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Summary

I study linear waves on higher dimensional Schwarzschild black holes and Schwarzschild

de Sitter spacetimes.

In the first part of this thesis two decay results are proven for general finite energy solutions
to the linear wave equation on higher dimensional Schwarzschild black holes. 1 establish
uniform energy decay and improved interior first order energy decay in all dimensions
with rates in accordance with the 3 4+ 1-dimensional case. The method of proof departs
from earlier work on this problem. I apply and extend the new physical space approach
to decay of Dafermos and Rodnianski. An integrated local energy decay estimate for the

wave equation on higher dimensional Schwarzschild black holes is proven.

In the second part of this thesis the global study of solutions to the linear wave equation
on expanding de Sitter and Schwarzschild de Sitter spacetimes is initiated. I show that
finite energy solutions to the initial value problem are globally bounded and have a limit

on the future boundary that can be viewed as a function on the standard cylinder.

Both problems are related to the Cauchy problem in General Relativity.
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Preface

In the dynamical formulation of General Relativity Theory we are presented with a Cauchy
problem describing the evolution of an initial geometric data set under the laws of grav-
itation, namely Einstein’s field equations; (an interesting introduction to the Cauchy
problem in General Relativity is for example to be found in [12]). In the absence of
symmetry this problem has only been fully understood for initial data sufficiently close
to Minkowski space in the seminal work of Christodoulou and Klainerman [11], and for

initial data close to de Sitter space by Friedrich [28].

The resolution of the Cauchy problem with initial data close to a given black hole space-
time has remained elusive for many years. Our expectations for the global behaviour of
these solutions are the content of the nonlinear black hole stability conjecture and its proof
is one of the major open problems in the field; (for a rough formulation of this conjecture
see e.g. [18]).

The motivation for the problems treated in this thesis is largely drawn from their relation
to the nonlinear stability problem and my results can be viewed as linear stability state-
ments. Instead of studying the dynamics of the spacetime itself (which is governed by
equations that are hyperbolic in nature) we fix a spacetime manifold and study solutions
to the linear wave equation on this background. (For an introduction to the linear theory
in the context of black hole spacetimes see [17].) We are interested in uniform bounded-
ness and decay properties of general finite energy solutions and aim at proving them in a

suitably robust way.

It is important to recognize here the role of the method used in the proof. While in this
thesis we always take an explicitly known solution of the Einstein equations as the back-
ground spacetime manifold the methods we use and develop manifestly lend themselves
to the application of our proofs to the study of the wave equation on small perturbations
of the background geometry. It is mainly due to this fact that our work has relevance to

the question of black hole stability.

We shall be concerned with the study of linear waves on two explicitly known black
hole spacetimes: (i) higher dimensional Schwarzschild black holes and (%) Schwarzschild
de Sitter spacetimes. The treatment of linear waves on black hole spacetimes in 3 + 1

dimensions has been completed in the much larger class of rotating Kerr black holes; (for a
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review of the black hole stability problem for linear scalar perturbations see [19]). In view
of recent advances in the analysis of hyperbolic partial differential equations (see e.g. [17]
and references therein) which have lead to more robust methods (in particular a new
physical space approach to proving decay [22]) it is natural to apply these methods to the
study of linear waves on higher dimensional black holes. (Black hole spacetimes in high
dimensions are also of independent interest for high energy physics; more on the relevance
for theories in high energy physics can be found in [25].) Moreover I have advanced these
methods which has lead to more robust proofs of already known results in 341 dimensions.
Our interest in (7i) stems from the fact that the expansion of a spacetime is believed to
introduce another decay mechanism into the problem which may bring the resolution of
the nonlinear stability problem in the context of expanding black hole spacetimes within
reach. At any rate, our present understanding of cosmology justifies the choice made in
this thesis of expanding spacetimes as background manifolds corresponding to a positive
cosmological constant; (for a historical account of the discovery of the expanding universe
see [5]).

Let us give an informal statement of the results in this thesis.

Result 1 (Decay of linear waves on higher dimensional Schwarzschild black holes).
In Chapter 1 we consider solutions to the linear wave equation on higher dimensional
Schwarzschild black hole spacetimes and prove robust nondegenerate energy decay esti-
mates that are in principle required in a nonlinear stability problem. More precisely, it is
shown that for solutions ¢ to the wave equation on the domain of outer communications
of the Schwarzschild spacetime manifold (MP,, g) (where n > 3 is the spatial dimension,
and m > 0 is the mass of the black hole) the associated energy flur E[¢](3,) through a
foliation of hypersurfaces ¥, (terminating at future null infinity and crossing the event
horizon to the future of the bifurcation sphere, obtained by timelike translations along the
Killing vectorfield T' = 0; where 0,1 = 1) decays,

C
El¢](%;) < 5
where C'is a constant depending onn and m, and D < 0o is a suitable higher order initial
energy on X (i.e. an energy involving commutations with the Killing vectorfields of M,
in particular T'); moreover we improve the decay rate for the first order energy to

CDs
F4-26

E[0)(27) <

for any § > 0 where 2 denotes the hypersurface ¥, truncated at an arbitrarily large fived
radius R < oo provided the higher order energy Ds on Xo is finite. We conclude our
treatment by interpolating between these two results to obtain the pointwise estimate

CD;
|¢|Z7E S §_§ .
T3
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A precise statement of Result 1 is given in Section 1.1.1. The decay argument developed
in Section 1.5 is sufficiently robust to imply similar decay results for solutions to the wave
equation on a wide class of asymptotically flat spacetimes. We elaborate on our argument

for Minkowski space in 3 + 1 dimensions in Appendix A.

Result 2 (Decay of linear waves on asymptotically flat spacetimes). Improved interior
first order energy decay as stated in Result 1 holds for solutions to the linear wave equation
in all dimensions on a wide class of asymptotically flat black hole exteriors, whenever
an integrated local energy decay estimate is available. In particular, it holds on small

perturbations of Minkowski space.

Note that our decay results are obtained in the domain of outer communications or in
other words the exterior of the black hole up to and including the event horizon. This is
precisely the region of spacetime which is expected to be stable. In my recent work I turned
to cosmological black hole spacetimes and investigated what is expected to be the stable
region of Schwarzschild de Sitter spacetimes. The exterior of the black hole does here not
only contain a static region but also what shall be referred to as the expanding region
lying to the future of the static domain beyond a cosmological horizon. While the linear
theory for the static region (namely the domain enclosed by the event and cosmological
horizons) has already been addressed in [16, 4, 38], we make use of an additional stability

mechanism in the expanding region.

Result 3 (Global boundedness of linear waves on Schwarzschild de Sitter spacetimes).
In Chapter 2 I describe the global study of linear waves on de Sitter and Schwarzschild
de Sitter spacetimes. We prove that solutions to the Cauchy problem for the linear wave
equation posed in the past of the future boundary XT of the expanding region of (subex-
tremal) Schwarzschild de Sitter spacetimes (Mf\m), g) are globally bounded and have a limit
on XF which can be viewed as a function on the standard cylinder R x S? provided their
energy s initally finite. In fact, if 3 is a spacelike hypersurface in the past of X7 (such
that X% is in the domain of dependence of 3) and the energy D[¢] of a solution ¢ to the

linear wave equation on X is finite, then
° 2
/ |V ¢l dpe < C D[]
>+

where C'is a constant that only depends on X, m and A, and§ and % denote the standard
metric and deriwatives on the cylinder. Moreover, we show that on de Sitter spacetimes
this limit is identically zero for solutions to the Klein-Gordon equation Oy¢ = mp¢ (pro-
vided my > 2%)

The precise formulation of Result 3 is given in Section 2.2 for de Sitter spacetimes and
in Section 2.3 for Schwarzschild de Sitter spacetimes. The fact that a global solution to

the linear wave equation on expanding black hole spacetimes has a limit on the future
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boundary as a function on the cylinder for which we have an explicit global integral bound
is a nontrivial statement which is in agreement with our expectations for the nonlinear

stability problem.



Chapter 1

Decay of linear waves

on higher dimensional
Schwarzschild black holes

1.1 Overview

The study of the wave equation on black hole spacetimes has generated considerable
interest in recent years. As discussed in the preface this stems mainly from its role as a
model problem for the nonlinear black hole stability problem [18, 19], and more recent

advances in the analysis of linear waves [17].

In this Chapter we study the linear wave equation on higher dimensional Schwarzschild
black holes. The motivation for this problem lies — apart from the above mentioned
relation to the nonlinear stability problem (which is expected to be simpler in the higher
dimensional case [9]; for work on the 5-dimensional case under symmetry see also [15, 30])
— on one hand in the purely mathematical curiosity of dealing with higher dimensions

and on the other hand in its interest for theories of high energy physics [25].
In the philosophy of [11] it is understood that the resolution of the nonlinear stability

problem requires an understanding of the linear equations in a sufficiently robust setting.
In particular, we require a proof of the uniform boundedness and decay of solutions to
the linear wave equation based on the method of energy currents which (ideally) only
uses properties of the spacetime that are stable under perturbations, and does not rely
heavily on the specifics of the unperturbed metric; (for an introduction in the context
of black hole spacetimes see [17]). Correspondingly we establish on higher dimensional
Schwarzschild spacetime backgrounds boundedness and decay results analogous to the

current state of the art in the 3 4+ 1-dimensional case [36].

The decay argument presented here departs from earlier work that either makes use of

multipliers with weights in the temporal variable (notably [10, 2, 7, 20, 36]) which in one

13
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Figure 1.1: The hypersurface ¥y in the domain of outer communications D.

form or the other are due to Morawetz [39], or that relies on the exact stationarity of
the spacetime (such as [8, 46, 24] based on Fourier analytic methods). Here we follow
the new physical-space approach to decay of Dafermos and Rodnianski [22], which only
uses multipliers with weights in the radial variable. Thus my work — especially the
improvement of Section 1.5.3 — is of independent interest for the 3 + 1-dimensional
Schwarzschild and Minkowski case and also for a wider class of spacetimes including Kerr

black hole exteriors.

1.1.1 Statement of the Theorems

We consider solutions to the wave equation
Uy =0 (1.1.1)

on higher dimensional Schwarzschild black hole spacetimes; these backgrounds are a family
of n+ 1-dimensional Lorentzian manifolds (M}, g) parametrized by the mass of the black
hole m > 0, (n > 3). They arise as spherically symmetric solutions of the vacuum
Einstein equations, the governing equations of General Relativity, and are discussed as

such in Section 1.2; for the relevant concepts see also [17, 29].

More precisely, we consider solutions to (1.1.1) on the domain of outer communications
D of M — which comprises the exterior up to and including the event horizons of the
black hole — with initial data prescribed on a hypersurface ¥ consisting of an incoming
null segment crossing the event horizon to the future of the bifurcation sphere, a spacelike
segment and an outgoing null segment emerging from a larger sphere of radius R termi-
nating at future null infinity; see figure 1.1 (the exact parametrization — which is chosen

merely for technical reasons — is given in Section 1.4).

In the exterior of the black hole the metric g takes the classical form in (¢, r)-coordinates
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[45],
2m
Tn—2

2m
rn—2

g=—(1—=2)dP+ (1- =) dr? 429, 4, (1.1.2)

where r > "V/2m, t € (—00,00), and %n_l denotes the standard metric on the unit
n — 1-sphere; however this coordinate system breaks down on the horizon r = "+/2m and
we shall for that reason introduce in Section 1.2 the global geometry of (M7, g) using a
double null foliation, from which we derive an alternative double null coordinate system
for the exterior of the black-hole,

2m

g=—-4(1- ) du” dv* + 7 Voot : (1.1.3)

rn—2
so called Eddington-Finkelstein coordinates.

In this work both the conditions on the initial data and the statements on the decay of the
solutions are formulated using the concepts of energy and the energy momentum tensor

associated to (1.1.1) in particular (see Section 1.1.2 and also Appendix B.2):

1
Tuu[¢] = au¢ al/¢ - 5 Guv aa¢aa¢ . (114)

The corresponding 1-contravariant-1-covariant tensorfield fulfills the physical requirement
that the linear transformation —7" : TM — T'M maps the hyperboloid of future-directed

unit timelike vectors into the closure of the open future cone at each point. Physically,
7T -uel,M

is the energy-momentum density relative to an observer at p € M with 4-velocity u €

T,M, and it is for this reason that we refer to
e=g(T -u,u)=T(u,u) >0

as the energy density at p € M relative to the observer with 4-velocity v € T, M. One
may think of a spacelike hypersurface as a collection of locally simultaneous observers
with a 4-velocity given by the normal. The hypersurfaces relative to which we establish
energy decay are simply defined by ¥, = ¢, (39 N D), where ¢, denotes the 1-parameter
group of isometries generated by %. The energy flux through the hypersurface ¥, is then
given by

Elo)(s,) = /E JGCEY (1.15)

where (JV[¢],n) = T[¢](N,n), n is the normal' to ¥, and N is a timelike ¢,-invariant
future directed vectorfield which is constructed in Section 1.3 for the purpose of turning
eV = T(N, N) into a nondegenerate energy up to and including the horizon. Note that
the energy F[¢](3;) in particular bounds a suitably defined H'-norm on ¥,.

1On spacelike segments of ¥, the vector n is indeed timelike; however, on the null segments of the
hypersurfaces X, the “normal” n is in fact a null vector, but the notation is kept for convenience; see
Appendix B.1.
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The classes of solutions to (1.1.1) to which our results apply are formulated in terms of
finite energy conditions on the initial data, for the purpose of which we list the following

quantities:

1 n—1
> O(r 2 OFp)\2
D(2) i/ d */ due 2( t )
2 () To+R*U gn—1 MW%ZT ov*

k=0

u*=r19

2

+/Z (ZJN[af ],n> (1.1.6)

70 k=0

T0+R S B
\ ks n(n—1) e ko0 2
_i_kZ?g( (Tav*f, )) +Z > 7,2( r — t ) }U_TO
=0 k=0 i=1
5 g ol
S RONACTEDS [Qufln) (11.7)
Yo k=0 k=0 i=1

> 2 2(,- 251 o gk
Dgi_[?](fo) i/ do” /Snld,u;;nl X {Z r4_5<8 (r (%?2 % ¢))2
5 Oz Qoke\? | ¢ Or T ek gy 2

k=0 |Oé‘§[%}+l k=0 |O“<[%}+2 u*=19
6
/ (Z Z JN Qaak +Z Z JN Qaak ) (118)
T k=0lol<[3 k=0 jal<[3]
Here ;- i = 1,..., " are the generators of the spherical isometries of the spacetime

M, « is a multiindex, and for any radius R we denote by R* the corresponding Regge-
Wheeler radius (1.2.22). (See also Section 1.4.2.)

Among the propositions on linear waves on higher dimensional Schwarzschild black hole

spacetimes proven in this thesis, we wish to highlight the following conclusions?.

Theorem 1 (Energy decay). Let ¢ be a solution of the wave equation Oyp = 0 on
Dc M,

m?’

where n > 3 and m > 0, with initial data prescribed on ¥, (19 > 0).
o [fD = Df) (10) < 00 then there exists a constant C'(n,m) such that

mm@gggg (1> 7). (1.1.9)

2The “redshift” proposition, and the “integrated local energy decay” proposition are to be found on

page 28 in Section 1.3 and page 35 in Section 1.4 respectively.
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e Furthermore if for some 0 < 0 < & and R > "/8nm/d also D' = D§4_5) (10) < o0

then there ezists a constant C(n, m, 0, R) such that

cD

7-4—25

E[0,9](X]) < (T >10), (1.1.10)

where ¥ =3, N{r < R}.

While each of these energy decay statements lend themselves to prove pointwise estimates
for ¢ and 0y¢ respectively (see Section 1.6) we would like to emphasize that using the
(refined) integrated local energy decay estimates of Section 1.4 an interpolation argument

allows us to improve the pointwise bound on ¢ directly in the interior.?

Theorem 2 (Pointwise decay). Let ¢ be a solution of the wave equation as in Theorem 1.

If for some 0 < § < 1, D = Déi_[g)](m) < oo (19 > 1) then there exists a constant
2

C(n,m,d, R) such that

ne CD .
TT2|¢| . < 5 ("V2m<r <R, T>1) (1.1.11)

where ¥ and R are as in Theorem 1.

Remark 3 (Decay rates and method of proof). Theorems 1 and 2 extend the presently
known decay results for linear waves on 3 + 1-dimensional Schwarzschild black holes to
higher dimensions n > 3; for 3 + 1-dimensional Schwarzschild black holes (1.1.9) was first
established in [20], and (1.1.10, 1.1.11) more recently in [36]. However, both proofs use
multipliers with weights in ¢, [20] by using the conformal Morawetz vectorfield in the
decay argument, and [36] by using in addition the scaling vectorfield. Here we extend
(1.1.9) to higher dimensions n > 3 in the spirit of [22] only using multipliers with weights
in r, and provide a new proof of the improved decay results (1.1.10) and (1.1.11) in the

n = 3-dimensional case in particular.

1.1.2 Overview of the Proof

In this section we give an overview of the work in this part of my thesis, and present some
of the ideas in the proof that lead to Theorem 1; references to previous work is made
when useful, but for a more detailed account of previous work on the wave equation on

Schwarzschild black hole spacetimes see §1.3 in [23] and references therein.

3In this work we use the term “interior” to refer to a region of finite radius, i.e. the term “interior
region” is used interchangeably with “a region of compact r (including the horizon)”, and is of course

not meant to refer to the interior of the black hole, which is not considered in my present work.
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Energy Identities. Let us recall that the wave equation (1.1.1) arises from an action
principle and that the corresponding energy momentum tensor is conserved. Indeed, here
we find (1.1.4) and by virtue of the wave equation (1.1.1)

VAT, = (0,0)(0y0) = 0. (1.1.12)

Moreover, the energy momentum tensor (1.1.4) satisfies the positivity condition, namely
T(X,Y) > 0 for all future-directed causal vectors X,Y at a point.

Now let X be a vectorfield on M. We define the energy current JX[¢] associated to the
multiplier X by
TX (¢ = T el X" (1.1.13)

Then
KX =vrgX =g, (1.1.14)

where we have used that 7}, is conserved and symmetric. Here
0 1 1 1
w(Y,2) = S(Lxg)(Y. Z) = 20(VyX, Z) + 2oV, V2X)  (1115)

is the deformation tensor of X.

Remark 1.1. If X is a Killing field, i.e. X generates an isometry of g, )7 = 0, then

KX =0, ie. JX is conserved.

In the following we shall refer to

/KXd,ug:/ “Jx (1.1.16)
R OR

as the energy identity for JX (or simply X) on R, where R C M; (this is of course
the content of Stokes’ Theorem, and *J denotes the Hodge-dual of .J, see also Appendix
B.2). Moreover we refer to X in (1.1.16) as the multiplier vectorfield. We will largely
be concerned with the construction of vectorfields X, associated currents J* and their
modifications, and the application of (1.1.16) and various derived energy inequalities to

appropriately chosen domains R C D.

The new approach [22] to obtaining robust decay estimates requires us to first establish
(i) uniform boundedness of energy, (ii) an integrated local energy decay estimate and (iii)

good asymptotics towards null infinity.

Redshift effect. The reason (i) is nontrivial as compared to Minkowski space is that
the energy corresponding to the multiplier 0; degenerates on the horizon (the vectorfield 0,
becomes null on the horizon and no control on the angular derivatives is obtained, c.f. [17]);
it was recognized in [20], and formulated more generally in [17], that the redshift property

of Killing horizons is the key to obtaining an estimate for the nondegenerate energy (i.e. an
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energy with respect to a strictly timelike vectorfield up to the horizon, which controls all
derivatives tangential to the horizons). An explicit construction of a suitable timelike
vectorfield N is given in Section 1.3 which allows us to state the redshift property in the
language of multipliers and energy currents, and a proof of the uniform boundedness of
the nondegenerate energy is given (independently of other calculations in this work) in
Section 1.5.1.

