluon emission and for
quark—antiquark—gluon operators one expects [35]

CrInJ <A™ <N, InJ, (4.17)

where the prefactors are nothing but color charges corresponding to the possible classical
geometries of color flow. The logarithmic rise of anomalous dimensions translates to the
suppression of contributions of higher conformal spin operators at large scales u%

2 const-In J
(as (MF)) ~ J—constvlnln u%
s (115)

in the same way as higher—spin contributions get suppressed for the leading—twist DA [I1, 2.
This suppression will improve the expansion in Eq. (EI4]) and make it convergent at very
large scales. In this sense, the renormalon model in Eq. (B4)), Eq. (B1) can be regarded
as representing a worst—case scenario for the convergence of the conformal expansion.

4.3.2 Two—particle distributions

The large higher—spin contributions to three—particle pion DA in the soft—gluon region
a3 — 0 do not necessarily yield large corrections to physical observables because the gluon
momentum fraction is always integrated over. Two—particle DA are more directly relevant.

T This corresponds to picking up the leading quadratic divergence of the twist—four operators and
ignoring possible logarithmic enhancement/suppression. Also note that we do not show in Eq. IH)

the term ~ (3;/32 which usually appears in a sum with Wé']’h) /Bo because we tacitly imply using the
scheme-invariant Borel transform where u is conjugate to In(u?/A?) and not to 1/(cs(1)Bo /7).
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Figure 4: The first few orders (partial sums) in the conformal expansion of the renormalon
model for the two—particle twist—four DA ¢§4) (left), — 54) (middle) and ¢§4) + qﬁg") (right). The
thick black line represents Eq. (B3]).

We find that ¢§4) (u) and qbgl) (u) in Eq. (B8) in the renormalon model have the asymptotic
behavior in the end-point regions ~ u(1 — u) and ~ u?(1 — u)?Inu(1 — u), respectively,
which is to be compared with the ~ u?(1 — u)? behavior of the leading conformal spin
contributions (asymptotic DA) in both cases [6].

The expansions we obtained for the three—particle DA can readily be inserted into
Eq. (ZI2) to yield the conformal expansions of the two—particle twist—four amplitudes. In
the case of ¢§4) the integration can easily be performed with the result

> 2J — 1
@) () = —482 12(1 — u)? 3 P22y —1). 4.1
2 ('LL) U ( U) L J(J - 1)2(J o 2) J—3 ( U ) ( 8)

Away from the end—points one can use the asymptotic expansion [35]

cos{[n + (o + B+ 1)/2]0 — (2a + 1)7/4}
V7 [sin(6/2)]e+1/2[cos(6/2)]5+1/2

to see that Eq. (EI])) is convergent. It is not converging uniformly at the end points, how-
ever, which explains the logarithmic enhancement compared to the asymptotic DA (and
the model of [6]). As noted in [6], the second derivative ¥ (d?/ du2)¢§4)(u) corresponds to
the non-local light—cone operator d(—z)y~ vsu(z) = d_(—2)y s u_(z) with both quarks
having spin projection s = —1/2 alias j; = j, = 1/2. It follows that the conformal expan-
sion of (d*/ du2)¢§4)(u) goes over Legendre polynomials, or P}%(;)(Qu — 1). This result is
consistent with Eq. [I8) since

d2

du?

pf) (cos®) =

n

+O(n=?) (4.19)

[u2(1 — w2 P®) (2 — 1)} = (J=2)(J - 1) P2 1). (4.20)

For ¢§4) a similar, closed—form all-order expression is not available. However, it is
straightforward to compute the conformal expansion order by order in J, ¢f. Eq. ([C2):
5 7
§4) (u) = 6° {5 [u2 112} o + 21 [uﬂ (13uu + 2)
H1n notations of [6] (d2/du?)¢S (u) = (d/du)ga(u).
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Figure 5: Subsequent approximations by the conformal expansion truncated at spin Jyax =
3,4, ... for the integrals Iy (left panel) and I; (right panel) defined in Eq. 22) for ¢§4) (u)
(diamonds), ¢§4) (u) (circles) and ¢§4) (u) + (béA‘) (u) (crosses). The results are all normalized to
the exact value obtained using Eq. (B8]). Note the different scales on the vertical axis.

4+ 2(6u+3u+ 1)@ In(a) +2(6a2+3a+1) u3ln(u)]J_4

1 21
+ | —ui (140 va® + 243wt + 42) + = (6u? +3u + 1) a® In(a)

40 20
+E(6ﬂ2+3ﬂ+1)u3ln(u)] +} (4.21)
20 J=5 ’ '

Note that each term in the conformal expansion is of the order of u?(1 — u)? near the
end—points but the expansion is not converging uniformly so that the ~ u(1 —u) behavior
emerges in the sum of all spins.

The first few orders (partial sums) in the conformal expansion of the renormalon model
are compared to the full result in Fig. @l for the three functions: ¢§4), ;4) and ¢§4) + ¢;4).
The convergence is worst for the latter because of partial cancellation of the leading terms.
Absence of uniform convergence at the end points means that the limit u — 0,1 and the
summation over conformal spins cannot be interchanged; the partial sums Zj’g‘ diverge
as o\ (1) ~ (62/2)u(1 — w)2J2,, and o5 (1) ~ —202u2(1 — u)2 In Joax, Tespectively.

Last but not least, we show in Fig. Bl the subsequent approximations by the conformal
expansion truncated at spin Jy., = 3,4, ... for the typical integrals that one encounters

in the description of hard exclusive processes in QCD:
! du (4)
IO = - ¢z (U) )
0 U

I = /0 1 %“ In(1/u) 69 (w) (4.22)
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The difference between the renormalon model and the model of [6] (Jyax = 4) is of order
10-30% for the first integral and somewhat larger for the second one.

5 Renormalon model for twist—four DA of the rho

A useful feature of the renormalon approach is its universality: with minor modifications
it can be applied to DA of vector mesons as well. For definiteness we consider here
pT meson. One difference to the pion case is that because of spin the number of DA
proliferates significantly. We will conform to the definitions and notations of Ref. [12]
and in particular distinguish between chiral-even and chiral-odd DA corresponding to the
operators with odd/even number of «—matrices, respectively, between the quark fields.
A second difference is that because of a sizable p—meson mass the twist—four p—meson
DA receive the Wandzura—Wilczek—type contributions of the operators with geometric
twist—two given in terms of the leading—twist p—meson DA with the same (longitudinal
or transverse) polarization, and the operators of geometric twist—three that are expressed
in terms of twist-three DA with the opposite polarization . The Wandzura—Wilczek
contributions to the vector-meson DA have been calculated in Refs. [T, 12]. They have
to be added to the “genuine” twist—four contributions considered here. In this section
we collect the necessary definitions and summarize the results; see Appendix C for more
details.

