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Abstract

This thesis: (a) presents the solution of several boundary value problems (BVPs) for the
Laplace and the modified Helmholtz equations in the interior of an equilateral triangle;
(b) presents the solution of the heat equation in the interior of an equilateral triangle;
(c) computes the eigenvalues and eigenfunctions of the Laplace operator in the interior of
an equilateral triangle for a variety of boundary conditions; (d) discusses the solution of

several BVPs for the non-linear Schrodinger equation on the half line.

In 1967 the Inverse Scattering Transform method was introduced; this method can be
used for the solution of the initial value problem of certain integrable equations including
the celebrated Korteweg-de Vries and nonlinear Schrodinger equations. The extension of
this method from initial value problems to BVPs was achieved by Fokas in 1997, when
a unified method for solving BVPs for both integrable nonlinear PDEs, as well as linear
PDEs was introduced. This thesis applies “the Fokas method” to obtain the results

mentioned earlier.

For linear PDEs, the new method yields a novel integral representation of the solution
in the spectral (transform) space; this representation is not yet effective because it con-
tains certain unknown boundary values. However, the new method also yields a relation,
known as “the global relation”, which couples the unknown boundary values and the given
boundary conditions. By manipulating the global relation and the integral representation,
it is possible to eliminate the unknown boundary values and hence to obtain an effective
solution involving only the given boundary conditions. This approach is used to solve
several BVPs for elliptic equations in two dimensions, as well as the heat equation in the

interior of an equilateral triangle.

The implementation of this approach: (a) provides an alternative way for obtaining

classical solutions; (b) for problems that can be solved by classical methods, it yields

vii



novel alternative integral representations which have both analytical and computational
advantages over the classical solutions; (c) yields solutions of BVPs that apparently cannot

be solved by classical methods.

In addition, a novel analysis of the global relation for the Helmholtz equation provides
a method for computing the eigenvalues and the eigenfunctions of the Laplace operator

in the interior of an equilateral triangle for a variety of boundary conditions.

Finally, for the nonlinear Schrodinger on the half line, although the global relation is in
general rather complicated, it is still possible to obtain explicit results for certain boundary
conditions, known as “linearizable boundary conditions”. Several such explicit results
are obtained and their significance regarding the asymptotic behavior of the solution is

discussed.
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Chapter 1

Introduction.

1.1 The problems.

In this thesis the following PDEs are discussed:

(1) The second order linear elliptic PDEs in two spatial dimensions

Qoz (T, Y) + Qyy(x,y) +4Ng(z,y) =0 (x,y) € D, (1.1.1)

where A is a complex constant and D is some 2 dimensional domain with piecewise
smooth boundary. For A\ = 0 this is the Laplace equation, A > 0 the Helmholtz
equation, A < 0 the modified Helmholtz equation and otherwise the “generalized

Helmholtz” equation.
(2) The heat equation, which is a second order linear evolution PDE, in three dimensions
Gt — Quyoy — Qoo = [, (z1,22) €D, 0 <t < T, (1.1.2)

where f(z1,29,t) is a given function and D is some 2 dimensional domain with

piecewise smooth boundary.
(3) The nonlinear Schrodinger (NLS) equation on the half line

i+ Qe — 2Mq|?q =0, A\=+1, 0< 2 <o0, t>0. (1.1.3)
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For the first class of equations several classes of Boundary Value problems (BVP) are
solved explicitly, when D is an equilateral triangle. Moreover, the Helmholtz equation(A >
0) provides the eigenvalues and eigenfunction of the associated Laplace operator(A = 0).

The boundary value problems analyzed have the following boundary conditions

Dirichlet: ¢(x,y) = known, (z,y) € 9D

e Neumman: g—;\’,(x,y) = known, (z,y) € 0D

Robin: 5’_]%(3;, y) — xq(z,y) = known, x constant, (z,y) € 0D

e oblique Robin: sin 5;—]%(:E,y) + cos 53—%(x,y) — xq(z,y) = known, 4, x constants,
(z,y) € 0D

e Poincaré: sin 5j§—]‘\1,(x,y) + cos 5jg—%(:p,y) — x;jq(x,y) = known,  4;, x; constants,
(z,y) € 9D,

where g—]‘f[ = Vq- N, N is the unit outward-pointing normal vector to D, g—;{ =Vq-T,

T is the unit tangent vector to dD; the terminology “oblique Robin” can be justified by

rewriting the relevant condition as

(sind, cosd) - (g—;(x, Y), 5—]%(3:, y)) —xq(z,y) =0, (x,y) € 0D
thus it involves the derivative of ¢ in the direction making an angle ¢ with the tangent
vector on the boundary, i.e. with every side of the equilateral triangle; the Poincaré
condition describes the case when there exist different oblique Robin conditions in each
piece of the piecewise smooth boundary, i.e. in each side of the equilateral triangle, see

Figure 1.1.

Similar considerations are valid for the Initial Boundary Value problems (IBVP) for
the heat equation in the equilateral triangle; in this case we mainly analyze the Dirichlet

problem, i.e.

q(z1, 9, t) = known, (x1,29,t) € T, where T = {x1,20 € D, 0 <t <T}.
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Figure 1.1:

For the NLS equation, the following types of boundary conditions, the so-called “lin-

earizable”, are discussed:

q(0,t) =0; ¢-(0,t) =0; ¢.(0,%) —xq(0,t) =0, x € R". (1.1.4)

Furthermore, we will analyze three classes of Initial Boundary Value problems (IBVP);
these problems involve one of the boundary conditions (1.1.4), as well as initial conditions
characterized by the following functions: (a) a soliton evaluated at t = 0; (b) a function

describing a hump; and (c) an exponential function.

All these problems, i.e. BV and IBV for both linear and integrable nonlinear PDEs are
analyzed by the unified method, called the “Fokas method” introduced in [1], in 1997; it
was further developed by several authors, see for example [2], [3], [4], [5], [6], [7], [8] and
the monograph [9].

1.2 Classical theory and techniques.

In this section we review briefly the classical theory for solving (1.1.1) for A € R.
We discuss only the techniques which can be applied to the boundary value problems
considered in the thesis. [10] provides an excellent survey of both these techniques and

many other exact and approximate methods for solving boundary value problems for

linear PDEs.
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1.2.1 Green’s integral representation.

Green’s theorem gives an integral representation of the solution of (1.1.1), involving the
fundamental solution (sometimes known as the free space Green’s function) and both the
known and unknown boundary values. We note that a drawback for both Helmholtz and

modified Helmholtz in 2-d is that the fundamental solution is given as a special function.

In order to formulate, for instance, an integral representation of the solution of (1.1.1) for
the Dirichlet problem one should first determine the Green’s function for the corresponding

domain, i.e.,

(A, +4NG(y,z) =6y —x), ye
(1.2.1)
G(y,x) =0, ye .

Alternatively, if the eigenvalues and eigenfunctions of the Laplacian are known in €2 then
the problem is solved since the Greens function can be constructed as an infinite sum of

the eigenfunctions.

1.2.2 Separation of variables.

Start with a given boundary value problem in a separable domain (one where Q2 = {a; <
r1 < b} x {az < x5 < by} where x; are the co-ordinates under which the differential
operator is separable). This method involves the separation of the PDE into two ODEs
and the derivation of the associated completeness relation (i.e. transform pair) depending
on the boundary conditions for one of the ODEs. Then the solution of the boundary value

problem is given as a superposition of eigenfunctions of this ODE.

Some of the main limitations of this method for solving boundary value problems are

the following:
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e [t fails for BVPs with non-separable boundary conditions (for example, those which

include a derivative at an angle to the boundary).

e The appropriate transform depends on the boundary conditions and so the process

must be repeated for different boundary conditions.

e The solution is not uniformly convergent on the whole boundary of the domain

(since it is given as a superposition of eigenfunctions of one of the ODEs).

In the author’s opinion the best references on separation of variables are: [11] volume
1 chapter 4 (spectral analysis of differential operators), [12] paragraph 5.1 (separable co-
ordinates), [13] chapter 4 (spectral analysis), chapter 5 (transforms and switching between
the alternative representations), [14] chapter 7 (spectral analysis) chapter 8 paragraph
8.1.3 (transform methods), [15] paragraphs 4.4, 5.7, 5.8 (transform methods), [16] and
[17].

1.2.3 The method of images/reflections.

This technique can be used to find either the Green’s function or the eigenfunctions and
eigenvalues. The domains on which this technique works are the half plane, the infinite
strip, the semi-infinite strip, the wedge of angle 7/n, n € Z*, the rectangle and three

types of triangles (the equilateral, the right isosceles and the 30-60-90 right triangle).

This applies to Dirichlet and Neumann boundary conditions, as well as some mixed
boundary conditions where Dirichlet conditions are posed on part of the boundary and
Neumann conditions on the rest (the mixed boundary conditions which are allowed for
each domain are detailed in [18]). For all the domains except for the half plane and wedge,
an infinite number of images is required, and so the Green’s function is given as an infinite
sum. The extension of the method to Robin and oblique Robin boundary conditions in
the upper half plane is given in [19] and [20]. The Green’s function is given as the source,

plus one image, plus an semi-infinite line of images. Robin and oblique Robin boundary
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conditions in a wedge of angle w/n, n € Z* are considered in [21]. For the Robin problem
the Greens function is given as a source point, plus infinite lines of images, plus infinite
regions of images. The oblique Robin problem can only be solved if n is odd and under
some restrictions on the angle of derivative in the boundary conditions (this is to ensure

no images lie inside the domain).

For the four bounded domains mentioned above, the method of images can be used to
find their eigenfunctions and eigenvalues under Dirichlet, or Neumann, or some mixed
Dirichlet-Neumann boundary conditions (the same ones for which the Green’s function

can be found) by reflecting to one of

e the whole space [22], [23]

e a parallelogram [24],

e a rectangle [25],
where one can use separation of variables in cartesian co-ordinates, then reflecting back.
This reflection technique does not work for Robin or more complex boundary conditions.

Some references that have interesting results concerning the method of images in polar

co-ordinates are [26] and [27].

1.2.4 Conformal mapping.

The Laplace equation has the unique property that the Dirichlet and Neumann prob-
lems can be solved using conformal mapping, in particular Schwarz-Christoffel mapping.
When the mapping function is given explicitly, this gives an integral representation of the
solution. However, this is not the case for the equilateral triangle in section 2.2, where

inversion of special functions is involved.

The other classical techniques, and the Fokas method, become competitive when more
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general boundary conditions, such as Robin, are prescribed, which cannot be solved by
conformal mapping. Similar advantages of the Fokas method appear in the modified

Helmholtz and Helmholtz equations.

1.3 The Fokas method.

The Fokas method has the following basic ingredients:

(1) the global relation, which is an algebraic equation that involves certain transforms
of all initial and boundary values; the existence of these transforms justifies the

terminology “global” relation.

(2) the integral representation of the solution, given in terms of the global form of

all the initial and boundary values.

Firstly, we will illustrate how the Fokas method works for linear PDEs:

Given a PDE, construct a scalar differential form which is closed iff the PDE is

satisfied.

e From this differential form define two compatible linear eigenvalue equations with

scalar eigenfunctions, which are called a Lax pair.

e On the one hand, by employing Green’s theorem, this differential form yields the
global relation, which is an algebraic equation coupling the relevant spectral func-

tions.

e On the other hand, the simultaneous spectral analysis of both parts of the Lax pair
yields a scalar Riemann-Hilbert problem, which consequently yields the relevant

integral representation of the solution in terms of the spectral functions.
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Finally, the explicit solution of the associated problem is derived through the elimination
of the unknown boundary values in the integral representation, by using appropriately

the global relation.

The situation in the nonlinear PDEs is conceptually similar, but more complicated.
Now, we construct a matriz differential form, which yields a Lax pair containing ma-
trix eigenfunctions. This implies that the spectral functions are not given explicitly by
the relevant initial and boundary values(they are given as the solutions of linear integral
equations of the Volterra type). Furthermore, the integral representation of the solution
is given through a matrix Riemann-Hilbert problem which cannot be solved in closed
form(its solution is characterized by a linear integral equation of Fredholm type). How-
ever, there exist certain class of boundary conditions, called “linearizable”, for which the
unknown spectral functions can be obtained through the algebraic manipulation of the

global relation.

1.4 Achievements of the thesis.

Boundary value problems for ¢; = 0 and the Modified Helmholtz equation were solved
in [28], [29], [30] and [31]. Solutions in terms of infinite series have been derived for several
problems of the Laplace, Helmholtz and modified Helmholtz equations in the interior of an
equilateral triangle in [32] and for the Laplace equation in the interior of a right isosceles
triangle in [33], employing the Fokas method; this is to be contrasted to other techniques
based on the eigenvalues of the relevant operators that yield the solution as a bi-infinite

series.

The eigenvalues of the Laplace operator for the Dirichlet, Neumann and Robin prob-
lems in the interior of an equilateral triangle were first obtained by Lamé in 1833 [34].
Completeness for the associated expansions for the Dirichlet and Neumann problems was
obtained in [23], [24], [35], [25] using group theoretic techniques. Completeness for the

associated expansion for the Robin problem was achieved in [36] using a homotopy argu-
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ment. These results have been rederived by several authors, see for example [37]-[38].

The classical problem of the heat equation is solved in several ways in separable domains,
but for non-separable has been mainly related with the results obtained for the modified
Helmholtz equation, through the Laplace transform. Moreover, the Fokas method was

extended to evolution PDEs in two spatial dimensions in [39] and [40].

The integral representations of the initial-boundary value problems on the half line,
applied on the NLS, the sine-Gordon(sG) and the Korteweg-de Vries(KdV), were derived
in [3] and [2]. Furthermore, the linearizable boundary conditions were obtained for each

one of the equations. These results were reviewed in [9].

Considering these problems, the main achievements of this thesis are:

e The solutions of the same problems with those considered in [32], for the Laplace
and modified Helmholtz equations in the interior of an equilateral triangle(non-
separable domain), are now given as an integral(as opposed to an infinite sum in
[32], [33], and a bi-infinite sum classically). Furthermore, a novel approach has been
introduced which employs the global relation at the same time that the contours
of the integral representation are being deformed. As a result, the integrands of
the relevant integrals are exponentially decaying functions; this has analytical and

numerical advantages.

e A specific choice for the contours of integration in the integral representation and
Cauchy’s theorem, yields the solution in terms of an infinite series of the relevant
residues, which provides a relationship between the discrete and the continuous

spectrum of these problems.

e The integral representation of the generalized Helmholtz equation in the interior of
a convex polygon is given for the first time; this is also the case for the solution
of the Dirichlet problem in the interior of an equilateral triangle. These results are

interesting, in particular taking into consideration the relation of this equation with
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certain evolution PDEs in higher dimensions.

Regarding the eigenvalues of the Laplace operator a simple, unified approach for
rederiving the previous results is presented. Furthermore the eigenvalues for the
oblique Robin and certain Poincaré problems are derived for the first time. The
method introduced here is based on the analysis of the global relation, see [7]. In
addition, combining these results with the integral representation of the solution of

the Helmholtz equation, yields the corresponding eigenfunctions.

The solution of the heat equation in an equilateral triangle is expressed as an in-
tegral in the complex Fourier space, i.e. the complex k; and ky planes, involving
appropriate integral transforms of the known boundary conditions. Moreover, the
solution is expressed in terms of an integral whose integrand decays exponentially
as |k| — oo. Hence, it is possible to evaluate this integral numerically in an efficient

and straightforward manner.

The distribution of zeros of the spectral functions of the linearizable boundary value
problems for the NLS yields the explicit asymptotic behavior of the solution. In
particular, it yields the number of solitons generated from the given initial and

boundary conditions.

1.5 Structure of the thesis.

Chapter 2: Linear Elliptic Equations in an Equilateral Triangle.

e We solve:

o Laplace equation in an equilateral triangle for symmetric Dirichlet (the same
function is prescribed in all three sides), as well as arbitrary Dirichlet boundary

conditions.

¢ modified Helmholtz equation in an equilateral triangle for symmetric Dirichlet

and Poincaré boundary conditions.
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o generalized Helmholtz equation in an equilateral triangle for symmetric Dirich-

let boundary conditions.

e Particular cases of the Poincaré problem yield the solution of other problems, e.g.

oblique Robin, Robin and Neumann.
e Common characteristics appear in the solution of all the above problems.

e The solution is given in terms of integrals that have exponentially decaying inte-

grands on the contours of integration.

Chapter 3: Eigenvalues for the Laplace operator in the interior of an equilat-

eral triangle.

e We find explicitly the eigenvalues of the Laplace operator for the Dirichlet and the

Neumann problems in the equilateral triangle.

e We derive explicit formulae for the computation of the eigenvalues of the Laplace
operator for the Robin, the oblique Robin and certain Poincaré problems in the

equilateral triangle.

e The formulae for Poincaré problem, yield the relevant eigenvalues of all other prob-

lems, via particular limits.

e We find the eigenfunctions of the Laplace operator for the Dirichlet problem and

also indicate how the eigenfunctions for all other problems can be computed.

Chapter 4: The heat equation in the interior of an equilateral triangle.

e We solve the heat equation in the interior of an equilateral triangle for symmetric
Dirichlet and arbitrary Dirichlet boundary conditions. this is achieved by employing

similar techniques with those used in Chapter 2.
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e The solution is given in terms of integrals that have exponentially decaying inte-

grands on the contours of integration.

Chapter 5: Explicit soliton asymptotics for the nonlinear Schrodinger equation

on the half-line.

e A review of the Fokas method is given, in connection with initial and boundary
value problems for nonlinear integrable PDEs on the half line; emphasis is placed

in the NLS.

e The linearizable boundary conditions, for which the unknown spectral functions are
computed via algebraic manipulation of the global relation, are derived; further-
more, for this class of boundary conditions three initial-boundary value problems

are analyzed. These problems are characterized by the following initial conditions:
¢ a soliton evaluated at t = 0;
¢ a function describing a hump;
¢ an exponential function.
e The analysis of the spectral functions yields effective asymptotic results using the

Deift-Zhou techniques for the asymptotic analysis of the relevant Riemann-Hilbert

problem, see [41].



Chapter 2

Linear elliptic equations in an

equilateral triangle.

Below, we describe the solutions of some boundary value problems for the basic elliptic
equations using the Fokas method, introduced in [1]. For linear PDEs, this method

involves the following steps(see [9]):

(1) Given a PDE, construct a differential form which is closed iff the PDE is satisfied.

(2) From this differential form define two compatible linear eigenvalue equations which,

in analogy with the theory of nonlinear integrable PDEs, are called a Lax pair.

(3) Employing Green’s theorem in this differential form yields a relation between certain
functions g;(k), called the spectral functions; these functions are certain integrals of
the values of ¢ and of its derivatives on the boundary of the domain. From now on

we will refer to this relation as the “global relation”.

(4) Perform the simultaneous spectral analysis of the Lax pair, which yields an integral

representation of the solution ¢(z, Z) in terms of the spectral functions ¢(k).

(5) Given appropriate boundary conditions, use the invariants of the global relation to
eliminate the unknown boundary values appearing in the integral formula obtained

in (4).

13
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The implementation of the approach presented here has certain novel features. In
particular, it constructs the solution in terms of integrals which involve integrands that
have strong decay as |k| — oo. This is to be contrasted with earlier investigations (see
[32]) where the solution was expressed in terms of a combination of an infinite series and

integrals with oscillating kernels.

2.1 The problems.

We implement this approach to the Laplace, modified Helmholtz and “generalized
Helmholtz” equations for some boundary value problems in the interior of an equilateral

triangle.
(a) Fundamental Domain

Let D C C be the interior of the equilateral triangle depicted in Figure 2.1 and defined

by its three vertices (z1, 22, 23) ,

[ —im _
21 = €3, Zyg=21, B3 = —

7 (2.1.1)

5~

where [ is the length of the side.
The sides (21, 22), (29, 23), (23,21) will be referred as sides (1),(2),(3).

The complex variable z, on each of the sides (1),(2),(3), satisfies the following relations:

dzM  dz® ) dz® _ on 1 V3

o =i o (s)=ia, - (s)=ia, a=ev=—g+iT,

where s denotes the arclength. Integrating the above equations and using the boundary

conditions
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y A
L ____ Z2
2 /
()
(D
Z3
_ L i :;
V3 2v/3
” \
_____ 7

N |~

Figure 2.1: The Equilateral Triangle.

[ [ [
Z(l) <—_) - Zla 2(2) (—5) - ZQ, 2(3) (—5) - 23,

2

we find the following expressions parametrizing each of the three sides

l l
2W(s) = ——+is, 2P(s)=—=+is]a,
2V3 (2\@ ) (2.1.2)

l
—— <s< .

[
(3) [ . _
2% (s) (2\/§ + zs) a, —3 5

(b) Formulation of the problems

The equations investigated in this chapter are given by (1.1.1), where D denotes the
interior of the equilateral triangle. Using the transformation A = 3%y, with 3 >0, v € C

and |y| = 1, we obtain the following form of (1.1.1):

Qoo + gy + 4784 =0, (2,y) € D. (2.1.3)
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The cases {# =0}, {# > 0,7 = —1} and {f > 0,7 # 1} correspond to the Laplace, the

modified Helmholtz and the generalized Helmholtz equations respectively.

e The problems analyzed in the first section of this chapter are:

(i) The Symmetric Dirichlet problem for the Laplace equation, i.e. the case with

the boundary conditions

¢ (s)=g(s), s € [—l l] ,j=1,2,3. (2.1.4)

272
(ii) The Dirichlet problem for the Laplace equation, i.e. the case with the boundary
conditions

¢ (s) = g(s), s € [—l l] ,j=1,2,3. (2.1.5)

272
e The problems analyzed in the second section of this chapter are:

(i) The Symmetric Dirichlet problem for the modified Helmholtz equation, i.e. the

case with the boundary conditions

¢ (s) =d(s), s € [—l l] ,j=1,2,3. (2.1.6)

22
(ii) The Poincaré problem for the modified Helmholtz equation, i.e. the case with

the boundary conditions

‘ . d .. . .
sm<5jq](\],)(8) -+ cos (5j£q(])(s) — qu(J)(s) =g,(s), s € [——, —] ,j=1,23,
(2.1.7)
where ¢; is a real constant so that sind; # 0, dy and d3 satisfy sind, # 0 and

sin 03 # 0 and are given in terms of d; by the expressions

52:51+%, 53:51—%%, m,nGZ, (218)

whereas the real constants x; , 7 = 1,2, 3 satisfy the relations

[x2(36% — x3) + €™ x1(38* — x3)]sin 35, = 0 (2.1.9)
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and

[x3(38% — x3) + €™ x1(38* — x7)] sin 35, = 0. (2.1.10)

Note that the assumption sind; # 0 is without loss of generality since if
sind; = 0 then after integration the boundary condition can be rewritten as

449 (s) = d;(s), which becomes the Dirichlet problem.

e The problem analyzed in the third section of this chapter is the Symmetric Dirichlet

problem for the generalized Helmholtz equation.

It is assumed that the functions g;(s) have sufficient smoothness and that they are com-

patible at the vertices of the triangle.

Recall the following identities:

(a) If

z=x+iy, zZ==x—iy, (x,y)<€R?

then

1 1
0. = 5(0: —i0,), 0= 5(0; +i0,). (2.1.11)

(b) If a side of a polygon is parametrical by s, then
1. 1,
q.dz = a(q +ign)ds, qzdz = a(q —iqy)ds, (2.1.12)

where ¢ is the derivative along the side, i.e. ¢ = dq(z(s))/ds and qy is the derivative

normal to the side in the outward direction.

Under the transformation (2.1.11) equation (2.1.3) can be written in this form

¢z +vB%q =0, where z = x + iy. (2.1.13)
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2.2 The Laplace Equation.

The substitution § = 0 in (2.1.13) yields the following form of the Laplace equation

q.z = 0. (2.2.1)
Hence, since (¢.). = 0, it follows that ¢ is harmonic iff ¢, is an analytic function on z.
This implies that it is easier to obtain an integral representation for ¢, instead of ¢. In

this respect we note that ¢ satisfies the Laplace equation iff the following differential form

is closed,

W(z,k) = e *q.dz, k cC. (2.2.2)

In what follows, we will use the spectral analysis of the differential form

d e ™ u(z, k)] = e ™q.dz, keC, (2.2.3)

to obtain an integral representation for ¢, in the interior of a convex polygon 2. Further-

more the following global relations are valid

/ e *q.dz =0, / e*q.dz =0, k € C. (2.2.4)
o o0
If ¢ is real then the second equation comes from the Schwarz conjugate of the first of the

equations (2.2.4). If ¢ is complex, the second of the equations (2.2.4) is a consequence of

the differential form

W(z, k) = e*q.dz, k € C, (2.2.5)
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which is also closed iff ¢ satisfies the Laplace equation.

The following theorem, which can be found slightly different in [9] and [42], gives the
formulae for the global relation and the integral representation for the Laplace’s equations

in the interior of a convex polygon.

Theorem 2.1. Let Q) be the interior of a convex closed polygon in the complex z-plane,
with corners zi,...,%n, Zny1 = 2z1. Assume that there exists a solution q(z,Zz) of the
Laplace equation, i.e. of equation (2.2.1), valid on Q2 and suppose that this solution has

sufficient smoothness on the boundary of the polygon.

Then q. can be expressed in the form

dq 1< iz
5 =5 > /l = (k)dk, (2.2.6)
j=1""%

where {4;(k)}} are defined by

Zj+1 )
qj(k):/ e *q.dz, keC, j=1,...,n (2.2.7)

J

and {l;}} are the rays in the complex k-plane

li={keC:argk=—arg(zj4s1 —z)}, j=1,....n (2.2.8)

oriented from zero to infinity.

Furthermore, the following global relations are valid
STtk =0, Y k) =0kecC, (2.2.9)
J=1 j=1

where {q;(k)}} are defined by

o
q; (k) :/ e*qdz, keC, j=1,...,n. (2.2.10)

J
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Proof. Integrating equation (2.2.3) we find

i (2, k) :/ ePe=Ogd¢, 2€Q, j=1,...,n. (2.2.11)

J

The term explik(z — ()] is bounded as k — oo for

0 <argk+arg(z — () <. (2.2.12)

If z is inside the polygon and ( is on a curve from z to z;, see Figure 2.2, then

arg(zjs1 — 2;) < arg(z — () <arg(zj—1—2;), j=1,...,n.

side ()
i

Figure 2.2: Part of the convex polygon.