Integrated local energy decay. Section 1.4 is devoted to establishing (ii). This is
achieved by the use of radial multiplier vectorfields of the form f(r*)d,+ (see Section 1.4.1).
In Section 1.4.2 a construction of a positive definite current for the high angular frequency
regime is given using a decomposition on the sphere. In Section 1.4.3 a more general
construction of a current is given using a commutation with the angular momentum
operators. We wish to emphasize that the decay results of Section 1.5 — albeit with
a higher loss of differentiability — could be obtained solely on the basis of the latter
current, without the recourse in Section 1.4.2 to the Fourier expansion on the sphere.
However, the dependence on the initial data is significantly improved by virtue of the
integrated local energy decay estimate Prop. 1.11; here (see Section 1.4.4) the results of
Section 1.4.2 and Section 1.4.3 are combined in order to replace the commutation with
the angular momentum operators by a commutation with the vectorfield 0; only. The
difficulty in both constructions lies in overcoming the “trapping” obstruction, which is
the insight that it is impossible to prove an integrated local energy decay estimate on
spacetime regions that contain the photon sphere without losing derivatives (see [17]).
In the context of the Schwarzschild spacetime the need for vectorfields whose associated
currents give rise to positive definite spacetime integrals was first recognised and used in

[6, 20], and such estimates have since then been extended by many authors [37, 1].

p-hierarchy. In Section 1.5.2 we use a multiplier of the form 770, that gives rise to a
weighted energy inequality which we consequently exploit in a hierarchy of two steps; this
approach — which yields the corresponding quadratic decay rate in (1.1.9) — is pioneered
in [22] for a large class of spacetimes, including the 3 + 1-dimensional Schwarzschild and
Kerr black hole spacetimes. In Section 1.5.3 a further commutation with 0, is carried
out, which allows us to extend the hierarchy of commuted weighted energy inequalities to
four steps, yielding the correponding decay rate for the first order energy. The argument
involves dealing with an (arbitrarily small) degeneracy of the first order energy density at
infinity which corresponds to the d-loss in the decay estimate (1.1.10). In both cases (iii)

is ensured by the imposition of higher order finite energy conditions on the initial data.

Interpolation. The pointwise decay of Theorem 2 then follows from Theorem 1 and the
(refined) integrated local energy decay estimates of Section 1.4.4 by a simple interpolation

argument given in Section 1.6.
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Final Comments. The currents in Section 1.4.2 and Section 1.4.3 and the correspond-
ing integrated local energy decay result already appeared in the Smith-Rayleigh-Knight
essay [42]. Independently a version of integrated local energy decay was subsequently
obtained in [35]. [42] also contained an alternative proof of (1.1.9) of Theorem 1 using

the conformal Morawetz vectorfield, which is included in this thesis in Section 1.5.4.

1.2 Global causal geometry of the higher dimensional

Schwarzschild solution

In this Section, we give a discussion (in the spirit of §3 of [13]) of the global geometry of
the n + 1-dimensional Schwarzschild black hole spacetime [45], the underlying manifold

on which the wave equation is studied in this thesis.

The n+ 1-dimensional Schwarzschild spacetime manifold M (n > 3, n € N) is spherically
symmetric, i.e. SO(n) acts by isometry. The group orbits are (n — 1)-spheres, and the
quotient Q=M /SO(n) is a 2-dimensional Lorentzian manifold with boundary. The metric

g on M assumes the form

9=3 +7 =3 +r* Yy (1.2.1)

Q. . . . N . .
where ¢ is the Lorentzian metric on Q to be discussed below, 7,,_; is the standard metric
on S"!, and r is the area radius; or more precisely in local coordinates 2% : @ = 1,2 on

Q, and local coordinates y*: A=1,...,n—1 on S"!
Gwy) = Gap(x) dz” dab + rz(z)(’;n_l)AB dy? dy® .
Remark 1.2 (Area radius). Since
det v, = (r?)" ! det %n_l

the area radius r(x) is related to the area of the (n — 1)-sphere at = by

Area(z) = / du, = / P hdpe = wr™?
S(z) sn—1 Tn-1
2%

where w,, = RO the area of the unit (n — 1)-sphere.
2

The n + 1-dimensional Schwarzschild spacetime is a solution of the vacuum FEinstein
equations, which in other words means that its Ricci curvature vanishes identically. This
implies in particular (see derivation below) that the area radius function r satisfies the

Hessian equations

0 = o 2) (1= (0°7)(0er) ] g (1.2.2)
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as a result of which the mass function m on Q defined* by

2m a
L= == =" 0ur Oy (1.2.3)

is constant; we take this parameter m > 0 to be positive.

c
o

. . . . . . c C o
Hessian equations. The non-vanishing connection coefficients of g are I'S,, I'Y 5 =45

and
Y =190 (Vn-1)an
1
r
Since the components of the Ricci curvature are given by
Ry = 0.1, — 8,10, + 4,10, — T4,
we obtain the decomposition
Q
Rap =Rap —0hUis + T4l — T lis
1
=K gw—(n—1)=V,0r
r

where we have used that
Q
Rab: Kgab s

K being the Gauss curvature of the 2-dimensional manifold Q, and similarly
Roa =0 ’

Rap =0T %p + T5lhp + Toplhp — Thplh, — Thplhp+ Ras
= Gur)an[(n —2) = (n = 3) () (@ur) — V*(raur)] .
because the Ricci curvature of S*~1 is simply

Rag= (n—2)(Vn_1) a5 -

The vacuum Einstein equations
R, =0

therefore reduce to the following system on Q :
Kgw—(n—1) % Vioyr =0 (1.2.4a)
(n—2)—(n—3)(0)(0,r) — Vrd,r) =0. (1.2.4b)

4We choose the normalization of the mass function to be independent of the dimension n; this is

motivated by a consideration of the mass equations in the presence of matter, see Remark 1.3.
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Taking the trace of (1.2.4a) gives
1
2K —(n—1)=V%,r =0
T

and substituting for V?9,r from (1.2.4b) yields

n—1_,
K= o VeO,r
= T [V r0ur) — (0% (@)
_(n- 1;;2” —2 11— (@) )] -

Then returning to (1.2.4a), we arrive at the Hessian equations (1.2.2). The mass function
defined by (1.2.3),

Tn—2
m = [1—(8"r)(0ar)]
is thus constant on O :
n—2 n—3 b 1 n—2 b
Ogm = 5 r [1 — (0 r)(abr)}ﬁar ~3 r Va[(8 r)(abr)]

=0.

We take m > 0. Moreover
= (n—1)(n—2)m

/ran
Remark 1.3 (Normalization of the mass). One may prefer a normalization of the mass

function that depends on the dimension n, i.e. favour the definition

a, m

1— -2 = g“b 8[17” 8{,7’

where a,, is a constant depending on n. However, in the presence of matter the Einstein

equations in (n + 1) dimensions necessarily take the form

1
Ru,,—igu,,R: (n—1)w, Ty

(in units where Newton’s constant G = 1 and the speed of light ¢ = 1) and we fix the a,

by taking the prefactor in the mass equations
O = wy " (T — gap tr T)0%r

to be the area of the (n — 1)-sphere. The analogous calculation of the Hessian equations

in (n + 1) dimensions in the presence of matter shows that this is precisely satisfied for
an =2,

independently of n.
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On Q we choose functions u, v whose level sets are outgoing and incoming null curves
respectively, which are increasing towards the future. These functions define a null system

of coordinates, in which the metric 5 takes the form
7= -0 dudv . (1.2.5)

Note. The only non-vanishing connection coefficients are

2 09 2 00
ry, ==— ry,==—.
e Q ou Qov
The Gauss curvature is given by
2 ¢ 4 9?logQ

B = g Bu0n

The Hessian equations (1.2.2) in null coordinates read

2
% - %Z_S% =0 (1.2.6a)

2 — —
ai%v+nr 2%%=—n4r292 (1.2.6b)
%—%2—2%:0, (1.2.6¢)

and the defining equation for the mass function (1.2.3) is
1_ 2m _ 4 Or Or . 127

=2 Q2 9udu
The system ((1.2.6b), (1.2.7)) can be rewritten as the partial differential equation
027,*

= 1.2.8
Judv ( )
for a new radial function r*(r) that is related to r by
dr* 1
= . 1.2.
dr 1-— 73—”}2 (1.29)
Remark 1.4. Indeed, by substituting for Q? from (1.2.7) in (1.2.6b),
r027“ (-2 2m  Oror
oudv =2 —2m du v’
we see that .
11— 2
satisfies

0%r* (n—2) Ti’fﬁ or Or 1 0%r

Juds (1— 2)?0udv ' 1- 2% dud

n
r T

=0.
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A solution of ((1.2.8),(1.2.9)) is given by

1.
r* = "V2mlog|uvl, (1.2.11)
(n—2)

or
(n—2)r*
luv| = e "V2m

(n=2)r n—9 (1212)
:eng/%exp[/idx} . ]
xn—2 _ 1 r= Y
Remark 1.5. The general solution is
rt = fu) +g(v)
Since
2m
* — - d
T T+ / 2 o T
_ 1
=r+ ”\Z/Qm/fdx
a2 —1 pT
T " am
we require the representation in terms of null coordinates to be such that r* = —oo is

contained in the (u,v) plane and the metric to be non-degenerate at r = "+v/2m and take
f(w) = "V2mlog|u|72
g(v) = "V2mlog|o|

so that
r* = (n—2)"'"V2mlog |uv| . (1.2.13)
We find more explicitly,
( r T
(] — _3
c ( Qm) 1
- (1 e
e Vo ‘/%) ,n=4
1+ 757)
e (1 r ) 1 , n odd
o e nT2m —_ — _
o= "V/2m (1+ 7n,\27’/%) ' neven (1.2.14)
["ES] 2 ] cos(2mj =3
X H 767—2(:05( 27 ) ! +1 rin=s) ,m>5
a3 n—2 =
=1~ (2m)n (2m)»
2 w3 ()
X exp | 2sin(2mwj arctan( 2m " )}
! plen(enri =) sin(Z5)

Note, in particular that the v = 0 and v = 0 lines are the constant r = "+/2m curves,
and that all other curves of constant radius are hyperbolas in the (u,v) plane — timelike
for r > "’\2/%, spacelike for r < "/2m. This outlines the well-known global causal
geometry of the Schwarzschild solution (see figure 1.2).
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Figure 1.2: Global causal geometry of the Schwarzschild solution.

Remark 1.6. The rational function in (1.2.12) can be integrated using elementary methods
(see Appendix B.2.1) to obtain:

2——1‘ ,n=3
m
7w — 1 .
75w + 1 ’
(n—2)r T 1‘ 1 ,n Odd
n—2 i
luv| = e " V2m "/2m |7n7\§/% + 17t | neven
[%’] 2 . -n—3
2 cos(27j - —5)
X )77“ — — 2cos( 7T]) L — + 1 ’ 2D
B eme T =2 m)
(3] "3 — — cos(25L)
X exp |2sin (27 arctan< 2m T )}
-l =) sin(Z)
Note that
2 219 219 -3
|T72—2cos( ™ ) - : +1|2|1—cosz(£)|>0 (jzl,...,[n |, n>5).
(2m)n—= n—2"(2m)mz n—2 2

The condition that u, v are increasing towards the future selects the sign, and we finally
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obtain (1.2.14). We have

<0 > "V/2m
uv =0 <= r{="2m
>0 < "V2m
Note also that » = 0 is the spacelike hyperbola
1 ,n=23,4,n > 06 even

uv = n—3 .
i1 exp|—2sin(2mj2=2) arctancot(%)} ,n>5odd

<1.

It is easy to see that for (1.2.11) the trapped region, the apparent horizon, the exterior,
and the antitrapped regions respectively are given by

9i{(u,v)6Q:%<0,%<0}:{(u,v)6Q:u>0,v>0}
di{(u,v)eQ:%<0,%:0}:{(u,v)6Q:uzO,v>O}
%i{(u,v)6Q:%<0,%>0}:{(u,v)6Q:u<0,v>0}
3*i{(u,v)€Q:%>0}:{(u,v)€Q:v<0}.

Indeed, using the solution (1.2.11)

or* 1 "2m or* 1 "2m

ou n—2 u v n—2 v

and on the other hand with (1.2.9)

or* 1 or or* 1 or

u  1-2%0u v 1- 22 0u

n rn—2

we deduce

or (1- 2m . "V/2m

S = 7m_Q) "2 (1.2.15a)
or om . "/2m
= (1- TH) R (1.2.15b)

Note this forms a partition of @ = J U/ UZ U Z*, and that in view of (1.2.7) r <
"V2min T, r = "V/2min &/ and r > "v/2m in %Z. We shall refer to

Diﬁ:{(u,v)eQ:ugO,sz} (1.2.16)

as the domain of outer communications.
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Finally,
2m —10r Or
2
2
2 2 2m (2771)m
= — 1-— by (1.2.15 1.2.17
(-=5) (1= 25) o by (1215) (12.17a)
( 3
4(2m) e m ,n=3
T
(2m)2( T —I— 1)2 —\/22L 4
_ e m , =
T \V2m
( 2 )2(2m)nn2 1 , odd
_ n—20 (%@ +1)% | neven
r 2mg r 1—cos(27mj3=5)
X ——— — 2co0s + 1)
(o - 2o
[Q%E} r 27y
_3 =z— — cos(7%)
X H exp [—2 sin(QWjZ — 2) arctan ( %/Tgin(zﬂ) )}
j=1 n—2
_ (n=2)r
| xe "TVam
(1.2.17Db)

One may now think of 7 as a function of w, v implicitly defined by (1.2.14). In % where
r > "3/2m recall from (1.2.12) that this relation is

n—2 5:1:22”
uv = —exp[ de}x: : ]e v2m (1.2.18)
— =25,

and may be complemented in this region # where v — u > |u + v| by the coordinate ¢

defined by
2

n —

t =

5 "\Q/Qmartanh(ZfZ) ; (1.2.19)

we will denote by ¥, the corresponding level sets in D. We find

1 _ 1 1
df — "V2m (= dv — — du) (1.2.20)
n—2 v u
and from (1.2.18)
rn—2
5 n—2 e n =2
vdu+udv = _%exp[/mdx‘m:#-m}@ o "V/2m -
2m

Alternatively (1.2.20) can be written as
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Hence
2

—Pdudv = 4%—1) [(vdu — udv)2 — (v du+udv)2}
1
==

We have arrived at the classic expression for the Schwarzschild metric in its original

2m
Tn—2

=—(1-==)d’ + dr? .

coordinates for the exterior region:

2 2
g=—(1-=5)de+ (1- 25

R R A (1.2.21)

In Regge-Wheeler coordinates (t,7*), where r* is centered at the photon sphere r =
n72/nm’
" 1
T* = / LT am dT,’ (1222)
(nm)n=2 - =2

T

the metric obviously takes the conformally flat form

2 o
g=(1-"2)(=dP + dr'?) + 2 Yoy (1.2.23)
T
We shall also use the Eddington-Finkelstein coordinates
1 1
ut = §(t — ") vt = §(t +77) (1.2.24)

which are again double null coordinates:

2m
n—2

g=—4(1— =) du dv' + 727, . (1.2.25)

The two systems of null coordinates in # are related by

1 "2m 1 "2m

r

— du = du* dv = dv*
n—2 u n—2 v
or
(=2 u* (n—2) v
u=—e " Vom v=e" Vm . (1.2.26)

1.3 The Red-shift effect

In this section we prove a manifestation of the local redshift effect in the Schwarzschild

geometry of Section 1.2 in the framework of multiplier vectorfields.

Proposition 1.7 (local redshift effect). Let ¢ be a solution of the wave equation (1.1.1),
then there exists a @i-invariant future-directed timelike smooth vectorfield N on D, two
radii "V/2m < réN) < rgN), and a constant b > 0 such that

KEN(g) > b(V(g),N)  ("Vam <r <) (1.3.1)

and N =T (r > rgN)).

The vectorfield N will be constructed explicitly with the following vectorfields.
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T-vectorfield. Here ¢; is the 1-parameter group of diffeomorphisms generated by the

vectorfield . 5 5 9
n —_—
T=-———v——u=—); 1.3.2
2 ”*\2/%(1)821 u@u)7 ( )
note that in #Z where r > "~/2m (recall (1.2.20))
0
T=—.
ot
T is a Killing vectorfield,
Dr=0. (1.3.3)
For,
(T)Truu =0 (T)Trvv =0
1 n-2 or or ., 0log O?
D= - Ty =0
Truw 4 ”’\2/2mguv (U ov u@u) or
Droa =0 (1.3.4)
(T) ]_ n — 2 07“ 87’ N

TTAB = iﬁm@% - U%) r ('Vn—l)AB =0.

T is timelike in the exterior, spacelike in the interior of the black hole and null on the

horizon,

<0 r> "V2m

1(n—2)32 2
g(T,T) = —H uv Q= —(1 — 77_12) =0 r= "2m (1.3.5)
4 (2m)=—2 rn
>0 r< "V2m
In particular,
1n—-2 0
Tl = = =y (1.3.6)

5 "9 v

Tly+en- =0.

Y-vectorfield. Let us also define a vectorfield Y on H™ conjugate to T (that is to say
Y is null and orthogonal to the sections of H* and normalized by (1.3.8)):

2 0

Y|+ = —%% (1.3.7)
Indeed,

9(T,Y )|+ = —2 (1.3.8)
because -

Q?|yr = —4 %1@.
n—2 vou
Furthermore, as a consequence of (1.2.6b)
O*r . n- 292 _1or
Oudv |+ 4r wt VOU |y
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we have
0 0
TY =T Y* — TY" —
[> ]|H+ [’ ] 8uH++[’ ]aUH+
_n-2 L[Ui Fr }2 (1.3.9)
o2 2mg—2 %8118@ Ou |4+
=0.

E4-vectorfields. We denote by 4 : A = 1,...,n — 1 an orthonormal frame field

tangential to the orbits of the spherical isometry,
1, A=B
0, A#B
g(EA,Y)|7-(+ :0, g(EA,T) :0|7-(+, (Azl,,n—l) (1310b)

9(Ea, Ep) =0ap = (1.3.10a)

We can now prove that the surface gravity of the event horizon is positive; this is essential
for the existence of the redshift effect, (see more generally [17], and also [3] for work where

this is not the case).

Lemma 1.8 (surface gravity). On H*

VT =k, T (1.3.11)
with . 5
n —
Ky = — > 0. 1.3.12
2 nfm ( )

Ky 18 called the surface gravity.
Note. T = r,(vE — ul)
Proof. Since (7 = 0, we have
g(VxT,Y) = —g(VyT,X)

for all vectorfields X, Y. Therefore,

g(VrT,T) = —g(VrT,T) =0

g(ViT,Ey) = —g(Vg,T,T) = —%EA cg(T,T)=0 :A=1,...,n—1,

because g(7,7) =0 on ‘H*, and similarly

§(ViT,Y) =~ - g(T,T).
Now,

n—2 Or
u_
n72/2m au

g(T>T) =
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SO

n—2
Y - g(T,T =2
g( )‘H+ n72/2m
We obtain
n—1
1 1
VT = —ig(VTT, )Y — 59(VTT> Y)T + Z g(VrT, Ex)Ex
j=1
1 n—2
= — T. O
2 n72/2m
Alternatively, k,, is characterized by
VY = —k,Y (1.3.13)

on H*. Clearly
1
9(V1Y,Y) = 5T - g(¥,Y) = 0

since Y is null along H*, and

g(Voy.T) "2 g(vy 1, 1) MY —g(Va T, Y ) = 2,
also
g(VeY, Bx) " (VT B "2 —g(Vp, 1Y) =0 A=1,... .n—1,
because Vg, T = 0. Note, for later use,
mez—nimﬂ4 (1.3.14)

on H™.