In what follows P, stands for the p-meson momentum, P? = m?, and eV is the
polarization vector e - P = 0. We use the notation

m2

pu:Pu_%—ﬁzzw p2:07

and define the transverse polarization vector by

2
er =€, — — — z, |-
1 I p,z(pu 2p-z“)

We will also use the projector onto the directions orthogonal to p and z:

1
1
Yy = Guv — ];(puzv + Do) -

5.1 Chiral-even distribution amplitudes
5.1.1 Definitions

We start by quoting the necessary definitions from Ref. [I2] and in this section consider
matrix elements involving an odd number of v matrices, which we refer to as chiral-even

TThe mismatch is due to different twist definition: “dimension minus spin projection” (collinear twist)
for DA wvs. “dimension minus spin” (geometric twist) for operators, see [}, B] for details.
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in what follows. For the vector operator the light—cone expansion to twist—four accuracy
reads:

Ol [dl—e)uta)] o™ (P.3) = fpmp{% n e gy + " )]

)

( 1
A e —i¢ Pz
+ (efl) - P, 2 ) / du e P B(u)

;u(e}(; m / du e C(u )} (5.1)

We do not consider the axial-vector operator because its light—cone expansion only includes
contributions of twist three, five, etc., that are not relevant in the present context. For
brevity, in this section we do not show gauge factors between the quark and the antiquark
fields; we also use the short-hand notation

E=2u—1.
The vector decay constant f, is defined, as usual, as

(01d(0)7,,u(0)|p* (P, X)) = fompef . (5.2)

The expansion in (B]) involves three Lorentz invariant amplitudes which we have to
interpret in terms of meson DA. Definitions of the latter involve non-local operators at
strictly light-like separations and can most conveniently be written for longitudinal and
transverse meson polarizations separately. Following [T}, [2], we define chiral-even two-
particle DA of the p* meson as

Olfdrunta)] 102 = fymy [p, S [ ey

HE

By
UL /due 02 ga(u, p%) | - (5.3)

z)

1
" 1 e
+ ef) / du e g (u, i) - 2]
0 2 (p

The distribution amplitude ¢ is of twist two, gf) of twist three and g3 of twist four. All
three functions ¢ = {¢y, gf), g3} are normalized as

/0 dud(u) = 1. (5.4)

This can be checked by comparing the two sides of the defining equations in the limit
2, — 0 and using the EOM.
Comparing (B.3]) with the light—cone expansion in (&) one finds [12]

B(u) = ¢\ (u),
C(u) = gs(u) + oy(u) — 291 (u) . (5.5)
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The remaining invariant amplitude A(u) accounts for the transverse momentum distribu-
tion in the valence component of the wave function. We end up with two two—particle
twist—four DA of the longitudinally polarized p—meson, A(u) and g3(u) which are coun-
terparts of the pion DA ¢; and ¢, (a precise correspondence will be given below).

Three—particle chiral-even distributions are rather numerous and can be defined by
the following matrix elements:

(01d(—2)gCu (v2)1a5u(2) [Pt (P, N) = fumopalpoel) — puel))A(v, p2)
ey -
+ fpmip—z [pﬂgi_u - pl/gi_p]q)(vv pZ)
)

6( z ~
+ fpmiwpa [puzu - pyzu]\lf(v,pz), (56>

(01d(~2)9G s (v2)ivau(2)|pH (P, V) = fmppalpoel) — puel )V (v, p2)

ez

+ fpm?; [pugi_u - pugi_p]q)(vvpz)

Pz
L eWz
+ fpmp@pa [puzu - pyzu]\lf(v,pz), (57>

where

A(v,pz) = /Daie_ipz(a“_o‘”mg)A(ai), (5.8)

etc., and «; is the set of three momentum fractions {oy, a2, a3} = {ow, a4, a4}. The
integration measure is defined in Eq. (2I).

Similarly to the pion case, all higher—twist two—particle DA of the p-meson do not
present genuine independent degrees of freedom but can be expressed in terms of three—
particle DA. The corresponding relations [12] are given in Eq. (CII) below.

In addition, we introduce a new twist—four DA

NET

<O ‘J(—z)yugDaGag(vz)u(z)‘ pt (P, )\)> = fpm‘zpupg =,(v,pz), (5.9)

pz
which can be viewed, equivalently, either as a three—particle quark—antiquark—gluon DA,
or as a special case of a four-quark DA with the quark-antiquark pair in a color—octet
state and at the same space point, cf. Eq. (ZI4).

5.1.2 Renormalon model and comparison with Ref. [12]

The renormalon model for twist—four DA of the longitudinally polarized p—meson can
most simply be derived from the UV-renormalon ambiguity in twist—four operators. The
calculation is very similar to that in the pion case. One obtains in the single-dressed—gluon
approximation

bun{ 2 d(=2)7"959C  (v2)ulz) | = 2¢A° / da(1+ a) (d(—y)fu=) + d(=2)fu(i) .

0
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L S R
p— , 2 —_ p—
dicA /0 da a [1 i d(—y)fu(z)

1 -
+md(—z);§u@ﬂ, (5.10)
where c is given in Eq. (Z33) and the variables y and y are defined below Eq. (Z38). To
obtain the renormalon model, we take the matrix elements of the operators in Eq. (BI0)
between the vacuum and a p-meson state, project onto the relevant Lorentz structures
and fix the normalization by the local matrix element

(01d(0)9G (017 15u(0) | (P, ) = fymipeM i, G=015£0.10 39 (5.11)
making the substitution
1
cA? — R m?. (5.12)

The resulting twist—four DA, expressed in terms of the twist—two one, read:

~ 1 -Ozggb”(al) n a1¢||(042):|

V) =36 G T =)

1 [asgy(ar)  angy(as)
\I](O‘z)} - §<4 _(1 — a1)2 - (1 — Oé2)2:| )

~ 1 [o(a) = oylaz)
(I)(al> - 6§4 _1 — + 1 —042:| ’

L [dp(n)  ¢y(a2)
(o) = _6@‘ {1 —a 1 —042:| ’
() = _§§4 L i“2al o) — : fla2¢ll(a2)} , (5.13)

where we used the symmetry ¢j(u) = ¢(1 —u). Note the similarity of this result to the
pion case, Eq. (B4): upon replacing in the latter 52 by (4 one recovers the former with

—¢7 — o7, <I>|7|r — WP U7 — PP, —\Ifﬁ — VP and =, — E,.

The two—particle twist—four DA can now be restored using EOM [12]. The calculation
(see Appendix [CTl) gives:

Alu) = §C4/01dv¢”(v){9(u > v) % [ﬂ+52+(U—v)lnu_v

(Y
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1 —
+9(u<v)ﬁ {u+u2+(v—u)lnvvu} },

uu

g(u) = —gg {/Oldv o1(0) {e(u > ) =5 + 6(u < ) %} _ M} L (5.14)

Continuing the comparison with the pion case A(u) is similar to 16(¢; — ¢2) and g3 to
2d2py /du?.