Hence, the inequalities (2.2.12) are satisfied provided that

—arg (zj41 — 2j) < argk <m —arg (zj_1 — 2j) .

Hence, the function p; is an entire function of k& which is bounded as k& — oo in the sector

¥; defined by

Y, ={keC, argke[—arg(zj11—2),m—arg(z_1—2)|}, j=1,...,n (2.213)

The angle of the sector XJ;, which we denote by 1;, equals
Y, =1 —arg (zj_1 — zj) +arg (zj11 — 2j) =T — @}, (2.2.14)

where ¢; is the angle at the corner z;. Hence

Y dy=nm— ¢ =nr—n(n—2)=2m (2.2.15)
Jj=1 j=1
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thus the sectors {3;}} precisely cover the complex k-plane. Hence, the function
p=p;, 2€Q, keX;, j=1,...,n, (2.2.16)
defines a sectionally analytic function in the complex k-plane.
For the solution of the inverse problem, we note that integration by parts implies that

pj = O(1/k) as k — oo in ¥, i.e.

=0 (%) , k—o0. (2.2.17)

Furthermore, by subtracting equation (2.2.11) and the analogous equation for p;, we
find

pj— 1 =e**q;(k), z€Q, kel j=1,...,n, (2.2.18)

where {¢;(k)}} are defined by equation (2.2.7) and [; is the ray of overlap of the sectors
>; and ;1. Using the identity

T —arg (2 — zj+1) = —arg (241 — 2;) (mod 2m), (2.2.19)

it follows that [; is defined by equation (2.2.8). Furthermore, ¥; is to the left of ¥;.4, see
Figure 2.3.

m—arg(zj—1 — 2;) =

]

—arg(zj41 — z)

T —arg(z — zj+1)

i

—arg(zjy2 — zjt1)

Figure 2.3: The sectors ¥; and Xj41.

The solution of the RH problem defined by equations (2.2.16) - (2.2.18) is given by
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1 ilz » dl n
“:ﬂZ[_e G(7— 2€Q ke C\{L} (2.2.20)

Substituting this expression in equation (2.2.3), i.e. in the equation
pe — itkp = gz,
we find equation (2.2.6).

Using the definitions of {g;}} and of {g;}7, i.e. equations (2.2.7) and (2.2.10) respectively,
equations (2.2.4) yield the two global relations (2.2.9).

Substituting equations (2.1.12) in the definition of the function ¢;(k) and §;(k) we find

the following expressions

1 [%+1 ) . )
§;(k) = 5/ e~ ikz (iq](\],) + q'(J)> ds, k € C, (2.2.21)
and
1 [7+ ) .
q;(k) = 5/ etk (—z'qjg + q@) ds, k € C, (2.2.22)

J

where the index (j) denotes the value of the corresponding functions on side (j). Observe
that the solution (2.2.6) is given in terms of the spectral functions ¢ which involve both
¢ and @, on the boundary, i.e. both known and unknown functions. In what follows the
unknown functions will be eliminated from the integral representation of the solution, by

using appropriately the global relations.

2.2.1 Symmetric Dirichlet Problem.

The problem analyzed here is the Symmetric Dirichlet problem for the Laplace equation

in the Equilateral Triangle(2 = D), i.e. the case with the boundary conditions
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[

W (s) = —— .=, j=1,23.
)=o), € |-5.5] =12

For convenience we define

[
d(s) =q ——, = 1 =1,2,3.
@ =i, € |5 5] =123

It is also assumed that the function d(s) has sufficient smoothness and that it is compatible

at the vertices of the triangle, i.e. d(%) = d(—1).

Applying the parametrization of the fundamental domain given in equations (2.1.2), on

equations (2.2.21) and (2.2.22), we obtain the following expressions for the spectral func-

tions {g;(k)}} and {q;(k)}?:

with (2.2.23)
and

with (2.2.24)

where

1 i
E(k) = ekrlﬁa D(k) = l/ e d(s)ds, U(k) = —/ *qn(s)ds, k € C.

L
2

The function D(k) is known, whereas the unknown function U(k) contains the unknown

Neumann boundary value qy.

It turns out that, using algebraic manipulations of the global relations and appropriate

contour deformations of the {/;}3, it is possible to eliminate the unknown functions U(k),
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U(ak), U(ak) from the representation of the solution at (2.2.6). In this way we will obtain

the following integral representation:

a%iz) _ %/l Ak, z,2)E(—ik) [DU“) * ﬁfk))} I
1 A(k. z. 2)E?(iak G(k) dk o
+§ 4 (22 )W

where I} = {k € C:argk = —5}, [} is the ray with —5 <arghk < —%(see Figure 2.4) and

Ak, 2, 2) = e** 4 ae™* + ae™*=, (2.2.26a)

G(k) = At(ak)D(k) + 2D(ak) + A* (k) D(ak), (2.2.26b)

N[~

A(k) = e(k) — e(—k), AT(k) = e(k) +e(—k), e(k) = e"2. (2.2.26c¢)

el
oln

D,

Dy

h

Figure 2.4: The contours l; and I.

Using the Global Relations

Applying (2.2.23) in the first of the global relations (2.2.9) and multiplying by E(iak)

we obtain the equation



2.2 The Laplace Equation. 25

e(—ak)U (k) + e(k)U(ak) + U(ak) = iJ(k), k € C, (2.2.27)

where

J(k) = e(—ak)D(k) + e(k)D(ak) + D(ak).

Applying (2.2.24) in the second of the global relations (2.2.9) and multiplying by
E(—iak) we obtain the equation

e(ak)U(k) + e(—k)U(ak) + U(ak) = —ie(—k)J(k), k € C, (2.2.28)

where J(k) denotes the function obtained from J(k) by taking the complex conjugate of
all the terms in J(k) except d(s). In this respect, note that if d(s) is a real function,
then equation (2.2.28) can be obtained by taking the Schwarz conjugate of (2.2.27) and

multiplying by e(—k).

Subtracting equations (2.2.27) and (2.2.28) we find the following equation which is valid
for all k € C,

A(ak)U (k) = A(k)U(ak) — iG(k), (2.2.29)

where G(k) = J(k) + e(=k)J (k).

Substituting U(k) in the expression of ¢(k) in (2.2.23) we find

BE(—ik)G (k)

+i[E2(iak) — E*(iak)]

(2.2.30)

The functions ¢»(k) and §3(k) can be obtained from (2.2.30) by replacing & with ak and

ak respectively.

In what follows we will show that the contribution of the unknown functions U(ak),

U(k) and U(ak) can be computed in terms of the given boundary conditions, using the
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following basic facts.

Basic facts

1. The zeros of the functions A(k), A(ak), A(ak) occur on the following lines respec-
tively in the complex k-plane

5im T

iR, es¢R, esR.
Indeed,

l
A(k) = 0 < sinh (k§) = 0.

Hence, the zeros of A(k) occur on the imaginary axis and then the zeros of A(ak)

and A(ak) can be obtained by appropriate rotations.

2. The functions
e* B2 (iak), e**E%*(ik), ™ E?(iak)

are bounded and analytic for all z € D, for arg k in

2.7 moom| o 3w
27617 66|’ 6 2]’

respectively, as shown in Figure 2.5.

lQ l3

eik‘zE2 (lk)

e'*k* B2 (iak) ez B2 (iak)

b

Figure 2.5: The domains of boundedness and analyticity.

Indeed, let us consider the first exponential e’** E?(iak) = e**=21)_ If z € D then

< arg(z — 1) <

o]
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thus if

it follows that
0 <arglk(z — z)] < .

Hence the exponential e’#*(*=21) is hounded. Similarly for the other two exponentials.

U(k) Ulak) U(ak)

Ak)’ A(ak) and A(ak)
above lines where A(k), A(ak) and A(ak) have zeros.

3. The functions

are bounded and analytic in C apart from the

Indeed, regarding % observe that A(k) is dominated by e(k) for Rek > 0 and
by e(—k) for Rek < 0, hence

U(k) N{ e(=k)U(k), Rek >0

AR) \ —e(k)U(K), Rek <0,

Furthermore e(—k)U (k) involves e¥*~2) which is bounded for Rek > 0 and e(k)U (k)

involves eF(+2) which is bounded for Rek <0.

The unknown U(ak) in the expression for §(k) at (2.2.30), yields the contribution C(z)

to the solution ¢ given in (2.2.6),

1
2T Iy

U(ak)

@ A(ak)

dk.

e**[E?(iak) — E*(iak)]

The integral of the second term in the rhs of C can be deformed from [y to I}, where [}

is a ray with —F <arghk < —%.

Hence,
7

UCak) e~ [ ome g2y

@ A(ak) 21 Ju

= — | ™ E*(iak)
2T I

In the second integral of the rhs of this equation we replace U(ak) by using (2.2.29), i.e.,

Alak)U(k) = A(R)U(ak) — iG (k).
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Hence
_ iz 2 Ulak) A iz 2s- 1 U(K)
C, = 27/116 E (zak)A(ak)dk‘ o )y e E (mk:)—A(k)dk:
L T G(k)
— "B (iak) ——————dk. 2.2.31
M A NI (2:231)

In summary the term (k) gives rise to the contribution Fj + [71, where [71 denotes the

first two terms of the rhs of (2.2.31) and F} is defined by

e (g E(—ik)G(k)
Fi= ) [E( k)D(k) + A(ak) dk
1 [ e, G(k)
o ], ™ E (mk:)A(k)A(ak)dk:. (2.2.32)

The contributions to the solution of ¢ and ¢3 can be obtained from F; + U 1 with the aid

of the substitutions

h—=l—1ls, 1=l =1, k— ak — ak. (2.2.33)

The contribution of ﬁj, 7 = 1,2, 3 vanish due to analyticity. Indeed, the integrands

Ul(ak)
A(ak)

Ul(ak)
A(ak)

: e“fZEQ(mk)% (2.2.34)

e** E%(iak) , e E2(ik)

occur in Iy Ul o UL, 13U, and in the corresponding domains the above functions are

bounded and analytic.

Hence,

q=F+F+ F3, (2.2.35)
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where F, and Fj are obtained from Fj using the substitutions (2.2.33). In order to de-
rive the integral representation (2.2.25), we make the change of variables k — ak on the
integrals in F5 and the change of variables k& — ak on the integrals in F3. In particular,

regarding F; this leads to the following changes:

1. The differential dk becomes a dk.

2. The rays Iy and I become [ and [} respectively.

3. The exponential e*** becomes ¢~

4. The remaining integrand is equal to the corresponding integrand in Fj.

Similar changes occur in Fj.

The integrands appearing in the integrals along [; and [} defined in equation (2.2.25)

contain terms which decay exponentially. Regarding the integral along I}, observe that

G(k)

INGINCD] is bounded in the domain of deformation of [; (see Figure 2.4). The function

A(k, z, ) E*(iak) is also exponentially decaying. In particular, the first term of the func-
tion e** E2(iak) is an exponential whose exponent has negative real part in the domain D,
(see Figure 2.4). Similar considerations are also valid for the other two remaining terms
of the function A(k, z, z)E?(iak). Hence we conclude that the integrand of the integral

along [ is an exponentially decaying function.

G(k)
A(ak)

Regarding the integral along [, observe that D(k) and are bounded for k£ € [; and
since the function e**F(—ik) is an exponential whose exponent has negative real part
when k € [;, we conclude that the integrand of the integral along [; is an exponentially

decaying function.

The above facts can be explicitly verified in the following example.

Example 2.1. Set |l =7 and d(s) = coss(i.e. ¢j(s) =sins, j=1,2,3).
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In this case,

2 2 T T 2 T
G(k) = e + T (ak:)2] cosh <k:§> cosh <ak‘§) + W cosh (ak:§> , (2.2.36)

where we have used that AT (k) = 2 cosh (k%).

In order to check the convergence of all the integrals appearing in the representation
(2.2.25) observe the following:

o [or the first integral along Iy, Re(k) =0 and Im(k) < 0. Hence, as k — oo:

™

1 o B(—ik) ~ eik(Re(z)—%) N e—[m(k)(z—Q—ﬁ>’ o< T

237
2. D(k) ~ & :

kQ )

~ —5

© A(ak) k2

e For the second integral, along I, argk € (=%, —%). Hence, as k — oo:

1. e**E%(iak) ~ exp [(x - QL\/E) cos (p+ %) — (y+ ) sin (¢ + %)} , where x <

™ ™

3 and y > —% and ¢ = argk. Hence the exponent is negative when argk €
(—g, —%) i.e. in the domain of I} deformation;

G(k) 1
2. A(R)A(ak) 7 &2

Similar arguments are valid for the other two terms of A(k, z, Z).

2.2.2 The General Dirichlet Problem.

We now consider the solution of the arbitrary Dirichlet problem, i.e. of the problem

with the boundary conditions

l

9 (s) = dy(s), s € {_é’i] . j=1,2,3,

where the function d;(s) have sufficient smoothness and are compatible at the vertices of

the triangle, i.e. d;() = dj1(=%), 7 =1,2,3, du(s) = di(s).

The solution of this problem can be obtained in two different ways:
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(i) In the first approach we use the solution of the symmetric Dirichlet problem, as
well as the fact that the arbitrary Dirichlet problem can be decomposed into three

problems, which are solved in a way similar to the symmetric Dirichlet problem.

(ii) In the second approach we use the invariants of the global relations and follow the

general methodology used for the symmetric Dirichlet problem.

The second approach is more complicated, however, it has the advantage that it can be
used to solve other problems that do not admit the decomposition mentioned in (i) above.

Such problems are:

(a) the Poincaré problem defined in equation (2.1.7);
(b) the oblique Robin problem defined in equation (2.1.7), with

0; =9, and x;=x, 7=1,2,3;

(c) the Robin problem defined in equation (2.1.7), with

@:%, and y; =y #£0, j=1,2,3.

The First Approach

The general Dirichlet problem can be decomposed into the following three problems:

1. Let g satisfy the symmetric Dirichlet problem for (2.2.1) in the domain D defined
in (2.1.1), i.e.
: [ 1
q(])(S):f(S), s€ =551 j:15273a
2°2
where f(s) is sufficiently smooth and compatible at the corners of the triangle i.e.
! !
F(3) =1(=3)
2. Let ¢ satisty (2.2.1) in the domain D defined in (2.1.1), with the following Dirichlet

boundary conditions

[

q(l)(s) = g(S), q(2)(3) = ag(s), q-(3)(8) = dg(s)7 s € |:_§7 5} , 7=1,2,3,
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where ¢(s) is sufficiently smooth and compatible at the corners of the triangle i.e.
l !
9(3) = ag(=3)-
3. Let ¢ satisty (2.2.1) in the domain D defined in (2.1.1), with the following Dirichlet

boundary conditions

[

qM(s) = h(s), ¢P(s) =ah(s), ¢¥(s) = ah(s), s € {—5, 5} , j=1,2,3,

where h(s) is sufficiently smooth and compatible at the corners of the triangle i.e.

h(5) = ah (-5).

A general Dirichlet boundary value problem can be written as the sum of above three

boundary value problems. Indeed, suppose that the following Dirichlet condition is valid

. I
9 (s) = d;(s), s € [— } . j=1,2,3.

22

The matrix of the following 3 x 3 algebraic system is non-singular:

dy(s) 11 1\ [f(s) 111
do(s) | =11 a al|gs)|. Det[[1 a a|]l=1i3V3. (2.2.37)
ds(s) 1 a a h(s) 1 a a

Due to uniqueness, the solution of the general Dirichlet problem is given by the sum of

the three problems defined earlier.

The solution of the problems (2) and (3) above can be obtained in a way similar to the
symmetric case. Indeed, let us consider problem (2), where the Dirichlet conditions are

given by

q'(l)(s) =d(s), q(Q)(s) = ad(s), q<3>(s) =ad(s), s € {—l l} , 1=1,2,3.

22
As mentioned earlier the function d(s) has sufficient smoothness and is compatible at the

vertices of the triangle, i.e. d(§) =a d(—1%).

Applying the parametrization of the fundamental domain on equations (2.2.21) and

(2.2.22)we obtain the following expressions for the spectral functions {q;(k)}} and {g;(k)}3:
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Gi(k) = 4(k), G2(k) = a g(ak), ¢s(k) = a ¢(ak),

(2.2.38)
with §(k) = E(—ik)[iU (k) + D(k)]
and
@1 (k) =q(k), G(k)=aq(ak), g¢(k)=a q(ak),
(2.2.39)
with ¢(k) = E(ik)[—iU(k) + D(k)]
where

1 [z 1
E(k) = ek%\/ﬁ, D(k) = —/ eksd(s)ds, Ulk) = 5/ eksqN(s)ds, keC. (2.240)
_ 1

|~

The function D(k) is known, whereas the unknown function U(k) contains the unknown
Neumann boundary value ¢qy. The solution of this problem can now be obtained by adopt-

ing the methodology of the symmetric case and also making the following substitutions:

U(k) — U(k), Ulak) — aU(ak), Ul(ak) — aU(ak)

(2.2.41)
D(k) — D(k), D(ak) — aD(ak), D(ak)— aD(ak)
Thus, the solution is given by
8%(;) - %/l B(k, 2, 2)E(—ik)D(k)dk
1 _ G(k)
+ Py hA(k 2, Z)E( zk‘)A(ak)dk‘ (2.2.42)
1 _ G(k)
+ 7 . Ak, z,2)E (Mk)A(ak)A(k) dk
where
Ak, 2, 2) = ™ 4 ae™* + ae**=, (2.2.43a)
B(k,z,2) = e 4 /= 1 glakz (2.2.43b)
G(k) = At (ak)D(k) + 2aD(ak) + aA™* (k)D(ak), (2.2.43c¢)
Ak) = e(k) — e(—k), AT (k) = e(k) + e(—k), e(k) = e*2, (2.2.43d)

with D(k) given in (2.2.40).
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The Second Approach

In what follows we illustrate a direct way to find the solution of the Dirichlet problem
in the interior of the equilateral triangle, Figure 2.1. Applying the parametrization of
the fundamental domain, given in equations (2.1.2), on equations (2.2.21) and (2.2.22)we

obtain the following expressions for the spectral functions {g;(k)}$ and {g;(k)}3:

@ (k) = E(=ik)[iU(k) + Di(k)], @2(k) = E(—iak)[iUz(ak) + Dz(ak)],

(2.2.44)
qs(k) = E(—iak)[iUs(ak) + Ds(ak)],
where
1 1 1 13
1 2 2 .
E(k) = "33, D;(k) = 5 / Cedy(s)ds, Uj(k) = 5 / l e*5q (s)ds, k€ C. (2.2.45)
T2 T2

Using algebraic manipulations of the global relations and appropriate contour deforma-
tion, it is possible to eliminate the unknown functions U, (k), Uy(ak), Us(ak) from the

representation of the solution at (2.2.6) and thus, obtain the representation

F123 (ak)

ag;) - % /l ek B(—ik) [Dl(k) +er1((§:)) } dk + % ) ef’”EQ(mk)mdk
. % i e** B(—iak) {Dg(ak) + 21;2((&:))} dk + % /% €isz2(ic‘zk)AF#(§2k)dk
+ % : e'*? B (—iak) {Dg(ak:) +ZFA3((:)> } dk + % /l eikZEQ(ik)A{#%dk,
(2.2.46)
where {I;}3, {I;}7 are depicted in Figure 2.4 ,
A(k) = (k) — e 3(k), e(k) = ez, (2.2.47)

Lo (k) = E-23(B)Ty(k) + Do (k) + E>V3 (k)T (k), (2.2.48)
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y(k) = [E°(iak) + B~ (iak)]e(—k) D (k)
+[E(iak) + B~ (iak))e(k) Da (k)

( )
(iak) + E~3(iak)] Dy (k) (2.2.49)
(=

+ 2¢%(k) Dy (ak) + 2¢
(=

+[E°
k)Ds(ak) + 2Ds(ak)

+ 263(—k) D1 (ak) + 2¢2(k) Dy(ak) + [¢3(k) + e~3(k)]| Dy (ak),

'y (k) is obtained by making the rotations 3 — 1, 1 — 2, 2 — 3 on the subscripts of I's(k)
and I'y(k) is obtained by making the rotations 3 — 2, 2 — 1, 1 — 3 on the subscripts of
3(k).

Using the Global Relations.

Applying (2.2.44) in the first of the global relations (2.2.9) we obtain the following equation
E(—ik)U, (k) + E(—iak)Us(ak) + E(—iak)Us(ak) = iFy(k), k € C, (2.2.50)

where

Fi(k) = B(—ik)Dy(k) + E(—iak)Dy(ak) + E(—iak)Ds(ak).

Furthermore, applying (2.2.44) in the second of the global relations we obtain the following

equation
E(ik)Uy (k) + E(iak)Usy(ak) + E(iak)Us(ak) = —iFy(k), k € C, (2.2.51)

where

Fy(k) = E(ik)D. (k) + E(iak)Ds(ak) + E(iak)Ds(ak).

Applying the transformations k& — ak and k& — ak in both (2.2.50) and (2.2.51) we find

an algebraic system of 6 equations which involves the following 9 unknown functions:
{Ul(k), Ul(ak), Ul(&k), Uz(k), Ug(ak), U2(dk), Ug(k), Ug(ak), Ug(dk’)}

Hence, we can solve this system for one of the unknown functions in terms of three other

unknown functions and some known function. Hence, solving this system for Us(ak) in
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terms of {U;(k), Us(k), Us(k)} we obtain the following relation(see [32])

A(k)Us(ak) = [E*(iak) — E~3(iak))e(—k)Uy (k)
+ [E?(iak) — E~3(iak)]e(k)Usy (k) (2.2.52)
+ [E(iak) — E~3(iak)|Us(k) + T's(k),

where A(k) is defined in (2.2.47) and {T';(k)}$ involve the known functions {Fy (k), F»(k),
Fi(ak), Fy(ak), Fy(ak), Fy(ak)} which are defined in equation (2.2.49). Solving again the
system of equation for Uy (k) in terms of {U;(ak), Us(ak),Us(ak)}, or by simply making
the substitution £ — ak and the rotations 3 — 1, 1 — 2, 2 — 3 on the subscripts of

(2.2.52) we obtain the following relation

Aak)U, (k) = [E*(ik) — E~3(ik)|Uy (ak)
+ [E?(iak) — E—*(iak))e(—ak)Us(ak) (2.2.53)
+ [E*(iak) — E—3(iak))e(ak)Us(ak) + T (ak).

Following the same pattern, we obtain the expression of Us(ak) in terms of {U;(ak),
U,(ak), Us(ak)}, by substituting k& — @k and the rotations 2 — 1, 1 — 3, 3 — 2 on the

subscripts of the equation (2.2.52):

A(ak)Us(ak) = [E*(ik) — E~3(ik)]e(ak)U, (ak)
+ [EP(iak) — E~3(iak)|Uy(ak) (2.2.54)
+ [E3(ik) — E~3(ik)]e(—ak)Us(ak) + Ty (ak).

Rotating the subscripts of (2.2.53) we obtain also the expressions of Uy (k) and Us(k) in
terms of {U;(ak), Us(ak), Us(ak)}. These expressions yield the following identity

E-2B3(k) Uy (k) + Us(k) + E2V3(k)Us (k)
A(k)
E~23(ak)Uy(ak) + Us(ak) + E>V3(ak)Usy(ak) — Tigs(ak)
Alak) A(k)A(ak)’

(2.2.55)

where k € C/{k; A(k) =0U A(ak) =0} and 'y, (k) are the known functions defined

in (2.2.48). Furthermore, employing the substitution & — @k and the rotations 1 — 3,
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Uy (ak) + E2V3(ak)Uy(ak) + E~2V3(ak)Us(ak)

Alak) (2.2.56)
Ur(k) + E>V3(k)Us(k) + E~V3(k)Us(k)  Taia(k)
AE) NGINGT)

Similarly the substitution k& — ak and the rotations 1 — 2, 2 — 3, 3 — 1 on the subscripts

of (2.2.55) yield

E23(ak)Uy (ak) + E-2V3(ak)Us(ak) + Us(ak)
A(ak) -

E23(ak)Uy (ak) + E-2V3(ak)Up(ak) + Us(ak) Ty (ak) (2.2.57)
A(ak) Alak)A(ak)’

Replacing in ¢ (k) given in (2.2.44) the term U; (k) with the expression given in (2.2.53)
we find:
[y (ak
A(ak)
k) —

~—

G1(k) = E(—ik)Dy (k) +iE(—ik)

Alak)
n [Ez(idk)E’Q\/g(ak) . EQ(mk)] Us(ak)

_l_

{ [EQ(mk)EM (ak) — E2(iak)E~2"? (ak:)] U, (ak)

(2.2.58)

+ [EQ(idk) - EQ(mk)Em(ak)} Ug(ak)} ,
where we have used that a = —1 + z\[, a=—z— i?, E(k) = "33 and e(k) = ez

Equation (2.2.58) can be rewritten in the following form
Fl(ak)
Alak)

a1(k) = E(—ik) Dy (k) + i B(—ik)

Ez(zak)
"Aak)
EQ(Z k)

A(ak)
Hence, the unknown functions {U;(ak)}} in (2.2.59) yield the following contribution to

[Em(ak)Ul(ak) + E-23(ak)Uy(ak) + Ug(ak:)} (2.2.59)

[E—M(ak)Ul(ak) + Us(ak) + EZ‘/g(ak:)Ug(ak)} .

the solution

Ci(2) = % /l e B2 iak) £ (21{) [Em(ak)Ul(ak) + B3 (ak)Us(ak) +U3(ak)] dk

~ 5z | ¢k Aé@ B2V (ak)Us(ak) + Ua(ak) + B2V (ak)Us(ak) | dk.