We defined Y on H™ conjugate to 7. Next we extend Y to a neighborhood of the horizon
by
VyY =—o(Y +T), (c € R),

where in fact we will shall assume
16 3

o> m(Qm) nz
and then we extend Y to & by Lie-transport along the integral curves of T
7,Y]=0.
Proposition 1.9 (redshift). For the future-directed timelike vectorfield
N=T+Y (1.3.15)

there is a b > 0 such that on H*

KN >b(JY, N). (1.3.16)
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Proof. Let us calculate

KY =Mgpmr,,

:i{(Y)W(T’ nTY,Y)+ Q(Y)W(T, Y)T(Y,T) + (Y)W(Y, Y)T(T, T)}

—_

3

{(Y)T(‘(EA, YV T(En, T) + V(B T) T(Ex, Y)}

1l

[asry

+ N n(Ea, Eg) T(E4, Ep)
,B=1

S

Now, on one hand, on H™,

Ox(T,T) = g(VrY,T) = 25,
VIR(T,Y) = La(VeY.Y) + 2o(T,VyY) = 0
Mr(Y,Y) = g(VyY,Y) = 20
VIn(Ea,Y) = 59(V,Y V) + 20(Ea, VrY) =0

1 1
(B, T) = 59(VEY. T) + 59(Ea, VrY) =0
2

1 1
(Y)W(EAv Ep) = §Q(VEAY7 Ep) + ig(EA7 VEBY) = —%5AB .
Thus
1 1 2
Y _ -~ - _
K = QlinT(Y,Y)—i- 20’T(Y+T,T) ”\Z/%AZIT(EA’EA)'
On the other hand, on H™,
2 0\ 2
T(v.Y) = (55
(% 8u>
2
T(Yv T) = ‘V¢‘r2§n71
T(T,T) = (,W@)2

ov

and, on H™,

1
(Qm)ﬁéAB‘ng‘Tz%nq

T(Es, Bn) = (Ba - 6)(Bs-6) - 5

1 L 0P, 0¢
- 5(71—2)(27”)”* %%B(%)(%)-
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Using Cauchy’s inequality, on H™,

9 n—1
-5 T(Ea, Ea) =
2m 4
a2 v 06, 09
=(n —3)(2m)n»-2 ‘VMTZ%H +(n—=2)(n—1)%- i (8u>(8v>
1
>(n—3)(2m)= =T (Y, T) = 1w, T(YY)
1 2(n—1)
- — (2 2 T(T, T
—iemP )
n—1 1
> — -k, (YY) (2m)»—=T(T,T).
Since we have chosen o > 2%51(2m)=—=2, KY has a sign
1
zﬂzzmﬂym+dTw+Tﬂ
for 0 <o’ < § — %(Qm)ﬁ, or
KY >bT(Y +T,Y +T)
for 0 < b < min{*p, %/} This yields the result
KY =KY >bT(N,N)=b(J" N). O

Finally, we find an explicit expression for Y. Consider the vectorfield

~ 2 0

Y =—F—
or
%811

on #Z U </ formally defined by the expression for Y on H*. In #

- 2 0
y-_—=_ 9
1 — 2m Qu*

rn—2

Y generates geodesics, this being a consequence of the Hessian equations (1.2.6a),

~

2.2 10 20070
¥ = (@) "0 gl ou =

and is Lie-transported by T":

2 0 0 2 0 N .
(&)2 ([T’ %] T)% - @[Ta %] =—KpY +Kr,Y =0
ou

ou

[T’ Y] =

because [T %] = Kn7- au Y as constructed above coincides with

Y = a(r)Y + ()T (1.3.17)
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where

oy =1+-T (12"

4Ky, rn—2
o 2m
-7 (1-
ﬂ(?") 4/€n( 7""_2)
Indeed, on ‘H™,
- 2 0
Y|H+ = Y|H+ = "9 0_
ou OUln+
and
VyYhee = ViVl = (V- @) hos + V¥ |+ (V- 0)T e
= —0 (Y + T)‘H‘F
since
Y-a|H+:ﬁ(n—2)r =—0
- Blyr = —

and Y remains Lie-transported by 7"
[T,Y]=(T-a)Y +(T-B)T +«a[T,Y]+B8[T,T] =0

since
T-a=0=T-73.

Thus the vectorfield Y is given explicitly by

on HT

)| e+ (1 2

4Ky rn

[1
)

Clearly, by continuity, we can choose two values "v/2m < r ) < T

QJ‘QJ|N

Y = (1.3.18)

9

8u
L
AKkn

(

< 00 and set

T+Y "V2m<r< réN)

T r > r%N)

with a smooth ¢;-invariant transition of the timelike vectorfield N in r(()N) <r< 7’§N),
such that (1.3.16) extends to the neighborhood "~V/2m < r < r((]N) of the event horizon.
Remark 1.10 (Interpretation of Prop. 1.9). Consider a small strip along the horizon

= J 7w U [, 00] x {v7} .

v*€vi,vj] v*elvy,vi]
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Then the energy identity for N in . becomes (upon neglecting for uj large enough any
difference in the contributions from {uj} x [v], v3] and the corresponding segment on the

horizon) the inequality

/ (I n) + b / (V) < / (Y, )
¥ (03) 7 (1)

where we have replaced N by the normal n to #(v*) in Prop. 1.9, which implies the

energy decay reminiscent of the redshift:

/ (JN . n) < e_b(vg_m/ (JN,n)
7 (v3) 7 (v1)

Note that the decay is determined from the surface gravity.

1.4 Integrated Local Energy Decay

In this Section we prove several integrated local energy decay statements, i.e. estimates
on the energy density of solutions to (1.1.1) integrated on (bounded) space-time regions;

this in an essential ingredient for the decay mechanism employed in Section 1.5.

Let Ry (to, t1, uf, v7) be the region composed of a trapezoid and characteristic rectangles

as follows, (see figure 1.3):
RTO,Tl(t(Jvtlvu){vU)lk) = {(t,r) o <t<t,ro<r< 7"1} (141)
1
U{(t,r) :r§r0,§(t—7’*) <ui,to+ry <t+r” §t1+rg}
1 * * * * *
U{(t,r) :rzrl,ﬁ(t—l—r ) <wvj,to—r] <t—r Stl—rl}
We denote by

Ry, (o) = | U U Ro.t1,ui,0) (1.4.2)

t1>to u’{Z%(tl—r(’;) UTZ%(tl-i-’r‘{)

and its past boundary by

1
ZT() = a_ROO (to) T0 = §(t0 — ’T’T) . (143)

70,71

We shall first state the central estimate.

Proposition 1.11 (Integrated local energy decay estimate). Let ¢ be a solution of the
wave equation O,¢ = 0. Then there exist (2m)ﬁ < 19 < r1 and a constant C'(n,m)

depending on the dimension n and the mass m, such that

1 aQb 9 1 a¢ 2 1 om 5
/%00 (to){r_"(ﬁ’f’*) + pntl (E) T ﬁ(l - 7‘"_2) ‘V(b‘ﬂg/nl} d/J/g

< Clnm) [

by

<JT(¢) + (T - ), n) (1.4.4)

0

for any ty > 0, where 1o = $(to — 17).
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To (&

Figure 1.3: The region R, ,, (to, t1, uj,v;).

The degeneracy at infinity can in fact be improved:

Proposition 1.12 (Improved integrated local energy decay estimate). Let ¢ be a solution
of the wave equation Oy¢ = 0, then there exists a constant C(n,m,d) for each 0 < 6 <1
such that

1 8¢ 2 1 8¢ 2 1 2m 9
/Rw (t >{m(%) * W(E) + ;(1 - Tn—z)}VQS‘Tz,‘;nl} dpy <
rg,r1 \LO

< C(n,m,é)/

by

(JT(qb) + (T ¢), n) (1.4.5)

70

for any ty > 0, where ro < ry are as above, and o = %(to —77).

As a consequence of the redshift effect of Section 1.3, and the uniform boundedness of the
nondegenerate energy (which is proven independently in Section 1.5.1), we can infer in a

more geometric formulation:

Corollary 1.13 (nondegenerate integrated local energy decay). Let ¢ be a solution of
(1.1.1), then for any R > "~/2m there exists a constant C'(n,m, R) such that

/ d?/, (JN(QS),n) < C(n,m, B)/E (JN(¢) + JT(T-¢),n) , (1.4.6)
for all T < T, whe;e =3 n{r <R} T
Proof. Let (we use standard notation for causal sets, see e.g.[29])
R(r,7)=J (Z)NJ" ().
In RI(7,7)n{r < r((]N)} we have by Prop. 1.7
(7¥(6).n) < 7K (9),

and in R/ (7', 7) N {r > r\™} trivially (J(¢),n) < (JT(¢),n). Therefore using the energy
identity for N on R/(7/, 7) the estimate (1.4.6) follows from Prop. 1.35 and Prop. 1.11. O
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In the above, no control is obtained on a spacetime integral of ¢? itself; however, all that
is needed for the decay argument of Section 1.5 is an estimate for the integral of ¢* on

timelike boundaries.

Proposition 1.14 (zeroth order terms on timelike boundaries). Let ¢ be solution of the
wave equation (1.1.1), and R > "~/8nm. Then there is a constant C'(n,m, R) such that

27+ R*
[ s
27+ R* Sn-1 nt

27+ R*
< Clum ) |

27"+ R*

« /S e, {(52) + 190}
+ Cn,m, R) / (7 (@).n) (147)

P

forall T < 1.

The central result of Prop. 1.11 combines results for two different regimes, that of high
angular frequencies and that of low angular frequencies. First we will use radial multiplier
vectorfields to construct positive definite currents to deal with the former regime, and then
a more general current using a commutation with angular momentum operators for the
latter.

Remark 1.15. The specific parametrization (1.4.3) has technical advantages, but . can
in principle be replaced by a foliation of strictly spacelike hypersurfaces terminating at

future null infinity and crossing the event horizon to the future of the bifurcation sphere.

1.4.1 Radial multiplier vectorfields

A radial multiplier is a vectorfield of the form

0
or* "

X = f(r*) (1.4.8)

We would like the associated current to be positive, however we find in general, as it is

shown below:

x_ [ Op\2  fr,  nm
K _1—T2—"f2(87"*) +7‘<1 rn—2

n

> ‘ng‘izf{’nfl
(1.4.9)

_%{f’+(n—1)f(1— o )}8%8@

r =2

Note. The prefactor to the angular derivatives vanishes at the photon sphere at r =

“Ynm.
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Calculation of the deformation tensor ). It is convenient to work in Eddington-

Finkelstein coordinates

1 0 1 0
X =—f(r" * ) 1.4.1
) = ) (1.4.10)
For the connection coefficients of (1.2.25) one obtains
0 2m 0
vaz* ou* o _(n - 2> rn=1 y*
0 2m 0
V% ov* (n=2) rn=l Qo
T o 0 T o 0
Ve, Ep =Y, Ep+ 5(%—1)AB e 5(%—1)AB 0 (1.4.11)
1 2
ViEB:——(l— m)EB
ou* r rn
1 2m
v@f*EB - ;(1 - Tn—z)EB'
Therefore
0 2m
(X) — Y= (1_— !
Ty = g(va%Xa au*) - (1 7’”_2)f
0 2m
S X, =(1- !
T = 9(V o X 5) = (1= =) f
1 1
(X)ﬂ‘u*v* = — (V o, X, 0 )—I— g( a*,v a*X)
2 v Ou o (1.4.12)
=—(1- _2)(f +(n=2)—=f)
(X)WaA =0

1 1
X rap = 59(VEAX> Eg)+ -9(E4, Vg, X)

2
2
= fr (1= 255) Go)as

The formula for K above (1.4.9) is now obtained by writing out (see also Appendix B.2)

KX =787 4

and rearranging the terms so as to complete ( aaudl )2+ ( 81}*) to ( ar*) This rearrangement

is also related to the following modification of currents; for observe that

O(¢") = 2(0"¢)(0a?) (1.4.13)

if O¢ = 0.

First modified current. Denoting by

J0 =T, X" (1.4.14)
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define the first modified current by

2m

%)) 0u(6?)

JX1 X0y (f’—i—(n—l)%(l—

TTL

Consequently the divergences are

K0 = vr 0 = KX
1/, 2m
1:V“Jf’1:KX+Z<f +(n—1)£(1— )) (¢%)

rn

—%D(f’+(n—1)£(1—ri2))¢2
LS (@ fg_mmy
~ i, a(5,2) (- 25|Vl
1 2m \\
(0= 2

Since for any function w

O(w) = (g~ )" V,0,w
1 n—1

— —727n8u*8@*w_ (a“*w_ﬁv*w) +¢ 25 W

1__72 r r“Vn—1

rn

a straight-forward calculation for

2m
Tn—Z)

w:f/+(n—1)£(1—

shows

(7 +m-nla-20)) =

rn 2

- 2= D s - D=y -0 25
+(n—1){((n—1)(n—2)—(n—g))(;ﬁ)z— i”_’;—(n—?,)}r—f;

Thus we finally obtain

f/ 0 2 f nm 2
K = (50 + 5 (0= ) IVelas,

_1 " ¢2_n—1_”¢2_n—1
T?ffz 2 r 4

[(n—3)+(n—1) 2m

Tn—2

_n—l[(n_1)2(2m)2_n2m —(n—3)}i¢2.

rn—2

4

39

(1.4.15)

(1.4.16)

(1.4.17)

(1.4.18)

(1.4.19)

(1.4.20)

(1.4.21)
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Applications of the first modified current. The proofs of Prop. 1.12 and Prop. 1.14

are applications of this formula, as it appears in the energy identity for J*! on D}, see
Appendix B.2.

Proof of Prop. 1.14. Choose f = 1 identically, then

1 nm 2
KX =10 2 g,

n—1 2m
-y +n"h - -1 (25

Since precisely

., 1,002 1,002 1 2m 2
95 =15 + 15—t i) IVelas,
n—1 2m 09 n—1 2m 2m

(1= Sh)ent + T L - (= D=5 (1 - 25) ¢ (14.23)

we deduce from the energy identity for .J 571 in RDT, that

R*+271
/ dt/ d,LLo T”_lx
R*+427/ §n—1 Yn-1
1 a¢2 1 a¢2 n—1r1 2m om, ,
X {Z(av*) + Z(au*) + 4—R2 |:§ — (n — I)R"_Q] (1 — W)QS }|T=R
n—1 om o9m o1 1
T R L R Oy E T

D:,
R*+421
S/ dt/ dps 7" x
R*+271/ S§n—1 Tn—1

m 2 n— m ., 0¢ 2
{30 2EIVels, |, + (- 25 (52

2 rn=2/ 2 0r*
+C(n,m) / (7 (@)n). (L424)
s,
where we have used Prop. B.5 for the boundary terms on %D7, \ {r = R}; note that
2 2
(n=3)+n—e —(n—1)*(—=)>>0  (R> "V8um). O
r r

Proof of Prop. 1.12. On one hand we need f = O(-) in view of (1.4.21) while on the
other we already know from the proof of Prop. 1.14 that f = 1 generates a positive bulk
term for r large enough. We choose
R
f=1-(2)° (1.4.25)
r

(where R > "+/2m is chosen suitably in the last step of the proof) and indeed find

e EN AL N

Pi+o

nm
or* r rn—2

)‘V(ﬁ‘iﬁnq
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" {nil(n—3)[1— (Y 14+0)] + 3 (07 20— 1) — 2+ 9)]50+6)
[”;%[1_(?)5] By [ +0) 201+ 9) ng
|

for r > Ry > R, Ry = Ry(n,m) > "~/2m chosen large enough. This gives control on §T¢

and the angular derivatives:
b 2 [(R) 2 X1
1) 1— o < KX
[nbif{ 7’1+5(8r ) * r ( Y [z 1D}

Here and in the following 7o > 7 > 3 (to — RY). For ¢ we use the auxiliary current (see

also Appendix B.3)
Tn—2)5 1+46 ﬂ(¢)

aux_l _
J _2(1

o

to find easily

092 R® 06 .2
[219;% 67’1+6 ( ot ) = Alplf {5(n + 5)m(0r*)

R5 aux
+0-55(1 Y+ 0(n+0) 3+6qz5 + K }
Note that for » > Ry in particular
L 5|06 ) B < KX
1[2(71—1)—(2+ )} (1+9) 3+5¢

hence

a¢ 8¢ ’ le aux

< C(n,m,?) / {KX’l + Ka“"}
RD:%
1,002
- C(n’ " 5) ADEH{R<T<R1}{TI+5 ( ot ) ’ T3¢ }

By Prop. B.5 (also (B.6))

/8 o *JXL < O(n,m, 0) /E ) (JT(¢), n)

R*+279

+C(n,m,5)/ dt/ dpe 7" 1x
R*+4-211 sn—1 Tn-1

1,0 1,0¢ 1 2 1
GG + 5 () + 50- 2 Vo + 0 s
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and by Prop. B.12

/ “J < C(n,m, 0) / (7 (0).n)
ORD2 Xr
R*+277 51 a¢ 9 a¢ 9 S R26
dt dpio n-l — 2 )

* /R*+2n /Snl Bt {2 2 [(8u*) * (81)*) ] * 2r2+25¢ }T:R

Therefore by the energy identity for J*! and J** on #D72:
/ {KX’l +KW} < C(n,m,?) / (JT(¢),n)
RD3 S

R*4279
+C(n,m,5)/ dt/ dpe " 'x
S§n—1

R*+42m Tn-1

1,0 1,0 1 2 1
{5 (o2) + 5 (52) + 5 (1= 22) Vol + %6 Hoon

Our earlier (1.4.24) derived from the current Ja=! now allows us to control the %,
)

2% derivatives and ¢* on the r = R boundary together with the ¢? term in the region

R <r < Ry in one step:

[zng %{(%f)z " (887?5)2} = C(”’m=5)/z (JT(@’H)

1

R*+27o
+C(n,m,5)/ dt/ dpe " tx
S§n—1

R*4-2711 o
1 2m n—1,9¢
T
1 ,0¢\2
+ C(n, ,5/ o\ ot
(n, m, ) RDZ2N{R<r<R:} rite ( 8t)

With ¢t fixed, we can now choose R by Prop. 1.11 such that

Am:ﬁrl—i&{(%)sz(gi)z} SC’(n,m,é)/E (JT(¢)+JT(T.¢)’R).

1

0

While it is possible to find simple functions f > 0 to ensure the positivity of K*!
asymptotically, this is not possible in the entire domain of outer communication; this is

a consequence of trapping, which more concretely appears as the indefiniteness of sign in
(1.4.21) at the photon sphere r = "¥/nm.

In the following our strategy will be to prove non-negativity of K*! not pointwise but by
using Poincaré inequalities after integration over the spheres (the group orbits of SO(n)).
This is achieved in two alternative constructions: in Section 1.4.2 with a decomposition
into spherical harmonics, and in Section 1.4.3 by a commutation with angular momentum
operators.
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1.4.2 High angular frequencies

Here the idea is to control with the second term in (1.4.21) after a decomposition of ¢ into
spherical harmonics all other terms of order ¢2. For this dominant term to be positive we

evidently need
<0 r< "Inm
fr)4=0 r= "nm .
>0 r> "Inm

Since f should also be bounded one may guess that

. (n—1)r"
f(r*) = arctan(Tnm)
is a good choice; while it can ensure positivity at the photon sphere, it fails to do so
away from the photon sphere in the intermediate regions near the horizon and in the
asymptotics. After having briefly recalled the decomposition into spherical harmonics,
we will therefore give a more refined construction of f, nonetheless guided by the overall
characteristics of this function, which will in particular allow us to track the dependence
of the lowest spherical harmonic number (for which we can establish non-negativity) on

the dimension n.

Fourier expansion on the sphere S"~!. We recall that by considering homogeneous
harmonic polynomials on R" (see e.g. discussion of spherical harmonics in [44]) we find

that all eigenvalues of
° n—2

- ﬁn—l +( 2 )2

on S"~! are given by
2

(l+n; ) (1>0).