Egs. (213) and (B14)) are valid for an arbitrary leading—twist DA. Choosing the asymp-
totic expression ¢y (u) = 6u(l — u) yields a simple model

E’(ai) = 2(4010p [ ! + L } ,

1-0&1 1-0&2

1 1
V() = 2¢00 0 L o + T OKJ ,

() = Calan + ag),
P(

Q

z) = C4[Oé2 - al],

[1]

and

Au) = 16(’4{@ [u In(u) — Lig(ﬂ):| +u [ﬂ In(u) — Liy(u)| — 2uu + %2}

ga(u) = 4@{ In(u) + In(a) + 2}. (5.16)

This model should be compared with that of Ball and Braun (BB) in Ref. [I2] based on
the two first orders in the conformal expansion:

~ 63
\I]BB(OKZ') =40 C4 1003 [1 + ZWf(?)Oég - 1)i| y
‘I’BB(%) = 630 (4 Wf 041042043(042 - al) )

PP () = 10 ¢ 02(1 — ag) [1 + 62—3wf(2a3 — 1)],
BB 9 63 4
(I) (OAZ) = 10 C4 Oé3(0é2 — Oél) [1 + ?W4 (20(3 — 1):|7
—BB _
=, (o) =0, (5.17)

where the new parameter wi! is defined by the matrix element of the J = 4 local operator
in Eq. (4.21) in Ref. [T2]. From QCD sum rules [I2] one obtains a crude estimate:

wi'|gy = 0.8£0.8. (5.18)

To the same J = 4 accuracy

200
APB(u) = 7@2@2 — 42g4wf{ua(2 + 13u@) + 2u*(1 + 3u + 6a%) Inu
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Figure 6: The two-particle twist-four DA of the p in the chiral-even sector, A(u) (left) and
g3(u) (right) based on the renormalon model of Eq. (BI6) (full line) and model of Ref. [I2],
given by Eq. ([&I9) (crosses), which uses the first two orders in the conformal expansion with
the sum-rule estimate wf = 0.8. The normalization is chosen to be the same (4 = 0.15.

+2a8(1 + 3u + 6u2) ma},
20
5P () = — (1 Gun). (5.19)

To avoid misunderstanding, note that for this comparison we suppressed the Wandzura—
Wilczek contributions of twist—two and twist—three operators to the coefficients in the
conformal expansion in [I2] and only retained the genuine twist—four contributions.

Performing the conformal expansion of the renormalon model, Eq. (EIH), up to J =4
we recover the structure of Eq. (1) predicting:

1 |en = g (5.20)
which can be contrasted with the sum—rule result in Eq. (BI8). Similar to the pion case,
this number is not sensitive to the shape of the leading—twist DA.

Figure @ compares the renormalon model with that of Ref. [I2]. For g3(u) the main
difference is in the asymptotic end—point behavior: it is logarithmic in the renormalon
model and constant in the model of Ref. [I2]. For A(u) the difference is more pronounced
— the asymptotic behavior is linear and quadratic in the two models, respectively — and,
moreover, it extends to the central region because of the very different .J = 4 contributions
which are determined by Eq. (B20) and the central value of Eq. (BIF), respectively.
Figure [ makes a similar comparison but this time adding the Wandzura—Wilczek terms
in both models.

*Note that there is no J = 4 contribution for gs(u).
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Figure 7: The same as Fig. B but including (in both models) the Wandzura-Wilczek contribu-
tions as given by Eqgs. (4.22) and (4.23) in Ref. [I2] with the parameters of Table 2 there, except

that we consistently use the asymptotic leading—twist DA, so ag = 0.

5.2 Chiral-odd distribution amplitudes
5.2.1 Definitions

For the chiral-odd operator involving the o,,~matrix the light-cone expansion to twist—
four accuracy reads [12]:

(Ol [d(=r)ou(n)] 07PN = if] {(e% - [ due e[, (u) + 22 Ar(u)]

a

ey
+ (PM$V - PVIM) (6 m / due” ZfPI]BT( )
2

m 1 ;
(e, — e, 2 | due-lfpxcm)}, (5.21)
0

+ Px

N —

where the tensor coupling pr is given by

(0[a(0)0,u,d(0)|p™ (P, X)) = if, (e;V P, — el Fy). (5.22)

In comparison, the corresponding light—cone DA are defined as

O[] P = s { (Ol = ) [ due o)

a

Nz o [ e 0, o
+(ppzw — pyzu)wmp due™ " hy " (u, pip)
1 m’
+ 2(631% —eMz)—2 / du e~ hy(u, MF)} (5.23)
Pz Jo
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where ¢, (u) is the leading—twist DA of the transversely polarized p—meson, hl(lt) (u) is of
twist—three and of no interest for our present purposes, and hz(u) is of twist—four. All
threg functions ¢ = {¢ 1, ﬁﬁ”, h3} are normalizefi as fol du ¢(u) = 1. Matching (EZ3) with
the light-cone expansion in Eq. (B2Z]l) one obtains

Br(u) = AP (u) — 361 (1) — halu),
Cr(u) = hs(u) — ¢, (u). (5.24)

The remaining invariant amplitude A (u) describes the transverse momentum distribution
in the leading—twist component of the wave function. We end up with two two—particle
twist—four DA of the transversely polarized p—meson, Ar(u) and hg(u) which are counter-
parts of the distributions Agu) and g3(u) for the longitudinally polarized p—meson and of
the pion DA q§§4) (u) and ¢§4 (u) defined in Eq. (Z3). The precise correspondence will be
given below.

The three—particle DA are even more numerous than in the chiral-even case and can
be defined as [12:

(0ld(=2)0apg G (v2)u(2)|p" (P, X)) =

O
= frm’ Y200 [papugﬁu PsPuday — PaPvls +p5pugcﬂ T (v,pz)

A A A A
+ fm2 [ pacUigh, — pacClom, = pacCgs, + pacl)on,| T, p2)

A A A A
+ pr [pueiigﬁu - p/leg_,[)igau - pVeS_(igﬁu + p'/eg_,[)?gau] TQ(U7 pZ)

Tm2 A A A A
+ pp [papueg_[)azu pﬁpueio)ézu - papueg_[)azu + pﬁpueigzu} T3(U> pz)
T
fom; [p ™ ™ 5y

A
+ e aPu€. 28 — PAPuC 20 — PaPvel 28 + pﬁpue&;za} Ty(v,pz), (5.25)

(O1d(—2)gGou (v2)u(2)p* (P N) = ifm2|ep, = eXp,] S(v.p2),

(O1d(—2)igChu (v2)5u(2)|p* (P,A) = ifTm2]eCp, — Q| S(o,p2). (5.26)

Of these seven amplitudes 7 is of twist three and the other six of twist four; higher—twist
terms are suppressed.
We also introduce one more twist—four DA as follows

(O1d(=2)7g D" Goaplv2)u(2)|p* (P.A) = ifyi? [, — D] poZh 0. p2). (5.27)