(2.2.60)
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Arguments of boundedness and analyticity similar to the “basic facts” used in the sym-
metric case, allow us to deform the second integral of (2.2.60) from [y to [}, where [} is a
ray with —7 < argk < —%. Indeed, the first two elements are exactly the same. For the
third, observe that the terms

Uik Uik U (R
{E AE AR EfA(fo}

j=1
are bounded and analytic in C apart from the lines where the zeros of A(k) occur. Indeed,

observe that A(k) is dominated by €*(k) for Rek > 0 and by e 3(k) for Rek < 0, hence

U;(k) N { e 3(k)U(k), Rek >0
—e3(k)U(k), Rek < 0.

Furthermore
E2V3e¢ 3 (kUL (), e (k)Us(k) and E*V3e 3(k)Us(k)

involve

ek(sf%l% ek(sf%l) and ek(sfé)

I

respectively, which are bounded for Rek > 0. Also,
E2V3S(k)UL(K), e (k)Us(k) and E*V3¢3(k)Us(k)

involve

HFsts) k(s E) apnd eF(stE)

Y ?

respectively, which are bounded for Rek < 0. Applying now equation (2.2.55) to the

deformed integral, we obtain the following expression:

A(ak)
1
A(k)
[yo3(ak)
A(k)A(ak)

Ci(2) = % /l e 2 (i) —— [Em(ak)(/l(ak) + B3 (ak)Us(ak) + Ug(ak)} dk

L[ e g2 (ak) [E*Q\/g(k)Ul(k) 4 Us(k) + Ewg(k)Ug(k)} dk

2T lll

¢ ikz 2
— E=(iak
+ o Jy e (tak)

dk.

(2.2.61)
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In summary, the term ¢ (k) gives rise to the contribution F 1+ (71, where (71 denotes the

first two terms of the rhs of (2.2.61) and F} is defined by

- P :i eikz —Z Zrl(ak)
Fi(2) 27?/11 E(—ik) [Dl(lc)Jr A(ak:)] dk o
i P ['y93(ak) o
+5- l’lek E (mk)ﬁkm(amdk.

The contributions of ¢s(ak) and ¢s(ak) to the solution, i.c. Fy(z)+Us(z) and Fy(2)+Us(2),
respectively, are obtained in a similar way. Using equations (2.2.54) and (2.2.57) we find

that

Fy(z) = - / ¢ B(—iak) [DQ(ak)HFA?((Zg

7'('l2

dk

Py () (2.2.63)

tom O R A

dk.
2T l/2

where I} is a ray with 3 < argk < ZX. This result is also obtained from Fy(z) by making

the substitution £ — ak on the arguments and the rotations 1 — 2, 2 — 3, 3 — 1 on the

subscripts of the functions of the integrand.

Using (2.2.52) and (2.2.56) we find that

Fy(z) = 2i / ™ B (—iak) {Dg(dlﬂ) +i

s I3
ke Lsia(k)
27r/l,3€ EXk) X amam

where [3 is a ray with § < argk < 7. This result is also obtained from Fy(z) by making

I's(k)
A(k)

] dk
(2.2.64)
+

the substitution & — ak on the arguments and the rotations 1 — 3, 3 — 2, 2 — 1 on the

subscripts of the functions of the integrand.

The contribution of {(Z}? vanishes due to analyticity. Indeed, following similar argu-

ments with those used to obtain ﬁg and ﬁg, we find that

Ua(z) = i /l e Bik) 5 (2 5 [Ul(dk) + E23(ak)Us (ak) +E*N§(ak)Ug(ak)} dk

1
A(ak)

I P 1)
2 l/2

[Em(ak)U1 (ak) + E~2Y3(ak)Uy(ak) + Ug(ak)} dk

(2.2.65)
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and

/IS ¢ B (iak) m (B3 () U (k) + Ua(k) + B2 (k)Us (k)| dk

~—

~ 9 /l e E*(ik) dk) [Ul(dk:)+E2ﬁ(dk:)Ug(dk:)+E’2\/§(ak)U3(ak)} dk.

(2.2.66)

The integrands which occur in [y U5, lo U5, I3 U}, are bounded and analytic in the

corresponding domains, see Figure 2.4.

Hence, the solution is given by
q(2) = Fi(2) + Fo(2) + Fy(2), (2.2.67)

where Fi(z), Fy(z) and Fi(z) are given in (2.2.62), (2.2.63) and (2.2.64), respectively.
Equation (2.2.67) yields the solution of the Dirichlet problem given in (2.2.46).

2.3 The Modified Helmholtz Equation.

In this section we discuss the modified Helmholtz equation, which is equation (2.1.13)
with the choices {5 > 0,7 = —1}, i.e.
— B*q¢ =0, where z =z + iy. (2.3.1)

In order to formulate the general solution for the modified Helmholtz equation in the
interior of a convex polygon €2, we will state a theorem analogous to Theorem 2.1. A
similar procedure is followed in [9]. In this respect, we construct the following differential

form

Wiz, 2, k)= e~ #(k-) (q. +ikBq) dz — (qz + %q) dz} , keC, (2.3.2)

which is closed iff the modified Helmholtz equation is satisfied, i.e.,
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AW = 2¢ (%) [q.. — B2qldz Adz, k € C. (2.3.3)

Note that we can obtain this differential form from the formal adjoint of the equation

(2.3.1). Indeed, the formal adjoint ¢ also satisfies the modified Helmholtz equation

Gz — %4 =0. (2.3.4)

Multiplying equation (2.3.1) by @, equation (2.3.4) by ¢ and subtracting, we find

4q-z — 4q-z = 0, (2.3.5)
or equivalently
9 (Gg: — G0) + = (g — 0.) = 0 (23.6)
5, (0% — G=0) + 5~ (4g: — ¢:q) =0. 3.

This implies that the differential form

—~

Wiz, z2,k) = —(¢q. — ¢.q) dz + (4qz — qzq) dz, (2.3.7)

is closed. Using that e B1) is a special solution of equation (2.3.4) we obtain the

differential form W(z, z, k) defined in (2.3.2).

In what follows, we will use the spectral analysis of the differential form

d [e—w(’”—%)u(z, k)] = W(z 2 k), keC, (2.3.8)

to obtain an integral representation for ¢ in 2. Also, the following global relation, due to

Green’s theorem, is valid
)

W(z 2 k) =0, keC, (2.3.9)
0N

If ¢ is real, another independent global relation can be obtained from equation (2.3.9), via

Schwarz conjugation, i.e. by replacing W (z, z, k) with W (z, z, k) in (2.3.9). This yields

/ iB(k2=7) [(qz —ikfBq) dz — (qz - .ﬁq) dz] =0, keC. (2.3.10)
o ik
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Actually (2.3.10) is valid even if ¢ is not real. Indeed, replacing in equation (2.3.2) k by ¢
it follows that W(z,z, 1) is closed iff equation (2.3.1) is satisfied; then, Green’s theorem
for the closed differential form W (z, z, 1) yields equation (2.3.10).

The following theorem, which can be also found in [9] and [43], gives the formulae for
the global relation and the integral representation for the modified Helmholtz’s equations

in the interior of a convex polygon.

Theorem 2.2. Let Q) be the interior of a convex closed polygon in the complex z-plane,
with corners zi,...,%Zn, Zny1 = 2z1. Assume that there exists a solution q(z,Zz) of the
modified Helmholtz equation, i.e. of equation (2.3.1), valid on 2 and suppose that this

solution has sufficient smoothness all the way to the boundary of the polygon.

Then q can be expressed in the form

029 = = 3 [ Dy (2:3.11)

where {§;(k)}} are defined by

Zj+1 ) 5
q;(k) = / e~ B(k=7) [(QZ +ikfBq) dz — (qz + %q) dé} , keC, (2.3.12)
and {l;}} are the rays in the complex k-plane
lj={keC:argk=—arg(zj41—2)}, j=1,...,n (2.3.13)
oriented from zero to infinity.
Furthermore, the following global relations are valid
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where {q;(k)}} are defined by

Gi(k) = /:]-+1 ¢B(k=7) [(qz —ikfBq) dz — (qz - %q) dz] : (2.3.15)

J

Proof. We will follow the same steps as in the proof of Theorem 2.1, i.e. we will perform
the spectral analysis of the differential form (2.3.8), with W defined by equation (2.3.2).

Integrating equation (2.3.8) we find that for z € Q
(2, 2, k) = / PIRE=O=5C=0Ol | (q. + ikfBq)dC — <q<+ %q) df} . (2.3.16)
zj 7
This is an entire function of k& which is bounded as £ — oo and & — 0 in the sector X;

of the complex k-plane defined by (2.2.13). Indeed, equation (2.3.16) involves the two

exponentials

I h(E-0)

The real part of these two exponentials have the same sign, thus the exponentials have

identical domains of boundedness as k and 1/k tend to infinity.

The differential form (2.3.8) is equivalent to the following Lax pair,

. . i B
W, — Bk = q, +i68kq, s+ ?,U = — (qz + Eq) . (2.3.17)
The first of these equations suggests that
1
uw=—q+ 0O (E) , k— 0. (2.3.18)

This can be verified using equation (2.3.16) with k € X; and integration by parts. Also

subtracting equation (2.3.16) and the analogous equation for p;,; we find
i — Hj41 = eiﬂ(kz_%)dj(k), ke l]’, (2319)
where {g;}} are defined by equation (2.3.12).

The solution of the RH problem defined by (2.3.18) and (2.3.19) is given for all k €
C\{U{}1} by

]- - [ z—Z2) A dl
“:_qJF%Z/leﬁ(l l)qj(l)m, 2 eq. (2.3.20)
j=1"71

Substituting this expression in the second of equations (2.3.17) we find equation (2.3.11).
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Using in equations (2.3.9) and (2.3.10) the definitions of {¢;}} and {¢;}} ( i.e. equations
(2.3.12) and (2.3.15)), we find the global relations (2.3.14).

Using the identities (2.1.12), which expresses ¢.dz and ¢sdZ in terms of ¢ and gy, in the
equations (2.3.12) and (2.3.15), the expression for ¢; and ¢; become

AR z 1dz dz
A~ _ fzﬁ(szf) . . Il v
q; (k) /Zj e z [qu +1f (k‘ 7 + kds) q} ds, ke C (2.3.21)
and
i+ sz dz 1dz
~ — ) (kz——) . . haiad el
q; (k) /Zj e F)ligy + 10 kds + 75 ) 4 ds, k € C, (2.3.22)
respectively.

2.3.1 The Symmetric Dirichlet Problem.

In what follows we will solve the symmetric Dirichlet problem for the modified Helmholtz
equation in the interior of the equilateral triangle D, i.e. we will solve the problem with

the boundary conditions

9(s) = d(s), s € [—l l] =123

2’2
where the function d(s) has sufficient smoothness and is compatible at the vertices of the

triangle, i.e. d(%) = d(-3).

It turns out that the analysis of Laplace and modified Helmholtz equations is very
similar. Indeed, applying the parametrization of the fundamental domain on the general

solution (2.3.11) we obtain

Q1(k) = q(k), G2(k) = qlak), Gs(k) = q(ak),
with i(k) = E(—ik)[iU(k) + D(k)], (2.3.23)



2.3 The Modified Helmholtz Equation. 45

where

q(z,7) = i/ A(k, 2, 2) B(—ik) (D(k;)-|— G(k) ) dk

- dim ), Alak) ) k
+ ﬁ ; A(k, 2, E)EQ(iak)%d—: (2.3.24)
where
Ak, 2, 7) = P(k7%) 4 iB(akeg) 4 ¢if(abe3F) | (2.3.25.1)
G(k) = A*(ak)D(k) + 2D(ak) + A* (k) D(ak), (2.3.25.2)
A(E) = e(k) — e(—k), AT (k) = e(k) + e(—k), e(k) = P(Ti)s. (2.3.25.3)

Following, now, step by step the analysis of the symmetric Dirichlet problem for the

Laplace equation we derive the solution (2.3.24).

Remark 2.1. Notice that the three “basic facts” used for the Laplace equation remain

true, but slightly more complicated to prove. In particular,

1. The zeros of A(k) occur when k+ 1 € e 2R = k € e '2R.

Therefore by rotation
Alak) =0=keecR and Aak)=0=k€eesR.
2. The functions

eB=) B2(iak), BB E2(ik), (%) B2(iak), (2.3.26)



46

2. Linear elliptic equations in an equilateral triangle.

. The functions

with z in the interior of the triangle, are bounded as k — 0 and k — oo, for argk

2.7 Toom) |9 3w
27617 6" 6]’ 6 2

respectively, see Figure 2.5. Indeed, let us consider the first exponential in (2.3.26).

m

Using zy = —la/ V/3, this exponential can be written as

ezﬂk(z_zﬂ-f——’a(i;ﬁ) )

If z is in the interior of the triangle then

thus, if

it follows that
0 <arglk(z —z)] <.

Hence, the exponentials

. - B(z2—%71)
ePRE=21) and e

are bounded as |k| — oo and |k| — 0 respectively. The analogous results for the

second and third exponentials in (2.3.26) can be obtained in a similar way.

Zgg, ZEZZ; and Zggzg are bounded and analytic in C except for k on

the lines where the functions A(k), A(ak) and A(ak) have zeros.

Indeed, regarding % observe that A(k) is dominated by e(k) for Rek > 0 and by

e(—k) for Rek < 0, hence

Uk) {e(—k)U(k), Rek > 0
A(k) ~ \—e(k)U(K), Rek <O0.

Furthermore e(—k)U (k) involves )68 which is bounded for Rek > 0 and
e(k)U(k) involves e E)E+8) which is bounded for Rek < 0.

Example 2.2. Setl =7 and d(s) = coss.

Hence,
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and
G(k) = 48 ik gk h{ﬂ(ml)”} h[ﬂ(l{:Jrl)W]
= COS — — | COS a e —
1+82 (k+ 1) 142 (ak+ L) k) 2 ak) 2
%—dk‘ B 1\«
+4p a scosh |3 | ak+— ) =, (2.3.27)
14 82 (ak + L) ak ) 2

where we have used that A* (k) = 2cosh [3 (k + 1) 5].

In order to verify the convergence of the integrals in the representation (2.5.24) observe
the following:

e For the first integral along l;, Re(k) = 0 and Im(k) < 0, hence as k — 0 and
k — oo:

1 eig(kz_g)E(_Z.m N eﬁ(ik—i—%)(Re(z)—%) N e—B(t#—%)(m—%

Gk) ., _1_
J. A(ak) kL

e For the second integral along I}, argk € (=5, —%), hence as k — 0 and k — oo:

1. eiﬁ(kZ*%)Ez(iak:) ~ erp [(x - 2%) cos (p+3) — (y+ %) sin (¢ + %)] . where

™

T < 5o Y > —% and ¢ = argk. Thus the associated exponent has negalive

real part when argk € (—%, —%) i.e. in the domain of the deformation of l;

© AR)A(ak) T k4L

Similar arguments are valid for the other two terms of A(k, z, Z).

Example 2.3. Set | = 2L, di(s) = cos(nLs) and dy(s) = sin (n*s), n € Z.

After some calculations we find

and
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1

A*(k) = 2 cosh [B (k: + E) L} . A(k) = 2sinh [5 (k + %) L} .

The convergence of the integrals in the representation of the solution can be verified easily.
2.3.2 The Poincaré Problem.
Replacing in the definition of ¢;, in (2.3.21), the term q%) with

1 dq(j) ]
fj — COS (SJK —+ qu(J) s

sin 0

and integrating by parts the term involving de—(;)> we find the following;:

qi(k) = iE(—ik) [H (k)W (k) + Fi(k) + Ci(k)],
iE(—iak) [Hy(ak)Vs(ak) + Fy(ak) + Coy(ak)] (2.3.28)
Gs(k) = iE(—iak) [H3(ak)Vs(ak) + F3(ak) + Cs(ak)],

=}
S
—
=
S—
I

where

, 1

the function F}(k) is known, U, (k) involves the unknown Dirichlet boundary values

1 [z ,
(k) = Bkti)s ¢
B0 = o [, s
: (2.3.30)
1 3 1, (0
Vilk) = 35, /l AU (s)ds
J V=3

and the function C}(k) involves the values of ¢(z,y) at the vertices,

C;(k) = % [e(—k)q(j) (—é) —e(k)qY (%)} : (2.3.31)
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Applying equations (2.3.28) in the first of the global relations (2.3.14) we find that

E(—ik)H, (k)W (k) + E(—iak)Hy(ak)Us(ak) + B(—iak)Hs(ak)Us(ak) = F(k) + C(k),
(2.3.32)

where F'(k) is the known function

F(k) = BE(—ik)Fy (k) + E(—iak)Fy(ak) + E(—iak)Fy(ak)

and C'(k) depends on {C;(k)}? and also involve the values of ¢(x,y) at the vertices:
j 1

l l

L0080y (s [P O8O (kg 2 )s
C(k) = o, E(—ik)e q1(s) s, E(—iwk)e Go(s) B
) . :(2.3.33)
COS 03 2

E(—iwk)e(TF58)5 gy (5)

sin 03

[~

Here, we will sketch the method used to solve this problem, following precisely the same
steps used for the general Dirichlet problem in the Laplace equation. First, we formulate

the global relation and then formulate a system of 6 equations involving the 9 unknowns

{U;(k), U,(ak), U;(ak)}}_,.

Then we find the analogue of equation (2.2.52) which is an expression of W3(ak) in terms

of {1, (k)}} (see [32)):

D*(k)Hs(ak)Us(ak) = Y T3(k)H;(k)U;(k) + T?(k) + C*(k) (2.3.34)
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sy P@k) (o Prlak)Pa(ak)Py(ak)

D (k) B PQ(CL]C)P?,((II{?) ( (k) (k) Pl(ak:)PQ(ak)Pg(ak)) ’

50 1 5 _ P (ak)

Iy (k) Pl(k)e(—ak:) —e (_k)e(ak)Pg(ak:)Pg(ak‘)’ .

T3 (k) = &(kp(-ak)% - e(ab) (1ak),

) = H=h)e(—ak) s S = belab) s
with

oy Hj(k)
(k) = e (2.3.36)

and {T7(k)}3 involves the known functions { F(k), F(k), F(ak), F(ak), F(ak), F(ak)} and
{CI(k)}$ involves {C(k), C(k), C(ak),C(ak),C(ak),C(ak)}.

Making the substitution & — ak and the rotations 3 — 1, 1 — 2, 2 — 3 on the
subscripts of (2.3.34), we find the analogue of equation (2.2.53) for the Poincaré problem,

namely, we find the equation

3
D'(ak)Hy(k)Uy(k) =Y T}(ak)H;(ak)¥,(ak) + T"(ak) + C" (ak), (2.3.37)
j=1
where D'(k) and {T'j(k)}} are obtained by making the rotations 3 — 1, 1 — 2,2 — 3
on the subscripts of D*(k) and {T'%(k)}} in (2.3.35). Similarly, making the substitution
k — ak and the rotations 3 — 2, 2 — 1, 1 — 3 on the subscripts of (2.3.34) we find the
analogue of equation (2.2.54) for the Poincaré problem, namely, we find the equation
3
D?(ak)Hy(ak)Wy(ak) =Y T3(ak)H;(ak)V,(ak) + T*(ak) + C*(ak), (2.3.38)
j=1
where D?(k) and {I'?(k)}} are obtained by making the rotations 3 — 2,2 — 1,1 — 3 on
the subscripts of D*(k) and {T'}(k)}} in (2.3.35).

Replacing in the expression ¢ (k), defined by (2.3.28), the term H; (k)W (k) with the
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expression given in (2.3.37) we find

E(—ik)

[T (ak) + C'(ak)]
(2.3.39)

+ i ER) S Q1 k) (ak)w, (ak) k)W, (ak),

]

where we have used the notation I';(k) = ©%(k) — A;(k‘) Hence, the contribution of ¢ (k)

to the solution is

Ci(2,2) 417T / ¢?(==%) B(—ik) (Fl(k)+01(l<:)+ r (“’21(2% (ak)) dk

k
+ i ZB kz—— Zk) i@l ]i] ( k)dk
ar ), € ak) £ (a ar) (2.3.40)
1 [, B(=ik) < dk
—— [ P Al(a k)—.
4 /ll ‘ ak:) ]Zl J Wilak) 7 k

Considerations of boundedness and analyticity, allow us to deform the integral of the last

term from [y to [}, where [} is a ray with —5 < argh < —Z.

=]

Remark 2.2. The analysis of the zeros of D'(ak) is now slightly more complicated. In-
deed, if D' (k) = 0 then k does not necessarily belong to the imaginary axis. However, the

following relations are valid

lim |P(k)| =1, lim [P(k)|= 1.

|k|—0 |k|—o00

The definition of D3(k) in (2.3.35) implies that

Py (ak)Py(ak)Ps(ak)

D) = 0= (k) = 5 B () Py(ah)

The last equation yields

lim |e(k) =1, lim |e(k)| = 1.

|[k|—0 |k|—o00

Hence, the roots of D3(k) are on the imaginary azis as |k| — 0 and |k| — oo. The same
is true for {D?(k)}3. Thus,

D' (ak)=0=k €S R, |kl —0,|kl — occ.
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The last integral in (2.3.40), in addition to the deformed integral, also yields a finite sum
of unknown functions evaluated at some zeros of D (ak), which can be computed in terms
of known functions by equation (2.3.37). However, choosing l} to be an appropriate curve,
oriented from 0 to infinity, in the domain Dy = {k € C: —§ < arghk < —%}, it is possible

to avoid all these poles.

Similarly, replacing in the expression of ¢s(k), defined in (2.3.28) the term Hs(ak)Wo(ak)
with the expression given in (2.3.38) we find

. , , E(—iak _ _
G2(k) = iE(—iak) [Fy(ak) + Co(ak)] + ZW [T?(ak) + C*(ak)]
—tak) Z@Z ak)H, (ak) v, (ak) mk ZAZ ak)H;(ak) ¥, (ak)
D2 ah) (a a (a ak).
(2.3.41)
Hence, the contribution of g,(k) to the solution is
~ 1 o T*(ak) + C*(ak)] dk
5)=— | B3 B(—iak) | F -
Cy(z, 2) 7T/IQe # E(—iak) [ h(ak) + Co(ak) + D2 (ak) } 2
1 ; —iak) dk
= [ Bk 2( (a2
+47T/12€ Dz 2k Z@ );(ak)— (2.3.42)
1 - £) —iak) dk
_ zﬂ(kz—— AQ \If v
4 lée D2 ak) Z 3(ak) k + S2(kn).

where 1} is a ray with 2 < argk < = and Sy(k,) is a finite sum of known functions. In

analogy with the earlier results we expect that the following relation is valid

e k)0, (ak) = mk ZA2 U, (ak)

Mw

<.
l-
—~
b
o
.
w
S~—

T231 (ak‘) 0231 (ak:)
D(ak)D?(ak)

+ E*(iak)

where 7% (k) and C*!(k) are functions of {77} and {CY}3, respectively. In order to
verify this equation, we compute ¥;(ak) and W3(ak) by making the rotations 2 — 1,

1—-3,3—2and2— 3,3 — 1,1 — 1 in equation (2.3.38), respectively. Similarly, we
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compute Wi(ak) and Wy(ak) from equation (2.3.34). Hence, computing the rhs and the
lhs side of equation (2.3.43) we conclude that this equation is indeed valid iff the following

condition is valid

Py (k)Py(ak)Py(ak) = Py(k)Py(ak)Py(ak) = Py(k)Py(ak)Ps(ak).

Employing in this expression the definitions of P;(k) and H;(k) given in (2.3.36) and in
(2.3.29) respectively, we find the conditions (2.1.8)-(2.1.10). Furthermore,

T (k) = e(ak)Z@y(ak)Tj(k) and  C'""(k) = e(ak)Z@y(ak)cj(k).

Equation (2.3.43) is the analogue to equation (2.2.57). Thus, we also obtain the analogue
of the equations (2.2.55) and (2.2.56):

T O H K09 = T S ANk k) )

> (2.3.44)
o T3(ak) + O (ak)
- i
and
TR 2 SR = g S A
4 P T2 + C2 ()

D(ak) D3 (k)

Employing equations (2.3.39) and (2.3.44) in the integral representation (2.3.11) we con-
clude that the contribution of ¢;(k) to the solution is
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Ci(z2) == / ¢Pb=%) B(—ik) (Fl(k)+01(k)+

dm J),

T'(ak) + C(ak)\ dk
D*(ak) ) k
T'2(ak) + C'23(ak) dk

= iB(kz—%) 2, “r
+47T 1'16 #) E*(iak) D3 (R) D (ah) - + Si(ky)

(2.3.46)

The solution is given by
q(2) = Fi(2) + Fy(2) + F3(2), (2.3.47)

where F1(z) is given by the first three terms of equation (2.3.46); Fy(z) is obtained from
ﬁl(z) by substituting the arguments of the functions of the integrand with & — ak and
using the rotations 1 — 2,2 — 3,3 — 1; ﬁg(Z) is obtained from ﬁl(z) by substituting the
arguments of the functions of the integrand with & — ak and using the rotations 1 — 3,

3—2,2—1.

Indeed, define \T/l to be equal to the last two terms of equation (2.3.46), i.e

U (z,2) 1/”2‘ | 23:@ (ak) W, (ak) 2
z,Z2)=—|[ e a
e ar J,, DY( ak: ]:1 k
(2.3.48)
1 mk dk
- iB(kz—
4 S Z@ (k) k
! =
Thus, the contribution of ¢(k) and ¢3(k) are
~ 1 [ —iak) dk
Uy(z,2) =— [ Bl 02(a k)0, (ak)—
2(2’2) 47_‘_/1\26 Dl ak ; J J(a )k ( 4 )
2.3.49
—i/eﬂkzn 3 CH k)W (ak)dk
47 J k
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and

3

alz7) = [ P DESED S e 0w, (0

7r D3(k) &=/ k

7 (2.3.50)
1 o2\ B(—iak) o~ - dk
" 0 ;@J(ak) j(ak)®;(ak) -~

The contribution of {E@}% to the solution vanishes, because the integrands which occur in

LLull, loUls, I3Ul], are bounded and analytic in the corresponding domains, see Figure

2.5.