Let E;, 1 > 0, be the corresponding eigenspace in L?(S"™!). Recall

. n—22(m-2+1-1
dlmcEl:(l+ 9 )7( 1—1 )

and furthermore

LS =Pe.

1>0

Denote by m; the orthogonal projection of L?(S"~1) onto Ej, then for ¢ € L*(S"1)

$=> mo. (1.4.27)

This is the Fourier expansion on the sphere S*~!. We find

o

Ay mo=—ll+n-2)mep. (1.4.28)



44 1. HIGHER DIMENSIONAL SCHWARZSCHILD BLACK HOLES

Now,

1

402 [ moPdus == [ (mo)d, mo)dus
= / | %n—l 7Tl¢|2d,uf; -
S§n—1 n

1

and assuming that

m¢ =0 (OSZ<L)

for some L > 0,

1 1
L(L+n— 2)5/5 ¢* dp,, < T—221(Z+n— 2)/ (m) ™t dpae

lZL sn—1 Tn—1

1 ° e
- 7‘_2 Z/nl | Vn_l 7T1§Z5|2d,u%n717’ 1

I>L

1 o 2 n—1
= [ Ve eldus

I>L

1, ° _
S - ) T

-
:/S ‘V¢}i2%n71 du'}“r?

[e]

where for the commutation of m, with ¥, we have used that the projection is of the

1

form

(mo)(r) = |

S§n—1

m((€.EN60rE) dpss (€. (1.4.29)

We have proven the following Poincaré-type inequality:

Lemma 1.16 (Poincaré inequality). Let ¢ € H'(S,), S, = (S*',72 V,_1), have vanishing
projection to E;, 0 <1 < L, for some L € N, 1i.e.

mo =0 (OSZ<L),

then

[19ofan, = 1@+n-2 [ o,

2
T S

Construction of the multiplier function for high angular frequencies. The idea
is to prescribe the 3" derivative of f and to find its 2"! and 1" derivatives by integration
with boundary values and parameters that ensure that f remains bounded. Let

n—1

P 1.4.30
(nm)n—2 ( )
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and v > 2, v € N. Consider

-1, \r*\ < 1
Yo
Wy = 1 o <M < bya (1.4.31)
b'ya 6
b= >0,
( T* ) ) |r | - FY?
where 5 9
byo==-—". 1.4.32
Note that b, , is chosen so that
/ M) drt =0. (1.4.33)
0
Now define X
I (% 11
fralr") :/0 frat)dt. (1.4.34)
Obviously fI' (=r*) = —fI! (%) and in explicit form
(s
r*—% %a<7’*§b%a
D=4 ., 2 . L (1.4.35)
R sy mhie ST <
v
[5rs I1Z e

The functions fI', and fI'} are sketched in figure 1.4. Next define

r*

;a:/ () de. (1.4.36)

—00

Here we find

( 66
v, ,r,* < _b
207+ - e
) = ba 1 b’ 2 (" b by o <r* < — (1.4.37)
V50 o 2—0+§(T - 'y,a)_'_,y_a(r + 'y,a) “Oya =T =" Ha T
*2
EL T 1l <<
(12 (ya)? 2 T
and f1 (r*) = f1 ,(—=r*), as sketched in figure 1.5. Finally define
0 (") = / £ (b dt. (1.4.38)
0
Here again f)  (—r*) = —f9 ,(r*) and in particular

1 e 131 2 11 1
0 _ i — = = ) 1.4.
)= | 5 haE 2 % By A3
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1 1 111
Il Il Il Il
1 1 *
by e Sa by r
-1
1
e 11
11 - Iy
3o/
— ’\ Il |
1 1 *
Ya o, 11 T
L 3 ya
_1
Yo

Figure 1.4: Sketch of the functions f)', and fI'! | and the adjusted functions (dot-dashed)

7705’
for r* <0.

I 131
2
v, 12 (*ya)l 1 ,
12 (ya)? Y.
/ 20
= 1 1
1 1 *
b,y a T ~a b,y a r
11
1 3 3 (7
v 2(ya)3F T T T T oo oo ooo
1 1 1
- 1 *
1 o "
12 (ya)?
0
7,

Figure 1.5: Sketch of the functions f] , and fJ ,, and the adjusted functions (dot-dashed)
for r* <0.
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Moreover the calculus yields

1
fbra) > 7o
7}g20f0 (r*) < g(vi) : (1.4.40)

The function fﬁa is sketched in figure 1.5. While this function would suffice in the region

r* > —%a it does not fall-off fast enough as r* — —o0.

Lemma 1.17. With r* defined by (1.2.22) we have for alln > 3

. 2m N
T*EIEIOO(]' - ,r.n—2)(_r ) =0
In fact,
2m (Qm)ﬁ
(1 o ,rn—2) = (—r)

for all r* < 0.
Proof. See Appendix B.2.2. O

It is easy to convince oneself that one can make an adjustment to f™ on r* < 0 that
introduces faster decay while keeping the area under the graph of f™ and f fixed. In

other words, there are constants

4 1

ba<bS—  g<c<l (1.4.41)
Yo

such that if we redefine fI'} for r* <0 as
~1 g <17 <0
T T
m
(]' - n—2)6( 1 )6 rt S —b
T (2m)n—2

then
T e g
/ Lalrt)drt =0

/’/ HIer—/ / (1) dtdr*

Remark 1.18 (Existence of constants). This is because the area that is lost under the

graph of f!I after the replacement to faster decay is less than

—by,a
L/: Qé)6dr*::%b%a

[e.e]
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which can be accounted for by a shift of b, , to V' < % The resulting lost of area under

the graph of f is less than

which can be compensated by an adjustment of the slope from 1 to ¢ < 1 on the interval
b <r*< —Via (while keeping the area fixed). The gain of area under the graph of f

on the interval (—b, ., —,Yia) alone is enough,

"o Lyar= Lp
—C PR e —
1 Yo 20 7
ya
if we choose ¢ = % > i. The upper bound on b then follows easily to be b < %.

The adjusted functions in comparison the the old are also sketched in figures 1.4 and 1.5.

Note in particular that for r* <0

fH(T*) < fyia (1443)
. L1301
fI(T ) < fI(—T ) < 1_(fya)2 (1.4.44)
and for r* < —-L
B P < o) < S (1449

Remark 1.19. In order to deal with smooth functions one could use (e.g. at the level of
second derivatives) a convolution with a Gaussian on the scale given by ya (or finer).
L.e. one could define

* Yo > —(ya)? T’*—t)2 11
flao) === [ e 0 o(t)dt
: N . ¥

and find f", = % 2o by differentiation, and f’. , and f,, by integration with the
boundary values f’, ,(—00) = 0, f,,4(0) = 0 as above. However, I choose not to do so (as

it does not give further insight) and work directly with the step-functions, i.e. define
Fa= £k

We are now in the position to prove a non-negativity property of the terms occuring in

(1.4.21) which we will denote by °K*:1,

", 0
f(cb

KX’l —
1 - 7’37’1/?2 07"*

)4+ 0K (1.4.46)

Proposition 1.20 (Positivity of the current JXve1), Forn > 3,

0

Xﬁ/,a - f'y,a%

(where we choose v = 12) ,
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and ¢ € H(S) satisfy
/OKX%Q,I d,u'y 2 0
s

provided
m¢ =0 (0 <l< L)

for a fized L > (6yn)?.

Proof. By Lemma 1.16

fra nm
/SOKX%a’ld:UVEL{L(L+H_2)L(1_rn—z)

7»3

rf, n—1f, n-1 2m 1 [y
- ) _ ) _ _ _ 1 i| s

11— T T2 =3+ (= D5 T

n—1 2m |2 2m Q0
— |- () s - (- 9)] %}qs? dp . (14
We divide into the five regions
4 1 1
—0 < —— < —— < — < by <0

Step 1. (near the photon sphere, || < Via)

49

Lemma 1.21. In the region |r*| < %a the corresponding value of r lies in the interval

n—2 n
mm<r< —
«

where 6 = max{$,32}.

Recalling the graphs of f, , and its derivatives we then find in the region |r*| < %a:

/OKX—Y,Q,I d,u7 Z
S

I 1 a 1 1a* 1

> e e e S N (A “(n—-12] 22—
_/5{4 2 57 o 45ﬁn—1[(n 3)+5(n )n

4 5753 on 2 (ya)?

1 13 313,32 3,3.3) .
AE T S T T

11
> [ 2242 d
_/348¢ ey

because v = 12.
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Proof of the Lemma. For the lower bound write

1 1 1

L e ()™ — 10 = —4)
ya / 1 2m dr S 2m . :
TE Jrer=—t) LT e
If we assume the form r(r* = —%a) = "~/énm for some % < 0 < 1, then this inequality
becomes o5
1 1— "~V0o
< 21
Y(n—1) s
which is satisfied for example with § = max{%, 32} (v > 2). The upper bound immediatly
follows from ey
1 AT | 1
—:/ : ———dr>r(r*=—) - "/nm. O
e (nm)n=2 11— =2 T

Collecting the first and the last term, we find in this region,

/OKXW’O“l dILL,\/ Z
S

{0 - - -0+ - i)

11 all 1, 1 21 1 |,
S - - 1 d
41—%+33fyoz 4ozn_1[(n 3)+(n )n](fyoz)2}¢ Ho

> /s{%(ni)?’ [67(711— 1>L(L+n— 2) — (n—1)+ i(n— 1)(n — 3)]

4
111 /(6vn)3\2
>/{126(( ) —1}¢2duyz [,

~?n
because L > (6yn)?, where we have used that for ia <<

nm S 1
=2 = 6y(n—1)

1—

Proof of the Lemma. For the lower bound note

r(rr==%)
i:/ ! 1 dr < 1 (7‘— "”nm)
(

1 2m — 2
nm)n—2 1- 72 1- n
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to find that
1 1 2\ 1
r(rt=—)> (n—l—i— —(1- —))—
oLe vy n’/
> (1 + L )( )2
nm)n—
37(n—1)
The upper bound again follows easily from
5 2
——>r(rr==-—)— "Vnm
6 vy o (e’

since v > 2.

Step 3. (in the asymptotics, r* > b, ,)

Given the general fact Prop. B.1 we here only need the weaker statement

Lemma 1.23. Forr* > 22
ya

r
—*§27n.
’

1 1 1 1 1 5 2 6
/s{(w)3[67(71—1)L(L+n_2)__(n_1>}ﬁ_11 2(5%7“*)
e L9 o2 m B v,
L? L 31 3,733,926 1
_/3[67471 TGt bt )= 7(=) (g;) (ar )
11 ,r3,52617 1
- 15 63 o e
3 n3 1 2 3.2
> [ [0 = n] e, = [ (et

where in the third bound we have again used L > (6yn)? and the Lemma.

Proof of the Lemma. Since

we directly arrive at
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Step 4. (in the intermediate region, —% <r* < —%a)
Recall v = 12.

Lemma 1.24. For k <~, k €N,
2m \ 1
(1 - 7‘”—2>

(1- %) >
r=2) =5 = 902y

and consequently

1

. 4 * .
In the region —oa STTS o5 we directly apply the Lemma to see that,

/OKXWJ dp, >
S

1 11 1 11 1 —1 1 1
/{ML+n—m e — 17— ——
S (nm)7z 12 (ya)?202y 4 2 (2m)73 Y«

1 13 1 n—1

n—1

5 [(n—3)+(n—1)}

because L > (6yn)%.

Proof of the Lemma. According to Prop. B.4 we have for the value of r corresponding to
r* = —% (recall (B.8)):

Thus

1(2)7 -1 _ 12 1
G)rr-t 12 1
g)n72+1 56mn —2

Take r(r* = —%) in the form r = "+/2m(1 + 3) then we find for 3

1
n—2

log (=)

B2 (3) >

5
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since 3 > 0. Therefore

p_2m >1 !
( B r"—2>|“:_% = 14 (221 Joon)" 2
( + (5)*55 log 2)

zl—e—%loggzl—(g)%
n

and ,
2 -1 2)®™
( o n7112> |r =—Fr S (21) < ]'7
r o (%) 20 _ ]
Consequently
(nm) 72
1 m) e 1 1
_—/ 5 dr < 3<"2nm—7“)
s r(r*——%) 1 - 7n—2 1-— (%)ﬁ
o 1 1 1
«_ 1- — ) _—
rir yoz) ( 17v(n —1) (nm)

which yields the desired lower bound on

nm 1
_(1 a r"—2> Pk 2 _(1 a (1— L1 )“—2)

17 v(n—1)
1 n-2_ 1 n—-2 11
> —14+e20900-1) > ——— >
. ~20y(n—1) — 202y

Step 5. (near the horizon, r* < —b)

Finally we see for r* < —b, recalling the adjustment to faster fall-off,
/OKXW,l dp, >
S

1 11 1 11 1 2 -1 1 1

/{L(L+n—2) —— 3————(1——)5—n ——

s (nm)=2 12 (ya)?202y 4 n 2 (2m)nz2
(n—1)2% 1 1 n—1 1

1 2
4 om)ym (o2 4 [an_g)]( - }¢ I

where we have used that here

f”/ . 2m \? b 6 25
= (1) () s s

rn—2
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O
In fact, we have shown more, because all lower bounds in Step 1-5 are minorized by

_3
11(@2m)n-2
48 r3 :

Corollary 1.25. Let ¢ € H? be a solution of the wave equation,
Oy =0,

satisfying
mo =0 (0 <l< L)

on the standard sphere S = (S"*, r? %n_l) for a fived L > (6yn)*. Then

11(2m)==2 ,
/S{zg 50
! 1 2m 5(27”)% 0P \ 2
) T G
S/;KXV'Q’l dIU“’Y

Proof. It remains to be shown that

1 1 2m \ 6 b8
- - _(1- - L
20 (4-5(n — 2))2 ( ,rn—2) A= Fra (%)

r* 2 6 r 2 5
/ (1-=5) dr*:/ () @
- e emmz N T

0o 2m

First

because dr*/dr = (1 — T%Tz)_l. Now choose "V/2m < ry < r so close to r as to satisfy
r—rg 1 1 ( 1 2m )

To _55(71—2)

then by the mean value theorem

" 2 2
/( 1 (1_ n7112)5d7”2 (1—r7112)5(T—T0)

Tn—2

2m)n—2 r 8
2m |5 1 r—1g
> (1-=5) |1 =5 —2)— s Jr=1o)
1 1 2m |6 1
> - 1 2m) 2
2 15—z " n) )

—00 [e§) T (277’L)m
11 " 2m |6 bs
> = 1 dr*
— 45(n—2) /_w( r"—2) ' (2m) =
=y L
45(n —2) =27 (o)
1 2m g b
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Second for r* >0

1 r 1 r*ia 1l 1
(4-5(n— 2))2ﬁ - (4-5(n —2))? (7) prd = i

Since, thirdly,

bV_vO‘ <1,
r

< — respectively. [

we have established (x) for the regions r* b, r* > by, —b<7r*<b

v,00

Remark 1.26. This estimate of the zeroth order term ¢? suffices to obtain an estimate
for all derivatives using a commutation with the vectorfield T'; see Proof of Prop. 1.11 in
Section 1.4.4.

1.4.3 Low angular frequencies and commutation

While the current constructed in Section 1.4.2 required a decomposition into spherical har-
monics we will now altogether avoid a recourse to the Fourier expansion on the sphere.
The key to the positivity property was Poincaré’s inequality which states in more gener-

ality (see e.g. [31]):

Lemma 1.27 (Poincaré inequality). Let (S,7) be a compact Riemannian manifold, and
¢ € HY(S) a function on S with mean value

_ 1
S du, .
¢fsduw/s¢m

ey 1 ,
Jo=ran < 5 [ 9ok,

where M\ (S) is the first nonzero eigenvalue of the negative Laplacian, —/A = =YV ,, on

S. (Y denotes covariant differentiation on S.)

Then

Now let (S,7) = (S"‘l,’;n_l) then we read off from (1.4.28) here
M(S" ) =n-—1. (1.4.48)

Choose a basis of the Lie algebra of SO(n),

—1
szlw (1.4.49)
and apply Lemma 1.27 to the functions §2;¢ of vanishing mean:
/ Q¢ dus  =0. (1.4.50)
§n—1 Tn—1

Then we obtain

1—1

/Snl Yo dug > (n— 1)/Sn1(9i¢)2du§7 (1.4.51)
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or on (8,7) = (S;, %) = (8", 72 Va):
Y Quo|* dpy, > nr—;l () dps, - (1.4.52)
S’l‘ ST

Also note
n(n 1)

Z ()2 = 1|V ¢| s - (1.4.53)

Second modified current. Recall we are considering vectorfields of the form

o 0
X = )2
Define 7
J/i(,z = J;i(’l + mﬂXu ¢? (1.4.54)
where § = 3(r*) is a function to be chosen below. Then
2 _ X, _rr
K = K V(g 00
B f’ 1)) 2  f _nm 2
= =z, (e T 00 + L (1= ) IVelas,
1 m " —1 2
i 2T2¢2+ f [ﬁ_n 2r (1_rﬁ2)]¢2
f’ 1 p 1 P 2
- |- (1- ,f”;) e (U R EC Y I ( T[Z)]&
—1 2 2
T PR 0 2 9] L (1a59)
Now choose ) 5
n— m
R N (1450
then
1 2 —1 2 2
B =20 2+ (0= =) ) (1= 2) = =8 8 (1.457)
and
x2_ [ 0¢ 2 i
K = 11— (8T*+6¢) _'_7”( )‘V¢‘r2’¥n 1

/// 5f” + 52 5/) f,}¢2

T

1
n— 2 4

(n—1) (Timz) ol —@—3)}%& (1.4.58)

Note. Suppose outside a compact interval [—a, a] C R f’is of the form f'(r*) = 7,12 (|r*| >
). Then we could choose § = —=% (|r*| > @) so that §f” = -2; > 0 and —§' + 6> =0.
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Definition of the current J. Let o > 0 and introduce a shifted coordinate

r=r"—a—+a. (1.4.59)
The modification we choose is
x
= 1.4.
g a? + 22 (1.4.60)
so that
5o (1.4.61)
0= 4.
Let
" C
fi=- Sy (C>0) (1.4.62)
a?r
and .
1 " 1
by/ b * *
= = ——dt*. 1.4.
M= O | ar (1463
Note that then fo 5
m
ay/ 1Nl (1 — — 1.4.64
() + (=) (1= ) =0 (1464)
and e )
1 N N 2 , b/ T~ —«
- _ — e 1.4.65
U0 =80+ @ =) = gy e (1.4.65)

Our current is built from the multiplier vectorfields

3} 0
C=fr—  X'=f_ 1.4.
A o (1.4.66)
by setting
n(n—1)
T (@) = T o) + D T (0) (1.4.67)
=1

and will be shown to have the property that its divergence
(@) - ()
K'Y =VhJ, (1.4.68)
is nonnegative upon integration over the spheres.

Proposition 1.28 (Positivity of the current J®). Forn >3, and ¢ € H'(S)

/ K@ du, >0
S

provided « is chosen sufficently large, and C(n,m,a) set to be (%) below.

Proof. In view of (1.4.64) and (1.4.65)

a\/ O . 2 a nm 2
(22 L 2y s

K@ >
- “m A Or* T r
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n(n—1)
- F11M3Un—3%H%n2—(n—D( )] e (14.69)
where . 1 , )
T4 — o
F= 1.4.
(:1;2 + OK2)3 ( 70)

So by Poincaré’s inequality (1.4.52) and (1.4.53)

/K dpry > /{0?2;1)(§ﬁ)2+
fb
(

+[(n—1) L H]ch\m }d/i'y (1.4.71)

where

Hi”_lkn—@

i - PSP - s (- 2. AT

,rn—2 Oé27’n_1 ,rn—2

Step 1. H>0

It is equivalent to show that

o 1 T

H(r)=r""H(r)

2m

is nonnegative. We consider H to be a function of

SO

Note that

and

n—3)2n—3) n-1 (n—121

(2m7")[ n—2 p+n_2n— n—2 ;}fb

o C

= 30" +mp— (n— 17 (F") -
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where we have used

ﬁ B T dr* B 1 T

dp (n—2)p dp  p—1n-2"
Hence we choose

_1)2 (n)2 _ -1 2

4(n — 2) -1 a?+ (a+a)?’