As in the other cases the twist—four two—particle DA do not present independent de-
grees of freedom and can be expressed in terms of three-particle DA using EOM [I2], see

Eq. ([C8) below.
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5.2.2 Renormalon model and comparison with Ref. [12]

Computing the first UV-renormalon contribution to the operator d(—2)oasG ., (v2)u(z2),
and taking the relevant Lorentz projections we find

o] d(=2)e)2" 5 9G (v2)u ()}

— —icA? ez, /0 1 da(1 + 2a) [J(—y)aﬂfu(z) - J(—z)o—psu@)],
o] (=) 0 gGu(v2)u(z) |

—ien? ez [ o1~ 20) [d-p)ou(z) — Ao @)
5Uv{ d(—=2)e) 70z, 0% gG“”(Uz)u(z)}

1
= —2icA? z”zpe(fa)/ daa [ci(—y)a”eu(z) — cZ(—z)a”eu@)],
0

o { d(=2)e )20z 02 G (v2)u(2) |

—icA? 2P z,e{) / da [d( y)oru(z) — d(—2)o"u @)] (5.28)

where y and y are defined below Eq. (Z38). In a similar manner, for the operators
d(—2)Gap(v2)u(z) and d(— )751Ga5(vz) (z) we obtain

5UV{J( z)e(j‘yz”gGW(vz)u( )} = cA? zo‘em/ da[d( Y)oapu(z )+§(—z)aa5u@)],

duv {J( 2)e) ¢ 5ngW(vz)u(2)} = —c/\? zaem/da [d( Y)oapu(z )—i—J(—z)aaﬁu(@],

(5.29)
and finally for the operator d(—2)0,,9D*Gas(v2)u(z) we get

5UV{zﬁcf(—z)gDo‘Gag(vz)UWu(z) }

— dicA? / daad% [1;) d(—y)omulz) + ﬁd(—z)%u(m] (5.30)

Taking the matrix elements of the operators in Eq. (E28) through Eq. (E30) between
the vacuum and the p—meson state we extract the renormalon ambiguity for these twist—
four DA in terms of ¢, (u). Going over from the renormalon ambiguity to a model, one has
to take into account that in the present case there exist two independent local operators
of the lowest dimension that have proper quantum numbers:

(01d(0)gGu (0)u(0)[p* (P, A)) = i frm2CT (e P, — eV P,
(0[d(0)9G 1w (0)irsu(0) [ p (P, N)) = i fIm2¢] eV P, — eV P,). (5.31)
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The parameters (7 =+ Zf renormalize multiplicatively with different anomalous dimensions
[0] and from the QCD sum rules one finds [40), T2]

(F'—(rF=02+01,
T+ =o0. (5.32)

The vanishing (or smallness) of the second number in Eq. (B32)) appears as a consequence
of vanishing of the leading contribution to the corresponding correlation function, see
Appendix C in [12].

By comparison of the expressions in Eq. (EEZ9) we observe that the leading UvV-
renormalon contribution to the operator d(—z) [gGWngéWz'%] (v2)u(z) and thus to ¢F +¢7
vanishes as well. Therefore, within the renormalon model @T = —(} and similarly to the
pion and the chiral-even p-meson cases the model has only one parameter.

Collecting everything and making the substitution

1
cA® — 5@{ m’ (5.33)

we obtain

Ty (o) = —T(a) = T [azm(al) B 041%(0&2)} |

(I1—a1)?  (1—ag)?

To(os) = Ti(os) = —%@T [ ¢1(n)  di(an) } ’

(1 —Oél) (1 —Oég)

Slau) = = Sla) = 37 [22L0) , Sulo),

(&%) a

1—062

¢1(a1) —

=0 (a;) = —2¢] [ m(@} : (5.34)

1—041

where we used the symmetry ¢, (u) = ¢, (1 —wu). The correspondence with the pion DA is
as follows: upon replacing §2 by 3¢7, Of — T7, ¢7 — 17, V] — S and =, — =7
There is no analog for \Ifﬁ

Finally, the two—particle twist—four DA are restored using EOM (see Appendix [CTl):

Ar(u) = 87 / dv 6. (v)

9(u>v)%<ﬂ+(u—v)lnugv)

v2 v

1O < v) = <u—i—(v—u)lnv—u)}a
ha(u) = 0. (5.35)

Note that there is no renormalon ambiguity in hz(u) at the level of a single dressed gluon,
and therefore in our model this DA vanishes. Also note that apart from the different
overall normalization (6% — 3¢]) Ar(u) is the same as 16¢§4)(u) in the pion case.
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Choosing the asymptotic leading—twist DA ¢, (u) = 6u(l — u) we obtain simple ex-
pressions

Tl(ai) = —T3(Oéi) = 6CZCY1@2 [ ! - ! } )

1— aq 1— (65)
Tz(ai) = T4(Oéi) = 3(){[042 - 041] )
S(ai) = = S(as) = 3¢ [on + aa,
E, () =0 (5.36)

and
2

Ar(u) = 48¢T {a| m(@) — Lia(@)| + | In(u) - Lis(u)| - i+ %}

hs(u) = 0. (5.37)

These results can be compared with the model of [TI2]. The structure of the conformal
expansion to spin J = 4 accuracy is more complicated in this case as it involves three
parameters. Following [T2] we write

Tl(Oéi) = 120t10(0&2 — Oél)OéQC\flag,

~ 1 ~
Ty(cy) = —30a3(ay — aq) |50 + = 810 (Bas — 3) + 513

0Ty
Ty(a;) = —120t10(ag — a1 ) o,

_ . -
Ty(oy) = 30a3(ay — aq) |se0 + 5 510 (5as — 3) + sp1as | , (5.38)

Sas) = 3002 {300 (1—as) + 510 {a3(1—a3) - ; (a2 + af)} + so1 {as(1—a) — 6a2a1}} |

S(as) = 3002 {goo (1—as) + 510 {a3(1—a3) - ; (a2 + af)} + 301 {as(1—as) — 6a2a1}} |

where, assuming that Z’f = —(7, one obtains
S00 = —S00 = C4Ta (5.39)

and the remaining six coefficients involve three parameters (Q™M), (Q®)) and (Q©®)Y)
defined by reduced matrix elements of local operators specified in Eq. (5.20) in [T2]:

28, . T e 14 .
s10 = == (QW) + 17 (@) + 5 (@),

28 7

o = 22 (@) - 15 4QU) + = (@),
sor = 2 (@) — o 4 + L (0O,
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~ 49 7

1 7 3 5
o = — 12 Q) + 55 (@) + 5 (@),
o =~ (@) + 7 (QW),
- 63 , i 35,
o= 5o (QU) + 3 (@), (5.40)

Here we only show genuine twist—four contributions and suppress the Wandzura-Wilczek
terms. To the same accuracy