Remark 2.3. The corner term C(k) which involves the values of the function q at the
vertices, given in (2.3.33), vanishes iff

cot d; = cot dg = cot o3 < {sin(d; — dy) = 0, sin(dy — d3) = 0}, (2.3.51)

since ¢ (%) = Q2 (—%) y g2 (é) = g3 (—é) ) 43 (é) =q (—%) In this case, Cj(k) =0,7=
1,2,3, in the integral representation of the solution (2.3.47).

If equation (2.3.51) is not valid then we can find the solution via the integral represen-
tation of the solution (2.3.47) in terms of C9(k), i.e. in terms of q; (%), and then evaluate
the solution at these points. Hence, we can determine the associated values by solving a
3 x 3 system of linear equations.

Remark 2.4. Having solved the Poincaré problem, we can then immediately obtain the
solutions of the Neumann, Robin and oblique Robin problems via appropriate limits. In-

deed, we can solve:

e the Neumann problem, by putting 6; = 5,x; =0, j =1,2,3;
e the Robin problem, by putting 0; = 5, and x; =x#0, j=1,2,3;

e the oblique Robin problem, by putting 6; =6, and x; =%, j=1,2,3.

In all these three cases, observe that the corner terms always vanish, i.e. cotd; = cot d =
cot 03. Furthermore, for the Neumann and Robin problem the poles of the integrands have
the same distribution as in the Dirichlet case. Indeed, P;(k) = 1. Hence, the definition
of D3(k) in (2.3.35) implies that D?(k) = e 3(k) — €*(k), 7 = 1,2,3; this coincides with
the definition of A(k) in (2.2.47).
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2.4 The “Generalized Helmholtz” Equation.

In this section we discuss the “generalized Helmholtz” equation (2.1.13), i.e.

G-z + 6% = 0, (2.4.1)
where 5> 0 and v € C with { |y| =1, v # 1}.

In order to formulate the general solution of the generalized Helmholtz equation in the
interior of a convex polygon 2, we will state the analogue to Theorem 2.1. In this respect,

we consider the following differential form

Wz, 2 k) = o~ iB(kz7) (q. + ikpq) dz — (qz + W%q) dz} , keC, (2.4.2)

which is closed iff the generalized Helmholtz equation is satisfied, i.e.,

AW = 2e"#(5=49%)[q.. + vB%qldz A dz, k € C. (2.4.3)

In what follows, the spectral analysis of the differential form

d [e—w(’”ﬂ%)u(z, k)] — W(z,2k), keC (2.4.4)

yields an integral representation for ¢ in 2. Also, the following global relation is valid

Wi(z,z,k)=0, keC. (2.4.5)
o0

Another independent global relation can be obtained from equation (2.4.2) by replacing

k with —%. It follows that W (z, z, —7) is closed iff equation (2.4.1) is satisfied; Green’s

theorem for the closed differential form W(z, z, —1) yields the global relation

/ eiB(F2+k2) {(qz —ikBq) dz — (qz — iﬁq) dz] =0, keC. (2.4.6)
o2 k
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Theorem 2.3. Let ) be the interior of a convex closed polygon in the complex z-plane,
with corners zi,...,2Zn, Zny1 = 21. Assume that there exists a solution q(z,Zz) of the
generalized Helmholtz equation, i.e. of equation (2.4.1), valid on 0 and suppose that this

solution has sufficient smoothness all the way to the boundary of the polygon.

Then q can be expressed in the form

n

1 sy
o2 = 7= 30 [ g m (247
j=1 71
where {4;(k)}} are defined by
~ AR _6(k + Z) . Zﬁ
g;(k) = / e PARETT [(qz +ikfq) dz — (qz + ’y?q) dz] , keC, (2.4.8)

and {l;}} are the contours in the complex k-plane, oriented from zero to infinity:

sin 0

lj:{kEC:tan(¢+¢j): |k|2},j=1,...,n, (2.4.9)

cos b —

where § = arg~y, ¢ = argk and ¢; = arg{z; 41 — z;}; see Figure 2.6.

9“%( i

Figure 2.6: The [; contour.

Furthermore, the following global relations are valid
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S gk =0, > gk)=0keC, (2.4.10)
J=1 j=1

where {q;(k)}} are defined by

gi(k) = / () {(qz — ikfBq) dz — (qz - Zﬂ%q) dz} . (2.4.11)

J

Proof. We will follow the same steps as in the proof of Theorem 2.1, i.e. we will perform
the spectral analysis of the differential form (2.4.4), with W defined by equation (2.4.2).

Integrating equation (2.4.4) we find that for z € Q

pi(z, 2, k) = / PO+ () <q¢+ik6q>d<—(qg+v%q) dg] (2.4.12)

i
This equation involves the following exponential

B[ROt R (=0

The real part of this exponentials is bounded as k and 1/k tend to infinity, in the domains
¥ where 03, = l;_1U{—[;}, with [; defined in (2.4.9). Indeed, this exponential is bounded
iff

Im {k:(z O+ %(2 - 5)} > 0. (2.4.13)

Introducing the notations § = argy, ¢ = argk and ® = arg{z — (}, equation (2.4.13)
yields

(|k|* — cos 0) sin(¢ + @) + sin O cos(¢p + ®) > 0, (2.4.14)
or, equivalently
sin
i ®+0)>0, tan®O=——— 2.4.15
sin(p+® +0) >0, tan TEp—t ( )
which yields
0<op+d+06 <. (2.4.16)

If z is inside the polygon and ¢ is on a curve from z to z;, see Figure 2.2, then

arg(zj — 2;) <arg(z — () <arg(zj_1— %), j=1,...,n (2.4.17)
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Using the identity
T —arg(z; — zj41) = —arg (zj41 — 2j) = —¢; (mod 27), (2.4.18)
equation (2.4.17) becomes

gbj S@S¢j_1+7'(’, jzl,,n (2419)

Hence, the inequalities (2.4.16) are satisfied provided that

_(bjg(b—i_@g_(bjfla jzlaan

Thus, the boundaries of the domain {3,}} are defined by

gb—f-gbj—i—@:() and ¢+¢]—1+@:O> jzla"'ana

or, equivalently
tan(¢ + ¢;) = —tan© and tan(¢p+ ¢;—1) = —tan©, j=1,...,n. (2.4.20)
Applying in this equation the definition of © given in (2.4.15), we obtain that
0¥, =l U{=l}, j=1,...,n,
where {/;}} is given in (2.4.9).

The differential form (2.4.4) is equivalent to the following Lax pair,

: : P np
W, — iBkp = q. +iBkq, sz — %M = — (CJZ + %q) ) (2.4.21)
The first of these equations suggests that
1
p=—-q+ 0 (E) , k—oo. (2.4.22)

This can be verified using equation (2.4.12) with k£ € ¥; and integration by parts. Also

subtracting equation (2.4.12) and the analogous equation for p;,; we find
n =y = NG ), kel (2.4.23)

where {g;}} are defined by equation (2.4.8).
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The solution of the RH problem defined by (2.4.22) and (2.4.23) is given for all k €
C\{U{L}1} by

1 - iB(lz4vZ2) 4 dl
b= _q+%z/l LI m)qj(z)m, zeq. (2.4.24)
j=1"714

Substituting this expression in the second of equations (2.4.21) we find equation (2.4.7).

Using in equations (2.4.5) and (2.4.6) the definitions of {¢;}} and {g;}} ( i.e. equations
(2.4.8) and (2.4.11)), we find the global relations (2.4.10).

Remark 2.5. For the behavior of l; observe the following:

As |k| = oo = tan(¢ + ¢;) = 0 = ¢ = —¢;. Hence, these curves asymptote at infinity
to the curve {l;}} defined for the modified Helmholtz in equation (2.3.13).

As |k| = 0 = tan(¢ + ¢;) = tan = ¢ = 0 — ¢;. Hence, these curves have as tangent
lines at 0 the curves {k € C:argk =60 — ¢,}, see Figure 2.6.

Remark 2.6. Substituting v = —1 in the formulae of Theorem 2.3 yields precisely the
relations appearing in Theorem 2.2 for the modified Helmholtz. Furthermore, in this case
0 = m, which yields tan(p + ¢;) =0, j=1,...,n. Thus ¢ = —¢;, j =1,...,n, which
is the definition of {I;}7 given in (2.3.13).

Using in equations (2.4.8) and (2.4.11) the identities (2.1.12), which expresses ¢.dz and

¢zdZz in terms of ¢ and gy, the expressions for ¢; and ¢; become

Zj+1 . z dZ dZ
5 (k) = —i(k=77) |4 g (18 L2 2.4.2
q; (k) /Zj e K [qu—l—zﬁ( kdstkds)q}ds’kec (2.4.25)
and
Zj+1 _ dz dz
~ _ zﬁ(lerkz) . . e 1_
q; (k) /Zj e \x [qu +1p (kds ’ ds> q] ds, k e C, (2.4.26)

respectively.
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2.4.1 The Symmetric Dirichlet problem in the Equilateral Tri-

angle.

Here, we will solve of the symmetric Dirichlet problem for the generalized Helmholtz
equation in the interior of the equilateral triangle D, i.e. we will solve the problem with

boundary conditions

. 1
W(s) =d — =], j=1,2
q (8) (8)’ S E |: 2’ 2:| Y j Y 73’

where the function d(s) has sufficient smoothness and is compatible at the vertices of the

triangle, i.e. d(%) = d(-3%).

The analysis of the generalized Helmholtz equation is identical to the analysis of
the Laplace and the modified Helmholtz. Indeed, applying the parametrization of the

fundamental domain on the general solution (2.4.7) we obtain that:

Q(k) = q(k), G(k) = q(ak), ¢s(k) = q(ak),
with G(k) = E(—ik)[iU (k) + D(k)], (2.4.27)

where

g(z,7) = ﬁ /l Ak, 2, 2)E(—ik) <D(k:) v f(fg)) d_:
o [ Atk 2,2 B2 ak) o) (2.4.98)

dim Jy A(ak)A(k) k'
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where,
s sin
Lh=<3keC:t —)=—— 2.4.29
o sin 6
lhb=<keC:t - )= 2.4.29b
2 { S a“n((b 6 ) cosf — |k|2}7 ( )
T sin

I, € Dy, with 0Dy =l U—~lyand [, ={keC: -k ecl;}, j=1,2,3, (2.4.29)

Figure 2.7: The curves {l;}} for the equilateral triangle.

A(k’, 272) _ eiﬁ(szr'y%) + eiﬁ(ﬁkZJr’y%) + eiﬁ(aszr'ya—gk) ’ (2430&)

G(k) = A*(ak)D(k) + 2D(ak) + A* (k) D(ak), (2.4.30b)

N~

A(k) = e(k) — e(—k), At (k) = e(k) + e(—k), e(k) = ?(+7)z. (2.4.30¢)

Following, now, step by step the analysis of the symmetric Dirichlet problem for the

Laplace equation, we can derive the solution (2.4.28).
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Remark 2.7. The three “basic facts” used for the Laplace equation remain true, but it is

now slightly more complicated to prove them. In particular:
1. The zeros of A(k) occur when k — 1 € e*R = k € ;U I\, where I; = {k € C :
—k €l;}, 7 =1,2,3. Therefore by rotation,

Alak)=0=ke lbUly, and A@ak)=0=ke I3Uls.

2. The functions
B=tE) B2 (jak), PR B2 iak), P R) E2(ik), (2.4.31)

with z in the interior of the triangle, are bounded as k — 0 and k — oo, for
k € Dy, Dy, Ds, respectively, where the boundaries of these domains are defined

respectively by
aDl = {_l3}Ul17 aDQ - {_ll}Ul2, aD?, = {—lg}Ulg,

see Figure 2.8. Indeed, let us consider the first exponential in (2.4.31).

Figure 2.8: The domains of boundedness and analyticity {D;}3.
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Using 21 = —la\/3, this exponential can be written as

e 2.43)

If z 1s in the interior of the triangle then

<arg(z — 2) <

o

Using the notations ¢ = argk, 0 = arg~y and v = arg{z — z1}, we find that the
exponential given in (2.4.32) is bounded iff

(|k|* — cos @) sin(¢ + 1b) + sin @ cos(¢ + 1) > 0.

Using exactly the same analysis used for the inequality (2.4.14), we now find that
the relevant exponential is bounded, when k € Dy. The analogous results for the

second and third exponentials in (2.3.26) can be obtained in a similar way.

)

. In exactly the same way as in the Laplace equation we can prove that % 15 bounded

and analytic in C — {I; Ul,}.



Chapter 3

Eigenvalues for the Laplace operator
in the interior of an equilateral

triangle.

An important role in the Fokas method is played by the global relation, which for linear
PDEs is an equation in the spectral (or Fourier) space coupling the given boundary data

with the unknown boundary values [7]-[9].

3.1 Formulation of the problems.

Let q(z, z) satisfy the Helmholtz equation in the interior of an equilateral triangle,

namely

0%q
020z

— AN =0, z€ D, \<0, (3.1.1)

where D denotes the interior of the equilateral triangle defined in Chapter 2, but for
convenience we will make the substitution | = 2L. Hence, D has vertices at {zj}:l3 , where

% 2L i,
7 =—=€ '3, 2p=—=€"3, 23 = ———=, L positive constant. (3.1.2)

7
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This triangle is depicted in Figure 3.1; the sides (z1, 22), (22, 23), (23, 21) will be referred to

as side (1), (2), (3) respectively.

Y A
L}---- 22
@) e
. (1)
i L e
3)

Figure 3.1: The Equilateral Triangle.

Eigenvalues

The method followed in Chapter 2 suggests the definition of the following differential

form:

) _ ) _ A
W = e*““*%Z(qz + qu)} dz — {e”‘czﬁcz (qz + %q)} dz, k € C, (3.1.3)

which is closed iff equation (3.1.1) is satisfied. Indeed,
dW = Qe_ikz_%z(ng — Aq).

Hence, the complex form of Green’s theorem yields the following global relation:

. A = . A= )\
/ { [e—zkz—mz(qz + ’lkq>:| dz — |:e—ll€2—m2 <qz + _Q):| dg} = 0. (314)
aD 1k
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Each of the sides of the triangle can be parametrized as follows:

L L

() = g win 00 = (Jz i)

z S z S 5 | w
V3 V3 (3.1.5)
( > w, —L<s<L,

where
2in 1

w=e3 :_§+i§' (3.1.6)

Hence, equation (3.1.4) becomes

Zcij(wj”k) =0, (3.1.72)

A )
g;(k) = e f/ (k+3)s [qu) (k — E)q(]) ds, j=1,2,3, ke C. (3.1.7b)

The Dirichlet eigenvalues correspond to the case of {q(j)}? = 0; in this case the global
relation (3.1.7a) becomes a single homogeneous equation involving the three unknown
functions {q%)}j, where ¢y denotes the derivative in the outward normal direction. For
the Dirichlet problem, it will be shown in section 3.2 that there exist nontrivial functions

{qj(\j,)} satisfying this equation provided that

2
A:—(m2+mn+n2)L m,n € Z. (3.1.8)

9L2 "’

Similarly, in the case of the Neumann problem {qj(\j,)} = 0, and thus the global relation
(3.1.7a) becomes a single homogeneous equations involving the three unknown functions
{q(j)}?. Moreover, in section 3.3 for the same values of A, this equation is satisfied by
nontrivial functions. These results are the rederivation of the eigenvalues found firstly by

Lamé in [34] and later by several authors, see for example [37] and [38].

The Robin, oblique Robin and Poincaré problems correspond to the following boundary

conditions:
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7 — xq¥ =0, (3.1.9)
. da@) .
sin 5q§\],) + cosd Z —xq¥) =0, (3.1.10)
s

s ) dg") ' -

sin d;qy +cos<5jﬁ — qu(J) =0, j=1,2,3, (3.1.11)
where y, 0, {Xj}f, {(53'}? are real constants and

sind # 0, sind; # 0. (3.1.12)

The Poincaré condition can be rewritten in the form

g9 Hgl) :
(sind;, cosd;) - (aq—T, aq—N) — ;9 =0, j=1,2,3,

thus it involves the derivative of ¢ in the direction making an angle ¢; with every side of

the triangle, see Figure 3.2.

Figure 3.2:

It will be shown in section 3.6 that the method introduced here is still capable of obtain-
ing the associated eigenvalues, provided that the constants {d;, x;} satisfy the following
constraints:

01 =0y +vm, O0y=03+pumr, v,u=0,1,
(sin301) [(x7 —3A) x1 — (=1)" (x3 = 3\) x2| = 0,
(sin 32) [(X% - 3/\) Xz — (=1)" (X:Q«; - 3)\) X3] =0.

(3.1.13)
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Eigenfunctions

For linear PDEs the method introduced in [1] and [43] yields an integral representation of
the solution which involves certain integrals in the spectral (Fourier) space. In the case

of equation (3.1.1) the relevant integral representation is given by

(z,2) Z/ Zkz+zkzd wj_lk:)d—: (3.1.14)

where {q}(k‘)}? are defined in (3.1.7b) and the contours {Lj}i, depicted in Figure 3.3, and

defined as follows:

L={rec (H<vRnfagh=T) (k2 VR0 fargh= )
{|k|:\/——)\}ﬂ{{%>argk>%}u{%<argk‘<%r}}}
L={rec, (K <VRbn fargh= -2}, (K2 VERbN fargh = T,
{|k:|:\/——)\}ﬂ{{i%ﬁ>argk:>%r}u{%<argk<g}}}
Laz{kEC, {\k\S\/——A}ﬂ{argk:%T}, {|k|2\/—_)\}ﬂ{argk:%},
{\k\:\/—_A}ﬂ{{%>argk>g}u{3§<argk<%}}}.

(3.1.15)

Indeed, using arguments similar to those used in the proof of Theorem 2.2 in Chapter 2,
we formulate a Riemman-Hilbert problem on the sectors {3;}$ of the k-plane where the

exponentials

=0+ (-0)

are bounded. This implies that Re {ik(z — () + 2(2 — )} <0, and equivalently

(|k[* + X) sin(¢ + 6) > 0
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Figure 3.3: The contours L; are depicted as follows: Ly

where ¢ = argk and 0 = arg(z — (). Hence,
if |k| > v/ =, then sin(¢ +60) > 0

and

if |k] < V=X, then sin(¢ +6) < 0.

Following the analysis of the proof of Theorem 2.1 these inequalities imply the definitions
of the sectors {3, }7 depicted in Figure 3.4. The contours {L;}} are defined as the following

intersections >; N X1, 7 = 1,2, 3.

For the Dirichlet problem {q(j ) }f = (0 and {q%) }jare obtained in section 3.2. Hence, the
functions {cj](k)}f appearing in (3.1.7b) can be computed explicitly and equation (3.1.14)
expresses ¢ in terms of integrals involving explicit integrands. By employing Cauchy’s
theorem it is straightforward to compute the relevant integrals and hence ¢ can be found

explicitly. Similar considerations are valid for the other boundary value problems.

The eigenvalues for the Dirichlet, Robin, oblique Robin and Poincaré problems are
computed in sections 3.2-3.6, respectively. It is shown in section 3.7 that the formulae
defining the eigenvalues of the Poincaré problem yield, via appropriate limits, the corre-
sponding formulae for the oblique Robin, Robin, Neumman and Dirichlet problems. The

associated eigenfunctions for the Dirichlet problem are computed in section 3.8.
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Figure 3.4: The sectors X;.

3.2 The Dirichlet Problem.

In this case the global relation (3.1.7a) becomes
E(—ik)Ni (k) + E(—iwk)Ny(wk) + E(—iwk)Ny(wk) = 0, E(k) = F*3)%, (3.2.1)
where k € C and the unknown functions {N;}} are defined by
L A
N;(k) = / e(’”E)Suj(s)ds, j=1,2,3 keC, (3.2.2)

—L

with {u;}? denoting the unknown Neumann boundary values.

Proposition 3.1. Let each of the unknown Neumann boundary values be expressed as a

sum of three exponentials, namely

3

3 3
u(s) = Zalei“l‘s, us(s) = Zﬁleibls, ug(s) = Zvleicls, (3.2.3)
=1 I=1

=1
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where {ay, by, ¢;}3 are real constants and {ay, B, v}3 are complex constants. Then, the

global relation (3.2.1) implies the following results:

The constants ay,as, az are given by the equations

3%, as = (m — n)3lL, m,n €7, az3= —a; — as; (3.2.4a)

the constants {b}; and {c;}} can be expressed in terms of ay, as

a; = (m+ 2n)

by the equations

b1 = —ay —as, by =ay, by =as, (3.2.4b)
and

C1 = ay, Cy= —a]— Ay, C3= Q; (3.2.4¢)
the value of \ is given by

— 3\ =aj + a5 + ajas, (3.2.4d)

hence (3.2.4a) implies that the possible eigenvalues are given by

2

A = —(m2 2y T
(m +mn+n)9L2 :

the constants {ay}3, {4} and {v}? can be expressed in terms of oy

m,n € Z; (3.2.4e)

by the equations
nm+n n

ay = —(—1) a1, Q3= (—1)n+maa1, (3.2.4f)

) )
B = €7Zm3nﬂg0417 Ba = (—1)m€ﬂm§2nﬂ0ﬂ,

By = —(—1)rmemimgne (3.2.4g)
m

- 2n4+m n
n _t i

ap, o= (=1)"e" s T—ay,

m

1= —€
s = (=1 Tay. (3.2.4h)

Proof. In order to compute a typical term appearing in IV; we integrate oy explia;s| exp [(k + %) s}

with respect to s from —L to L; this yields

a [ez’alLe(k-l-%)L _ efialLe—(k—i—%)L] .
k+ 2 +iq

Multiplying this expression by F(—ik), making use of the relation 1+i/v/3 = 2 exp [i7/6] /V/3,
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and summing the resulting expression over [ we find the equation

3

E(—ik)Ny(k) =Y —"

' 2, in A 4 2L Sim A
dWLexp[———<k66-+ iw)}——e”ﬂexp{——-(kef**““??)}}-
{ V3 ke s V3 ke™s

Let k; and —k; denote the two roots of k% + ika; + A = 0, i.e.,

1 /
kl = 5[—ial -+ Al]7 Al = _al2 - 4)\7 l - 1727 3 (326)

(3.2.5)

Then A :
o a 1 l

- = _ ¢ + — . 3.2.7

k+ 2+ ia m{k—m k+h] (82.7)

Thus the first terms in the global relation (3.2.1) yields the RHS of (3.2.5) with a; / (k + 2 + ia;)
replaced by the RHS of (3.2.7).

The second and third terms can be obtained from the first term using the substitutions

k — wk and k — wk respectively. Thus the second and third terms involve the following

exponentials:
-2[1 i )\ 2L i )\
exp |— [ ke + m)} , exp {— (k:e_? + W)} 3.2.8a
_\/g ( kez2 \/g ke 6 ( )
and
-2[1 Sim )\ 2L i )\
exp |— ( ke” 6 + i )] , exp {— (k‘67 +—% )] ; 3.2.8b
V3 ( ke 6 V3 ke ( )
respectively. Furthermore,
ﬁl ﬁl i U_J)\l ’U_J;\l
S i S i ] + — 3.2.9
wk—l—ﬁ—i—’ibl By |k —wXN k4w ( 2)
and
gl Y[ wp wii; ]
_ == + , 3.2.9b
U_}k—l—ﬁ—i-’icl Cy |k—ww  k+why ( )

where (A, —X;) and (y;, —fi;) denote the roots of

K2 +ikb, + X =0, k*+ike +\=0,

1 /
)\l = 5[—2191 + Bl], Bl = _b[2 - 4)\7 [ = 1727 3 (3210)

ie.,
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1
[y = 5[_2'@ +C), Cp=1/—c2 =4\ 1=1,2,3. (3.2.11)

Thus, the second term in the global relation gives rise to a term similar to (3.2.5), but

and

involving the exponentials (3.2.8a) and the expressions in (3.2.9a), whereas the third term
in the global relation gives rise to a term similar to (3.2.5), but involving the exponentials
(3.2.8b) and the expressions in (3.2.9b). Hence, using the fact that the coefficients of the

three exponentials

exp |—= | ke , , exp |—= | ke —= |,
Ve ke= % P13 ke %6

exp |—= | kez , ,
P \/§ kez

must vanish, the global relation yields the following set of three equations, each of which
is valid for all £k € C :

OélewlL k’l k’l i 516 i L w/\l w/\l
3.2.12
121 A; lk—kl+k+kl] 121 B, k—wXN  k4+wN|’ ( )
iby L o\ ) 3 —ic,L _
i e T Wl W (3.2.13)
— B, k—wX k+w\ — C k—wp,  k+wpy

: yetal Wiy n (L N i etk Ky + ky (3.2.14)

Cl k—w,ul k—i—wﬂl N Al k—kl l{:—i—EZ ' o

Equations (3.2.4) can be obtained by solving equations (3.2.12)-(3.2.14); the relevant

analysis consists of the following four steps.
The first set of Poles
Equations (3.2.12)-(3.2.14) imply the following relations between the associated poles:
by =oN = w, |=1,2,3. (3.2.15)

Using these equations and the definitions of {k;, A, ;}3 it is possible to characterize
{by, B;}} and {¢;, C1}} in terms of {a;, A;}3:

A
bl:_ﬂ_ﬁAla Bzzﬁaz— l

i =1,2 2.1
2 2 2 2 J l ) 73 (3 6)
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and

a V3 V3 A
a=-—gtg A G=-Ga-3
Indeed, the first set of equations (3.2.15) yields A\; = wk;, which using equations (3.2.6)

and (3.2.10) becomes

1=1,2,3. (3.2.17)

1 3

The real and the imaginary parts of this equation yields equations (3.2.16). Similarly, the
equation gy = wk; yields (3.2.17).

The second set of Poles

For the second set of poles of equations (3.2.12)-(3.2.14), without loss of generality, we

make the following associations:
];71 = ’U_J;\l,l, ’U_J;\l = w,al,l, wﬂl = ];71,1, = 1, 2, 3, (3218)
where
]{70 = kg, )\0 = )\3, Mo = U3 (3219)

The equation k; = wA;_; together with the equation A\;_; = wk;_; (see the first of equa-
tions in (3.2.15)) yields

k’l = w/\l_1 = wwk:l_l = wk’l_l.