Note that then also
dH

| p— n— :0
dr |7’— Ynm

Now returning to the expression for H let us denote by 1 < pg < § the value of p for
which

1
(n—=3)po+n—(n—1)°"—=0,
Po

1.e.

_ 2(n —1)2
N T Vet dn —12(n_3)

We divide into the four regions

1<p0<g<p*<oo

where p* is to be chosen large enough below.
Step la. (near the horizon, 1 < p < pg) Clearly H > 0 termwise, because f? < 0.

Step 1b. (near the photon sphere, py < p < §) We show H = H(r) is convex on
ro < r < "¥nm where

, 4(n —1)2m
rg = "7 .
n++/n2+4(n—1)%n —3)
Differentiating twice yields

d?H n-—1 1 " 2m 2( 2 )
¥4 (12w )2<fb) (=3 = (= (5]

nw;zl 1 N 9 2m 2m
Tz (P =220 - 155 | 55
n—1 1 b/ 2m 9/ 2m (2] 2m
e (=3 +n=5 - (-1 (=5)"| =5
F ()0 2 = D~ 2020 = 3)(n — D) — 17 ()]
_(n— l)nC( B nm) 3(n—l)(n—Q)C’ nm
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Since (f*)” > 0 we further have in this region the bound

d’H n-—1 1
>

dr2 — 2 1— T?jsz .
2m 1 1 2m 2m |2
12 ot _ 102
X 2(71, 1) n—2 21 _ %Tg <(n 3) +n,rn—2 (n 1) (Tn—2) ):| x
To
2m
x ——(n—2)(f")
n—12m 220 —3)(n—1) , 2m \1(f*)
+ 4 -2 [1 a n (Tn—2)] r2

Since for n > 3

2

2(n —1)*= —
(=122~
1 2(n —1)2 -1
1 (n—1) ((n—3)+2—(2n )2)
22(n—1)2—=n—/n2+4(n —1)%(n —3) n
> 1
and
22n—-3)(n—1) 2
1 — - <-1
n n
we finally obtain in this region
2 _ _
dH>(n n—-2) 1 (F) >0

dr? — 2r p—1

Step 1lc. (in the intermediate region, § < p < p*) We show H = H(p) is convex on
g <p<plorri(p=p)<a.

&PH  (n—1)% 2mr
dp>  4(n—2)2 p?

(n—3)(2n = 3)p* +np+ (n = 3)(n — 1] ()

(n—1)% 2mr?

T 221"

2”‘1+an—w3kﬁ>

n—1 p

X {3(n—3)p2 —3(n—=5)p+(n—1)(n—->5)—n

n—1 2mr? ) 51, b
+4(n_2)2(p_1)2 (n—B)p +np—(n_1)](f)

2

Since for p > 5 and n > 3,

2n —1 1
3(n—3),0(p—1)+6p—|—(n—1)(n—5)—n:_1 +3-1)21
and
(n—=3)p*+np—(n—172*>0
we have . ) )
dH> (n—1)* 2mr g(fb),>0

3 =2 (p-1)
because (f*) > 0 for r* > 0, and (fb)” >0 for z <0.
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Step 1d. (in the asymptotics, p > p*) We show directly H(r) > 0 for r* > R* =r*(p =
p*) and p* chosen large enough. Let r* > R* R* < « then

e 1R R
b>/ b,d*:—/ R, VS 1.4.73
r= (F7)ydrt =2 () LHE2T T a2 ( )
provided a > 1, and of course
1 us
b %10
7 < aarctant |_(1+¢%) < %
Thus
(n—1)(n—3) (n—1n , C 17 2m
(o £
4 i 4 / a?2m rlrn=2
B [(n—l)?’fb_ Cn 1}(2771 )2
4 a?dm ol =2
1 [(n—l)nR* C 1} 2m
a? 4 5 2murlrm—2
(n—13 = (2m )2
4 2a 2
>0
for R* (and consequently «) chosen large enough.
Step 2. (1.4.74)
Since (1 - TZTz)fb >0 and F' > 0 for |x| > a we need to show
(n— 1)) (1 — =) + Fr® >0 (1.4.74)
rn-
for
—a<zr<a <= Va<r-<ya+2a.
In this whole region, in view of Prop. B.1,
lim — =1
a—oo T
. 2m . nm
()}Lll;lo(l B 7‘”_2) - ah_)n;lo(l B Tn—2) =1
Since
| T+«
¥y > dr* > 1.4.75
f(r)_/\/aa2+x2r_2a2 ( )
it suffices to show _ )
T+« rr—a 4
—1 — >0 1.4.76
(n—1) 202 * 2 (22 + a2)3r - ( )
which is implied by
_ 3
a-rEtatyo)y (1.4.77)

n—1 (22+a2)?



62 1. HIGHER DIMENSIONAL SCHWARZSCHILD BLACK HOLES

For —a<x <0

3

(z+a+va)P <a*(1+-—=)>*<-a

Q| >

b
Ja

for a large enough, thus

a—z(x+a+ya)] 1 204 , 8
< ——a’ < = 1.4.78
n—1 (22 + a?)? = _1at3% =9 ( )

For 0 < 2 < a we have to show

a (x4 a+a)? -

1.
n—1 (224 a?)?
Since .
(34 a+ Vo) <22(1+ —) (2 + a?)?
&
we have for o large enough
; 2:(1+ 2)° 2t 1
o (@ tat f) < ¢ Vo <2 (14— <1, (1.4.79)
n—1 (224 a?) n—1 (224 a?)2 3 Va

We see that (1.4.78) and (1.4.79) fail in the case n = 3, as a consequence of which
also (1.4.77) fails to hold. In the case n = 3, we have to use a better approximation of
(1.4.75), see [21] for details. Note also that in view of (1.4.77) the positivity property
(1.4.74) is “easily” satisfied for large values of n, which indicates that there may be yet
another simplified proof in higher dimensions. O

Given the strict inequalities proven in Step 2 of the proof of Prop. 1.28 for « chosen large
enough we can keep a fraction of the manifestly nonnegative |V$;4|* term in (1.4.69).

Furthermore we have obtained control on the |V ¢|? term from (1.4.71).

Corollary 1.29. Let ¢ € H*(S) be a solution of the wave equation (1.1.1). Then there
exists a constant C'(n,m) and a current K such that

rm r

1,00 1 00
S G0 o Gy 4= 29l
2

(1- 2—’””7;(1 + r*2)2 ‘Wiz%nl} dpy
<

C’(n,m)/KduV. (1.4.80)
s

+

Proof. Set K = K@ 4+ K2 and choose « large enough.

Here we retrieve the time derivatives with the auxiliary current

0
or+’

(AU — YK Jaux. JAux — JXa“x,O_ xaux — faux
B )
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where f*™ = —T,in satisfies

oy 2y L L 2wy

r rn=2
for in view of (1.4.9)

1

RS SRR :

1 0
(cb

,,»n-i-l a

1.4.4 Boundary terms

In this section we first prove Prop. 1.11 and then a refinement thereof for finite regions,

which requires to estimate the boundary terms of the currents introduced in Section 1.4.2
and 1.4.3.

Proof of Prop. 1.11

We can now combine our ealier results Cor. 1.25 and Cor. 1.29 to prove the integrated local
energy decay estimate (1.4.4); note that there is no restriction on the spherical harmonic

number, and that no commutation with angular momentum operators is required.

Proof of Prop. 1.11. Write
O =T+ T (1.4.81)

with

L—-1 o0
Teo=Y mb wep =) m (1.4.82)
=0 =L

where L = (6yn)? is fixed (recall here v = 12 from Section 1.4.2).

Step 1. (High spherical harmonics)

By Cor. 1.25

3
11(2m)n—2
/ Zé( l (7>10)” S/ Kl (m219) . (1.4.83)
R(to,t1,ul,vf) r R(to,t1,ul,vf)

It remains to estimate the boundary terms of the current JXv<! and to use this estimate

to recover all derivatives using a commutation with the Killing vectorfield 7.
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Step la. (Boundary terms) We may assume [rg,| > %, 79,1 entering the definition

(1.4.3). Recalling the properties of f, , away from the photon sphere we find

(P (r200), 2o )| < (7 (r200), 205
bl =D (0 2 () (T2
F Y (el - >f’*“(1—fﬁ))/\(m¢)2
n . B Osrdr 2
< G “f“f’)l’%) o |r1|4( o)
+W‘T ‘4[ ] 7T>L¢
’ @1[ * a3 (L ) (20

and by Lemma 1.16

similarly for

(7m0 )|

Since also by Lemma B.11 and Lemma 1.16,

du” dpe " — (7 10)?| <

Joo o [ Sty
< 1 + |TO| / / 1(87T2L¢)2du*
< |7“0|4 |78]2 (to—rs) Jon1 Hs o

14 “12 % 2(t0 rg)+1 0
ot [1+(nm) )i }/ ) /S L s {WBW\ ( mm) }du

2 (to—rg)

there is a constant C'(n,m) (recall v =12, a = (n — 1)/(nm)ﬁ) such that

* n—1 X'y,ayl
/ ) d A7L1 d'u%nfl " ’(J (WZLQS)’ 0u*)

3(to—rg
o0 0
< * o n—1 T
o C(n, m) / ) d /Sn1 d'u“/nfl " (J (WZL(b)’ 8u*>

3 (to—7

<

—L(to+rg)

MI»—-

To establish

/Snl

0 |
— )" ° <
at ) " dILL'Ynfl

(S (s p0),

0
SC(nam)/S 71(JT(7T2L¢)78) e ld,u;n X
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note that

‘(waal(W>L¢) 8815)‘ ‘(J 7 (T>10), )‘

+ gl + - >f”‘(1 =20 | (2220 <
<l |T<@¢><%, al
35 1+ 5 T (- o) a0
+%(W11) [1_1_%7151%}(07?5;%2

and by Lemma 1.16

2m
n2)1

11 1
/S 2 2(7T>L¢) dlu’y = )4 (1_

T 0
(671 /(J (7T2L¢)>§) dpy

To

which suffices in view of the properties of f,, in particular that there is a constant
72| f,.0'| < C(n,m). For the boundary term

/Sn 1

Ln 11 n—1 . 4(nm)=»—2 T 0
< [ Gl 1 et G e 709 50)

1+ 2 o

0
(Sl (7ws10), 01)*) s <

u* :u{ Tn—1

Tn—1

we find (using the boundedness of ¢ on the horizon, see Section 1.5.1) in the limit u}j — oo
a constant C'(n, m) such that

[

,,,,n—l d,uo |u*:oo S
Yn—1

0
JHe (s 9), %)

0
< T =1 du. .
< C(n,m) /Snl (" (m>19), av*) rdpy e

We conclude that there is a constant C'(n, m) such that

3

/ B2 (5,10 < o) / (J (7=10),m) ; (14.84)
R . (to) "

o0
TO>T1 27'0

where 79 = $(to — r}) because

Oy(m>r¢) =0 K" (ms1¢) =0. (1.4.85)

Step 1b. (Commutation with 7') Since

Oy (T - w16) =0 (1.4.86)
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we also have

3
om)z
/ : ml ( WZLCZ))Q < C(nam)/ (JI(T - 7=10),n) . (1.4.87)
ngvrl (to) " at Z‘r()
This is enough to control the remaining derivatives, too; for the auxiliary current (B.10)
yields
K™ = 6 (0R)(0,0) + h 076 Dt (1.4.88)

which upon choosing

3
2m | (2m)»—2
yn—2 ) r3

h = (1 — (1.4.89)

presents us with

O O®  (2m)TE 02 (2m)nE D¢ 2
K= or Or* T3 (E) + (87"*)'
(2m) 72

+—3

r3

2
(1- sz) Vol - (1.4.90)

Using Cauchy’s inequality for the first term, namely

ohdp 2m (Qm)% 0p 2m (Qm)% 0p
or or* (n )¢r"_1 3 ort 3(1 B r"‘2)¢ rd  Orx =

1(2m)a= /96 \ 2 — 2.9, 2 2m) 7z 3 2 2m) 7z
> LEMTEO0) (2 B e BT By 22 CITE
1(2m)7=2 , 0¢ 2 n?  (2m)
2o ) g o 049

we can bound

1(2m)7= 062  (2m)i2 9
aux m)n= 2 m)n— m 9
o> LOMTE (002 CITE () 2 gl
3 3
(2m)7= 0¢. 2 n?>  (2m)z ,
-—5i—(3) —2(2m)% G0t (14.92)
Therefore
3 3
1(2m)=—2 Omsp¢y2  (2m)»—2 om )
o5 = 1— o <
/7‘2798,7.1(130){2 r3 ( or* ) + r3 ( 7‘”—2)‘V7T2L¢‘r27n,1 >
3 3
(2m)n—2 Om>pd\2 n?  (2m)m—= )
< Kaux > 2 .
_/]vzgg’rl(to){ (WZL¢)+ r3 ( ot ) + (2m)% 3 (7T2L¢)
(1.4.93)
The boundary terms are controlled using Prop. B.12:
/ K™ (m219) < Cn,m) / (J" (ws10),n) . (1.4.94)
R25.r (t0) Yo
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Hence

(2m)% Om=p$\2 B 2
/ro r1(t0) 73 ( or* > _'_(1 TQ'C;n—l S

< C(n,m) /E (JT(WZLgb)—I—JT(T-ﬂ'ZLgb),n). (1.4.95)

0

Step 2. (Low spherical harmonics)

Now recall the J® current (1.4.67); we will show in a first step that

/Rgg i K (¢) < C(n,m)/ (JT(¢) + JT(Q@)’”) . (1.4.96)

Then in particular by Cor. 1.29

/TO Tl(to){rin<8g?f¢)2 N Tn1+1 <8W8<tL¢>2

7,2

i (1= Z22) (L + [r*]?)? W&Lgb}’“ﬁ“} :
n(n—1)
gC(n,m)/Z <JT(7T<L¢)—|— Z JT(QZ--W<L¢),n>. (1.4.97)

But in a second step we will show that in fact there exists a constant C'(n) such that

>

Step 2a. (Boundary Terms) The energy identity for J() on the domain (1.4.1) implies

n(n 1)

T mep0)n) < Cln) / (I (res0).m). (1.4.95)

70 =1 70

more explicitly:

1

5(t1+rg)
/ K(a / / ‘ ,,,n—l
Rto,t1,ui,v7) (to+rg) Jsn—t
/ / | n—1
(tl 7‘ §n—1 au* v
a ’ﬂ—l %
/ /Sn N ‘t:tl dr dlugfni1
0
+ J(a . ,rn—l o dv d )
[(tl-ﬂ’i‘) énl ‘( a’U*)‘ ‘u =1(t1—r} ’ufyn 1

2

L(t1—r}) o
2

() Y n—1 . .
L G e

2 (to—?”l)

— do* d,ug{

n—1

*:%(tl‘”g) du* d,ugy

n—1

o
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uj
R
%(to—ra) sn—1
&1
[ g
rg S

*
/%t0+7"1 /S" 1 av

For the boundary integrals on the ¢-const hypersurfaces, we will use (i7) of the following

_ U*:%(tO‘FTS) du d/,l/f}:/

n—1

ydv” duo

u* tor 1

Lemma.

Lemma 1.30 (Boundary terms of J(® current on ¢-const hypersurfaces). On each 3

(i) there exists a constant C'(n,m,«) such that

n(n—1)

/ (7, 1) dr* < Cln,m, ) / (JT(¢) + Z JT (), T) " dr*
* R i=1

(ii) forr > 1o a constant C(n,m,a, 1) such that

n(n—1)

(9,70 < Ol o) (770 + 3 7(@i0),T)

Proof. Using the definition (1.4.67),

n(n 1)

(@) py _ 5Qz¢ an’Cb
(. 7) = f*( Z (=) (50)
n(n—1)
1 b 2
S DM (R ) ECRICLE
because

o (1 + (- DL (1= 219) —0

T rm

and g(T, a%*) = 0. By Cauchy’s inequality

C 11,002 1,002
o?rn= 1[ (8t) +§(8r*)]

n(n—1)

2 |1 8QZ¢ 1 anﬁb 2
t T 55y

[(J9,T)| <
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which proves (ii) in view of

1,002 1,002 1 2
(770).7) = 520 1+ S (22) 4 (1 22 90l

here we have also used

*

" 1 1 ooV o
b * o *
f :/0 e dt* = —arctanz|_, °; Sa (r*>0).

*—a—Ja)? a o

To establish (i) it is enough to infer

n(n—1)

o] 2 [ee] n—2
T 2 n—1 * r 2 *
| _arverrtar= 30 [ o)t

n(n—1)
- 0D\ .y .
C’Z/ (87"* )27" Ldr
=1 %
n(n—1)

<C ; /_: (JT(Q,-qb),T) =t

this is a standard Hardy inequality, cf. Proof of Prop.10.2 in [20]. O

IN

The following Lemma will be applied to the boundary terms of the J(®-current on the

null hypersurfaces in the region r < ry.

Lemma 1.31 (Boundary terms of the .J(®) current on null hypersurfaces).

(i) On any segment of the outgoing null hypersurface u* = u; >0

n(n—1)

|(J i)| < C(n,m,«a) (JT(¢) + Z T (), %)

) *
a,U i=1

where C(n,m,a) is a constant, and e(uj) — 0 as uj — oo.
(ii) Let vg > 1, and ul(v*) such that r(uf(v*),v*) = ro (in particular ui(vy) > 1). Then

on the ingoing null hypersurface v* = vj:

/ ‘(J(a)’ %” Tn—l du* <
w* u

0
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Proof. Using the definition (1.4.67) we find

I, 5 = TG g) + 3 P T 5 50
s+ -0 2)) a0 (B0
#33(( + - 0D = 25)Y @ - () s @i
and therefore
o O C 1,002 1 2m )

0, G S oy 5w 51 IVl

n(n—1)

FY TSGRy - vl

r 0 2
#3500 255 ()
1

n n—1m n—1 r n—lw( 2m)
2 « 4 o+ 2? 4 « rn—2
m—1)(n—-2)7 r 1 2m 5
1 7 5  |x|r? )
(4@2 + 22 * 4 (a? +x2)2> Vol

Similarly for |(J(®), -2)|. Clearly, (ii) now follows from

(7 ) = 3 (o) 4 3 (1= 2 ) 9P
> Ao + 3 (50)°.
In case (i) we only have
(U7 o) = 5 () + 5 (1= 2 7o
(I, o) 2 (1 - 2 Ve

but using the Hardy inequality of Lemma B.11:

0

n(

3

—1)

<

.
Il )
—

> 1+ u? , 1
n— QZ 2d *
/ug 042+(u*+oz+\/a—v*)2ro 1+u*2( ¢)” du
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1+u

< 8C(n,m,a)

< C(n,m,a) / (7@ + S @),
ug i=1
Obviously the same bound holds for
* |ap? 2 n—1 3, %
/u* 7(a2+x2)2|v¢| " du” .
Step 2b. (Commutation with €2;) Since
0
Q. — | =
[ v at] 0
n(nzfl) a a
7T<L¢ 2
Z (EQZ : 7T<L¢) 2}? }7‘2an1
i=1
and since also
0
[in E] =0
n(n—1)
2 a 2 )
- (oot meee) =V 5
Moreover
[ 2] =0
s ot — Y,
so that
n(n 1)
[ (5 mas) dn, -
Sr =1
Om-1,¢|? o<
_ 2 <L < I(L 9 / <L
L ¥ s raene [ (5
Since also (cf (1.4.29))
L(L+n—

/Sr }VQZ : 7T<L¢}izf;n71 d

we have

n(n 1)

[ X 190 nalis

Tzl

[y <

n(n 1)

Z / 8Q2¢ 2 n—l du*

i, 2

(Q:0)° + (5

)}du

n(n—1)

72

2 / (Qz : 7T<L¢)2 dpy

L <L(L+n-2 / }V@Lgb}m

’Y .