126

ABB(y) = 120 (T w2a® — (g

(QU) + 10 (@) [un(2 + 13um)
+ 203(10 — 15u + 6u?) Inu + 2a°(10 — 15a + 6a2) ma] :
heB(u) = 0. (5.41)
The particular model suggested in [I2] makes use of the QCD sum-rule estimate

<<Q(1)>>‘SR = —0.15+0.15 [0 , <<Q(3) >>|SR = <<Q(5) >>|SR =0. (5.42)

On the other hand, starting with the renormalon model in Eq. (E30) and Eq. (E37)
and isolating the J = 4 contribution® we obtain, using Eq. (532,

QW) en = g—0<<@<3> Dlienr (@9 Nlgen = =C&' = =010£0.05, ((Q))]gen = 0.
(5.43)
Note that the renormalon model prediction for ((Q™))) is consistent with the sum-rule
estimate within errors and the main difference is that ((Q®)) is non-vanishing. With the
numbers from Eq. (E43) the J = 4 contribution to Ar(u) is enhanced by roughly factor
four compared to the sum-rule estimate, but is still smaller than the leading J = 3 term.
We conclude by a numerical comparison of the two—particle DA Ar(u) in the renor-
malon model, Eq. (31), and the model of [12] in Eq. (EZ41) with QCD sum-rule estimates
of the parameters. As in previous cases, the difference is most pronounced in the end—point
regions where the two expressions have different asymptotic behavior.

6 Conclusions

In this paper we have presented for the first time a systematic analysis of twist—four meson
distribution amplitudes that goes beyond the first few orders in the conformal expansion.
Our analysis is based on the study of the high—order behavior of perturbation theory in the
single-dressed—gluon approximation which is equivalent to the study of one-loop power
divergences of the contributing twist—four operators. In general, this calculation supports
the conjecture that the shape of higher—twist DA is not far from the asymptotic form
which is associated with operators with the lowest conformal spin. However, we find that

§Note that 75 = Ty implies that ((Q®))) = 0 while 71 = —T5 leads to ((Q®))) = X ((QW)).
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Figure 8: The two—particle twist—four DA Ar(u) without (left) and with (right) the
Wandzura—Wilczek terms. Each figure compares between the renormalon model (full line)
and model of Ref. [I2] (crosses) which uses the first two orders in the conformal expansion
with the sum-rule estimate of Eq. (B242). Note the different scales on the vertical axis.

the conformal expansion of the renormalon model does not converge uniformly at the end
points. Consequently, the end—point behavior corresponding to the situation where one
valence quark is soft, is qualitatively different between the sum over all spins and any
fixed order in the conformal expansion. As the principal result, we obtain that the two—
particle twist—four DA that describes the k2 distribution of valence quarks in the meson
— q§§4) (u) for pion, A(u) and AT (u) for p-meson — has the same linear falloff ~ u(1 — u)
at u — 0,1 as the leading—twist DA, compared to the quadratic behavior ~ u?(1 — u)?
of the asymptotic DA (lowest conformal spin). Taking into account the limitations of our
analysis this has to be understood as an upper bound. The existence of such a bound is
important for proofs of factorization theorems.

An attractive feature of the renormalon approach is that it allows one to construct
simple models of higher—twist DA with minimum number of non-perturbative parameters.
In this paper we constructed such models for the pion and for the p-meson with both the
longitudinal and the transverse polarizations. The corresponding expressions are given in
Sect. B, and B2 respectively. In each of these cases the entire set of twist—four
DA is determined in terms of the leading—twist DA with just one free parameter, the
overall normalization, corresponding to the matrix element of a certain local operator.
This approach presents a viable alternative to the models of Refs. [6, 2] based on the two
first orders in the conformal expansion. The spread between the predictions of these two
approaches is a fair measure of uncertainty in our present understanding of higher—twist
effects.

In addition to giving, for the first time, an upper bound for the possible contribution
of the operators with large conformal spins J, the renormalon model can also be used
to estimate the next—to—lowest spin J = 4 contributions. The corresponding estimates
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are given in Eq. (@12), Eq. (E20) and Eq. (43 for the pion, longitudinal p—meson and
transverse p—meson, respectively. These estimates are probably more reliable than the
corresponding QCD sum-rule results, as it is known that the sum-rule approach does not
work well for operators containing derivatives. In particular for the longitudinal p-meson
there is a significant difference, compare Eq. (20) and Eq. (EI3).

The renormalon approach can be applied in a straightforward manner to study yet
higher power corrections, of twist six and above, which are otherwise inaccessible. Higher
infrared-renormalon ambiguities in the coefficient functions of Eq. (2Z1]) at wy = 2, 3, etc.
corresponding to twist six, eight, etc. can be extracted from Eq. [Z2ZZ) and Eq. ([223)
in full analogy with the calculation of the leading renormalon ambiguity in Sect.
Assuming for simplicity the asymptotic leading—twist DA, the ambiguities in the leading—
twist part of G, read:

5= {C ® ¢} = —%Z—j (—A2A2)2 2 [u®In(u) + @® In(a) + ui (6.1)
0
w=3 __WCF§_223§, _
o {C1®@ ¢r} = 25, 1 (—A%A?) 3uu[1+7uu],
mCr s

O {C1® or} = (—a2a%)* %uu [31 4+ 199ua — 2u*u?] .

e
In general, we find in the renormalon approach that the asymptotic behavior of the form
~ uli persists in the case of G to all twistsT. For G, on the other hand, we find at any
twist higher than four an asymptotic behavior of the form ~ u2%2. This result suggests that
the DA of all twists probably have the same universal power behavior in the end—point
regions. This strong conjecture implies, in particular, that the twist expansion breaks
down owing to the increasing singularity of higher—twist coefficient functions.

The present study can be extended in several respects. From the theoretical point of
view the renormalon calculation that uses the modified gluon propagator in Eq. (Z20)
can be understood as changing the scaling dimension of the gluon field. It is, therefore,
tempting to try to reconcile the renormalon model with conformal symmetry of QCD with
modified conformal spin assignment for the fields. Alternatively, since the renormalon
model predictions effectively reduce to the analysis of quadratic divergences of twist—four
operators, they may have the symmetry of QCD in two dimensions. Finally, there is
a general problem of going beyond the large—3, approximation and taking anomalous
dimensions into account.

To summarize, we believe that the renormalon approach is useful for understanding the
structure of higher—twist contributions in hard exclusive processes and allows one to obtain
quantitative estimates. Phenomenological applications are numerous but go beyond the
tasks of this work.

22

YAn exception is twist six (the first line in Eq. (B])) where the behavior is ~ u?u? owing to a complete

cancellation between diagrams 1 and 3 in figure [
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Appendices

A Single—dressed—gluon calculation of the twist—two
coefficient function

In this Appendix we present the detailed calculation of the diagrams in Fig. [l to arrive at
the Borel-regularized expression for the leading—twist coefficient function of the non—local
operator in Eq. (). The calculation is done in the Feynman gauge and for brevity we
do not write explicitly the Wilson line connecting operators at different points.