Similarly,

Al = Wi—1 = WWA_1 = WAy
and

pr = wki_y = wwpy_1 = WHy_1.
Hence,

k’l = wk’l_l, /\l = QIJ)\Z_l, M = QIJ,U,l_l, = 1, 2, 3. (3220)

Equations (3.2.16), (3.2.17) and (3.2.20) imply equations (3.2.4b)-(3.2.4d). Indeed, the
real and imaginary parts of the equation ke = wk; yield
V3 A

VBA, = ay +2ay, Ay = - = 5 (3.2.21)

Taking the square of the first of these equations and using the definition of A; given in
(3.2.6), we find (3.2.4d). Furthermore, multiplying the second of the equations (3.2.21)
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by v/3 and replacing in the resulting expression v/3A4; by the RHS of the first of the
equations (3.2.21), we find
V345 = —2a; — ay. (3.2.22)

The equation

yields

1 3
—iag + Ag = (-5 + Z%) (—z’a1 + Al)

Using the first of equations (3.2.21) to replace A;, the real and imaginary part of this

equation yield the last of equations (3.2.4a), as well as the equation
V3A; = a; — as. (3.2.23)

The first of equations (3.2.16), where A; is given by (3.2.21), yields by = —a; — ag, by =
aj, by = ag, whereas the first of equations (3.2.17) yields the analogous equations in

(3.2.4c), which express {¢;}} in terms of a; and ay. Similarly, the second of equations
(3.2.16) and (3.2.17) yield

Bl = A37 BQ = A17 B3 = A27 Cl = A27 C(2 = A37 CY3 = A17 (3224)

where {A;}} are expressed in terms of a; and ay by the first of equations (3.2.21) and by
equations (3.2.22) and (3.2.23).

The first set of Residues

Employing equations (3.2.15) in (3.2.12)-(3.2.14) we find the following residue conditions:

A iaL G —iby L Bi il _ M —igL N gL _ Y _jqL I
— = — = = — = — =1,2,3. 3.2.25
Ale Ble ’ Ble Cle ' Cle Ale ’ T ( )
The first two equations yield
Bi X ia+b)L N X i(a+2b+¢;) L
— = ' — = —e"¢ ¢ [=1,2,3. 3.2.26
Bl Ale ’ Cl Ale ’ T ( )

The third equation in (3.2.25) is satisfied identically. Indeed, replacing in this equation g,—ll
by the RHS of (3.2.26) we find an identity; in this respect we note that equations (3.2.4b)
and (3.2.4c) imply the relations

a; + bl +¢ = 0, = 1, 2, 3. (3227)
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The second set of Residues

Employing equations (3.2.18) in (3.2.12)-(3.2.14) we obtain the following residue condi-

tions:
A iaL _ @e—ibz_lL’ ﬁeiblL _ i e-ieiil
. b b Gt (3.2.28)
N ier Q-1 g L B
€ =5 ¢ ) l - ]-7 2a 37
@ Ay
where
o = a3, Bo=P3, Y0 =13 Ao=As, Bo= B3, Co=0Cs. (3.2.29)

Expressing in equations (3.2.28) the ratios %’l and g—’l in terms of j—ll via equations (3.2.26),

equations (3.2.28) yield the following relations:

Y N1 iy —ag)L Y N1 (e —ap)L 2i(b1—b)L
—e¢ —=_—c e ,

A A LA AL
3.2.30
& tieal 2 93 (3230
A A
These equations imply
ei(al_l—al)L _ ei(al_l—al)L€2i(bl_1—bl)L _ ei(al—@l—l)L7 | = 1’ 27 3’
or
edla—al — 1 2lbi=bi)l — 1 1 =1 2 3. (3.2.31)

Equations in (3.2.4b), which express {b;}3 in terms of a; and ay, can be rewritten in the
form b, = a;_1, 1 = 1,2, 3, thus the second set of equations (3.2.31) follows from the first

set, which yields
eQi(ag—m)L — 1, e21'(2ag+al)L — 1.

Hence,
a; — ay = n%, 2a9 +a; = %, m,n € 7. (3.2.32)

These equations imply (3.2.4a). Furthermore equations (3.2.21)-(3.2.23) yield

™ ™ ™

—7A:_ +—aA:—a
e 9 (m n)L\/g 3 nL\/g

Hence, equations (3.2.30) imply equations (3.2.4f). Moreover, (3.2.26) with equations
(3.2.24) imply equations (3.2.4g) and (3.2.4h). O

Ar=m m,n € 7.
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Remark 3.1. We assumed that the unknown Neumman functions are the sum of three

exponentials. However, the same analysis is valid for any finite sum of exponentials.

Indeed, let these functions defined by a sum of four exponentials, then equations (3.2.15)

and (3.2.20) imply that

k?4 = wkfg = 1D2)\3 = wg)\g = /\2 = QIJ,LLQ = QIJQ/,Ll = wHy = k’l.

Hence, ay = ay; similarly by = by and ¢y = ¢1. Thus,

a;=a;, by="0;, c,=c¢; iff 1= j(mod3).

3.3 The Neumann Problem.

In this case the global relation (3.1.7a) becomes

(k: - %) E(—ik)D (k) + <wk: - %) E(—iwk)Dy(wk)

w

+ (wk: — %) E(—iwk)Ds(wk) =0, k € C,
w

where the unknown functions {D,}} are defined by

L
D; (k) :/Le(“?)de(s)ds, j=1,23 keC

and {d;}} denote the unknown boundary values.

(3.3.1)

(3.3.2)

Proposition 3.2. Let each of the unknowns Dirichlet boundary values be expressed as a

sum of three exponentials, namely

dl(s) = Z@lemls, dz(s) — Zﬁleibw’ dg(S) — Zﬁneicls’
=1 = =

(3.3.3)

where {a;, by, c;}3 are real constants and {cay, B, }; are complex constants. Then, the

global relation (3.3.1) implies the relations (3.2.4a)-(3.2.4e), as well as the following rela-

tions:
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ag = (=1)"ar, az=(=1)"""ay, (3.3.4a)
Bi=e 5 oy, By = (—1)"e T Ty,

By = (1) e Ty, (3.3.4b)
M= 0y, oy = (—1)”&@7@1’

s = (=1)""e 5 ay. (3.3.4¢)

Proof. Proceeding as in section 3.2 and noting that

k—2 ky ky
AL Lt T
k’—f-E—I—ZCLl k’—k’l ]{I"—kl

in analogy with equations (3.2.12)-(3.2.14), we now find the following set of equations,
which are valid for all k£ € C:

> k k & WA WA
fal - | = ik L L 3.3.5
;O‘le [ L— k+kl} ;ﬁle { TEiTan kran @3

3 _ 5 3 _
. A WA ; w w

ik ] WA WN | il | N 3.3.6

;516 [ +k:—2IJ/\l k‘—I—w/\J ;%6 [ +k:—w/u k+wm | ( )

3 — 3 1.
il |1 Wy Wy _ —iaL |{ ki o ki _ | 3.3.7
;%e { +k—w,ul kE+wpy Zoqe +k—kl k+ ki ( )

=1

The analysis of the first and second steps associated with equations (3.3.5)-(3.3.7), i.e.
the analysis of the first and second set of the relevant poles, is identical with the analysis

of the corresponding steps of section 3.2. The only difference is that

a f
l : l — Oy, ﬁla V-

Hence, in analogy with equations (3.2.26) and (3.2.30), we now find the following equa-
tions:
ﬁl — Oélei(al+bl)L, = Oélei(al+2bl+cl)L, | = 1’ 2’ 3 (338)
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and

1—2b;)L ap_1—2b;_1)L

_ i
= Oéz—le( )

—ia;_1L
=qqe "M 1 =1,2,3.

ial_lL

et = o, je el

4 3.3.9
OéleimlL ( )

Equations (3.3.9) imply equations (3.2.31) and hence equations (3.2.4a). Furthermore,
equations (3.3.8) imply equations (3.3.4a)-(3.3.4c).

It is important to note that the conditions obtained from the terms in (3.3.5)-(3.3.7)
which are of order O(1) in k, are identical with the first residue conditions, i.e. equations

(3.3.8), thus these conditions do not impose additional constraints.

3.4 The Robin Problem.

Replacing in the expression ign — (k — %q) appearing in equation (3.1.7b), gy with xg, it

follows that the global relation becomes

<k: —ix — %) E(—ik)Dy (k) + <wk: — iy — ﬁ) E(—iwk)Dy(wk)

(3.4.1)
_ : A . _
+ <wk: —ix — E) E(—iwk)Ds(wk) =0, k € C,

where x is a real constant and the unknown functions {D,}} are defined in (3.3.2).

Proposition 3.3. Let each of the unknown Dirichlet boundary values be expressed as the
sum of the three exponentials appearing in equations (3.3.3). Then, the global relation
(3.4.1) implies relations (3.2.4b)-(3.2.4d), where a1 and ay satisfy the following relations:

oila2=2F) G [(ag - ﬂ) L} _ 6iv/3asx

3L a2 + ajas — 242 — 3iv/3azx + 3x2

- - N )
T ((EPE i/ vez

3L B a2 + ajay — 202 — 3iv/3ayx + 3x2

(3.4.2)

Furthermore,
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142 (1-2)
Qg = < %h %3 elleaa)le,
(1=%) (%)
(18 (1+2),
ag = %1 %2 ellas—a)ly, (3.4.3a)
(+2) (0-%)
11— 11—
61 - le e_wH_lLal) Y= Z)é e_zal_lLah [ = 15 273a (343b)
=25 T A
where {A;}3 are defined in terms of a; and ay by
\/§A1 =a; + 20,2, \/§A2 = —20,1 — Ay, \/§A3 = a; — as. (344)
Proof. The definitions (3.2.6) imply the following relations:
k?2 + ialkf + A= (k’ — k?l)(k’ + ]2’1), ial = El - k?l, A= —|k3l|2, k’l + El = Al. (345)

Using these equations in the identities,

k—ix—2 k*—ixk—\ _ Mt )k +2)

Etia +2 K igk+ A K2+ iak + X

k—ix—2 ix ki 1) ( zx)< ki 1)
— -k _(1-= +- -1+ —— .
k+ia + 2 ( AZ) (k:—k:l 2 A ) \k—Fk 2

Hence, in analogy with equations (3.2.12)-(3.2.14), now the global relation implies that

we find

the following equations are valid for all k € C:

3 . _ ,
- k 1 7 k 1
ar [(1 XY (R LY (X (R L
;ale K Al) (k—kl+2) ( ) Usn 2
3 . _ . <
_ —iL | (1 X WA 1y T w)\l_ 1
Soe(1-5) (e a) - (08) (s 2))
3 . _ . <
A A 1 7 WA 1
o [ (@A 1Y (i L1
Zﬁle K Bz) (k_W/\l+2 +Bl k+wN 2
- iX wh 1 ix wii 1
_ —ic, L 1 - & l ) (1 X 4
Z%e K Bl) (k—wuz+2> (+Bz) (k+wul 2”’
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> 5% wh 1 5% wi 1
’iclL 1 Y l - . 1 A l =
121%6 K Bz) (k—wuz+2> ( +Bz> (k:+wul 2
3 . , _
- k 1 1 k 1
— —iaiL | [ _ X ! Ll O IR L 2.
2 e K Az> (k—kl+2 EAVET

The analysis of the first and the second set of the relevant poles is identical with

the analysis presented in section 3.2 and it yields equations (3.2.4b)- (3.2.4d). We next

consider the relevant residues.
The first set of Residues

In analogy with equations (3.2.25) we now have the following equations:

(3.4.9)
mb () — oyl (1= 2X) =123
ﬁe ( Bl) mie ( Cl ) 5 4y 9y
peial (1) —gemial (12 2X) 1193 (3.4.10)
l Al
Equations (3.4.9) yield
By (1 — Z—) = qetlatl (1 ZX) ;
Bl Al
(3.4.11)

o (1 . 2_X> — Oélei(alJrleJrcl)L (1 . %) ’ ] = 1’ 2’3
l l

and then, in view of (3.2.27), equation (3.4.10) is satisfied identically. Applying in (3.4.11)
the definitions of {A;, B;, Ci}} given in (3.2.21)-(3.2.24) as well as equation (3.2.27), we
obtain equations (3.4.3b).

The second set of Residues

In analogy with equations (3.2.28), we now have the following equations:

ia L (4 % _ —ib1L (4 X
e ( +Al> 51_16 ( +Bz_1 5

L (1 X — —ta—1l [ X 3.4.12
Bie ( -I—Bl) Yi-1€ ( +Cl—1 ) ( )

")/leiclL (1 _'_ %) — Oélfle_ial_lL (1 _'_ IZX ) , l = 1’2’3’
1 -1
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where equations (3.2.29) are still valid.

Expressing in equations (3.4.12) f; and ~; in terms of «; via equations (3.4.11), equations
(3.4.12) yield the following relations:

1— —X> <1 o )
o) = Q1 < Azl;l le;l ei(al—l_al)L’
(1+5%) (1-3%)
) () ()
o = oy -1 1 -1 el(al—l_@l)Le2Z(bl—1_bl)L’ (3413)
(1=) (i) (=)
1+ A—X) <1 - 5") ‘
o= Z:l Z; ela—a-)l 1 —1 9 3
(1-%2) (1+8)

The last of the equations (3.4.13) imply (3.4.3a). Furthermore, equations (3.4.13) imply

the equations

Xila—a-)L Lf*lél, it — BBy g (3.4.14)
Blflcl C(lflféll

where {Zl, El, 5’1}? are defined as follows:

1 — X 1 —

2{1 = ?la él - Z‘Bl7 6;l - Z‘C_la l: 1a273' (34]‘5)
1+ 1+ 1+ &

Equations (3.2.4b) and (3.2.4c), which express {b;}3 and {¢;}$ in terms of a; and ay, can

be rewritten in the form

bp=a;1, g=a1, 1=1,2,3, ag=as, ag = ay. (3.4.16)

Hence,
Bi=A_, C=A., =123, Ay=A4,; A =A,. (3.4.17)

Thus, equations (3.4.14) can be rewritten in the form

2i(alfal,1)L Al*lAl

- 2
Al—l—l

eila—1—ai2)L _ Al*iAlfl
2
Al

e

. 1=1,2,3, (3.4.18)

?

where we have used the identity ﬁl,g = ﬁlH, [=1,2,3.
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The second set of equations (3.4.18) is identical with the first set of equations (3.4.18)(after
replacing [ with [ 4 1). The first set of equations (3.4.18) yields:

o= = Ay erays _ At s _ A (3.4.19)
A3 A3 A
The third of the above equations is equivalent to the product of the first two equations;

the former equations, using —as = a; + as, become

Az A3
These equations are equivalent to
. N A/ . - N A/
e2iazlo=2i5" _ =L eiarlo=2ig" _ 2 Nez (3.4.21)
A Ay

Using the definitions of {;lv]}?, see equations (3.2.21)-(3.2.23), equations (3.4.21) yield
equations (3.4.2).

O
3.5 The Oblique Robin Problem.
Replacing in the global relation (3.1.7b), the term ¢y with
1 5dq
— cos)— —
sin & ds N
and integrating by parts the term involving %, we find the equation
. _ : i s A 1COSO (142)s L
§;(k) = E(—1k) {siné (ke + 1o +X) D;(k) — - e(k+) qj(s)LL .
We assume that the boundary terms vanish, i.e.,
E(—ik‘)e(H%)sm(s)}fL + E(—iwk)e(wmﬁ)qu(s)’fL (35.1)

+ B(—iwk)e(™+58)gy(s)| " = 0.
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This is indeed the case provided that

@(L) = ¢2(=L), q2(L) = q3(—L), gs(L) = q:(—L).

Then, the global relation becomes

(ke“ + X+ %) E(—ik)Dy (k) + ( i w]jem) E(—iwk)Dy(wk)

(3.5.2)

wket®

where x, 0 are real constants and sind # 0.

+ ('u‘]kei‘s + X+ ) E(—iwk)Ds(wk) =0, k € C,

Proposition 3.4. Let each of the unknown Dirichlet boundary values be expressed as
the sum of the three exponentials appearing in equations (3.3.3). Then, the global rela-
tion (3.5.2) implies relations (3.2.4b), (3.2.4c) and (3.2.4d), where a1 and ay satisfy the

following relations:

i(ag—M)L : _ﬂ L
e sl )" sin | | a9 al

3v/3ayx sin § 4 iv/3(a? + aiay + a3) sin 26
(ix 4+ a1 cosd + Ay sind)(ix — (a1 + ag) cosd + (A; + Az)sind)’

i(a1—M)L . . & L —
e 3L Sin aq 3L

3v/3ayx sin 0 + iv/3(a? 4 ayay + a2) sin 20

_ . NeZ.
(ix + agcosd — Agsind)(ix — (a1 + ag) cosd — (A + Ag) sind)
(3.5.3)
where {A;}} are defined in terms of a; and ay by (3.4.4). Furthermore,
(al co:6+ix + sin 5) <a3 co/s‘(HiX — sin 5) A
ay = Z(a2_a1)LO[1,
<a2 cos d+ix — €in 5) (ag cos d+ix + sin 5)
<a1 cos d+ix — sin 5) (ag cos d+ix + sin 5) '
ag = ; ; eltsma)lbey, (3.5.4a)
<a3 cos 041X 4 sm 5) <a2 cos 041X sm 5)
alcosé-i-zx —&ind
— l —ia;41L
ﬁl T ap_jcosdtix Sin56 oy,
Ap—q
a; cozé—f—ix —<ind
o l —ia;_1L _
N = acosorix sinée oy, 1=1,2,3. (3.5.4b)

A1
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Proof. Using the identity

ke® + x + 25 _ s k(iaie® — x) + Me? — e™%)

k+ia + % k2 +iagk 4+ X

I

we find that

€%k +x+ ajcosd +ix . k; e’
1 . = —sind 4+ —
k+ia; + 5 A, k—Fk  2isind

i | (3.5.5)
N a; cos o + iy ©sing ki B et
A k+k  2isind )’

Hence, in analogy with equations (3.2.12)-(3.2.14), we now have the following equations
valid for all k£ € C:

3 , i6
jar | (@cosd+ix k; e
;O‘le K A o J\ 5=k T 2isns

a; cosd + iy ) k; etd
DU T A 5 _
+( A, e >(k+kl Qisiné)]

’ by cos & + ix WA e’ (3:56)
_ —iby L l —sing 1
;ﬁle {( B S ) (k—tDAl+2isin5)
bjcosd +ix . oA o0
- @@ * 5 _
+( B, e > <k+u‘1)\l 2isind /|’
> by cosd + iy WA g0
b L l oo 5 [
;Ble {( B o ) (k—w)\l+2isin5)
; = id
+(blcosc5+zx+sin5) ( w)\_l, B -e‘ )]
B k+w)\ 2isind (3.5.7)

i ; is
- i | [ CLCOS 0+ iy - Wy e
= —— +
=1 e {( G o k—wp  2isind

ccosd+ix . wily e’
S _
+< Cl +sin ) (k+wﬂl 2’LSII15):|
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3 ; i6

ier | (€ cos o + 1y s Wiy e

; e [( G o kE—w * 2isin 0
ccosd+ixy . wjiy o0
5 _
_'_( Cl +sin ) (k‘+w,al QZSIH(S)}
3 ; is
_ i | (W cos O + 1Y s k; e

; e [( A o kE— ki * 2isind

a; cosd + iy . k, et
—_— = ) — — )
+( Ay e ) (k—i—kl 2isin5)]

The analysis of the first and the second set of the relevant poles is identical with the

(3.5.8)

analysis presented in section 3.2 and it yields equations (3.2.4b)-(3.2.4d).

The analysis of the first and the second set of the relevant residues is identical with the

analysis presented in section 3.4, provided that we make the following substitutions:

5% ajcosd +ixy . 5% a; cosd + iy

1-=— o, 1+= — ————= +5ind
A, A Sin o, + A 4, + s o,
5% bjcosd +ix . 5% bjcosd +ix .

l-=— ——= —¢ing, 1+ — ———= ) 3.5.9
B, B sind, 1+ B, B +sind, ( )
5% ccosd+ixy . 5% ccosd+ixy .

1-4=— ————=—5ind, 1+ — ——= +58ind.
c c sin + C) c Sin

Hence, equation (3.4.14) gives rise to a similar equation, where now {ﬁl,él,@}ﬁ are

defined as follows:

ajcos0+ix sin & b cosdtix sin &

i g

I = "a, cos 6+ix : 5’ I = b cos o+ix : 5’
T —f- S111 T —f- S111
e (3.5.10)

cicosdtix sin

~ C,

Cl - clcosg-i-z‘x : 5’ L= 1’ 2’3
T + sin

Following the same steps used in section 3.4, we derive the analogue of equation (3.4.20),

i.e.

. N7 Z . - N7 Z
eQZaQLe_ZZNT _ Tl 621‘111’6_22% — _3 N c Z’ (3511)

~

Ay Ay
where {A;}3 are replaced by the relevant definitions in (3.5.10). Hence, equations (3.5.3)
(the analogue of equations (3.4.2)) are satisfied. Furthermore, equations (3.5.4a) and
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(3.5.4b) are also satisfied; these equations follow from equations (3.4.3a) and (3.4.3b),

respectively, after replacing {ﬁl}? with the relevant expressions in (3.5.10).

]
3.6 The Poincaré Problem.
Replacing in the global relation (3.1.7b), the term ¢y with
5,2
— COS0;— — X;
sin 9 ias Ve
and integrating by parts the term involving %, we find
, i ” 1 cos 0; A L
i(k) = B(—ik L ) Dy(k) — 2 (k) .
ith) = B=i0) { o5 (e + 2 ) Dy = e Do),
We assume that the boundary terms vanish i.e.
o 0
Cf)s 1E(_Zk)€(k+%)sq1(s)}[/ + CT)S QE(_iwk)e(wk‘+ﬁ)sq2(s)’L
sin d; —L " sind, —-L (3.6.1)
Cos 03 - wh+-2-)s L a
s, E(—zwk)e( o) qg(s)LL = 0.
This is indeed the case provide that
cot d; = cot b = cotd3 and q¢(L) = qo(—L), q2(L) = q3(—L), q3(L) = q1(—L).
Then the global relation becomes
ke + xq1 + A E(—ik)Dy(k) + | wke™ + x5 + A E(—iwk)Dy(wk)
X1 Leoion 1 X2 etz 2 862

vke 4 :
i (w ‘ Xt wke's

) E(—iwk)Ds(wk) =0, k € C,

where {x;}7,{0,}} are real constants and sind; # 0, j = 1,2, 3.
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Proposition 3.5. Let each of the unknown Dirichlet boundary values be expressed as the
sum of the three exponentials appearing in equations (3.3.3). Then, the global relation
(3.6.2) implies relations (3.2.4b)-(3.2.4d), where a1 and ay satisfy the following relations:

3
JSiaal _ H (ix; + aj cosd; — Aysind;)(ix; — (a1 + az) cosd; — (A + Az) sind;)
e (ixj + a1 cosd; + Ay sind;)(ix; — (a1 + az) cosd; + (A; + Az)sind;)’
3
JSiarl _ H (ix; + azcosd; + Agsind;)(ix; — (ar + az) cosd; + (A + Ay) sind;)
Pl (ixj + az cosd; — Aasind;)(ix; — (a1 + az) cos§; — (A + Ag)sind;)’
(3.6.3)
where {A;}} are defined in terms of a; and ay by (3.4.4). Furthermore,
<a1 c0561+zX1 + sin 51) (as cos(53+zxs — sin 53)
i(agfal)LC(l
<a2 cos 61+2X1 —sin 51> <a3 cos 63+2X3 + sin 53) )
<a1 c0561+zX1 + sin 51) (as cos(53+zxs — sin 53)
(3.6.4a)
<a2 cos 61+2X1 — €in 51> <a3 cos 63+zx3 + sin 53)
<a2 c0561+zX1 + sin 51) (al cos53+zx3 — sin 53)
i(agfal)LC(l
<a3 cos 61+2X1 —siné ) <a1 cos 63+2X3 + sin 53) )
a; cos(51+zx1 o
g — T sin o ety
T i,
ajcosdi+ixy sin 51 '
v = AL el 1=1,2,3. (3.6.4D)
aj1cosdztixg sin &
A 3
Proof. Using the identity
ke +x1+ o k(iae® — xq) + Me — e 1)
k:+m1+E k2 +iaqik + X
we find that
Z ek + X1+ 7,61k _ (al cos 01 + X1 B sinél) ( k; n ei01 )
k 2 A k—Fk = 2isino

a;cosdy +1ixy . k, et
_— 0 = — )
+ ( A, o 1) (k: T 2isnos
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Hence, in analogy with equations (3.2.12)-(3.2.14), we now have the following equations
valid for all k£ € C:

3 . 61
L | (@COSOLtiXT o ki ¢
;O‘le K A, SO\ =% T 2isine,

a;cosdy +1ixy . k; et
A CO501 T X1 5 o
- ( A, o 1) (k: s 2isin51)}

X 5 (3.6.6)
, by cos o + 1 WA €2
_ —ib L 1 2 X2 —sing l
lzlﬁle K B o 2) (k: “an Qisinég)
bycosdy +ixs . WA 102
ART2 T A2 5 _
* ( B 2 )\t an  2ising, )|
& by cos dg + 1) WA €192
ib L 1 2 2 S l
lzlﬁle [( B o 2) (k:—w)\l+2isin52>
' - id
N b; cos 0o + X2 © sind, w)\,l— _ e.
B k+w)\  2isind,
) . 5 (3.6.7)
_ il | [ ClCOSO3 +ixs . 5 Wy e'os
lzl”ﬂe [( C S0 k—wpy + 24 8in 03
crcosoz +ixs . Wl
- 0.
* < C e 3) (kz—I—w,ul 2251n53)}
> , €] COS (53 + X3 Wiy €3
S () :
— k —wy 2@ sin 03
o
w i sin
, H o (3.6.8)
_ o—iaiL | Q1€O8 (51 +ixa 5 k; 01
; [( SO k—kl+225m(51 *

a; cos 8y +ix1 ¢ sing k, B e
A YJ\k+k 2isiné /|-

The analysis of the first and the second set of the relevant poles is similar with the
analysis presented in section 3.2; it yields equations (3.2.4d), (3.2.4b) and (3.2.4c), as well

as the following additional conditions:

ei51 i52 i52

€ (&

_ _ & cot§; = cot 8, = cot 6. 3.6.9
2isind,  2isind,  2isino, . COv01T CO0a = Cotos (3:6.9)
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The analysis of the first and the second set of the relevant residues is similar with the

analysis presented in section 3.4, provided that we make the following substitutions:

5% N a; cos 01 + X1 5% a; cos 01 + X1

1—-= —_— " —&indy, 14+ = — ind
A A smoq, 1+ A A -+ Sin 0;
5% by cos g + X2 . 5% by cos 0o + X2 .