71

0*) "l du .
u

(1.4.99)

(1.4.100)

(1.4.101)

(1.4.102)

(1.4.103)

>2d,u7.
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Therefore indeed,

n(n 1) n(n 1)

[ Z Orerang) =y 2 ) {5

rog=1
08); -
+<ﬂ> #2090 meaofls | b, <

or*
©mP(6m)+n-2) [ (I(ra0) 35) iy

T

1
2

because L = (6yn)? is fixed; similarly, of course, for (J7, 5%) and (J7, 52%).

We conclude the statement of the proposition with the treatment of the two regimes in

Step 1 and Step 2 above from

.

2m 2
rn 87,* Tn-i—l at) + 3 ( - —2)‘V¢}r2“0{n71} S

1 Omep¢ 1 or gb
SQ/ (t){_( ajj )2+7’"+1( 5;“ Q}V <L¢‘T2% 1}

,r.n

1 Om>py2 1 Omspdye 100
2 G 0

r3

){i(a¢)2+ 1 (a¢

7"0 r1 (t

2
nTil2) ‘VWZL(Z)‘iQ“O/n,l } '

r3 r3

Refinement for finite regions

Note that in the proof of Prop. 1.11 neither of the currents used for the high or the
low spherical harmonic regime requires the use of Hardy inequalities for the boundary
integrals in the asymptotic region; indeed in both cases the zeroth order terms ¢* can
be estimated by the angular derivatives |Y¢|?, in the case of the current J*v! for high
angular frequencies by Poincaré’s inequality Prop. 1.16, and in the case of the current J(®
for low angular frequencies as a result of the commutation with €2; in (1.4.67). Therefore
we can in fact state a refinement of Prop. 1.11 for finite regions, i.e. an integrated local
energy estimate on bounded domains in terms of the flux through the past boundary of

that domain, that will be relevant in Section 1.5.3.

Let

RP? = R a2 + R*, 21 + R*) N {r < R} (1.4.104)

{ 7'1SU*STQ,U*—U*ZR*,U*STg—i—R*}
1 (1.4.105)
Rm R(2T1 + R 27’2 + R , T2 -+ 2(R TS)? T2 + R*) \ RP;Q
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Figure 1.6: The past boundary X2 of P2 U #R 7.

and denote by X7 the past boundary of #P7> UfR ™ (see also figure 1.6):
T2 + a— [ R Ry T
7 =0 (PR UtRY)
:{(u ) v =+ (R +rg) ut >+ (R —ro)}
2 2 (1.4.106)
U {(u*,v*) cut Ut =2+ R ri <ot —ut < R*}

U{(u*,v*): w=r,R+n <0 SR*—l—Tg}

Proposition 1.32 (Integrated local energy decay on finite regions). Let ¢ be a solution
of the wave equation O,¢ = 0, and R > "~/2m. Then there exists a constant C'(n,m, R),
such that

JIR{CIRNC e

2
THW_Z) }V¢}32%n71 } d:ug

< C(n,m, R) /

T2
X

(JT(<Z>) +JN(T - ¢), n) (1.4.107)
for any T > 1.

In view of the remarks above the proof of Prop. 1.32 is of course identical to the proof of
Prop. 1.11 given in Section 1.4.4 by replacing the unbounded domain RS . (21 + R*) by
the bounded domain RPTTf ufipm

T

However, this estimate does not include the zeroth order term, which we have covered

seperately in Prop. 1.14.

Proposition 1.33 (Refinement for zeroth order terms on timelike boundaries). Let ¢
be solution of the wave equation (1.1.1), and R > "~/8nm. Then there is a constant
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C(n,m, R) such that

2T7+R*
/ dt/ d,U,o ¢2|r=R <
27/ + R S
27+ R* a¢ 2 2
<comn{ [0 [ an (G <17

+/ (JT(¢),n>+/ g r"_2¢2|(7/7R*+T)} (1.4.108)
b IS n—1

n—1

T
7_/

for all 7" < T.

The proof remains the same as for Prop. 1.14 on page 40 with the exception that we
consider the energy identity for J*! on #R7, in place of #D7, and use Prop. B.9 instead
of Prop. B.5.

1.5 The Decay Argument

We will here prove energy decay for solutions to the wave equation and higher order
energy decay of their time derivatives in the interior based on the integrated local energy

decay statements of Section 1.4, following the new physical-space approach to decay of
[22].

Remark 1.34. Instead one could use the conformal Morawetz vectorfield

0 0
%2 *2
Z=u ou* v ov*

to prove energy decay of solutions to the wave equation with a rate corresponding to
the weights in Z; this method predates the approach followed here, but is included for

completeness in Section 1.5.4 (see also [42]). Similary the use of the scaling vectorfield

, 0 , 0
S—vav*—l—uau*

should provide an alternative approach to prove higher order energy decay [36]. Here

however, we shall avoid the use of multipliers with weights in ¢.

1.5.1 Uniform Boundedness

A preliminary feature of the solutions to the wave equation (1.1.1) that is necessary to
employ the decay mechanism of [22] is the uniform boundedness of their (nondegenerate)
energy; this is a consequence of the conservation of the degenerate energy associated to
the multiplier T, and the redshift effect of Section 1.3, which allows us to control the

nondegenerate energy on the horizon.
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Figure 1.7: The construction of the surfaces > from 3.

Let 3 be a (spherically symmetric) spacelike hypersurface in M, ¥ = ¥ N {r < R} and

N the outgoing null hypersurface emerging from 9%'; moreover let
¥, = ng((z’ UN) mD)

and
¥ =% Nn{r <R}, XL, =3.NnJ ().

Proposition 1.35 (Uniform Boundedness). Let ¢ be a solution of the wave equation
(1.1.1) with initial data on Xy, then there exists a constant C(3g) such that

/E (7¥(0).n) < 0/E

Proof. One can proceed in analogy to the local observer’s energy estimate of [17]; indeed,

(JN(QS),n) (r>0). (1.5.1)

/ T
T 0

from the energy identity for N on the domain R(7/,7) = Uy <7<, 2L it follows

J

since (JV,ny) > 0, and (JY ny) > 0. By Prop. 1.9, namely the redshift effect, KV is

bounded from below by (JV, n) near the horizon, and from above by (J¥,n) away from

(JN’HH/R(Tf,T) KY g/z (JN,n) (1.5.2)

U T
T 7_/

the horizon; since also the lapse of the foliation of R is bounded from above and below

we conclude that there are constants 0 < b < B only depending on ¥ and N such that

/z;(JN’n)er/: d?/:(JN’n)SB/; d?/:(JT’n)_i_/; (N ) <

gB(T—T’)/E (JT,T;1)+/Z (J¥ n) (1.5.3)

T T
7./ 7./
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where in the last step we have used the energy identity for 7" on R(7/,7) and K* = 0.
Thus the desired energy bound follows from the elementary Lemma 1.36. O

Lemma 1.36. Let f : R — R be a nonnegative function, f > 0, such that for all t; < ty

and two positive constants 0 < ¢ < C

)+ | "B dt < Clta — 1) + (1),

then
) f0)+S (2 ),

Proof. Define .
F(ty, t1) i/ (cf(t)—B)dt

t1

then
f(ta) + Flta, t) < f(t1).
Consider
_d (F(tg, t)e—c(tg—t)) _ —(Ft1 n cF) emelta=) > c(f(ty) — g)e—b(tz—t)
dt -
because

Upon integrating on [ty, o]

C 1
f(t2) o ; S ec(tz—tl) 1F(t27t1)
we infer with F'(to,t1) < f(t1) — f(t2) that
Fit) S f(0)ee o 5 D1 ettt < o + O
c

1.5.2 Energy decay

In this Section we prove quadratic decay of the nondegenerate energy.
Let 1

Yr = 0 Ry plto) To = §(t0 — RY) (1.5.4)
with R > "V/8nm, ty > 0 and ry = réN) according to Prop. 1.7.

Proposition 1.37 (Energy decay). Let ¢ be a solution of the wave equation (1.1.1) with

initial data on X, satisfying

N AR o

2

u=m+/z <Z]N(Tk.¢)’n) <0,
n (1.5.5)
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then there ezists a constant C(n, m, R) such that

/& <JN(¢),n> <80 e (1.5.6)

72

The proof is based on a weighted energy inequality, derived from the energy identity for

the current (1.5.8) on the domain

D2 = {(u,v) i Sut <m0t —ut > R (1.5.7)

Weighted energy identity. Consider the current

Ju (@) = T ()V” (1.5.8)

where
Y =17 ¢ (1.5.9)
V=rigs, ¢=p+l-n, pe{l2}. (1.5.10)

This may also be viewed as the current to the multiplier vectorfield r? a%, modified by

the following terms:

r 8 v n 1 2 _ 2m
Ju (0) = Tu(9) rp(av*) ( 9 ) (1 - Tn—2)(aﬂr)¢2
In—1 __ 0p?> 1n—1 _ 2m
2 9 rP 1(8,”“) o 2 2 g 1( B n—2) (aﬂ ¢2)
ln—1.2 2m ., 0 s, 1In—-1,0 L 0¢?
—5(=) 0 - 25) G500 55 G0 5
If Oy¢ = 0 then we calculate
1 2m | -1 n—10Y l °
|:|g77b - (1 ,r»n—2) @y«@v*@b + r 8r* _l' 7’2 %n—l ’l/) (1511)

n—1,n—3 n—12m)1¢+n—18
2 pn=2/p2 r  or*

b

2(2

So the wave equation for ¢
Uy =0

is equivalent to the following equation for v:

Ot (1 2y L

=2/ p

Now,
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where
KY () = WVt T, (¢) .
Since
2m o
V) — 101 _
i = 2007 (1= 2
(V)’]TU*,U* = 0
W) | 2my e 9y 2M 1.5.14
7Tuv__( - n_2)7’ Q+(n_q_ )/rn_2 ( )
(V)ﬂ-aA =0
2m
Wirap = Tq_l( - r"—z) JAB
we find
o n_l_n—1<n—3 n—1 2m>ﬁ0¢2 P ope1, 002
KT 4 2 + 2 rn=2)r2 Qu* +2T (01)*)

+ %r”‘l [(2 —p)+(p—n) 2:?2} [Vlas, - (15.15)

One may integrate the first term by parts to obtain:

o r n—1/m-—=3 n—12m\rP ,®
dv* K ol = ( )_ 2
/u*—l—R* v 4 2 * 2 yn2 7’2w w4 R*
o n—1 n—3 n-—1 2m 1P 2m
dv* [ 2 — _ ]_ 1— 2
+/u*+R* ‘ { 4 2-7) 2 * 2 (n p)r"—2 7’3( r”—2)w

op2 1 2 )
T [(z—p>+<p—n>rfz]\w\ﬂgn1} (1.5.16)

We can now write down the energy identity for the current J (see also Appendix B.2):

K d,ug :/ J
RpJ2 ORD2

Dropping the positive zeroth order terms, we obtain:

dv” dpse P o
['2+R* ! /%n1 'u“fnﬂ 2rr (81} ) | 2

) o0
+ du*/ dv*/ dpo X
el u*+R* Sn—1 Tn-1

TSRS RPN

2

+ N du* d lrp‘wa o | <
T1 §n—1 Iu'oyfbfl 2 2oy 1V =
2m -1 o % 8¢
R A

219+ R* 8¢
e L [ gl

T1+R*

n_llrp

( -3 n—12m
4 2 2

1
2 Rn_2)r—2¢2}\r23} (1.5.17)
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Note that the powers of r that appear in the bulk term are 1 less than those that appear
in the boundary terms. This allows for a hierarchy of inequalities (1.5.17) for different

values of p, the so called p-hierarchy.

Proof of Prop. 1.37: In a first step the decay of the solutions at future null infinity will
be deduced from the weighted energy inequality, and in a second step the continuation to

the event horizon will be inferred from the redshift effect.

Step 1. The p-hierarchy consists of two steps which exploits (1.5.17) first with p = 2,
then with p = 1; but in a zeroth step we need to obtain control on the angular derivatives
from (1.5.17) with p = 1:

Since
2m

,r.n—2

1—(n—1)

>% (r > R)

we have from the weighted energy inequality for p = 1 on the domain D7, for 7 > 7/ >
- %(to - R*)>

T o) 1 9
* * o - o <
[ A RO

2m | -1 OO s« 1 81# 2
<O-g) [ s ()

23?2)_IJQW<J71¢)+—JTCT-¢0,n>; (1.5.18)

w*=T1'

+C(n,m,R)(1—

here, we have estimated the boundary integrals as follows:

Choose ) € (R*, R* 4+ 1) such that

R*+1
2
/ / / dpe  (1— m2)r"_1><
t0+(7‘* * Sn—1 Tn-1 ’I“"_

1 0¢ 1 00 1 2
X {r_"(ar*)2 + yn+l ( ot )2 + ﬁ(l o 7,:112) }ng}i?%nq}

[e'S) o -
e dt/ d ° 1 - / %
to+(ry*—R*) sn—1 'U“Ynﬂ( 76671—2)760

1 0¢ .2 1 0. 2 om ,

X {r’—”(&r*) + ,n+1(at) +7“63 (1—W)‘V¢‘T23nl}

then

2741y " aw .
/2’ 1% de An1 d'u’(;n71 |flr (a }V¢}r2y

T'+ry
n—11 -3 n—12m
J— p - 2 ., <
+ 4 2T ( 5 + 2 Tn_z) 7,2'(/) :| |T’_r0 =
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2741y " ) 1.m— a¢
<[ O e %w

T/l
/2 2 n—11 n—3 n—1 2m
70 1V0las, 4= §< 2 2 R 2)

C(n,m, R) / +JT(T ¢),n)

because by (1.4.24)

ro 42T 1,062 n—1 2m
n—1| 2 _ 2
/ af v Lﬁav*) e rn—z)” _—
ro 2T
S/ dt/ dps " 'x
r* 427! gn-1 - Tnol
1 2m 2 n—1 2m 09 2
< [50- 2mIvols, , + 5= 2G|
+C(n m,R)/ (JT(QS),n)
e
and by Prop. 1.11 (and the choice of r{):
/ dt/ dp. " x
to+(ry*—R*)  Jsn-1 Tl
1,002
T+ - velis |, <

Note that for the use of (1.4.24) that with our choice of R

27— 1)

r

For p =2 (1.5.17) reads

[ . oY\ 2 B 1 B 2m 2
/Tr du /u*-i—r()* dv /gn 1 d,u%n 1 {T(av*) 2T(n 2) n—2‘vw‘7“27n1:| =
2m | -1 * « 1 alp
<Oty [ [ G

+ C(n,m, R)/ (JT(¢) + JT(T~¢>),n).

Sro

(n—3)+n

Thus, with the previous estimate (1.5.18),

T o0 8¢
d */ d */ d
/T’ Y u*—l—T(/)* v §n—1 M (av*)
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_ > 9,
< C(n,m,R)) 1{/ dv*/S dpg 127" (af) -
7'/+7”6* n—1 n—

+/E (JT(¢)+JT(T-¢),n>}. (1.5.19)

0

Let us define .
Tj+1 = 2’7‘j (] € NQ) To = §(t0 - R*) ’

then there is a sequence (7});en, With 77 € (75, 7j31) (j € No) such that

/7—](4_,,.(/)* d'U /Sv.,Ll d/”L'(;/,,L 1 (av ) |u _TJ/_ S
oo ) 2 a—w 2
/T.W dv /S e P e

+/E (JT(¢)+JT(T~¢),n)]

0

< Lomm R

j

and again by (1.5.17)

%) . . aw
/TJJFT(,)* d/U /Svnl d/JLE;/n71§ (a'U ) |u =T; S
0 aw
dv” / dpts o
/7"0+T(’)* ! sn—1 'u (av* ) | 0

+/E (JT(¢)+JT(T-¢),n)].

0

< C(n,m, R)

Since = < L5+l — 2 we have
T Tj Tj Tj
/ dv*/ dps 1 ( )t <
Ty gn-1 - Tnot SO0 ’
Cln,m, R) [ [~ O 2
< ’7,7 / dv*/ d,US{ r (8 ) | e =0
Tj TO_;’_,,.(/)* S§n—1 n—1 v*

+/ (JT(¢)+JT(T-¢),n>]. (1.5.20)
X

In order to deal with the timelike boundary integrals analogously to the above
choose

xS

rit e (ry g + 1)

such that

27ty .
dt dpo 7" X
27! !l gn-1 Tt
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<Clum) [ (I +I(T o))

-
J

Then, proceeding as before,

27yt
dt dILLo X
275 40" Sn—1 Tn-1
J

1,0 —11 -3 —12 1
<3Gy ek, (A A ) Sy <

ov* 4 2 2 2 rne
§C’(n,m,R)/ (JT(¢)+JT(T-¢),n>. (1.5.21)

-
J

Now apply (1.5.17) to the region "7 D" to obtain:
J

/j+1 du*/ dv*/ d,u;; X
T]’» U*+T;-/* sn—1 n—1
1,002
X [2(0 _}le}ﬂ’m 1:| -
2m -1 [~ . 1 0.2
SO-gm " [ [ s s

+ C(n,m, R)/ (JT(qb) + JT(T~¢),n)

-
J

By virtue of the result (1.5.20) from the case p = 2, this yields

e[ . 1,00 .9
/TJ{ du /u*+r§.’* dv /snl d’u‘?nl{2(8 ) _‘Vwrzﬁ, }_

< T o
N /TO+7“(,)* 0 /Snl dlu’y" 1 " (al) ) |u e " X

+C(n,m,R)/ (7(0) + J°(T-6).n). (L5:22)

7j
-
J

(7 (0) +J7(T- as),n)]

Step 2. Our aim is to prove decay for the non-degenerate energy. Let us first find an

estimate for

/,TJ’-H dT/ <JN(¢)7H> _
L o [ o)
m{r<r"} 2, m{r>r~}

The estimate of the first term is exactly the content of Cor. 1.13, and for the second term

/jﬂ dr / m{my}(JT(aﬁ),n) _



1.5. THE DECAY ARGUMENT 83

2m

B Tit1 . 00 . o 1 a¢ , 1 ,
= /7;/ du /U*—i_r dv Ln1 d'ug/n71 r {5(%) -+ 5(1 — 7”"_2)‘V¢‘7’2%n71

1%
J

we can use (1.5.22) once we have turned it into an estimate for the derivatives of ¢. Note

that

e L OV 2
/u*+r(’)* v (821*) B
o Ln—=1 2m \ n—3 O [ n—a1 o1, 00 \2
= [ e e () e (52

- 2 ov*
n—1 2m .\ 9 9
- 2 (1 - 7”"_2) r ¢ |v*=u*+r(’)*
o0 n—1 2m 2m  n—3 2m | 1 0P \ 2
dv*d — 1— [ _n2" 1— _} 2, (99 n—1
+/u*+r6* ’ { 2 ( T"_2) (n )T" * 2 ( 7”"‘2)7’2 ¢ +(8v*) "
and by Lemma B.6
o 1
/ dv*—2¢2 Tl <
* 7 ¥ T
u*+rq
- L O 2 .
SC(n,m)/ v (c%*) + O (0, 1) " G g -
u*+rg
Thus
00 a¢ 2 B 00 8¢ 9
d*<—) e ,m, R 2u*u*r’* / dv* )
/1;*—1—7‘6* ! ov* " - (n m ) ¢ |( ut+rg”) * u*+rl” v (av*)

and finally in view of (1.5.21)

/j+1 du*/ dv*/ dyso (8¢*)2r"_1 <
TJI' u*+r§-’* sn—1 Tn—1 Qv

Ti+1 L[ . oY 2

< C(n,m, R)/ du /u . dv /Snl d,u;;nil(av*)

| (JT(¢) L JT(T - ¢), n> . (1.5.23)

+ C(n,m, R)/

by

Therefore, putting the estimates for the two terms back together,

i1
d / JN(p),n) <
/T; ! 27< (@) n)

/ e
(JN(QS) +JI(T gb),n) <

T’
J
-

+ Cn,m) /

by
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[ P | (00

0+7o 0

< C(n,m, R)

!
Tj

+C(n,m, R)/ (7¥6) + (T 6).n) (15.24)
where we have now used (1.5.22). The same inequality holds for 77,, in place of 77, by
adding the inequalities corresponding to the intervals [, 77, ] and [7,,, 7},,] and using

Prop. 1.35 for the last term. So there is a sequence

/A /A / /
()ien 7} € (7). 7}42)
such that
J+2
N( N
L7 [ (e zna [ (@)
T !
J
and since —1— < LT+ — 4 we have
T]+1 T~ TJ+1 T.