We begin with Diagram 1 in Fig. [l where the gluon is exchanged between the quark
and the Wilson line. The latter is defined by Eq. (Z2)). The calculation of this diagram
plus its symmetric counterpart, where the gluon line is attached to the other quark, yields:

47T2CF °
Bo
X [Jp2707u71175up1 AUI}IL <p27 CLA) + Czpzrylfy&’lryﬂfyc’um AUI}IL (p17 CLA)} ) (Al)

1
<p2 ‘T{d($2)7y75u(1’1)}}p1>1 _ dw egw (_A2)w/ da 62(p2x2—171x1)
0

where d,, and u,, are quark spinors, A = ry — x; and the momentum integral I} (p, A) is
given by

I _ d4k —ikA (p + k)u
filp ) = / @ )+ k)

1 T(w) (2N [ AN
= 6 T(1 L w) (Z) /Odbb e sz—2w§ . (A.2)

Inserting the result of the momentum integration into Eq. (A1), contracting the indices
and using the Dirac equation for massless quarks gives

= C o 5 I'(—w —A2A2 wort !
(o2 [T} | pi), = 57 dweﬁwr<£+;)< . ) / da o / b b

X [(—ibpg A+ %) ela(1=bp2-A (—ibpl A+ %) ei“(l‘b””l‘A] (A.3)

% 6i(p2m2_plxl)czp2ryyry5upl.
The terms proportional to pi(s) - A can be removed using —ip - Ae'@!=0r& = 14 gia(1=b)p-A
and then integrating by parts. Now the dependence on the external momenta is only in
the spinors and the phase and can be absorbed in external quark states, so that the result

takes the form:
B CF /oo 5 P(—'LU) <_A2A2)w/1 /l—a
T{d(x2)7, =5, | dwes” d .
(P2 | T{d(x2)y 75U($1)}}p1>1 260 Jo wes (1 + w) 4 0 “ 0 ’
4

0




X /0 da a2w—1{ — 25(a)8(5) + / dbb” [5(8)6 (a — a(1 — b)) + 5(a)d (B — a(l — b))] }

X <p2 ‘CZ(SL’Q + aA)y,vsu(x; — ﬁA)‘pQ ) (A.4)

Here we introduced for later convenience two new variables o and . The integration over
a can be taken and after rearranging the terms the result can be represented as an OPE

_ o CF 0 gw F(—w) _AQAQ w 1 l—a
IMWWW%—%AMeHHm(4)Am% 13

x [+ ) (££7(3)8(0) + £(@)5(3)) = w(F(B)o() + £ (@)5(3))]

X d(xe + aA)yYysu(xy — BA), (A.5)

where it is understood that only leading—twist operators are retained on the right—hand
side,

1-8
FO) =5 [ by

0

- /62111—1(1 _ ﬁ)l-i—w
B 1+w

oF 1 (2w, w+ 1], 2+ w]; 1 = 3), (A.6)

and the “+” prescription is defined, as usual, by Eq. (220]).
Next we consider Diagram 2 where the gluon is exchanged between the quarks. This
contribution reads:

= i8m2Cp [ ,
<p2 ‘T{d(I2)’7y’V5u(SL’1)Hp1>2 E— e F / dw egw (_A2)w el(p2z2—p1z1)
0
X Czpzf}/u’yl/’yS’yO'up1I!2LU (plaan A) ’ (A7)

where the integral 157 (p1, p2, A) is given by the expression:

'k, (p1 + k)" (p2 + K)°
I,uo A) = kA
5" (P1, P2, A) /(27r)4e (k2)1Hw(py + k)2(py + k)2

j rv%><%3wlyalkhgu_a-ﬁw (A8)

T 32201+ w)

w eilap2A+Pp1A) { [guo + 2w A2§U:| + .. } .

Here the dots represent terms proportional to at least one external momentum p‘l‘((g)),

which do not contribute to Eq. (A7) by virtue of the Dirac equation. Inserting Eq. (AR
in Eq. (A7), contracting the indices and absorbing the dependence on the momenta p;
and p, in external quark states, one immediately obtains

— . CF o0 gw F(—w) —A2A2 w 1 1—a
T{d(w2) v v5u(z1)}2 = 2—50/0 dwe F(1+w)( 1 ) /Oda/O dg
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ALA,
A2

X d(xy + aD)Y ysu(zy — BA). (A.9)

Xx(1—a—=0)" 9wl +w)—2w

For the last step it was important to consider a non-forward matrix element (p; # ps),
because otherwise one could not identify how the quark-field operators get shifted.

The last contribution comes from Diagram 3 since Diagram 4, describing the self energy
of the incoming quark, has no scale and thus vanishes. We obtain:

T{d(z2) Yy ysu(x1) }s = ”ZOCFA / dw e3” (~A2)VTy(A)d(z2) v sulen),  (A.10)
where

N a Bk o | I'(—w) A2\ v
Lo = [aa [ | P T T i ey e T ) <T)

(A.11)
Collecting the contributions in Eq. (AH), Eq. (A0) and Eq. (AI0) we get a gauge-
invariant result for the OPE of the T-product of quark fields to all orders in the strong
coupling in in the large-3y limit:

T{d(a) sl o Ju(en)} = S5 /Owdw o3 Ff(i—w) <_A42A2)w /olda /01_

20 + w)
{au |1+ 0) (£7B)8(0) + £7(@)3(8)) = w () (B)o(a) + £ (@)3())]
b (gt w) ~0?20) (- (A12)

1

ﬁé(a)cs(ﬁ)} X d(zy + aA)Vys[xs + al, 2y — BAJu(z; — BA),
— 2w

— Guv

where the terms in the curly brackets are grouped as they appear from individual diagrams
in Feynman gauge: the first line corresponds to Diagram 1 (vertex correction) in Fig. [l
and its symmetric counterpart, the second line to Diagram 2 (box diagram), and the third
line to Diagram 3 (self-energy like correction to the Wilson line). Disentangling the two
Lorentz structures we end up with the answers for the unrenormalized coefficient functions

given in Eq. (Z22) and Eq. (Z23).

B The operator CZ%%gDaGO‘ﬁu: UV divergence and
EOM relations

The calculation of the UV-renormalon ambiguity of the operator in Eq. (210) goes along
the same lines as in Sect. 2.3 and is fully analogous to the similar calculation (with no ~s)
n [I7, B1]. For the matrix element between off-shell quark states (Fig. Bl) we get

4 2 C F

<qQ ‘d 2)gD*Gop(vz)Tu(z ‘q1> = Z'Te_i(q1+q2)z (g"pgﬁu — gggg) (B.1)
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X / dw egw(_A2)w [62427V7)\Futh jAUp(q27 (1 + U)Z) + 6242F7A7VUQ1 jAUP(qlv (1 - U)'Z)] )
0
where the momentum integral is

_ B d4k’ (q + k)Akakp e—ikz
Tl 2) = / T ¢ (B.2)

Computing the integral, extracting the w = 1 residue, specifying I' = +,,75 and projecting
with 2#2” we obtain!l the result in Eq. (239). Taking the matrix element of Eq. [39)
between the vacuum and a pion state we end up with the renormalon ambiguity of the
DA =Z;(«a;) given in the last line of Eq. (ZZ40).