1-4=— ——— ==~ —5sindy, 1 + &+ — ——— == ) 3.6.10
B, B, sin 0z, 1+ B, B, + sin dy ( )
. P . St

- X — 100803 + X3 —sindz, 1+ X — €1C080s + X3 + sin 3.

C 1 C 1 Cl C(l

Hence, the equations (3.6.4a) and (3.6.4b) are satisfied, which follow from the equations
(3.5.4a) and (3.5.4b) with the aid of the above substitutions.

Furthermore, the analysis presented in section 4, employing the substitutions (3.6.10),

implies that equation (3.4.14) is valid, i.e.

ieanp _ At - ey _ BBy g (3.6.11)
Blflcl C(lflféll

where now {A;, B;, C;}3 are defined as follows:

ajcosditixs sin 51
~ B P— ~
Al —= @ Coséi_’_in - 5 s Bl =
a4 + sln 0y

bycosdotixe  :
L2 —sin 02

by cos do2+ix2 : ’
g Tsin 09

N ¢ cosdz+ixs sin 53 (3612)
Cl = cl COS§;+iX3 . ) [ = 17 27 3.
— ¢ s 03
Using equations (3.4.16) in (3.6.11) we find
eia—a i — A i o 7@*1@, 1=1,2,3. (3.6.13)

El_lCl’ Cl—lAl

The second set of equations (3.6.13) is identical with the first set of equation (3.6.13)(after
replacing [ with [ + 1), provided that
A A, BB
e ZE 121,23, (3.6.14)
Bi.C ClA
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Furthermore, the condition that H?Zl ella—a-1)L — 1 gives rise to the additional constraint

s -
A A
[[==—= =1 (3.6.15)

[HA=]]B=]]cC- (3.6.16)

Note that the analogue of equations (3.6.16) is identically satisfied for the Oblique Robin

problem.

Using equations (3.2.21) - (3.2.24), we write {4;}? and {B;}} in the equation []}_, A =

H13:1 El, in terms of a; and as; this yields the following relation:

3
sin 381 (X7 — 3A) x1 — sin3dy (x3 — 3\) x2 +i [ [ a; sin (36, — 36,) =0, (3.6.17)

J=1

where we have used the fact that a? + ajas + a3 = —3\. Similarly, from the condition
H13:1 El = H13:1 51, we obtain

3
gn%@@g—3ﬁxg—gn%g@§—3axg+irpggn@@—3@):o. (3.6.18)

J=1

Equations (3.6.17) and (3.6.18) imply the following conditions

sin (3(51 — 352) = O, sin (352 — 3(53) = O,
(sin361) (x7 — 3A) x1 — (sin38s) (x5 — 3X) x2 = 0, (3.6.19)
(sin3ds) (x5 — 3A) x2 — (sin3d5) (x5 — 3\) x5 = 0.

Furthermore, by employing in (3.6.19) equations (3.6.9) we obtain conditions (3.1.13).
Using these conditions, it follows that equations (3.6.13) are equivalent with the following

conditions:

eila-al _ A1de - siaranr _ Asdr (3.6.20)
3102 B301
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where {A;, B, C}}3 are defined in equation (3.6.12). Using equations (3.2.24) we rewrite
equations (3.6.20) in the following form:

itaz—anr _ Y11Y12  siarvayr _ Y13Via

) ) 3.6.21
Wy 3Ws 3 Wy oWs3 0 ( )
where 4
a; cosjjJerj _ sin 5]’
V., = S , =123, 1=1,23. 3.6.22
75 aj cosjjJer] + sin 5]’ ( )
Hence,
U U
67a2 L _ #1 61a1 L _ _.773 2
e pr e H\I]2 (3.6.23)
j=1 J:3 j=1 7

Replacing in equations (3.6.23) the functions W;,;, j,l = 1,2,3, by the expressions given
in (3.6.22) we obtain equations (3.6.3).

3.7 The oblique Robin, Robin, Neumman and Dirich-
let eigenvalues as particular limits of the Poincaré

eigenvalues.

From Poincaré to oblique Robin
Making in equations (3.6.3) the substitutions

5j:57 X5 =X j:172737

~ 3 ~ 3
. A 4 A
€6za2L _ (ATI) ’ era1L _ (AT?’) ’ (371)
3 2

where {4;}3 are defined in (3.5.10). Furthermore, equations (3.7.1) are equivalent to

we find that

equations (3.5.11), which yield equations (3.5.3).
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From oblique Robin to Robin

Replacing in equations (3.5.3) ¢ by Z and writing {A;} in terms of a; and as, as defined

in (3.4.4), we find equations (3.4.2).

From Robin to Neumman and Dirichlet

Inserting in equations (3.4.2) either x = oo (Dirichlet condition), or x = 0 (Neumman

condition) we find the following equations:
. Nm . N
sin [(aQ—g—L> L} =0, sin [(al—S—L) L} =0, neZ,

(N + 3My)7 o — (N + 3Msy)m
3L 7 3L

which yield

ay = N, My, My € Z.

Making the substitutions

N—-m-—n, M{ - —nand My -0, m,né€Z,

(3.7.2)

(3.7.3)

we find equations (3.2.4a). Hence, the corresponding eigenvalues are given by equation

(3.2.4e).

3.8 Eigenfunctions.

For the Dirichlet problem the integral representation of the solution given in (3.1.14)

becomes

3
1 - - dk
S Pk, 2)B(—iw’ k)N (w! k) —
i) = 5 P B N @

where P(k, z) = ¢***i% and the contours L; are depicted in Figure 1.3.

(3.8.1)
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Proposition 3.6. Assume that q(z,y) satisfies equation (3.1.1), where q vanishes on the
boundary of the equilateral triangle, i.e. q is an eigenfunction of the Dirichlet problem.
This function is given by

qm,n(xa y) :eim-g% A sin |:—m7T (l’ + £>:|

L3 V3
—e" 5 LW gin {% (x + 27%)] (3.8.2)

+ei_27§_n LWL gin {_mr (x + 2)]
LV3 v3/1l

Proof. Equations (3.2.30) suggest the definitions

N i L _ ﬂmleiblL:B ﬂfmlL:C 1—1.9.3 383
Ale A, Ale e , Ale , ,2, 3. (3.8.3)

Also, equations (3.2.4b), (3.2.4¢) and (3.2.4a) yield
B=w""A, C=w""TA. (3.8.4)

Hence using equations (3.2.12)-(3.2.14) together with equations (3.8.3), we can rewrite
the spectral functions N;(k) as follows:

E(—ik) Ny (k) = [Aei(k) — Ces(k)]F (k)
E(—iwk)Ny(wk) = [Bey(k) — Aeq (k)| F (k) (3.8.5)
E(—iwk)Ns(wk) = [Ces(k) — Bea (k)| F(k),
where \
e;(k) = exp {\/— (wj_lke’% + wﬂlkeze)}
and

Using equations (3.8.5) the integral representation (3.8.1) can be rewritten as follows:

o) = A [ PUDBFGT+B [ Pt 0]
+C/aﬁ P(k,z)ea(k)F(k)d—:+A . P(k,z)el(k)F(k)d_:

dk dk

+8 [ PatrmE e [Pl amrm

(3.8.6)
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where the domains {D;}3 and {D.}? are depicted in Figure 3.5.
st ir

Figure 3.5: The bj and l~)j domains.

Using Cauchy theorem and appropriate arguments for boundedness and analyticity we
find that the only contribution of the expression in (3.8.6) to the solution ¢(z,t) is due to
the poles of the function F(k). The poles {k;}} and {—k;}} satisfy

kil =V =\, j=1,2,3.

Hence, without loss of generality, we can choose a point k; on the circle with radius v/ —A\
and then the position of the other five poles are fixed from the relation k; = wk;_, j =
1,2, 3 (see Figure 3.6).

Computing the residues in the equation (3.8.6) we obtain the following contribution:

P(k’l, Z) [Ael(lﬁ) + Beg(kl)] — P(—]E’l, Z) [862(—]2'1) + C63(—E'1)]
+ P(k’g, Z) [Beg(kg) + C€3(k’2)] - P(—E‘g, Z) [Ael(—/_cg) + 862(—]2'2)] (387)
+ P(kg, Z) [C@g(kg) + A(ﬁ(k’g)] - P(—Eg, Z)[Ceg(—kg,) + A@l(—]z?g)].
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Figure 3.6: The poles k;.

In order to simplify these expression we will use the identities
P(kj, 2) = €% 7 and P(—k;,z) = e'%¥e 4",

as well as relations (3.8.4), the expressions of { 4,}} in terms of a; and a» given in equations
(3.2.21)-(3.2.23), and the definitions of {a;}} in equations (3.2.4b), (3.2.4c) and (3.2.4a).
Then, equation (3.8.7) yields the expression

3 3
) ) . 4L o _9iA L
Z ewjyezAjzefmjLemAJ v %Y o zA]xe mjLe 2iA; V3 (388)

j=1 j=1

where we have put A = (—1)™. Therefore, the function ¢(z,y) is given by the following

expression:
: oL
C](l', y) — eiaj(y*L) sin [A (l‘ + _>:| , (389)
where
a; = (m+ 2n)31L, as = (m — n)SlL’ as = —(2m+n)3lL’ m,n € 7Z
and
7r s

™
Alzm ,AQZ_(m+n) Agan—\/g, m,nGZ

Lv3 LV3’
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The eigenfunctions of the other problems can be computed in similar way. In this
respect we note that the relation among A, B,C as well as the expression for F'(k) are
different for each different problem, however the relevant poles can always be expressed

in terms of a; and a,.

Regarding the important question of the completeness of the associated eigenfunctions,
we note that a novel approach for establishing completeness was introduced in [9], Chapter
4. This approach involves the following: Solve the heat equation in the interior of an
equilateral triangle with given initial condition ¢o(x,y) and with homogeneous Dirichlet
boundary conditions. The evaluation of this solution at t = 0 provides a complete spectral
representation of the arbitrary function go(z,y). The solution of the Dirichlet problem
for the heat equation in the interior of an equilateral triangle is presented in the following

Chapter (other types of boundary value problems can be analyzed in a similar way).

As an independent approach, mentioned in the Introduction, completeness for the
associated expansions for the Dirichlet and Neumann problems was obtained in [23], [24],
[35], [25] using group theoretic techniques and for the Robin problem was achieved in [36]

using a homotopy argument.



Chapter 4

The heat equation in the interior of

an equilateral triangle.

The “Fokas method” was developed further for linear PDEs in [39], [4], [5], [44] and the
monograph [9]. This method was extended to evolution PDEs in two spatial dimensions
in [39] and [40]. Here, we implement the new method to the heat equation in the interior

of an equilateral triangle.

The new transform method involves the following steps:

1. Given a PDE and a domain, derive an integral representation in the Fourier space
for the solution of this PDE, in terms of appropriate integral transforms of the boundary
values. Furthermore, derive the global relation, which is an algebraic equation coupling

the integral transforms of the boundary values.

For the heat equation in the interior of an equilateral triangle this step is implemented

in Proposition 4.1, see (4.1.12) and (4.1.15), respectively.

2. Given appropriate boundary conditions, by employing the global relation, the

equations obtained from the global relation via certain invariant transforms, and Cauchy’s

99
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theorem, eliminate from the integral representation the integral transforms of the unknown

boundary values.

For the symmetric Dirichlet problem, i.e. for the case that the same function is
prescribed as a Dirichlet boundary condition on every side of the triangle, this step is

implemented in Proposition 4.2, see equation (4.1.25).

In more details, step 2 involves the following:

(i) For the Dirichlet problem, the integral representation, in addition to the transforms
of the known Dirichlet data, it also involves the transforms of the unknown Neumann
data in each side, which are denoted by {U (j)}f»zl. The global relation and the equa-
tion obtained from the global relation via certain invariant transform, see (4.1.19) and
(4.1.20), are two equations, see (4.1.30) and (4.1.32), involving the functions {UW}3_,,
and §(£ky, ko, t), where ¢(k1, ks, t) denotes the Fourier transform of the solution q(x1, xo, t).
Eliminating U®), we can express UM in terms of U® and §(%ky, ko, t).

(ii) Replacing in the integral representation of ¢ the expression U® found in (i), we find
that the contribution of the term U™ involves integrals containing U®?) and §(%ky, ko, t).
The latter integrals vanish because of analyticity, whereas the former integrals, using
appropriate contour deformations, give rise to two different integrals involving U®)| see

(4.1.42).

(iii) For one of the above integrals, we use again the relation found in (i) and we
express U® in terms of UM and §(%ky, ko, t), see (4.1.43). Taking into consideration
that the contribution of ¢(4kq, ke, t) again vanishes because of analyticity, we find that
the contribution of UM to ¢ yields an integral involving U™ and an integral involving

U® | see (4.1.46).
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(iv) We can compute the analogous contributions in the integral representation of ¢
of the terms involving U® and U® in a similar way. It turns out, that the integrals
involving the unknown terms {U () ?:1 cancel and hence ¢ can be expressed in terms of

the transforms of the given Dirichlet data.

It is obvious that there exist clear analogies between the method used here for the
derivation of the solution of the symmetric Dirichlet problem for the heat equation in the
interior of an equilateral triangle and the method used in Chapter 2, for the derivation of
the solution for some elliptic PDEs in the same domain. This is of course expected since
the Laplace and Helmholtz equation are related in several ways with the heat equation.
For example, the relation between the eigenvalues of the Laplace operator and the solution

of the heat equation was discussed at the end of Chapter 3.

An illustrative example of the main result of this Chapter is presented in section 4.2,
see equations (4.2.1)-(4.2.4). It should be noted that the new method yields integrals in
the Fourier space involving integrands which decay exponentially as |k| — oo (this fact
can be explicitly verified for the example discussed in section 4.2, see (4.2.4)). Hence,

such integrals can be computed efficiently using the technique introduced in [45].

The solution of the arbitrary Dirichlet problem is derived in section 4.3. In particular, it
is proven that this problem can be decomposed in three problems each of which is similar
with the symmetric problem. Thus, the solution of the arbitrary Dirichlet problem does

not present any new complications.

4.1 The Symmetric Dirichlet Problem.

Let the real function g(xy,zo,t) satisfy the forced heat equation in the interior of an

equilateral triangle

Gt — Quyey — Qugay = [, (x1,22) € D, 0 <t < T, (4.1.1)
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where T is a positive constant, f(xq,z,1) is a given function with sufficient smoothness
and D C R? denotes the interior of the equilateral triangle, defined in Chapter 2 in
equation (2.1.1) with the parametrization (2.1.2), see Figure 2.1.

Equation (4.1.1) can be rewritten in the following divergence form:

(emtharulbty) = ¢ thatw(k)t £ (4.1.2)

+ (efika:er(k)tX(l)) + (efikarw(k)tX@))

t 1 T2

where

kr = kizy + kowy, w(k) = k2 + k3 (4.1.3)

and the functions X are defined by
X = —q,  —ikng, m=1,2. (4.1.4)
Let Tj and Nj, j = 1,2,3, denote the unit vectors along and normal to the sides (j),

with the directions indicated in Figure 4.1. A unit vector from 25 to z3 makes an angle

of m+ % =3+ %’T with the x;—axis, thus it is characterized by the following complex

number:
i(Z42my . 2m . 2m . \/g 1 _ 2im
et2"3/ =9 =—8ln—+1c0S— = —— —1—, a=¢€ 3 . 4.1.5
3 + 3 2 2’ ( )
A
\P)
A
A AT1
T2 ’/\\11
—
A
A Ts
N3

Figure 4.1: The unit vectors on the Equilateral Triangle.

Similarly a unit vector from z3 to z, is characterized by the complex number

— 31
e5=%) = jg = g ~ig. (4.1.6)
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Hence,

Let £ and 7 denote the components of the vector (x1,z5) along T and N, see F igure 4.2.

Then, if (z1,25) is on any of the sides of the triangle,

£ =s, —. (4.1.8)

Indeed,
on (1): € = (5g:5) - (0.1) =5, 0= (545.5) - (1,0) = 5.
on (2): £ = %ﬁcose—ssinﬁ,%\/gsinﬁ—i—scosﬁ - (—sind, cosh) = s,

n= (2% cosf — ssine,ﬁsiHQ—i—scos@) - (cos,sinf) = 2%/3, 0 =2,

Similarly for the side (3). Moreover, since the equilateral triangle is convex we find that

11 I
e . d nel—— _—""|. j=1.2 41.
SJE{TQ} an me[ \/3,2\@},] .2, 3, (4.1.9)

where &; and 7); are the components of (21, z2) along TJ and Nj, respectively.

We will use the notations g and A for the component of (ki, k) along T and N

respectively. Also, we will use the notation % for the derivative along Nj, ie.
. . ~ dq _
ILL]': (kl,kg)'T‘j )\j:(kl,kz)'Nj, NJVQ:@W’ i 21,2,3. (4110)
j
Let 7 denote the domain of validity of (4.1.1), i.e.
T:{ZL'l,fL’Q €D, O<t<T} (4]_]_1)

Proposition 4.1. (The Global Relation and the Integral Representation) Sup-
pose that there ezists a solution of the forced heat equation (4.1.1) in the interior of the
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(1, 22)

i

(0,0 &y

_-® Zj4l

J

Figure 4.2: The &; and n;.

equilateral triangle and suppose that this solution has sufficient smoothness all the way to

the boundary of the triangle. Then this solution can be expressed in the form

1

q({L‘l,ZL‘Q,t) = (271‘)2 /de’l/de;2€ikm—w(k)tQ(k1’k2’t)

(4.1.12)

1 . .
5 / d/,Lj / d/\jez(ujgj—i_)\‘mj)_w(k)tg(])(Nj) /\ja t)v (1'1, X, t) € Ta
(2m)? < R oD~

3
7=

1

where the quantities appearing in (4.1.12) are defined as follows:

w; and X\; are the components of (ki,ks) along Tj and Nj, whereas &; and n; are

the components of (x1,x3) along T] and Nj, hence

k= i€ + A (4.1.13)

o w(k) is defined in the second of equations (4.1.3); furthermore the definitions of i,
and X; (4.1.10) implies that p3 + X3 = w(k), j=1,2,3;

e 0D~ denotes the same contours in the complex \j-planes, j = 1,2,3, namely the

union of the rays arg\; = —7, —%’T, see Figure 3;

3
1

e the functions QQ and {g}(j)} are defined by
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/ﬁ, /f27 // 951,952)0395161952

—I—///e_ik”w(k)Tf(xl,xg,T)dxldxng (4.1.14a)
D Jo

and

Lo 99
,)\ t 72\/_/ / e—zujs-i-w(k)’r |: 4 S.T) + i\ () S, T deT
(UJ A ON; (5,7) jq (5:7) (4.1.14b)

j:172a37 O<t<T, k?1,k32€(c.

Furthermore the following relation, called the global relation, is valid:

3
wikltg (k?l,k’g, ) k?l,kfg, Z / /,Lj, , ki, ke e C, 0<t <T, (4]_]_5)
where q is defined by
(j(k?l, k?g,t) = // G_ikmq(l'l,{fg,t)dl'ldl‘g, k?l, ky € (C, O0<t<T. (4]_]_6)
D

Proof. Integrating (4.1.2) over D we find
w(k; // —ikz4w(k) tf fL‘l, T, )dl’ldl‘g
+ // [V-e ~the+w(k) (Vg + ikq)] daidz,,
D

where k denotes the vector (kq,ks). Green’s theorem implies that the second integral in
the RHS of (4.1.17) equals

(4.1.17)

3 L

Z / N; - e vt (g 4 ikq) ds.
l

j=1%v"2

Using this expression in (4.1.17), employing equations (4.1.9) and (4.1.10) and then inte-
grating the resulting equation over (0,t), we find (4.1.15).

Taking the inverse Fourier transform of (4.1.15) we find that ¢ is given by the RHS
of (4.1.12), where the integrals in the summation of the RHS of (4.1.12) involve integrals
along the real line instead of integrals along —0D~. The deformation of the contours of
integration from the real line of the complex A;-plane to the curve —9D~ can be justified

as follows: The relevant integrand in the complex \;-plane is given by
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1 e i & T2my) = (A7)
(2m)?
e J2f/ / s (UG AT 0q7 ——(s5,7) + XV (s, 7)| dsdr, j =1,2,3.
t Jo ON; /
(4.1.18)
Equation (4.1.9) implies that
l
<0, 5=1,2,3,

nj — 2\/—

thus exp [i)\j (Tb 5 \[)} exp [=A?(t — 7)] is bounded and analytic in the lower-half of

the non-shaded domain of Figure 4.3 and hence Jordan’s lemma implies the desired result.

O

A\ 4

Figure 4.3: The domains of boundedness and analyticity in the \;-plane. The boundaries
of D* and D~, denoted by D' and 0D~ are defined by the union of the rays arg \; =
/4,31 /4 and arg \; = —m /4, —=3m /4, respectively.

Remark 4.1. [t is straightforward to verify that under the transformations
ki1 — —ki and k’g — ]{32, (4119)
{)\j,uj}i’ transform as follows:

)\1 — —)\1, M1 — s )\2 — —)\3, Mo — 43, )\3 — —)\2, H3 — o (4120)
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Indeed, relations (4.1.20) follows from (4.1.19) and the definition of \; and p;:

AL = (klakQ) ’ (LO) =ky, 1= (klakQ) ’ (07 1) = ko;

b V3 VB, kb .k VB, VB, k(412D
)\2=—§+—7€2, :—7/7?1—5; )\32———7/@7 ps = —5k1— =

Remark 4.2. The transformation (4.1.19), which leads to (4.1.20), is the analogue of
taking the Schwarz conjugate in the global relation (in Chapter 2), for the elliptic PDEs.

Proposition 4.2. (The Symmetric Dirichlet problem)

Let q(x1, xo, 1) satisfy (4.1.1) in the domain T defined in (4.1.11) with the same Dirichlet
boundary conditions on each side, i.e.

q(1,22,0) = qo(x1,22), x1,22 € D;

I V3 1l s [ 1
—_—— —— ——t| = t _ =
q( W32 2’) go(s, )’56( 2’2)’

where qy and gy are sufficiently smooth and go is compatible at the corners of the triangle
and is also compatible with qqg.

Define Q in terms of qo and f by (4.1.14a) and define Gy and Gy in terms of (Q and
go by the following equations:

t
o(ftj; A / /6iujer(u?Jr)‘?)Tgo(S,T)deT, i, A\ €C, j=1,2,3  (4.1.23)
LJo
2
and

Giky, ko t) = e N TAQ(—ky, kip, t) — €™ TAQ(ky, o, )

) l
~ 20, cos m—) Goljin, A2, 1) — 2is cos (ul—) Giolyin, A2, 1) — 2isGolp, A2, 1),

(4.1.24)
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The solution is given by

dlﬁ dkze”’“’” YWEQ (K, iy, t)

q(z1,29,t) =

dk:Q dk kle‘i 3 e NGy (g, k2, 1) P (e, b, 71, 22)

oD~

_Zkl ‘/_6 w(k)t
dkg dky

op-  sin fk:1+k;2)i}

fzkl

Gl(kla k?a t)P(kla k?a Xy, .1'2)

2\/5 ezkg ie —w(k)t

dksy dky

G kakatpk,k,x,l"
op-  sin (kab) sin [(V/3k1 + ko) ] (k1 ko, )Pk, ko, w1, 12)

oD+
(4.1.25)

where
3

Pk, ko, 1, 22) = Zei(@gﬁklm). (4.1.26)

i=1
Proof. Let the unknown function U(s;, A, t) be defined by
t ; 2422 aq
U, A / / e~ WSt IENIT 2L (s rYdsdr, g, \; € C. (4.1.27)
+Jo
2

ON;

j
For convenience, we introduce the following notations:

Géj) _ GO(Mja)‘?at)7 U(j) — (/Lj,)\?,t)- (4.1.28)

Using the definitions of §\@), G(()j) and UY)| the integral representation (4.1.12) can be

rewritten in the form

1 .
Q(.I'l,l'g,t) (27T)2/dk1/dk2 elkxiw(k)tQ(kl,kQ’t)
R R
3
1 4 o
)" R oD~
J=1

3
1 . N .
_ , i€ my)—w(k)t ,—iA (4)
T 2 s [, e

Furthermore the global relation can be written in the form
3
e Gk, ko, t) = ¢ NRAUD) 4 (ko ko, 1), ks ks € C, (4.1.30)

J=1
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where the known function N is defined by

3
N (ki ko, t) = QUky ko t) +1 > Ne Mava G, (4.1.31)

=1
We will now implement the steps (i)-(iv) summarized at the beginning of this Chapter.

Step(i)

The transformations (4.1.19) and (4.1.20) imply the following relations:

UW = Uy, M) = Upr, AL 1) = U,
U =U(pa, A3y t) — Uz, Nayt) = U,
UG — U(M:s, )\g’t) — U(MQ, )\g,t) —U®?.