J J

/T(, (JN<¢>’”) = %/jw dT/;(JN(aﬁ),n)- (1.5.25)

Now for any given 7 > 75 we may choose

jr=max{j e N: 7/ <7}

[ (7o) <c [ (7))

T
j*

so that by (1.5.1)

with = < % < 21, In particular we may estimate the last integral in (1.5.24)
j* j*

[ ovraon)< S [ ar [ (760 o)

-
J

to see that in fact we have

/j+2 dT/ (JN(QS) n
T]’» p
C(n,m,R)| [ . or'z ¢ or's 22
<SR [ [ {POR e )

b [ (e o+ @) sz

7j
70

Again with the sequence (7;”) en

/ (7%(0).n) < i/+ dT/T<JN(¢),n)

o
J
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and since 2 < 2,,2 we obtain by virtue of Prop. 1.35 our final result:

Tj41 TJ 7
N
[ (77)n) <
C(num7R) > * 2 87’an1¢ 2 2 ar%iﬁ 2
= T2 /TO+R* dv /Sn1 dug/n 1{T ( ov* ) ov* ) }

+ /E (JN<¢>+JN<T-¢>+JT<T2-¢>,n)] (1.5.27)

0

O

1.5.3 Improved interior decay of the first order energy

In this Section we prove an energy estimate for the first order energy which improves the

decay rate as compared to Prop. 1.37 in a bounded radial region.

Remark 1.38. The argument largely depends on the asymptotic properties of the space-

time, and is similar and slightly easier in Minkowski space, see Appendix A.

e, 0 . . 1
Proposition 1.39 (Improved interior first order energy decay). Let 0 < 6 < 5, R >
"B and let ¢ be a solution of the wave equation (1.1.1) with initial data on 3., (11 >

0) satisfying

B ~ s (O(TF )2
D - TH_R*dU /Snld'u%vzl x {ZT4 6( 81}* )

k=0

n(n—1)
/ (Z TYT" ¢ > JN(T’“Q@),n) <oo. (1.5.28)
S —

= k=0 1

4

Then there ezists a constant C'(n, m, 0, R) such that
CD
N
// (J (T~q§),n) <o >m) (1.5.29)
where ¥ =3, N{r < R}.

In addition to the weighted energy identity arising from the multiplier 775~ that was used

decay for of Prop 1.39.
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Weighted energy and commutation. Consider the current

v

Ju (9) = T (X)V”, (1.5.30)
where now
X = O0ptp = Nr=o)  y_a? (1.5.31)
ov* ov

g=p—(n—-1) 2<p<4 0=4—p.
Notation. To make the dependence on p explicit, we denote by

K, (¢) = V" J, (). (1.5.32)

The error terms for K arise from the fact that X is not a solution of (1.1.1); here, similarly
o (1.5.11), we find:

= ey

r
n—1 2m 1 m n—10x
+ i =+ - DTS+ S 2SS g+ o (16.33)
Hence
K, (¢) =000V - x + K" (x)
1 /0x\2 1 2m 1 . 2
— a1 - _ ) _ q—1
= (5X) +5e - - -] ey (1.5.34)
n—1 2m 2m\2| 0%
o q—3 _ o o 2
— [(n 3)+nog — (n—1) (w—?) ]@b—(%*Q (1.5.35)
n—1 _ 2m 7 0>
q—2 _ _
e [(n 3) + (n 1)rn_2} e (1.5.36)
e 1[ ](A@b)( ) (1.5.37)
which is not positive definite. However, we have
1 /0x\2 _ v L om
Zoy 1 ZA < L en—1 - o p—1
P (o) <Ky (0T 4 [0 =2+ (0= p) =5 | Y
(n—1)%*(n —2)* (p—2)—1 Lo (p—2)—1,.2
+ 5 T ﬁi/) +I_?T r (4&2&)
n—1 2m 7 0x>
_ p—2 _ _
— [(n 3) + (n 1)Tn_2} S (15.38)
where we have used that
2m o 2m 2
n—2>n—3+nrn_2—(n—1) (r”—2) >n—3 (1.5.39)
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(is decreasing) on r > "v/4nm. The key insight here is that we are able to control all
other terms on the right hand side of (1.5.38) by the current J of Section 1.5.2 with p — 2

in the role of p, i.e.

2

[ [ o G

1 u*+R* §n—1 Fynl (921* -
n(nzfl)

{z%p (6)+ Kpz (6) + Z Ky (Qicb)}

n(n 1) n(n—1)

Cln,m,8,p, R /;TW [ {oe(5E) Ezj(zp) ;\wa}\r:}z

1+ R*
(1.5.40)

< C(n,m,d,p, R)/

RD;?

Indeed, the first term |Ya,-1|? can be integrated by parts twice (such that we can absorb
the resulting d,x term in the left hand side):

_ 2
/ / / dag " YX[" =
el * 4 R* S§n—1 n—1
i) 00
—/ du*/ dv*/ dpg rp_1¢8U*¢-8v*w
T w*+R* Sn—1 Tn—1
T2
——/du*/ dps P~ 14&#
T1 §n—1 Tn-1

" * > * p—2 — 2m aw
* /Tl du /u*—l—Rfl,U /Snl dlu}%“l {(p - l)r (1 _2)(4A¢)(8U*)
B 2 2 %
T BT (1 T )W)af*} =
” * p—1 ¢
< / du / s B ()|

AL /Snldﬂm{ I )

oY Ip 2 _,/0x\2
—1+2 ( ) ’ 1(—) 1.5.41
oG 0) e (o) 04
The second term in (1.5.38) is controlled by the Hardy inequality
L[ 1 11 1
- d * (]7—2)—1_ 2 < 2 u* u* *
2/U*+R* vr ,,,.2¢ —4_pR4_p1_%¢ |( Jut+R*)
2 /°° o
+ dv* =~ ( ) . (1.5.42)
(4—p)(1- W)z W R* ov*

and the third term simply by the following commutation with €;:

Lemma 1.40. For any function ¢ € H?(S,) we have R @€ L%(S,), and there exists
a constant C' > 0 such that it holds

n(n—1)

/Snl <4M>2r2 dus = C/SM{ ZZ; ‘V(Qﬂb)r + \wf} dps (1.5.43)
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The last term in (1.5.38) we can rearrange as follows:

n—1 9 2m 8X2
s

S L (TR (O
n—1

—r D (p=2)(n=3)+ (=) ((p—2) + (1 - 2)) ;’_’L](1—f£)(§ﬁ)2

Therefore (see also Appendix B. 2)

[ [T ar [ aw xgoe (52)

1 1 v
S o1 = K, (¢) dug

Rn—2 RD:%

2 oY\ 2
p—2 2 p—2 2 - .
Cmﬂx@R)[ .énldmnl{r (#v) r2+r (55)-+w}n_u+R
+ C(p,n, 9, R)/ du*/ dv*/ d,ug{ X
sl u*+R* sn—1 n-1

n(n 1)
oY
2)—1 (p—2)—-1 (p—2)—
(o S w51}
n—1 [ * 2m 7 0>
o * * p—2 - A
5 /n du /u*—i—R*dU /Sn 1 dpg — xr [n+3—0—(n 1)7‘”—2} B (1.5.45)
Now, recall (1.5.15), and note that
2m 0 o ldnm
—(n—(2— ° - 5.
§—(n—( 5))TH>2 (r > 5 ), (1.5.46)
to see that
n(n—1) n(n—1)
S R <5 S R @
r T i S = —_
i=1 J i=1 e
My a(r"%fz ¢>2
n—1m—-3 n-—12m i
— - P=2-2_1 7 (1.54
5; 4[2+2r"—2}r v (1.5.47)

So
T2 o0 a 2
/du*/ dv*/ dpe xprp_l(—x)
sl u*+R* Sn—1 Tn—1 ov*

scmm@nm/

RD7'2

n—1 2m
-C o dgeo — -1
oot [ [ v [ e <P s (- )2

n(n—1)

rp—2 a¢2 rp=2 2 a(inf 7P 8X2
NETS L

r2 Ov*

(k@ e @+ Y Kps 020)]
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n(n—1)

212+ R* 2 9 9 a,l?b 2
C(n,m,6,p, R /MR dt/Snl - { ; V| + Vol + (55) +w2}\r:R

(1.5.48)

which upon integration by parts yields (1.5.40); note that the 9,12 and 9, (€;1)? terms
generate boundary terms at infinity and zeroth order bulk terms with the right sign by
(1.5.16) while the d,-x? is reduced to a (9,1))? term by (1.5.44).

By virtue of Stokes’ theorem (B.5) and in view of (B.6) we conclude

[‘2?]%91)* /Snldﬂgnl X {rp<%>2 +Tp_2<%>2 N '2 Tp_2<a§£b)2}
+/ /“+R* /S g X TH(%Y <
<C(n,m,d,p, R / /
ame Jgamr | Tn

n(n—1)
() e () 3 ey
210+ R*

u*=my

u*=r

+C(n,m,5,p,R)/2T +R*dt/gn A {w + ((‘w) + (ng;)Q

n(n—1) "(”l 1)

* i [(Qi¢)2+(a§2¢> |+ 19" + 9l + Z V| }‘ . (15.49)

Proof of Prop. 1.39. We shall use this weighted energy inequality for yx to proceed in a

hierarchy of four steps.

Let m > 0, and 741 = 27; (j € N). In a first step we use (1.5.49) with

p =4 —9 and (1.5.17) with p = 2 as an estimate for the spacetime integral of 0, ¥,
Dy, and O+ (2;40) on #DF™ | and in a second step as an estimate for the corresponding

integral on the future boundary of #D}:

n(n—1)

[ [ o G o G 5 (R
nmaR/rH%* /Snldugynlx{ (S(%) ( —

s [ [ x for (30)'+ (55)

n(n 1)

FIyel + Iy ge S (o) + (Be) + vewl ], <

i=1

n(n—1)

DY ()]

*
U™ =Tj
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n(n—1)

C(n,m,0, R) /n-i-R* /Sn 1dILL_<;n 1><{ 5<g$)2+r2(23ﬁ)2+ 22: T2<852Ti’§b>2}

1=1

cetmman [ [ x o (50" + ()

T

u*=r1

n(n—1)

Ny () + (G2) ]}, 50

i=

Thus by the mean value theorem of integration we obtain a sequence 7} € (7;,7j41) (j €
N) such that the corresponding integral from the left hand side on u* = 77 is bounded by
Tj_lx the right hand side of (1.5.50).

Next we shall use (1.5.49) with p =3 — 6 on RJ’D?E, (with R} € (R*, R* +

1) (5 € N) chosen appropriately below). However, the quantity we are actually interested
in is not O, x, but rather

i st 2 :
(ﬁii?ff=(@%irff:(%ii+éaiiﬁz=

10 —1,n—3 —12m . 1 2 2
<28ip2 ( )4A¢__ (nz nz Tnn—rbz)ﬁ(l TnTZ)w>

< (ngp) <4A¢) : UL 2)%%. (1.5.51)

Using the simple Hardy inequality

1 [ 1
_ do* 2-6 ~ 2 «
2/u*+R* o7 7"4w N
1 1 N 2 00 1 /00
< T 2m 1+5¢2(u u” +R) 7)2/ dov* E( > (1552)

- *
[ (1— 22)7 Juine o

(1.

||°‘

and again the commutation introduced in Lemma 1.40 we obtain
n—1
) +1 = T. 2
Jor oo o i () <
5 §n—1 Tn—1 a’U*
7'2J+1 2—6( 8X )2
o X AT
/;. / Ln 1 'u“fnﬂ { ov*
n(n—1)

C 2 C 5 (n—1)(n—2) 2 5[ O \?2
+F ; }VQz@D} +F}V¢} + 5 (1—Rn 2)27“ (821*) }

! *
1 275 1 TR 1
2
SRS - di dpe x4 —— ‘ <
L= % ory,_ 4Ry Jsn-1 0 Tn ri+e r=R;

7'2+1 9 8X 2
nmé/T /*+Rdv /Snld,u%nlx{r (80*)

n(n 1)

+ Kios (@)™ + Z Ki-s (Qi¢)7“"_l}
i=1
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n(n—1)

+ C(n,m,9) /272j+1+(fg/ dpg X {¢2+ 22: (Qz¢>2}
, sn—1 n—1

27—2j71+R; Z:1

1.5.53
., (155)
where in the last step we have again used (1.5.16). Furthermore, by now applying (1.5.49)
with p =3 — 9,

723+1 2—6 @ ’ <
/72 / dv / 'uonfl X ( ov* ) o
(o) aX 2
< ' : o
> C(na m, 57 R) // iﬂ.’U énldMan x {T (01)*)

T R
n(n—1)
)+ 2 (5]

cotnmam [UH [ < Jore () (Zh)

272’j71+R;
n(n—1)

FITe P AL+ 3 [(0w) + (B2) v iwaef])] . (a5

=

-/
u —’7’2- 1

we obtain a sequence 7} € (73;_,7y;,,) (J € N) such that in view of the previous step:

"= T ¢)y?
d,u X {7"2 o e } <
/"-i—R /Sn 1 Tn—1 ( 0 * ) u*:T]U
C(n,m,d, R) s/ Ox\2
St [ [ < ()
725 T2j-1 TI+R* gn-1 Tt v

n(n—1)

ey (Y
27541+ R 2
BB PG (2) 4 (25)

n(n—1)

FIPef + PaLf+ 3 (o) + (G2) + vl ]|,

i=1

vemmam) [ [ o (20 (24

272j71+Rj

n(n—1)

+\V¢\2+}V%}2+ 22: [( ,¢) ( f) HVQMQ}L:RJ. (1.5.55)

=

Now, by writing out the derivatives of ¢ = r"z ¢, and using (1.5.12), we calculate that

2
R N o e sy

n(n—1)

e S [ R G A

i=1
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gC(R)/Sn Cdug 1{¢>2 (aﬁ) +(§£)2

n(n—1)

< (D) 1wel + 3 [iveel + (521

i=1

. (1.5.56
g (1.5.56)

by applying Prop. 1.11 first to the domain " D7"* € Re2, (271 +77) where rp > "¢/
to fix the radius R and then to the domain "0 =F +) D2+ \RDT2”1 C R r(213; 4+ RY)

T2‘7

to fix the radii R; (j € N) by using the mean value theorem for the integration in r* this

T ¢)2}
/j;* /Sn an {4-6<§;a>2

n(n 1)

yields (see also Appendix B.2)
/ / don X { 2 6(
TH_,'_R* sn—1 Tn—1
C(n,m, 5 R) {
Y

<

—_

=
n(n 1)

+/E (JT(¢) + JNT - ¢) + JH(T? - ¢ Z (Qug) + JH(T - @)},n)}

1

(@) + (T - ¢) + I (1* - 9)

T25—1

+C(n,m,5,R)/

by

n(n 1)

Z (o) + JV(T - o), ) (1.5.57)

Therefore, by Prop. 1.37:

[ [ o ]

J T+ R*
3 oT* w 9 2 n(nzil) 8T’“Q,¢ 2
+ Z 7"2( 81}* ) + Z 72( 821* ) } u*=11
k=0 k=0 i=1
4 g ot
+/ PIPAARIEDSY JN(TkQ,-gs),n)} (1.5.58)
k=0 k=0 i=1

Remark 1.41. This statement should be compared to the assumptions of Prop. 1.37 (1.5.5),
from which all that one can deduce with (1.5.17) is

[ [ an < L (2T

< 00 (1> 1) . (1.5.59)

u*=T7
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We shall now proceed along the lines of the proof of Prop. 1.37 in Section 1.5.2, just
that we have (1.5.58) as a starting point for the solution 7"- ¢ of (1.1.1), (and (1.5.6));
however, as opposed to Prop. 1.37 the hierarchy does not descend from p = 2 but p < 2,
which introduces a degeneracy in the last step, and requires the refinement of Prop. 1.11
to Prop. 1.32, and Prop. 1.14 to Prop. 1.33, see Section 1.4.4.

Lemma 1.42 (Pointwise decay under special assumptions). Let ¢ be a solution of the

wave equation (1.1.1), with initial data on ., (11 > 0) satisfying

o0 2
D i/ dv*/ dp. X {7‘4_5(0—X>
T1+R* §n—1 Tn—1 (921*

k=0 k=0 i=1 w=n
n(n—1)
4 3 2
+ / PIPAIAROESY JN(TkQZqS),n) < 0o
X k=0 k=0 i=1
for some 6 > 0 and
* OT -\ 2 C 0,R)D
/ d’l}*/ d,uo > ,,,,2—5( ,lvb) |u*:'r’ < (n>m727 ) (*)
'+ R* §n—1 Yn—1 av* T/

for some 7' > 1. Then there is a constant C(n,m,d, R) such that

no1_% 2 CD
[ i

72

(w*=7"v*=R*+T) <
for all T > 7',

Remark 1.43. Note the gain in powers of r in comparison to the boundary term arising
in Prop. 1.33.