Going from an ambiguity to a model involves a replacement of the large—(3, renormalon
residue by a physical non-perturbative parameter, a certain local matrix element. From
[6] it is known that the normalization of all four DA @, | and ¥ | is controlled by a single
non-perturbative parameter 62 for J = 3. In the renormalon model, contributions of
higher spins J = 4,5,... to ®,  and ¥, j are fixed uniquely in terms of § so that no new
parameters appear. We are going to argue that within this construction the normalization
of =, is also fixed uniquely by EOM that relate it to the J = 5 contributions to the other
DA. Thus, all five DA are given in terms of 62 and the leading-twist pion DA.

The necessary constraint can be derived from the operator identity for the second
derivative

92
01,0

d(—2)T u(x) = —0%d(—x)T u(z) + gd(—x) [O’G(—SL’) I'+ToG(x)|u(x)

1 1
+ 2igx”£/ dvvd(—z)T'G,,(vr)u(z) + 2igx”8u/ dvd(—z)L'G,,(vz)u(z)
ud_ -1

+2 /_ lldv /_ jdt(l+Ut)cZ(—x)Fx“x”Gup(—Ux)pr(—tx)u(x)

—igx” /_1dv (1 +v?)d(—=2)T[D,, G" )(vr)u(x) (B.3)

given in Eq. (A.9) in [I2] (see also [26]). Here oG = 0,3G*® and 9, stands for the
derivative with respect to the total translation.

Taking the matrix element of ([B3)) between the vacuum and a pion state and using
the definitions of the DA we obtain

Qi/ due™ 7 @D | (4= 2ipz (20— 1)) y(u) + (=3 + ipz (2u = 1)) da(u)]

0
. 1

pz? o Pz as
1 10 (Xe? . i
+ ((ag + P~ + 0 a%) sin(pz ag) + ~ (1 — ag) cos(pz a3)> 1(c) (B.4)

IWe performed integration by parts over a to eliminate ¢ - z factors in order to convert to operator
notation.
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+ ((Oéig - ﬁ) sin(pz agz) + %253)) Er(eu) +1 (29 (o) — Uy (ay)) cos(pz Oég)],
where we omitted the contributions of the two—gluon operator from the right—hand side.
These can be systematically put to zero to our accuracy as they start contributing at
higher order in the flavor expansion.

Expansion of Eq. (B4l in powers of pz yields simple relations between integrals that
involve all five three—particle DA. The odd powers are trivial: both the right—-hand side
and the left—hand side vanish by symmetry. The first two non-trivial relations are:

/01 du[— 8 1(u) + 6 pa(u /Dozl — 2V, (o) + ‘I’H(Oéz)] (B.5)

/Oldu(u—a)2[—16¢1( ) + 10 ga(u /Dal - 5 (01— az) Z(ay)

+§ (a1 — az) (7 (0q + a2) = 10) @) (a;) — 3 (al —ag)(a;+ay —1) P, (ay)

+(1=200— 20 +202+202) (¥)(as) — 2\1@(0@))].

The first relation does not involve Z;(«;) and is satisfied identically both by the model of
[6] and the renormalon model. The second relation gives the required constraint for the
normalization integral [ Da; (aq — ao) Ex(ay) in terms of the other four DA. It is easy to
verify that in order to satisfy this constraint one must assume in the last line of Eq. (Z40)
the same replacement cA? — 62/6 as in the other DA.

C Cancellation of renormalons for the p—meson am-
plitudes

Here we want to demonstrate cancellation of IR renormalon ambiguities in the leading—
twist coefficient functions with the UV-renormalon ambiguities in the matrix elements of
twist—four DA for the case of exclusive amplitudes involving a vector p—meson. Similarly
to the pion case, we consider the simplest example: a gauge—invariant T—product of quark
fields sandwiched between the vacuum and the meson state.

C.1 UV renormalons in two—particle DA

To begin with, we calculate the UV-renormalon ambiguities in the two—particle DA of
twist four. These can be obtained from the three—particle ones using EOM.
The specific EOM relations we need in the chiral-even sector are [12]:

gs(u) = o —2—/ doq/ da2— 20 (a) + ()]

Au) = 32/0udv/0vdw (9% (w) — &) (w +32/ dv/ doy /1 Udag— 20 (o) + ¥ (ay)]



+8 /Oudal /Ol_udazu% — 2% () + Wa). (C.1)

a3

This implies that the ambiguities of g3(u) and A(u) due to UV renormalons at w = 1 are
given by

1

d u 1—u
5UV {gg(u)} = —2d— dOél / dOég—(SUV {2(1)(062) + \I!(Oél)} s
u 0 (0%}

Sov {A(u)} = 32 /0 dv /0 “dan /0 l_vdazaigaw (20(0;) + U(ay)} |

U 1-u o o
+8 / da / day 222 82 W5 rad(as) + Ula)}.  (C.2)
0 0

3

where the ambiguities of the three—particle DA can be read from Eq. (2I3)) using the
inverse substitution in Eq. (B-12). For gs(u) we get

5Uv {93( >} - 40 dal/ da { fS[aOéll)) - (f[(ii)y] (CB)

- 402—2% [(1 —u) /Ouda (f[(z)y - U/OI_U do (fb[((zz))?} ’

where we evaluated one of the « integrals. Taking the derivative in respect to v and using
the symmetry ¢y (u) = ¢j(1 — u) yields the desired result:

Sov {gs(u)} = —40:7\1—2 {/Oldv o1(0) [9@ > v) % +0u < v) i} _ o) } (€4

2
o v uu

In turn, for the DA A(u) we get the following expression:

Suy {A(u)} = —160—{ / dv / da, / o {f[o‘ojl)) - (f[(222))2] (C.5)

/ o / Sl ai = ZZC“ [(fb %1)? - (1¢ [(222))2} }

Taking one of the « integrals in each line yields:

s [ 1) [ 20 [ )
[ (e (525) v -w) 7255 ()

- /Ol_uda ((1 —u—a)n (117;0‘) +u(l— u)) (f[(z))2} }
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Finally, integrating by parts over v in the first line and rearranging the terms we obtain:

Suv {A(u)} = 1607{,\1—; /01 dvgb”(v){@(u > v) % [u+u2 + (u —v) In & _v]

(Y

+e(u<v>i[u+u2+<v—u>1n”‘“]}. (C.7)

v2 v
In the chiral-odd sector the EOM relations between the two—particle and the three—
particle DA of twist four are given by [12]:

ha(u) = 20" (u) — @ (u)