Hence, under the transformations (4.1.19) and (4.1.20) the global relation (4.1.30) yields

3
" ONG(—ky ko, t) = Y €M EUY 4 N(—ky, ko, t), kry ks € C. (4.1.32)
j=1

Multiplying (4.1.30) by ei’\Sﬁ, (4.1.32) by e ™3 and subtracting the resulting equa-

tions, we can eliminate U®) from equations (4.1.30) and (4.1.32):

DO | =~

l
24 sin (ug ) UM — 2isin (,ul—) U® =
: 2 l (4.1.33)

pw(k)t |:€i)‘32\/§qA(]{]1, ko, t) — efM‘Q’QﬁqA(—kl, k27t)] + Gk, ko, 1),

where the known function Gy(ky, ko,t) is defined in (4.1.24); for the derivation of this
expression we have used the following identities which are a direct consequence of equation
(4.1.21):

/\2—/\32152\/5:/11\/5

3 3
Al — Az = k?1§ + k‘2§ = —M2\/§.
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Step(ii)

We will first compute the contribution in (4.1.29) of the term involving U®. In this
respect we solve (4.1.33) for UY) and then replace U in (4.1.29); this yields the following

expression:

Cid oL
_ 1 2/d,ul/ d)\lei(ﬂlglJr)\lm)fw(k)t#
(27)? Jr oD~ 27 sin (M2§) (4135

{G1 + 2i8in (Ml%) U® 4 vkt [ MBQWQ(’%’% t)—e Z/\?’Q‘Fq( kl,k‘%t)}}

The integral involving the terms ¢(ky, ko, t) and G(—ky, ko, t) vanishes. Indeed let us con-
sider the part of this integral involving G(ky, ks, t) :

—iA V3
/dul/ deitmértim) € azmage k). (4.1.36)
oD- 27 sin (,u22)

Using
1 1
ki =X, ky =, po = —5(,111 + \/5,\1)7 A3 = —5(/\1 + \/g,u«l);

the above integral becomes

—iA\
. e V3 A +V3 )
d/,Ll/ d)\lel(l“&—i_)\lm) . e i 3u1 ()\1,/11, ) (4137)
/R oD~ 2isin [(p + v3M){]

For \; in the lower half A\;-plane the term sin [(,ul + \/g)\l)ﬂ is dominated by eV
Furthermore, the definition of (A1, p1,¢) in (4.1.16), i.e

G, s t) // mameinb g (ny &y, ) didés,

implies that this term behaves like e~ with —% << 2%/3 Hence the integrand of
(4.1.37) with respect to A; behaves like

771)\1

ei)\1<n1—2+/§>e 2\/56 iA1my _ eml(m—%ﬁ>e—z‘>\1(n’l+ﬁ). (4.1.38)
egmﬁg
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Using
[ [
-— 1] <0, ’+—)>O,Im)\ <0,
(”1 m) (”1 V3 1

it follows that the exponential in (4.1.38) is bounded and analytic in A; for \; € D~.
Thus the integrand of (4.1.37) is bounded and analytic in the lower half A\;-plane except
for the points where sin [(,ul + \/g)\l)ﬂ = 0; these points are characterized by

dnmw

l 4
sin[(uljt\/g)\l)z] :O<:>,u1—i—\/§)\1:$, nEZ<:>)\1:Oandu1:T,n€Z.

Hence the contribution of the term (4.1.36) equals

[e.9]

e 4
S e (O,%,t) . (4.1.39)

n=—oo

Similar considerations imply that the part of this integral involving §(—ky, ko, t) yields
the contribution

N anm, 4
- Y et (O,?,t). (4.1.40)

n=—oo

Thus the integral in (4.1.35) involving ¢(k1, ke,t) and G(—ky, ko, t) vanishes. Hence the
term in (4.1.35) yields

. !
1 ‘ —iMgg l

_—Q/d,ul/ d)\lez(ulﬁ—l—)qm)—w(k)t.e'il G, + 2isin 1= U(2) ) (4.1.41)

(27m)? Jr oD~ 2i sin (/@5) 2

In order to compute this term we rewrite it in the following form:

—idy -

1 ' "

— —2/dul/~ d)\lel(,u'1£1+/\1171)7w(k)t'€'7lGl
(27)? Jr aD- 24 sin (/@5)
S VO S}

— %/dm/ d)\lei(”lgﬂ”\l"l)*w(k)tﬂ(]
(27)? Jg oD~ s (2]

— o 4
: Z‘(lel-f-)\lnl)_w(k.)t@il/\lTﬁeleu,lé (2)
oo [ - dupy [ dhe L)
(2m)? Jon- oD~ 27 sin (/@5)

2) (4.1.42)

where the contour R denotes the deformation of R to R +1¢e9 and the contour 0D~ denotes
the deformation of D~ in the\;-complex plane to a curve so that Im{\} < —e; < 0,
where €5 > v/3¢;; the deformation of 9D~ to 9D~ in the p;-complex plane is defined in a
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similar way. The reason of this deformation is to avoid the zeros of sin (/,Lgé) = (, which

are characterized by

l 4
Sin(/i2§):0®ﬂl+\/§/\1:$a n € 7.

The deformation from the real line to the curve —9D~ of the complex pi-plane can be

justified by using the definition of U® given in (4.1.27). In particular:

(i) The term eiriéieins is hounded and analytic in the upper half p;-plane;
(ii) the term eiti€e=im3 s bounded and analytic in the lower half p-plane;

(iii) the term e~wWt__UZ__ gives rise to the term exp [—u3(t — 7)] which is bounded
eth2s

21 sin(ug%)
in the shaded area in Figure 3, as well as the term 2isin(l)’ which is bounded and

% sm(ug 5

analytic for every p; € C and A\; € C except from the points where sin (,ugé) = 0.

Step(iii)

Employing (4.1.33) in the second integral of (4.1.42), we find that the second term in
(4.1.42) yields the following contribution:

—iMsbe ik
— 1 2/ d,ul/ d)\lez‘(ul&—l—)qm)—w(k;)t%U(l)
(27)% Jop+ oD~ 2isin (1)
vl
L i ZAlQ\/E UL
+ 2/ d,ul/ d)\lel(/Hfl‘F)\lnl)*W(k)t _ € : e 2 l G
(2m)? Jop+ oD~ 2isin (p1%) 2isin (pol) (4.1.43)
_i)\lﬁeiﬂlé

; e
i / Ayl im) -
(2m)? /E)D+ oD~ 21 sin (ulé) 21 sin (uQé)

[6i>\32+/§qA(l{?1, k’g, t) — €_i>\32L\/§qA(—k31, k’g, t):| .

The last integral in the above expression vanishes: Indeed, observe that the relevant
integrand is bounded and analytic in the lower half A\;-plane, as well as in the upper half
11-plane except for the points where sin (,uQ%) = 0, i.e. except from the points satisfying
p1+ \/g)\l = %Tﬂ-

Performing the p; integration and calculating the contribution from the residues at p; =

3\ + 4”7”, n € 7, we find
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o) —iA —ivaa L
§ : / d)\leiMTﬂ& —iV3 €1 +idm e 2se 2 ez‘mr
oD~ 2isin (vV3A14)

n=—oo

4 oL 4
23 G ()\1, V3 + ﬂ,t) _ MavEg (—)\1, V3 + ﬂt)} .

(4.1.44)

[ [

The contribution of each one of the above integrals equals the residue at A\; = 0, hence

the above expression equals

> At e | Adnm R dnm
D e g 0,==t) =q(0.—=t)[ =0 (4.1.45)

n=—oo

Using (4.1.42) and (4.1.43) it follows that the contribution in (4.1.29) of the term involving
UM is given by

) 1
e M2

24 sin (,uQé) G1

1 A
Ci (w1, m9,t) = _W/Rd'ul /6D_ A\ eilmErNim) k)t

vl
L i Z>\12\/§ 115
—|——2/ d,ul/ d)\lez(méﬁr)qm)*w(k)t _ e l e 2 l a
(2m)2 Jop+ oD 2isin (p) 2isin (pol)
—idizle L
_%/ d,Ul/ d)\lei(ﬂlflJr/\lnl)*w(k)tﬂlj(l)
(27)? Jop+ oD~ 2isin (p%)

S O A

! i(ulfl'f‘)\lm)—w(k;)te M 2V3e Z,U«lé @

— 3 dMl d)\le —ZU .
(2m)* Jop- oD~ 2 sin (M2§)

(4.1.46)

The first two integrals of the above expression are known functions and will be denoted
by Fi(xy1,x9,t), whereas the last two integrals are unknown and will be denoted by
ﬁl(xl,xg,t). Replacing in F(zy,xs,t) the variables A\; and p; in terms of k; and ko,
we find
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oo
1 ~ e *avs
Fi(v1,09,t) = — [ dk dly e'k2Ertham) —w ()t Gi(ky, kot
22, 1) (27r)2/R 2/aD_ ! 2isin ((V/3ky + k2)%) 1k, K1)
) S S|
: / / ‘ B e F13y3 ik
— dk dy ¢! F2&Fhm) —w ()t Gi(ki, ko, t).
@ Jops ™2,y M 2 sin (kad) 2sin (V31 + k) 1) O R
(4.1.47)
Making in the second integral of [71 (x1, z2,t) the change of variables
A2 \/§ \/§ M2
N =2 Vveo _ VI
1 2 9 2, 1 9 2 9 )
we find
1 ~iMgls ik
[71(;[1 T t) = _—2/ dMl/ d)\lez‘(ul&—l—)\ml)—w(k)t¥U(l)
T 27 - 2i8in (15
(2m)% Jap+ aD (M12) (4.1.48)

1 _M?T\l/g iu2é
Lo / dis / Ageiliatetrem)—ue® 2P )
(2m)% Jop+ oD~ 2isin (pot)
Step(iv)

The contributions {F}}3 and {ﬁ]}g of {U"}3 are obtained in the same way, making the
appropriate rotations on the subscripts of the relevant variables. Hence, the terms U
and U®) in (4.1.29) give the contributions Fy(x1,x9,t) and Fy(x1,xs,t), which can be

obtained from Fj(zq,x2,t) via the substitutions

(&, m) = (§2,m2) and (&1,m1) — (€3, 13). (4.1.49)

Similarly, the terms U® and U® in (4.1.29) give the contributions Us(zy,z2,t) and

Us (1, 2, t), which can be obtained from (71(1‘1, xg,t) via the substitutions

(1,m) = (§2,m2), (&25m2) = (§3,m3) and (Aq, p1) — (A2, p2), (Mg, pr2) — (A3, pi3)

and

(&,m) = (&3,m3), (S2.m2) = (&1,mr) and (Mg, 1) = (A3, p13), (Aa, pra) = (A1, i),

respectively.
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Hence,
—ido—to ol
[72($1,£U2, t) = _L dpis d)\zei(u2£2+>\2n2)*w(k)te'fﬂ[j@)
(22 9 1
™ oD+ oD~ 7 S111 (/,[/2§> (4 1 50)
—id3—= il o
L i(sgstram)—w(k € 2EH2 )
+ duz dXze U
(2m)* Jap+ oD- 2isin (p3%)
and
—id3=—t= iual
(73(:101,172, t) = N dus d)\gei(”ggﬁ)@%)*w(k)t—e , .2\/56 o U
(27)* Jap+ : oD~ 2isin (psL)
(4.1.51)

S PR S

1 i(urér+xam)—w(k)t € BENCPULE. 1)
"‘—2 d,LLl d)\le —ZU .
(2m)2 Jop+ oD— 21 sin (ulﬁ)

But
Ui(x1, 29,t) + Us(21, 22, t) + Us(21, 22,t) = 0,

thus the only contribution of the unknown terms UY), j = 1,2,3 in (4.1.29), is given by

Fl(l‘lal‘%t) + F2(1717172at) + F3(:L‘1al‘27t)a

where Fy(z1,x9,t) is given by the expression (4.1.47) and Fy(xq, z9,t) and F3(z1,x9,t)
are obtained from F}(x1,zy,t) via the transformations (4.1.49). This yields the solution
(4.1.25).

]
4.2 An example.
Let
I=m, go(s,t) =te " coss, f(xy,2,t) =0, qo(a1,22) = 0. (4.2.1)
The definitions of Gy and G imply
2cos (k%) @BVt (w(k) — 1) — 1] + 1
Go(ky, k2, t) = cos (k1) ¢ tlok) =) =1+ 1 (4.2.2)

Ik (wlk) — 1)°
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and

. ™ . T .
Gl(kfl, k?g, t) = —22)\1 COS <,LL2§> GQ(/,Ll, )\%, t)—QZ)\Q COS </,L1§) Go(/,LQ, )\%, t)—QZ)\gG()(,LLg, Ag, t),
(4.2.3)
where w(k) = k% + k3.

Thus, the solution (4.1.25) becomes:

i IR
Q(l'l,l'z,t) = —W /dez /8D dkl kle F 2v3e (k)tGO(k2,k%,t)P(kl,kQ,xl,xQ)

! /dk/ gy G R (1, ko, )P (1, K )
_'_ 9 9 9 73: 7'%.
2027 Ju 2 . 1 ((\/gk’l—‘r-k’g)%) 1(R1, k2 1, k2, T1, T2

[ e[ R b 9Pk )
- ) ) ) y L1,T2).
4(271')2 oD+ ? oD~ 1sin (kg%) sin ((\/gk’l + kg)%) I bR

(4.2.4)

e For the first integral, taking into consideration that Im{k;} < 0, Re{k?} > 0 and
Im{ky} =0, it follows that:

(i) The function e=*"*G(ky, k2,t) is decaying exponentially;

™

(i) each of the three terms of P(ky, ks, 21, 22)E(—ik;) behaves like ef*2&e™ (-37)

I

thus these three terms decay exponentially.

e For the second integral, taking into consideration that Im{k;} < 0, Re{k?} > 0
and Im{ky} = 0, it follows that:

. : —w(k)t G1(k1,k2,t) . .
(i) The function e o (VTS decays exponentially;

(i) each of the three terms of P(ky, ks, x1,22)e "3 behaves like eih28ie™ (v-3%)

thus these three terms decay exponentially.

e For the last integral, taking into consideration that Im{k;} < 0, Re{k?} > 0 and
Im{ky} > 0, Re{k3} > 0, it follows that:
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. R G (k1 ks, e
(i) The function e~*®)? — (kgg);i(l(jﬁ?ﬁ@)g) decays exponentially;

(ii) each of the three terms of P(ky, ka, 21, m2)e *2v5e*25 behaves like ek (615 ) g (-5

thus these three terms decay exponentially.

4.3 The General Dirichlet Problem.

Folowing the same ideas as those used for the solution of the arbitrary Dirichlet problem
for the Laplace equation, it follows that the general Dirichlet problem can be decomposed

into the following three problems:

1. Let g(x1, xo,t) satisfy the symmetric the Dirichlet problem for (4.1.1) in the domain
T defined in (4.1.11), i.e.

q(w1,72,0) = qu (21, 72), T1,72 € D;
l I sV3 1 s
—787t = Sata _—_—7___7t = Sata
I (2\/5 ) 91(5:1) q( W3 212 ) 91(5:1) (4.3.1)

I sV3 1 s I
q <_4—\/§+Ta_1 - §7t> =g1(s,1), s € (—575)7

where ¢; and g; are sufficiently smooth and g; is compatible at the corners of the

triangle and is also compatible with ¢;.
2. Let q(z1, z2,t) satisfy (4.1.1) in the domain 7 defined in (4.1.11) with the following

Dirichlet boundary conditions on each side:

(]($1>$2,0) = QQ(fEth), T1,T2 S D)

l svV3 1l s I 1
. 42T 2 _Z ¢l =a t —_ -
Q< 4\/§+ 9 ) 4 2a ) agg(s, )7 s € ( 272)7
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2im

where a = e75, g2 and g, are sufficiently smooth and g, is compatible at the corners

of the triangle and is also compatible with g¢s.

3. Let q(x1, z9,t) satisfy (4.1.1) in the domain 7 defined in (4.1.11) with the following

Dirichlet boundary conditions on each side:

(]($1>$2,0) - 93($1>172)> X1, T2 S D)

l svV3 1 s 1
IR A A ! -
q( W32 2’) ags(s, )’SE( 2’2)’

where a = e%, g3 and g3 are sufficiently smooth and g5 is compatible at the corners

of the triangle and is also compatible with ¢s.

It turns out that the boundary conditions of an arbitrary Dirichlet problem can be written
as the sum of the Dirichlet conditions of these three problems. Indeed, consider the

arbitrary Dirichlet problem with the following conditions:

Q($1,$2,0) - (]0(1‘1,1’2),1‘1,1‘2 S D)
(—l t> fi(s, 1) AL t) = fals:t)
y S, = S,1), - - s LT oo = S,1),
“\2v3 ' N3 271 2 ? (4.3.4)

) sv3 1 s 1
IR A A ¢ -
q( W32 2’) fa(s, )’SE( 2’2)’

where qo, f1, f2 and f3 are sufficiently smooth and {f;}} are compatible at the corners of
the triangle and are also compatible with gy. The matrix of the following 3 x 3 algebraic

system is non-singular:

fi(s, 1) L1 1) [a(s?) 111
Bt =11 a all|gsol|. Detll1 o« all=1:3Vs (4.3.5)
f3(s,1) L a af \gs(st) 1 a a
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Also, we choose {g;(z1,x2)}} such that

qo(21,22) = q1(x1, x2) + 21, T2) + q3(1, T2).

In order for ¢y and {f;}} to be compatible we make the following choice for {g;}3:

q1(21, 72) 111 qo(x1, 72)

1
pirne) | =5 |1 a af | w(-3-2828-2) | (4.3.6)
q3(1, 72) 1 a a) \q (—:”2—1-%—“22\/5,—“2\/5 ””;)

Due to uniqueness, the solution of the general Dirichlet problem is given by the sum of

these three problems.

The solution of the problems (4.3.2) and (4.3.3) can be derived from Proposition 4.1
using similar steps with those used for the derivation of Proposition 4.2. In this respect,

we make the following substitutions:

e for the problem (4.3.2):

U9 — o709 and GY — o 'GY), j=1,2,3.

e for the problem (4.3.3):

UD 5 g3y and G(()j) . djfngj)’ j=1,23.

Hence, the analogue of the relation (4.1.33) for the problems (4.3.2) and (4.3.3) are now

the following relations:

. I 2m . I 2m
27 sin (u2§ + ?) UM — 2isin (/“5 + ?> U =

w(k)t |, iAsgis - P ey [ ~
e ae” 2B q(ky, ko, t) —ae” P2VEG(—ky, ko, t)| + Go(ky, ko, t)

(4.3.7)
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and

. [ 27 . [ 2m
27 sin (/@5 — ?) UM — 2isin (u1§ — §> U® =

e k)t [56%2‘1@@(%1,%2,?5) —ae P q(—ky, ka, )] + éB(klak%t)a

(4.3.8)

where Gy and ég are known functions. Thus, the only difference in comparison with the

proof of Proposition 4.2, is that the points of non-analyticity for the problems (4.3.2) and

4n7r + 4

57, N € Z instead of py = 4"7”, n € Z. However, the

(4.3.3) are the points s =
new points remain on the real line thus the contribution of the unknown functions UV
can be analyzed mutatis mutandis as in the Proposition 4.2. Hence, the solution of the

problem defined in (4.3.2) is given by the following expression:

1
t) = dky | dkye™ 0 Qs (ky, k
Ga(71, 72, 1) (QW)Q/R 1/]R 2 Qa(k1, ko, 1)
- 2/dk2/ dky kleiiklfﬁefw(k)tGQ(k%k%at)Pz(klakzaﬁﬁlal"Q)
(27)% Jr oD~

+ i / dk:2/ dlre” M1 5vE 0 GQQ% by tPalln ll@’ 113;, &
R oD~ sin [(v/3k1 + ko) g + 5]

1 / ik ik —w(k)t
— dkz/ dkie 12fe‘22e w(k)t
4(2m)% Jop+ aD—

éQ(klakz, t)Po(k1, ko, 1, 22)
(a2 50 (V3 + k) 5]
(4.3.9)

where

7)2(]%'1, ]{]2, Ty, .%'2) = ei(k2£1+k1"1) + aei<k2£2+km2) -+ C_lei(k2£3+k1n3), (4310)

Q;(k1, ko, t) /// —thatw(k) Tf(z1, x0, T)dx 1 d2odT
(4.3.11)
// Ko, (a1, aa)dayds, Eroks € C, j = 1,2,3,
D

N[~

Gj(k% k%a t) = /

t
/ e~ t T 0 (o DVdsdr, ki ky € C, j=1,2,3  (4.3.12)
0

N[~
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and

Gg(k‘l, ko, t) = @6_”\3%\/5@2(—%1, ko, t) - aei/\3%\/§Q2(k’1, ko, t)

[l 27

— 22)\1 COS (M2§ + ?) GQ(Ml, /\%, t) (4313)

2T

l
— 2\ COS (u1§ + ?) Ga(pg, A5, t) — 2iX3Ga(pz, A3, 1).

In a similar way, we obtain the solution of problem (4.3.3). Hence, the solutions of these

3 problems (4.3.1)-(4.3.3) yield the following proposition.

Proposition 4.3. (The Dirichlet problem)

Let q(x1, xo,t) satisfy (4.1.1) in the domain T defined in (4.1.11) with Dirichlet boundary
conditions, i.e.

Q($1,$2>0) - qo(.rl,l'Q),fL'l,JfQ S D)
)
—787t - Sata _—_—7___7t - Sata
q(Q\/g ) i >q< /3 2 4 2) fa(s,1) (4.3.14)
l svV3 1 s [ 1
q <_4—\/§+Ta_1 - §7t> = f3(s,t), s € (_§7§>7

where qo, f1, fa and f3 are sufficiently smooth and {f;}; are compatible at the corners of
the triangle and are also compatible with qo. Define {g;}3 in terms of {f;}3 by

g1(s,t . 1 11 fi(s,t)
glst) [ =31 a af|fls?) (4.3.15)
g3(s, 1) 1 a a fa(s,t)

and {q;}3 in terms of qo by equation (4.3.6).

Define Q in terms of qo and f by (4.1.14a), {Q;}3 in terms of {q;}} and f by (4.3.11),
(G, in terms of {g;}3 by equation (4.3.12) and {G;}3 by the following equations:
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[
M2 > Gl(,ula )‘%7 t) (4316)

- —) G, AT, 1) (4.3.17)

-+ _) GQ(N% )\gat) - 2i)‘3G2(M37 )\gat)a

63(1% ko, t) = ae_i)\gﬁQ:s( ki, ko, t) — dei)\gﬁ@s(kl, ko, )
[ 2
— 2i); cos (,u2§ — ?ﬂ) G, A2 1) (4.3.18)
[ 2
— 22)\2 COS (,u 5 — ?ﬂ-) Gg(luz, )\%, t) — 2’i)\3G3(,M3, )\g,t)

The solution is given by

q(x1, 29, t) =

/ ki, / k™ O Q (ke ey, 1)
27T

dksy

3
dkl kleiiklﬁﬁe wl tZG] k?akh (k17k27x17x2)
j:l

oD~

dk e Zk1 w(k ti j k;27k:17 7) (klakZa:L‘l)'rQ)
oD~ sin \/_]%'1 + kg) (j — 1)2?71

Jj=1

(4.3.19)

ik 1oL
dkye ik 2\/§€zk2§€—w(k)t

oD~
i G (kz’k17t)Pj(klak27x17$2)
=1 sm (]—1) )sin [(\/§k1+k2)£+(j_1)2%}7
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where

3
Pl(kla k2a x1, .1'2 E el k2£]+kln]

J=1
3
Pa(k1, k2, 21, T2) Za] teilkatsthms) (4.3.20)

J=1
3
—1 zk +k
Py(k1, ko, 21, 29) = E (ka€jtkan;)

J=1

Proof. The solution of problem (4.3.14) is given by the sum of the solutions of the problems
(4.3.1)-(4.3.3), where {g;}} are defined in terms of {f;}} in (4.3.15) and {¢;}} are defined
in terms of ¢p in (4.3.6). The first term of (4.3.19) is obtained from the fact that @ =

Q1+ Q2 + Qs. O

It is straightforward to make the relevant results rigorous. In order to prove Proposi-
tion 4.1 we have assumed the a priori existence of the solution. However, this assump-
tion can be eliminated. Indeed, equation (4.1.25) shows that if f(z1,22), 1,29 € R,
qo(1,x2), 1,29 € R and  go(s,7), s € (—%,é), 7 € [0,T], are in appropriate func-
tion spaces, then functions () and (G; appearing in the definition of ¢ are well defined.
Hence, q is also well defined. It is then straightforward to show that this function ¢ solves
the heat equation and satisfies the given initial and boundary conditions (for evolution
equations in one spacial dimension this is implemented in [46] and [47]). It is important
to emphasize that the relevant integrals are uniformly convergent at the boundary, thus
it is straightforward to prove that ¢ satisfies the given boundary condition; this is to be

contrasted with the classical approaches when ¢ is expressed in terms of an infinite series

which is not uniformly convergent at the boundary.
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Chapter 5

Explicit soliton asymptotics for the
nonlinear Schrodinger equation
on the half-line.

The Fokas method was further developed for the analysis of initial-boundary value
problems for nonlinear integrable evolution equations by several authors, see for example
3], 2], [6], [9]. This method is based on the following ideas: (a) The derivation of
an integral representation for the solution which involves the formulation of a Riemann-
Hilbert problem. This derivation employs the simultaneous spectral analysis of both parts
of the associated Lax pair(this is to be contrasted with the inverse scattering transform
method which employs the spectral analysis of only the t-dependent part of the Lax pair).
This integral representation involves the nonlinear Fourier transforms of the boundary
values. (b) The characterization of the unknown boundary values in terms of the given
boundary conditions. This involves the analysis of the global relation [7], [3]. In general
the global relation yields a nonlinear Volterra integral equation. However, for a particular
class of boundary conditions, called linearizable, this “nonlinearity” can be bypassed, and
one can characterize the unknown boundary conditions using a linear procedure. In this
case, the nonlinear Fourier transforms of both the initial and boundary conditions can

be obtained via the spectral analysis of the x-dependent part of the Lax pair, as well as
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via certain algebraic manipulations. Here, we will analyze certain linearizable boundary

value problems for the nonlinear Schrédinger equation(NLS).

5.1 Formulation of the problems.

The problems that we will discuss are certain initial-boundary problems on the half line

0 <z <oo, t>0,applied to the NLS, i.e.

i + qua — 2\|q?g = 0, A = *£1. (5.1.1)

This equation admits the following types of linearizable boundary conditions:

q(0,t) =0; ¢.(0,t) =0; ¢.(0,t) —xq(0,t) =0, x €R". (5.1.2)

We will analyze three classes of Initial Boundary Value (IBV) problems. These problems
involve one of the boundary conditions (5.1.2), as well as initial conditions characterized
by the following three functions: (a) a soliton evaluated at ¢t = 0; (b) a function describing

a hump; and (c) an exponential function.

Regarding (a) we note that the focusing NLS, i.e. (5.1.1) with A = —1, formulated on
the line admits solitons. Thus, we can construct a solution of the IBV problem by simply

restricting a soliton solution, denoted by ¢s(x,t); {q(z,0) = ¢s(,0), ¢(0,t) = qs(0,%)}.

The IBV problem associated with a hump-shaped initial condition is defined as follows

(
0, 0<x<ua,

qo(x) = h, x; <x<uxy, h>0, (5.1.3)

0, x93 <x <00,
\

and

either ¢(0,¢) =0 or ¢.(0,t) =0, t>0. (5.1.4)
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The eigenfunctions associated with the function go(z) can be computed explicitly in terms
of trigonometric functions. This leads to an explicit formula for the functions a(k) and
A(k) defined in the Definition 5.1 and equation (5.3.2), respectively; the zeros of these
functions characterize the asymptotic behavior of the solution. Although the explicit for-
mulae of a(k) and A(k) are complicated, the relevant zeros can be computed numerically.
In this way we find that as ¢ — oo, go(z) generates, as expected, a finite number of

solitons, whose number depends on the area under the graph of go(z).

The IBV problem associated with an initial condition of an exponential function is

defined as follows

e, 0<z<s,
q(z,0) = (5.1.5)

0, s < x <00,

q:(0,t) —rq(0,t) =0, t>0 (5.1.6)

and we will consider two subcases, namely either r < 0, s =00 or r > 0, s < 0.

Before analyzing the particular examples, we review the general theory of the IST for
equation (5.1.1) on the half line and the main results of [9] and [2] regarding linearizable
IBV problems. In Sections 5.4 - 5.6 we consider the three main classes of examples
mentioned earlier, namely: Solitons; IBV problems with hump-shaped initial profiles; and

IBV problems with exponential initial profiles.

5.2 Spectral Theory.

In this section we review the spectral theory of equation (5.1.1) on the half line. We
will define three eigenfunctions {;}} of the Lax pair associated with (5.1.1)(see [2] and
[9]) and then we will express the solution of equation (5.1.1) in terms of the solution of a

2 x 2 Riemann-Hilbert problem.
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5.2.1 Lax pair.

Equation (5.1.1) admits the following Lax pair formulation

pz + iklos, p) = Q(z, ),

_ (5.2.1)
e + 2ik*[os, 1) = Q(z,t, k),
where o3 = diag(1, —1),
0 Q(l', t) ~ . . 2
Q(z,t) = , Qz,t, k) = 2kQ — Q.03 — i)N|q| 03. (5.2.2)
Ag(xz,t) 0
The Lax pair (5.2.1) can be rewritten in the following differential form
d <ei<k“k2t>&3u(x, t, k;)) = W(z,t, k), (5.2.3)
where the exact 1-form W is defined by
Wz, t, k) = R0 (Qude + Qudt), (5.2.4)

and o3 denotes the commutator with respect to o3; if A is 2 x 2 matrix, the expression

(exp g3) A takes a simple form:

63A = |03, A], €A =eAe .
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5.2.2 Bounded and Analytic Eigenfunctions.

Let equation (5.2.1) be valid for 0 < ¢t < T and 0 < = < oo, where 7' < co. Assuming

that the function ¢(x,t) has sufficient smoothness and decay, we introduce three solutions

wi, 7 =1,2,3 of (5.2.3) by

@t .
pi(z,t k) =1+ / ekt 05 Yy (€ 7 k), (5.2.5)
(zj:t5)
where [ is the 2 x 2 identity matrix, (z1,t1) = (0,7, (x9,t2) = (0,0) and (z3,t3) = (o0, t).
If T'= oo, the function p; is only defined if ¢(0,¢) decays to zero as t — oo. Also we

choose the contours shown in Figure 5.1. This choice implies the following inequalities on

the contours,

(a,1) (%)

13 £

Figure 5.1: The contours of integration of the spectral functions.

po: E—x <0, 7—1=>0,
po : {—x <0, 7-1<0,

ps - E—x>0.

The second column of the matrix equation (5.2.5) involves exp|2ik(§ — ) + 4ik? (7 — t)].
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Using the above inequalities it follows that this exponential is bounded in the following

regions of the complex plane

pr o {Imk<0nImk* >0},
po : {Imk<0nImk* <0},

ps = {Im k> 0}.

Thus the second column vectors of p1, po and ps are bounded and analytic for argk
in (m,37/2), (37/2,27) and (0, 7) respectively. We will denote these vectors with su-
perscripts (3), (4) and (12) to indicate that they are bounded and analytic in the third
quadrant, fourth quadrant and the upper half plane respectively. Similar conditions are

valid for the first column vectors, thus

(.t k) = (i, 1), palwst k) = (s, p55"), paa, k) = (80, ™).

Equation (5.2.5) and integration by parts imply that in the domains where {y;}} are

bounded, the following estimate is valid

1
uj(x,t,k):IjLO(E), k— oo, j=1,2,3.

The p;’s are the fundamental eigenfunctions needed for the formulation of a Riemann-

Hilbert problem in the complex k-plane.

5.2.3 Spectral functions.

We define s(k) and S(k) by the relations

pis(x, b, k) = po(, t, k)e Ee 2005 g (1), (5.2.6)
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pa(@, b, k) = po(x,t, k)e "N G (). (5.2.7)

Evaluation of (5.2.6) and (5.2.7) at (z,t) = (0,0) and (z,t) = (0,7") implies

s(k) = p3(0,0,k), S(k) = 11(0,0,k) = (uz(o,T, k)eZik2T63>1, (5.2.8)

where the final equation is valid only when 7" < co. We use the following notation for

s(k) and S(k):

s(k) = alk) b)) S(k) = AR Bl (5.2.9)

No(E) k) XB(E) A(k)

5.2.4 The global relation.

Applying Stokes’ theorem to the domain {0 < z < 0o, 0 < t < T} for the closed

one-form W with p = ps3, we find the following global relation:

Bla(k) — AR)b(k) = e Let(k) for argk € [0,7], T < oo, (5.2.10)

0 for argk € [0,7/2], T = o0,

where

(k) = /0 " PR, T) (Quua)an €, T, k) de.

5.2.5 The Riemann-Hilbert problem.

Equations (5.2.6) and (5.2.7) can be rewritten in the following form, expressing the jump

condition of a 2 x 2 RH problem:
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M _(z,t, k) = My(z,t,k)J(x,t, k), keRUIR, (5.2.11)
where the matrices M_, M, and J are defined by
él) (12) uﬁz) (12) ™
i k: . = k, o .
+ a(k) s yarg € [O 2]7 d(k‘)’ug ,arg € [ ’ﬂ-]v
(34) M(g) 3 (34) M(4)
My = ps? 2= | ,argk € [r, =], M_=p" == |,argk € [—,27]; (5.2.12)
2 a(k)
d(k) = a(k)A(k) — \b(k)B(k); (5.2.13)
gy, argk =0,
Ji, argh = 7,
J(x,t k) = (5.2.14)
J2:J3JZ;1J1, argk:ﬂ,
s arg k = %
with
1 0 1 —(k)e=?* 1 —A(k)e %9
Jl - . 7J4 - . ’y( ) 7J3 - ( ) 3
I'(k)e* 1 Ny (k)e*® 1 — N|y(k)[? 0 1
(5.2.15)
b(k) AB(k) o
O(z,t, k) = kx + 2k*; y(k) = =5,k €R; T'(k) = <, k€ R™URT. (5.2.16

The matrix M (z,t, k) defined by equations (5.2.12) is, in general, a meromorphic function

of kin C\{RUiR}. The possible poles of M are generated by the zeros of a(k) and d(k),

and by the conjugate of these zeros.
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Assumption 5.1. We will make the following assumptions regarding the zeros:

1. If X = =1, a(k) has n simple zeros {k;}T, n = ny + ny, where argk; € (0,%), j =
L,...,ny; arghk; € (5,m), j=ni+1,...,n1 +ny.

2. If = —1, d(k) has A simple zeros {\;}\, where arg \; € (,7), j=1,...,A.
If A =1, d(k) has no zeros in the second quadrant.

3. None of the zeros of a(k) for argk € (5, 7), coincide with a zero of d(k).

Theorem 5.1. Given qo(z) € S(RT) define the spectral functions a(k),b(k), A(k) and
B(k) according to (5.2.8) and (5.2.9), where u1(0,t, k) and ps(x,0,k) are obtained as the
unique solutions of the Volterra linear integral equations

¢
pui(0,t k) =1 —I—/ 2H =058 (Qr) (0, 7, k) dr, (5.2.17)
0

s, 0,k) = I + / " e (Qug) (€, 0, k), (5.2.18)

xT

and Q(x,0), Q(0,t, k) are given by equations (5.2.2) in terms of the initial and boundary
values

qo(.’L') = Q(xa O)7 gO(t> = q(O,t), gl(t) = q:v(oat)
Suppose that the initial and boundary values are compatible in the sense that
e they are compatible with the equation (5.1.1) at x =t = 0.
e the spectral functions satisfy the global relation (3.1.7a)

Assume that the possible zeros {k;}7 of a(k) and {\;}? of d(k) are as in Assumption 5.1.
Define M(x,t, k) as the solution of the following 2 X 2 matrix RH problem:

e M is sectionally meromorphic in k € C\{R UiR}.
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o M satisfies the jump condition

M_(z,t,k) = M, (z,t,k)J(2,t, k), k€ RUIR,

where M is M_ for argk € [%, 7] U [3,2x], M is My for argk € [0,2] U [r, %] and J is
defined in terms a,b, A and B by equations (5.2.13)-(5.2.16).

e The first column of M can have simple zeros at k;, j = 1,...,n1 and \;, j =
1,...,A; the second column of M can have simple zeros at 15]-, g =1,...,n1 and
N, j=1,...,A. The associated residues satisfy the following relations:

Res[M(x,t, k)], = ;eZie(kj)[M(:p,t, k;)la, j=1,...,n1, (5.2.19a)
ks a(k;)b(k;)
1 . _
Res[M(x,t, k)]s = —————e 2% M (2, t, k)], j=1,....,n1, (5.2.19b
Res[M(x,t, k)l = RAesF(k)eM(Aj)[M(x,t, A2, j=1,...,A, (5.2.19¢)
Res[M(z,t, k)]s = ResT(k)e 2" [M(z, ¢, X,)]1, j=1,...,A,  (5.2.19d)
Aj Aj

where O(k;) = kjz + 2k3t and (k) defined in (5.2.16).

o M(z,t,k)=1+0(L), k— oo.

Then M(x,t, k) exists and is unique.

Define q(x,t) in terms of M(z,t, k) by

q(z,t) = 2i lim (kM (x,t,k))12. (5.2.20)

k—00

Then q(z,t) solves equation (5.1.1). Furthermore,

CJo(x) = Q(xa())’ gO(t> = Q(Oat)v gl(t) = Q:v(oat)'
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Note: The Volterra equation (5.2.18) along with the definition of the spectral function
s(k) by the equations (5.2.6)-(5.2.9) suggest the following definition for the functions a(k)
and b(k):

Definition 5.1. (The spectral functions a(k), b(k)) The map

S {ao(x)} = {al(k), b(k)}

is defined as follows:

() =0 (5221

where the vector-valued function o(x, k) is defined in terms of qo(x) by

1
Oz, k) + 2ik <O 8) o(x, k) =Q(z,0)p(x, k), 0 <z < oo, Imk >0, (5.2.22)

mh_)rgo o(x, k) = (?) (5.2.23)
where Q(z,0) is given by:
B 0 qo()
Q(z,0) = (Aqo(x) . ) . (5.2.24)

5.2.6 Asymptotic behavior of the solutions.

Here we review the main result -associated with this work- obtained via the asymptotic

analysis of the relevant Riemman-Hilbert problem at Chapter 19 in [9].

If, for the focusing NLS, i.e. A = —1, the discrete spectrum is not empty then solitons

which are moving away from the boundary are generated. In particular, if {x;}) are roots
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of a(k) or d(k) then the asymptotics is given by a one-soliton in each of the N directions

on the (z,t)-plane, namely

X

1
t — o0, _4t_R€{ﬁj}+O(?)’ j=1,---,N. (5.2.25)
Hence, solitons are generated only if Re{r;} < 0 because otherwise these solitons are
moving to the left and after a finite time they disappear from the first quadrant. Note,

also, that if Re{r;} = 0 then k; corresponds to a stationary soliton.

5.3 Linearizable Conditions.

It was shown in Theorem 5.1 that ¢(x,t) can be expressed in terms of the solution of a 2 x
2 RH problem, which is uniquely defined in terms of the spectral functions a(k), b(k), A(k)
and B(k). The functions a(k) and b(k) are defined in terms of go(x) through the solution
of the linear Volterra integral equation (5.2.18). However, the spectral functions A(k) and
B(k) are defined in terms of both the known and unknown boundary conditions through
the solution of the linear Volterra integral equation (5.2.17). The additional condition
needed to determine the unknown boundary value is the requirement that they satisfy
the global relation (5.2.10), which, in general, involves solving a nonlinear Volterra integral

equation.

However, for a particular class of boundary value problems it is possible to compute

A(k) and B(k), making only algebraic manipulation of the global relation.

Theorem 5.2. Let q(z,t) satisfy (5.1.1), the initial condition

q(fL‘,O) = qO(x)a 0<z<oo

and the boundary condition
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¢(0,1) — xq(0,t) =0, Y €R, ¢t > 0. (5.3.1)
We define
A (k) = a(k)a(—Fk) + )\Qk — ixb(k)b(—fﬂ) €R, argk € [0, 7] (5.3.2)
(k) =a(k)a kT ix . X , arg , T 3.
and _
2k —ix  b(—k) = o
I (k)=-— R, k € R™UiR™T 5.3.3
X( ) 2k3+lX&(l€)AX(l€)’ XE ) € 1 ) ( )
where a(k) and b(k) are defined in Definition 5.1. Assume that the initial and boundary
conditions are compatible at v =t = 0. Furthermore, if A = —1, assume that:

1. a(k) has a finite number of simple zeros for Imk > 0.

2. A, (k) has a finite number of simple zeros in the second quadrant which do not coincide

with any zero of a(k).

The solution q(x,t) can be constructed through equation (5.2.20), where M satisfies the
RH problem defined in Theorem 5.1, with jump matrices and residues conditions defined
by replacing I'(k) with I', (k) in (5.2.16).

Proof. Recall that A(k) and B(k) are defined in terms of u9(0,¢,k). Let M(t, k) =
p12(0, £, k)e 195 then M(t, k) satisfies

M, + 2ik*M = Q(0,t, k), M(0,k) = I. (5.3.4)

The function M (t, —k) satisfies a similar equation where @(O, t, k) is replaced by @(O, t,—k).

Suppose that there exists a t-independent, nonsingular matrix N (k) such that

(2ik2c5 — Q(0,t, —k))N (k) = N(k)(2ik*cs — Q(0,t, k). (5.3.5)

Then

M(t,—k) = N(k)M(t, k)N (k). (5.3.6)
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The evaluation of this equation at ¢t = 0 yields a relation between the spectral functions
at k and —k. We note that a necessary condition for the existence of N(k) is that the
determinant of the matrix 2ik203—@(0, t, k) depends on k in the form of k2. This condition

implies

q(0,):(0,2) — q(0,t)q(0,2) = 0, (5.3.7)

which is equivalent to (5.3.1). Given this condition, define the entries of the matrix N (k)

as follows:

Nizg = Noy =0, (2k —ix)Nog + (2k +ix) N1y = 0.

Then equation (5.3.5) is satisfied and the second column of equation (5.3.6) evaluated at
t =T yields

2k +1x
2k —ix

A(k) = A(=k), B(k) = (—k), keC. (5.3.8)

For convenience we assume that 7' = oo. It can be shown that a similar analysis is valid

it T' < oo. If T'= o0, the global relation becomes

MMB@g—mmA@g:o,a@ke[mg] (5.3.9)

Letting k — —Fk in the definition of d(k) and using the symmetry relation (5.3.8) we find

2k —ix =

AW)a(=F) + Xy BIRHF) = d(=F), argh € @,g], (5.3.10)

which along with the global relation (5.3.9) yield the following solution

mm:————,mm:————,mwe@%] (5.3.11)

The function d(k) cannot be computed explicitly in terms of a(k) and b(k). However, this
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does not affect the solution of the RH problem of Theorem 2.1. Indeed, this RH problem

is defined in terms of (k) = %, k € R and of I'(k) which involves a(k), b(k) and %,

AEED
A(k)

(k) = __
a(k) <a(k) - Ab(k)%)

=D (k), keR UR". (5.3.12)

The function A, (k) is an analytic function in the upper half k-plane, and it satisfies the

symmetry equation,

A (k) = A (=k). (5.3.13)

It can be shown that the zero set of A, (k) is the union

{Aj};\zl U {_j‘j}é'\zl‘ (5.3.14)

Indeed, the global relation (5.3.9) implies that the zero sets of A(k) and a(k) coincide
in the first quadrant. It also implies that if the zeros of a(k) are simple, then the zeros
of A(k) have the same property. This and equation (5.3.11) imply that the zero sets of
d(—k) and A, (k) coincide in the first quadrant as well. Equation (5.3.13) implies that
the zero set of A, (k) is the given set given in (5.3.14).

Since the zeros \; of d(k) coincide with the second quadrant zeros of A, (k), equations

(5.3.11) and (5.3.8) imply the relevant modifications on the residue conditions.

5.4 Solitons.

The one-soliton solution of the focusing NLS is given by

) ot (-2

L cosh % '

qs(x,t) (5.4.1)
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where v, xo, L are positive constants. The functions ¢;(0,¢) and (gs). (0, t) satisfy the third
of the linearizable boundary conditions (5.1.2) provided that

1
v=0 and x = 17 tanh %. (5.4.2)

The fact that v vanishes, indicates that the relevant soliton is a stationary soliton. In this

case

1
Sl — 4.
() L cosh =% (5.4.3)
Hence, the definitions of a(k) and A(k) imply
k — 2= tanh 2 E—iX) (b — &
ak) = 2L ain L A(k) = ( Z;) ( 2;;) (5.4.4)

Thus the zeros of a(k) and A(k) are given by k = 5= tanh 2 and k = 5%, which confirms

that the relevant solitons are stationary.

5.5 Hump-shaped initial profiles.

In this section we consider the IBV problem for equation (5.1.1) with initial and boundary
conditions given by (5.1.3) and (5.1.4), respectively. Since the boundary conditions satisfy
the equation (5.3.1) of Theorem 5.2, they are linearizable.

The definition of a(k) for the initial value go(x) given in (5.1.3) yields
ikl

a(k) = ﬁ [—z’k sinh (NW - k2> + VARZ — k2 cosh (z\/m)] . (55.1)

where | = x5 — x1.
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Now we investigate separately the following two cases:
(i)A = —1. Using the transformation

k =ihsinf, 0 € C, Re{sinf} >0, (5.5.2)

we find that a(k) = 0 is equivalent to the equation

ACOS@—QZHTF-}-%, n €7, Q#nw—l—g, A=hl. (5.5.3)

Writing 6 = v +id, v, € R, it is straightforward to show that the solitons of (5.5.3)
which satisfy the condition of the transformation (5.5.2), i.e. Re{sinf} > 0, exist only
when sinf > 0. Hence, with no loss of generality, we can solve numerically equation
(5.5.3) with 0 < ¢ < 7. The graph at Figure 5.2 indicates that there exist finite many
zeros(the intersections of the two graphs). The number of these zeros depends on the
value of A and particularly if A € (m7r + 5, (m+1)m + g), then there exist exactly m

solutions #;, which satisfy

Acosl; —0; =nm + g, n € Z. (5.5.4)

Hence, the set of the roots of a(k) is {k;, k; =ihsin6;}]", where {6;}]" satisty (5.5.4).

Using the definition of A, (k) in Theorem 5.2 for x = oo and 0, i.e. for ¢(0,t) =

0 and ¢,(0,t) =0, t > 0 we obtain the following expression

AL (k) = a(k)a(—F) + b(k)b(—F), argk € [gw} ,

respectively. Using the same transformation used earlier, i.e. k = ihsinf, 6 € C with
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15/)

Figure 5.2: The intersections of these plots are corresponding to the roots of a(k) = 0 for

A=13.

Re{sin@} > 0, we conclude that AL(k) = 0 is equivalent to the following equation

sin(2A cosf — ) sinf + 1 = 0. (5.5.5)

Writing again 6 = v + i, 7,0 € R in the first of the two equations (5.5.5) and making
numerically the plots of Re{sin(2A cosf—6)sinf} = —1 and I'm{sin(2A cos0—0)sinf} =
0 as shown in the Figure 5.3, we find again finite many solutions (the intersections of
the two graphs) of the equation depending on the value of A. In particular, if A €

((m — %) ”Tﬁ, (m + %) ”Tﬁ) then there exist exactly m solutions 6;, which satisfy

sin(2A cosd; — 0;)sinf; + 1 = 0. (5.5.6)

Hence the set of the roots of d(k) is {\;, A\ = thsin;}]", where {6;}]" satisty the equation
(5.5.6).

Using similar arguments we can show that the second equation in (5.5.5) also has finite
many solutions (the intersections of the two graphs) of the equation depending on the
value of A. In particular, if A € ((m — 1)%5, m#) then there exist exactly m solutions

0;, which satisfy
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l l

Figure 5.3: The intersections of these plots are corresponding to the roots of d(k) =0 for
A—b5mv2 6mvV2 TmV/2
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respectively.

sin(2A cos6; — 0;)sinf; — 1 = 0. (5.5.7)

Hence the set of the roots of d(k) is {\i, A\; = ihsin;}]", where {0;}]" satisfy (5.5.7).

(ii)) A = 1. Putting k = hsin® ,0 € C, with Im{sinf} > 0 makes a(k) = 0 equivalent to
Acost—ifl = i(nm+73), n € Z, with 6 # nm+ 5 where A = hl =Area of the hump. Using
similar arguments as before and in particular writing again 6 = y+id, =, € R we conclude
that there is no solution of this equation satisfying the restriction that Im{sinf} > 0.
This is in accordance with what was proven in [2], about the non-existence of soliton

solutions of equation (5.1.1) when A = 1.

The above results imply the following conclusions for the asymptotic behavior of the

solution of equation (5.1.1) for large ¢:

e The real part of the zeros of a(k) is zero, i.e. Re k;=0. Hence, these zeros produce

only stationary solitons.

e The real part of the zeros of d(k) is not zero, i.e. Re A\; # 0. Hence, these zeros

produce only non-stationary solitons.

e Both the zeros of a(k) and d(k) (i) are finitely many, (ii) does not coincide with
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each other and (iii) are dependent on the area that the initial condition(the hump)
has; the number of zeros and hence the number of solitons increases as the area

increases.

5.6 Exponential initial profiles.

In this section we consider the IBV problem for equation (5.1.1) with A = —1 and initial
and boundary conditions given by (5.1.5). Since the boundary conditions are of type (b)

of Theorem 5.2, they are linearizable.

In what follows, we first consider the case qo(x) = €™, r < 0, > 0. The definition of

a(k) for this initial condition yields the following expression

ahy= T (5.6.1)

_144k
['(3—ik)cosh iz =277

where [,(z) denotes the modified Bessel function of first kind and I'(z) is the Euler

gamma function. Making the transformation k = —irv with Re v > 0 we conclude that

the zeros of a(k) come from the zeros of I, 1 (—2). Arguments similar with those used

in Section 4, imply that the roots of this Bessel function exist only when v > 0. Figure
5.4 implies that there exist finite many zeros depending on the value of r. In particular,
if —% € (mw — 3, mT + g), then there exist exactly m solutions ;. Note that the area

below the graph of the initial data go(z) = €™ is given by A(r) = —1.

o
A K 0.z A /\
o
vs zsv s 10 1223 1o v“ vs 1o e 15
a1
s
1 57 67

Figure 5.4: The plot of IV_%(—;) with v > 0 and —% =, o %’r, respectively.




5.6 Exponential initial profiles. 145

The computation of A, (k) with x = r shows that the roots of d(k) have the same
distribution on the imaginary axis, as the roots of a(k). Hence, asymptotically, there
exist finitely many stationary solitons and the number of these solitons depends only on

the area under the graph of the initial condition.

We now discuss the subcase {r > 0, s < co}. In this case the formulae of a(k) and

A(k) are more complicated. Actually, a(k) is given by

+1

S
EaE

= Y (DYt (D) ()]
=TT e ) e G F) )] Y

Using arguments similar with those used above, it can be shown that the zeros of the
functions a(k) and A(k) are on the imaginary axis and depend again on the area below

the graph of the initial condition,
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Chapter 6

Future work.

Some of the problems to be investigated using the Fokas method applied to (1.1.1) and
(1.1.2) are the following:

e Solution in the interior of more complicated domains. The regular hexagon
is an illustrative example of such domains. Some special problems have already
been solved in this domain and yield the solutions of the corresponding problems
for the equilateral triangle. The approach used for the solution of elliptic equations
in the interior of an equilateral triangle suggest that we have to exploit further the
invariances of the global relation, as well as the symmetries appearing in the integral

representation.

e Eigenvalues in the interior of more complicated domains. Referring again
to the regular hexagon, we note that the eigenvalues for this domain which coincide
with those of the corresponding equilateral triangle can be rederived independently.
These eigenvalues still correspond to trigonometric eigenfunctions, thus by postu-

lating other types of eigenfunctions, perhaps we could obtain novel eigenvalues.

e Solution in the exterior of convex polygons. Since these domains are not
convex, the analysis presented here can not be implemented directly. However, this

approach can be used if the exterior domain is subdivided into convex subdomains.

147



148 6. Future work.

Preliminary results are presented in [48].

e Solution in three spatial dimensions. Several problems for elliptic PDEs in
these domains have been solved in the interior of a sphere and of a sprherical sector
in [49]. The application of the Fokas method to other three dimensional domains is

under investigation.
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