—2— da1 / {“1 —oe = 2 Dy - L () - Tg(ai))} ,

Ar(u) = —2/ dv (20 — 1) [@, (v) + hs(v +8/ dv/ udw [hs(w) — @, (w)] (C.8)

+4/ dal/ dos [— (a) = =02 = u=l) oy Tg(ai))} |

ag

As a consequence, the ambiguity of hs(u) and Ap(u) due to UV renormalons is related to
that of the three—particle DA S(«;), To(;) and T5(a;). Using the results for the ambigu-
ities of the three—particle DA in Eq. (E34)) with the inverse substitution in Eq. (B33) we
obtain

Sov {hsu )}—40 dal/l“ H u—ay 1](¢L<a1>

1-0(1-0[2)2 1—041 1—041)
1—u— 1
. U (6% . ¢l(a2) ) (Cg)
(1—0&1—0@)2 1—Oé2 (1—Oég)
The square bracket in the first line vanishes upon taking the s integral and that in the

second line upon performing the «; integral. Thus there is no UV renormalon ambiguity
(at w=1):

duv {hs(u)} = 0. (C.10)
For Ar(u) on the other hand

S {Ar(w)) = 8eoy / don / m{[ 2u — ) +<u—a1><1—a1>] é1(en)

(1—a1 —a) (1—a;—a)? | (1—ay)?
C2(l-u—a)  (I-u—m)(l—ar)]| di(ar)
" [1 (1—0ay — ) + (1= — a)? ] (=) } : (C.11)

Taking one « integral we obtain

A2 1
dov {Ar(u)} = 160@/0 dv ¢y (v) |0




C.2 IR renormalons in coefficient functions

The IR w = 1 renormalon ambiguity in the all-order perturbative calculation of the
leading—twist coefficient functions can be obtained from a generalization of the OPE rela-
tion in Eq. (AI2) for the case of an arbitrary Dirac matrix I' between the quark fields:

b {T{d(a) (1))} = —cA’A? /0 da /0 s

< L (FOB)3(@) + 1(@)3(5)) [dlws + ad)Tulz, — GA)] (C.13)
AN,

) [d(z2 + aA) vy Ty u(zy — BA)] }

where we replaced the w—integral by 7 times the w = 1 residue and suppressed the gauge—
link; ¢ was defined in Eq. (233)).

For vector mesons there are two relevant structures, chiral-even I' = ~,,, and chiral-odd
I' = 0,,. We will discuss these two sectors separately.

Chiral-even amplitudes

The matrix element of the T—product of quark operators between the p™ and the vac-
uum state contains three Lorentz structures which we parametrize using the structure
function Fj:

(OIT{d(—2)yuu() " (P, A)) 2 = fymy /0 du e (C.14)

™) ™) 1 W
eMx N eMNag eMx
X{P—xPuF1(U,ZE2;M2) + (eL) - P, By ) Fy(u, 2% pi?) — §zuwm§Fg(u,x2;u2)}.

The OPE to twist—four accuracy reads:

m2x?
Fy(u,2% 1) = CF @ ¢y (u) + ——Au),
Fy(u, 2% p?) = O @ g1 (u) + ...,
Fy(u,%11%) = O @ ¢y (u) + C(u). (C.15)

Here ¢ (u) is the leading-twist DA of the longitudinally polarized p—meson, gf) (u) is the
DA of twist—three corresponding to the contribution of the transversely polarized p—meson
and the functions A(u), C(u) represent higher—twist contributions. At leading order in ay
C’fz)(u,v) = C’ég)(u,v) = d(u —v), alias Fi(u,2?; p?) = ¢j(uv) and Fo(u, 2?; p?) = g(f)(u),
while the remaining twist-two coefficient function C’g(,z) vanishes.

In order to calculate the IR-renormalon ambiguity in the leading—twist part of the
amplitudes in Eq. ([CI4) we take the appropriate matrix element of Eq. (CI3]) retaining
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the leading terms in Eq. (CIH). The result reads **:

S {CP ® 0y (w)} = ‘160/\2/@/ da/ dB8(w(l—a—8)+a— ) é(v)

< [(fY(B)3(a) + fD(a)d(8)) +2(1 — a — §)]

_ —16eA” /01 dv 6y (0) [0 < v) % (u+u2 + (-’ _“)

2
mp (%

+0(u > v) 1)12 (u+u +(u—v)1nu;?j)},

4eh? @
s {OF 26,00} :;—%du2/d1)/da/ dB(1—a—B) 6(w(1—a—F) + o — u) ¢y ()

_ 4;/%2 {/Oldv 61(v) [e(u > ) 2o+ 6(u < v) %} - %} (C.16)

Comparing these expressions with the UV-renormalon ambiguities in the twist—four con-
tributions for A(u) and C(u) in Eq. (C7) and' Eq. ([C4), respectively, we observe that
the ambiguities in the structure functions F; cancel out, as expected.

Chiral-odd amplitudes

The calculation for chiral-odd amplitudes goes along similar lines. We parametrize the
matrix element in terms of three more structure functions

1
(=)o@l (PA) =i} [ due 0 { (9P, =B F] (. )

+(P,z, — P,x,) (iiA;:)EQminT(u, z% p?) + % (ef[\):c,, M) Z—;Fg(u, T )} (C.17)
To twist—four accuracy
Fl (u, 2% %) = CT? © ¢ (u) + mszAT(U),
FI(u, 2 p12) = ¢T% @ hﬁ”(u) +...,
Ff (u, 2% %) = C3¥ @ ¢ (u) + Cr(u), (C.18)

where ¢ (u) parametrize the leading—twist part. Repeating the procedure of the previous
section we obtain the following ambiguity:

51R{CT(2 ® ¢ (u) :—166—/ dv/ da/l adﬁé (1—a—p0)+a—u)or(v)

**The IR ambiguity of Cé ® gi) is more difficult to obtain because the twist—three matrix element
vanishes for on—shell massless quark states. This ambiguity must be compensated by contributions of
twist—five operators and is of no interest for our purposes.

T Taking into account the relation of Eq. (&H) between C(u) and g3(u).
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x (FD(B)3(e) + f P (@)d(8))
= —160%/0 dv ¢7(v) [G(U <) E (u + (v —u)ln v u)

v? v

+9(u>v)_i2<u+(u—v)1nufv)]’

(% (%

o {5 @ LW =0, (C.19)

The absence of an ambiguity in Ci Dop, (u), which is to be associated with Cp(u), results
from the fact that Diagram 2 in Fig. [l vanishes owing to the identity v,0,,7* = 0. The
absence of this ambiguity is expected based on the fact that hs(u) has no corresponding
UV-renormalon ambiguity — see Eq. (CI0) — and the relation between Cp(u) and hs(u)
in Eq. (5). Comparing the result for 6,,{C; @ & ¢ 1 (u)} with the UV-renormalon
ambiguity in AT (u) in Eq. ([CI2) we observe that the ambiguities in the structure function
F{' cancel out. This completes the calculation.
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