Proof. First, integrating from infinity,

(T'¢)(T/,R*+T’):—/OO oT - ¢) do*

Tl_;’_R* 8/U*

and then by Cauchy’s inequality,

/ dpe  (T-¢)* (7', R+7) S/ - dv*x / dps ( qb)) rde*
sn—1 Tn—1 R*+7/ T R+7 JSn—1 Tn-1 ov*
2m 11 1

1
<5(1-

—2 -2
Tn |(u*:7—/7v*:R*+7-/) n — 2 Tn

> (0T - 9)\?
* n—1
x C'(m,n) /R*+T' dv /Snl dug/nilr ( 507 ) :
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Therefore, by Prop. 1.37,

/SM dus ("I 9) )T R+ 7)< Gl / (/7 9).n)

1-— Bn—2 7_,
C(n,m, R)
< oy D. (%)
Now
rn—l/ djs (T 0) (7, R +7) =
sn—1 Tn—-1
R 41 oT - w
o n—1 . 2 ! * ! * o .
B /Sn1 dugnfl (T (T ¢) )(T ’ h T ) * /R*—I—T’dv /Snl d/JJ'Yn712T w ov* S

<R[ (0P R T
S§n—1 Tn—1
s * 1 2,.n—1
+ 2r2 |(u"=7”7 dv - d:u,‘;n ) 7’_2(T ’ ¢) r X
v* :R*+T) R*+71/ S§n—1

e [ ()

which proves the pointwise estimate of the Lemma in view of the Hardy inequality of
Lemma B.6, Prop. 1.37, the assumption (x) and (k). O

By the weighted energy inequality with p =2 —  and T ¢ in the role of

¥, see (1.5.16) in particular,

[ v o
5 u —i—R’ Sn—1 Tn-1 ov* o
T2J+1 r
C(n,m / / / ,U% X Ko (T~ @)
™ *-I-R'* §n—1 n—1
27‘2J+1+R 2
+C’(n,m)/ dt/ dps X {(T-zﬂ) }
ory 4R Jgnt T

S
/
r= Rj

> aT
S C(n7m7 R)/ dU d/,l,o X { w }
5 +R," Sn 1 Tt ur=rl, |
27y R 2 . )
+C(n,m)/ dt/ dpo {(T qp) +< - ) + YTy }‘
ory 4R, Jgnr o Tno v r=R;
(1.5.60)

where we choose R}" (R* + 1, R* 4+ 2) such that Prop. 1.11 applied to the domain

r(r _R*“)DTQ’“\ r=RHDD 241 ! yields an estimate for the integral on the timelike bound-
23 1

ary above in terms of the ﬁrst and second order energies on i, T which in turn decays

by Prop. 1.37. Therefore there exists a sequence 7/ € (75;_1,79;,1) (j € N) such that

o T -
[ [ (0
TJ/-N'FR;- * 8”71 Tn—1 a’U

<

noT
u*=T7;
J
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C(n,m, 5 R) / / { as( OX\2
d X <r —
{ I S (30°)

+zr2<—6<224¢>>2+z ()

3
k=0 k=0 1=1

u*=r1

4

+/Z (ZJN(T’f-¢)+i

™1 k=0 k=0 1=1

JN(T’me),n)}. (1.5.61)

p =1 —4:| Since, by integrating by parts,

foowe ) -

n—1 om | O(r*7 ¢?%) 8¢
/*+R 7’5 o (1- r”—2) ov* r (01}*) }

1n-—1 2m - o L 0 n—1 2m |2
- _5 2o (1 rn— 2)¢2 *+R* +/u*+R* dv {7,1+5 o (1 - ,rn—2) wz
ln—1 2 2m \n—37 1 /0p\2 ,_,
+ 55z (1 oo Yy [(n—2) (1--5) } ﬁ((%*) r } (1.5.62)

we have by (1.5.15) that also (with R}" € (R* + 2, R* + 3)),

/f“ L R T G R R

11

T2 +1 -
<C’nm{/J / / dpe XK1_5(T'¢)'T"_1
T u +R//* §n—1 Tn—1
2T£‘l]l+1+R// 2
+/ dt/ dps {(T-w) } } (1.5.63)
2y Ry Jgnot T r=Ry

By virtue of Stokes theorem (B.5), (B.6) and our previous result (1.5.61) we obtain
T2J+1 1 0
o s JT ) > nl <
/7_/// /u +R//* /;n 1 ,uﬂyn 1 6( ( ¢> (921* " -
o0 o(T - 2
<C’nm{/ e X{T1_5<(7*¢)> }
Té/J/ +R//* Sn71 Tn—1 81)

] K%)ﬂ 7ol ()}, )
<{/ RS

P
ur=Tyi 4




96 1. HIGHER DIMENSIONAL SCHWARZSCHILD BLACK HOLES

+C(n,m, R){/E (JT(T C¢) + JT(T? - ¢),n)

2j+1
2(2; 1)—1

2
n—2
+/Sn 1d,u§;n o <T¢> |(u*:-ré’(2] N }, (1.5.64)

% __ I "
v —R + 2]+1)

where in the last inequality we have used Prop. 1.33, and then chosen R} (j € N) suitably
by Prop. 1.32; furthermore the inequality still holds if we add the integral of the nonde-
generate energy on 737,2,7)+11 on the left hand side and replace J? by J¥ in the first term

of the integral on ¥ 2,{ ! . on the right hand side. The last two terms on the right hand
Ta(2j-1)—1

side of (1.5.64) in fact decay with almost the same rate as the first; for first note here

that we could have used Prop. 1.14 and Cor. 1.13 instead, and then employ Prop. 1.37 to

obtain in any case that

/ T/T %(JN(Tw),n) <

4

+/Z (ZJN(Tk.¢)+i JN(Tin¢),n>}. (1.5.65)

™1 k=0 k=0 1=1

It then follows that there exists a sequence 7, € (73] 1, 75;,,) such that

1
N N
/ETél(ljJrz)H <J (T-9), n) =7 |(u =1 / = <J (T-9), n) -
1 ) + 2(J+2)+1) ////

_RII
C(n,m,0, R) Ox \2
< A TH BT 4—6
I //// 3 T mn3—5 {[—ﬁ-R* /S” 1 V-1 { (81}*)

because 7/"(75(; 0y 1 — 7/")~" < 1. And second the assumptions of Lemma 1.42 are

satisfied in view of (1.5.58) on u* = 77 (j € N) which yields

2
n—2
o . *— * * <
/Sn1 d'u‘anr (T ¢> ‘(“ =T 1)— 0V =R AT ) =
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00 2
< C(nam7 57 5R) do* / d,uo % {7,4—5< aX )
( " )3—5 1 +R* sn—1 Yn—1 81}*

Toj—1
S OTR e N s (OTH N2
+ Z T2< ov* ) + Z T2< ov* ) } ur="T1
k=0 k=0 i=1
4 3
+ / (Z JN(TF . ¢) + Z JN(T*Q;0), n) } (1.5.67)
Y k=0 k=0

because also 757 (757, — Té/(2j_1)_l)_l < C. We shall now return to (1.5.64) (and its

extension that includes the nondegenerate energy on RQ‘,PT,Z,]}“) to find that, after inserting

Toj—1
(1.5.66) and using Prop. 1.35,

/zfé’f’ﬂ (JN(T-qs) +JT(T? gb),n) < C’/zT,,{ (JN(T-QS) + JT(T2-¢),n) <

2j+1
Ta(2j-1)-1 A
<C [y (INT-0)+ I (T 0)m) <
2?@1
Cm o B[ = SOV L s DT
: W{/ﬁ—l—}%iiv /Snld'u%’” ) {r4 6(%) +rt 6<W)
LT N e OTu?
+ZT2< ov* ) +Z T2< ov* )}u*:n
k=0 k=0 i=1
5 g oD
+/ (ZJN(Tk ¢)+Z JN(TkQZ-qS),n)} (1.5.68)
Em k=0 k=0 i=1

and using (1.5.67), that there exists (another) sequence 7;" € (57 1,75 ,) (j € N) such
that

/2 r—lé(JN(Tw),n) <

C(n,m,6,R) | [~ ~ 4 (O(T" X))\
<— o a8 .
< Cg ] ™ o [ e {3 (20

0

J 1

3 (5

4
k=0 k=0 =1

_|_
[+
=
N
/N
S
Q| =
d*;‘;)
<-
N—
o
—

5

+/2 (ZJN(Tk-¢)+Z4:

k=0 k=0 1=1

JN(Tinqﬁ),n)}. (1.5.69)

So for any 7 > 7 we can choose j € N such that 7 € (7] ;,75],,) to obtain finally by
Prop. 1.35 that

/Zrﬂ{r<R} <JN(T 9), n) <
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< [. g (PO ) <, / S 9).n)

HH v¥=R* + ! 1

C(n,m,0, R) _s(O(T" - x)\2
= {/71+R* /Sn Ao {;# 6<—8U* )

0

Remark 1.44. Note that for the removal of the restriction to dyadic sequences in the last

step of the proof, (1.5.69) - (1.5.70), we could have equally obtained a decay estimate for

"

the energy flux through ¥, N {r* < R*+ 7%} (with k € N) by replacing & 35,,“ by 3 J/W1+T
in the first estimate in (1.5.70); if § > 0 for a chosen k € N is restricted to 5 < (1+k)
then still obtain a decay rate of 74~(1*) for the energy flux through ¥, N {r* < R* + Tk}.

1.5.4 Digression: Conformal energy decay

In this section we present an alternative proof of energy decay using the conformal
Morawetz vectorfield. This is the conventional way to prove energy decay — it was
first applied in the context of the Schwarzschild spacetime in [20] —, but is now super-
seded by the physical space approach [22] applied in Section 1.5.2. In particular it has the
disadvantage of introducing weights in ¢ into the argument, and makes the dependence

on the initial data less transparent.

Let X be a spacelike hypersurface in J*(u* = 1,v* = 1) (see figure 1.8). And

S = (5N9).

Proposition 1.45 (Conformal energy decay). Let ¢ be a solution of the wave equation

(1.1.1) with initial data on the spacelike hypersurface t = 0 such that

n(n—1) n(n—1) n(n 1)
2

P& = /E (1Y@ + 3 @)+ Y Q0+ S TT@%0).0)

i=1 i,j=1 i,5,k=1

n(n—1) n(n—1)
2 2

+ /E (JZ’1(¢)+ > I e+ Y JZ’l(QZ-Qm),n) < 0,

i=1 ij=1
and let ¥ be chosen as above. Then there exists a constant C(n,m) such that

/i (M) <D @0



1.5. THE DECAY ARGUMENT 99

Figure 1.8: A spacelike hypersurface Y.

Morawetz vectorfield Z. In Minkowski space

0 0
2 *2
ou* v ov*

is a conformal Killing vectorfield which has the weights that allow us to prove energy

7 =u (1.5.71)

decay. Here the trace-free part of the deformation tensor

Dy = O — gt 2)
n
does not vanish, but we may still write:
1
vrIZ =P, + [t O trT. (1.5.72)
n
Calculation of 7. First,
(Z)’]Tu*u* = 0 (Z)’]TU*,U* = 0
2m 2m 2m
(2) - _ _ _(n — * _
Ty*v*x — 2t (]. 7“"_2) (n 2) tr 1 ( Irn_2)
tr* 2m °
Dirap = (1 - n_2) 7’2(7n—1)AB :
r r
Second, with
2 tr* 2
tr D=2t + (n =2t T+ (= 1) (1 - =)
and denoting by
* 2 2
D5 —o2(Z(1= Z2) = 1) — (n— 2)tr" ——= (1.5.73)
T rn—- =
we find
In—1
D = _52 n 1( )% Gab (a,b=u",v")

. 1 _
Di g = n+1(z)7rgAB (A,B=1,...,n—1).
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In the above

1
T =~ 20(¢?)

so we are lead to consider

1n— 1 I1n—1

wl gz L 2 2y 1+ (2) 2\ _
v( L Or, () - L g, (o @¢)
In—1
Z) ~ v Z 2
= D)pn W—Zn—l—lm(tr( )7r)¢ .
Now 2
R In—-1 T o\ , 0p 1 . 2
Z v o Z
( )7-‘-# W Ty 33112 (8U*)(8U*) + n ( )W‘ng‘ﬂ%nfl

and thus we see

. In—1.,_ . 1oy
(Z) T, + 52 n 1(2)7r0 O 00 = 5(2)77' ‘ng}iz%nfl .
So if we define
z1 - gz In—1¢ (2 oy 1n-1 @) 1 (2)2) 42
Jo=J; +4n+1(tr w4+ & ) (qb) 4n+10 (tr T+ W)gb
then ) 1 )
Z1 _ 2(2) 2 1T @D (2)
VeI = S O% |96[hs | 4n+1m< 7+ @F) g
Note that finally
tr* 2m
(2) (2) =~ _ _
tr'““r+ 1 = (n+1) . (1 7‘”‘2)
and
tr* 2m
D( r (1_ 7’"—2)> -
1 0 0 0 0 n—1 0 tr* 2m
eEG R G - )| (- )
t 2m /¥ 2m t 2m /. r* 2m
= _(n - B)ﬁ(l - Tn—2) (7(1 - 7‘”_2) - 1> - ( - 2);Tn—1 (37(1 - Tn—2) - 2)
2m ot
(- 2Pyt
We conclude with
1tr 2m n—1 tr* 2m
e = gE e T (1= TE0u(00) - S (- )¢t ()
we have
1 r* 2m L 2m 2
K2 — 5 {215(7(1 - r"—z) — 1) —(n—=2)tr rn—l} ‘qu‘rzg/nil
(n—3)(n—1) ¢t 2m /¥ 2m
{02 (-2 )
n=2)(n—1)t 2m /_r* 2m
* 4 el <37(1 a 7‘”—2) a 2)
(n—1)(n—2)%,2m 2tr*\ .
(Tn—l) . o°. (1.5.75)
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Remark 1.46 (Minkowski space). If we set m = 0 and 7* = r then K%! = 0.

While K%' does not vanish identically the following Lemma shows that at least near the

horizon and at infinity it has a sign.

Lemma 1.47. There are constant values of the radius

"V2m < ro(n,m) < R(n,m) < oo

such that
K%' >0 (r<m) (1.5.76)
—12mt
and KZ1>" "2 - Ty (r>R). (1.5.77)
r

Proof. A suitable rearrangement of the terms in (1.5.75) is in powers of 22

r* ., 2m
K2 = |1+ = (n=55 = 2) || V9l
~1 2m > 2 2
- :2 (n—1)= 2+<n—3)+%((n2+1>(rnﬁ)2—nrnﬁ—(n—3>)]¢2

(1.5.78)

(1.5.76) is clear by inspection as r* — —oo (r — "%/2m). For (1.5.77) note that the

coefficient to ¢? tends to

— +(n2+1)(r2nﬂ_12)2} N0 (r—o00).

It remains to be shown the nonnegativity of the coefficient to |V¢|? in the asymptotic

region r — oo. Here we insert

1
—r— = 2 —d
r*=r—(nm)"—2 + (2m)n—2 /_2 T

to obtain the limit

* 2 r—>oo t (Y 1
—t 1+T_<n m —2) ( lim — —dx
2r \ rn=2 y—oo Y (%)ﬁ a2 —1

which approaches zero from above. O
The next proposition shows that the current J#? gives rise to nonnegative boundary terms
on t-const surfaces with the desired weights.

Proposition 1.48. Forn > 4,

z,1 n—1 q,.* 1 1 w20 09 \2 20 00 \2

/R(J LTy r" dr 2/}R4{5(u (Ou*) +wv (01)*)>
\ 2m 2 n—13n—10 2m | + hl 4
) (- 2wl + R 2T ¢2}r L

r
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Proof. We compute

(JZ,T) = %u*z(gif + Y 2(81)*)2 + %(u*2 +v*2) (1 —

2m
—2) ‘V(b‘iﬁ/n,l

Consider the vectorfields

S—v*i%—u* 0 —tg%—r* 0
- Ovr ou* ot or*
S 9 .0 . 0 N L0
o Yo o ot
Then
Jorryrar = [fozn 2 0 202
R R T rn-
n—1r* 2m \ 9| o1 4 os
1 r(l Tn_2)gz5}r dr
1 2m
- [{s oo s @ - 2iver
R
n—1r* 2m
L 2000 0)
n—1r* 2m , 00
B —rn—)w%
n—1r*
- 20 (s
n—1r* 2m t2 0¢
2 7(1_7"”‘2)2 r* or*
r* 2m e .
—(n—1)7(1—rn_2)¢2}7‘ Ldr*.

We can integrate by parts

r* 8q5 U O [ 4o n 2m .
—/R7(1—T )2q5r Lar :/R&T*<r 2y 2(1—w—_2)>¢2dr

*

_ /R@ _ 271){2%*+(n—2)(r—)2}r"_1¢2 dr*

rn T

to obtain

/(JZ’I, T)r"tdr* =
R
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- [l s - 2
#2507+ (0= 1(s-0) o+ 1<n—2>f2¢2

By Cauchy’s inequality

%2
(567 + (=15 9o+ " -2 17 >
(1=26)(S - ¢)? T1<(n—2) 216”51) 1 (1579)
here we choose ¢ = 1—76. So
/(JZ’l,T) Tl det >
R
1] 2 2
> / Z{fﬂ((&@%(ﬁw) + (2 +772) (1= =5 IVoP
_ 242
#2502 (502 4 P R - 10 ¢]}d
and the stated inequality follows. O

Remark 1.49 (Case n = 3 in Prop 1.48). If we set € = £ in (1.5.79) we merely obtain in

the n = 3-dimensional case
/(JZ’I,T) r2dr* >
R
1 0P \2 9,00 "
2/R4{2—< (8u) +U2(8v*)2)+(t2+r2)(

r

2
Z)\W\?}ﬁ dr

The degeneracy at infinity can however be removed by splitting the t—-term differently
before the integration by parts. (See [20] Prop 10.10.)

The last fact related to the Morawetz vectorfield is that the bulk term in a t-const slab

can be controlled with the J(® current (see Cor. 1.29) in a finite annular region.
Proposition 1.50. Forn > 3, there are constant radial values
"V2m < ro(n,m) < ri(n,m) < oo

and a constant C(n,m) > 0 such that
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Lemma 1.51. Let ¢ € CY(R) with - T=0(@), L(z) € L2 (R), and let a,b € R with a < b.
Then for any € > 0, there exist c(e, b, a) > b,C(e,b,a) > 0 such that

Proof of the Lemma. Take x € [1,2],y € [2,00) then

s -t <2 [ ol e <2 [ Toas) ([ () ae)

Now apply Cauchy’s inequality and integrate over x € [1,2]:

2 v 1 (Y  do.o
/1q52(x)dx§26 1 ;¢2(z)dz+i (dz)

dz + ¢*(y)

=

Next divide by y, choose d < (log2)~! and integrate over y € [2, ¢

r

|:

Q—

—dy/ ¢2(z)dz <

=

1 1 o [ doye ¢
< z = -
_6/1 I¢()dx+4€ed/1 x(dx) dx+/2

where we have replaced ced by e. Writing

Q=
Q=

Lo2(y) dy
Yy

=
-

/f%ﬁ <x>dxs/12¢2<x>dx+/d%&(m)dx

and absorbing the first term in the left hand side we obtain with a choice of

1 1
a<< — e < —
= 4log2 + 2 =2

2 ed 3 ed
/ ¢*(z) do < 2d/ Ls2y) dy + 2 (@)de.
1 2 Y

=
-

Hence

/¢2(x)dx=/l ¢*(t(b—a) +2a — b)(b — a)dt <

ed (b—a)+2a—b 1 )
< 2d(b— d
<200 [ e e (ALY
de% ) ed(b—a)+2a—b d<f> )
+ 3 (b—a) /a (a) dz .

So given 0 < & < 2(b—a)(4log2 + 2) we choose d = ¢ (2(b— a))~! and then have in fact

L N 5(b6— a)eG(bE—a) ' 0

=(b—a)e
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Proof. In view of Lemma 1.47 and (1.5.78) we have

n— 2m *
/RKZ’IT 1(1_r"—2)dr >

> —B(n,m)t /R*{IWI2 + ¢2} (1=

«
To

2m
,r.n—2

) dr*

—l—nT_12mt/ 1gz52 e 1(1— 2m)dr*

. rn—2

for some constant B(n,m). Using the Lemma we infer that

R*
/ ¢2,r,n—1(1 o 27112)(:17,* S

" rm
0

_ 2m m r 1 _ " O¢ 9
< R" 1 1— - 2d * n—1 / d
— R ( Rn—2) € /I;i* (T* _ 7’8) + (R* _ ,r>0k> 7”¢ T+ R C r(’; (87, ) r

where 7 = r1(g,79, R) > R(n,m) and C(e, ro, R) > 0. In fact choose

2m 1
~ 8 B(n,m)Rn!

then since sup,-p m < 1 (if not choose 1y smaller and R bigger) we can com-
pensate with the last term in the region r > R:

n— 2m *
/RKZ’IT 1(1_r"—2)dr >

(1+R*2)2 R* 2 m .
2 _B(n’ m) ,rg ¢ e (1 —|—’f’*2 ‘VQS}TQ’Y,L 1 (1 - ,r.n—2) dr
n—2 ["2mt , 2m
8 / rn ¢ ( Tn—2) r
~ om 1 [T 1 ,dp o 2m
n—1 n—1 *
B Bem)C (1= 25 [ (G - )
where
TI _ (R* _ rS)(n,m)eQ B(n,m)R(n,m)"~12(R* —r¢)(n,m) + 2,[,0 R*
and . .
12m (R —rg)(n,m) 628 B(n,m)R(n,m)"~16(R* —rg)(n,m) 0

68 B(n,m)R(n,m)"~

Proof of Prop. 1.45.
Step 1. %-decay on t-const hypersurfaces. We begin our argument using a t-const
foliation (see figure 1.9)

2 1
¥ = {(u v):u<0,0>0, (2m)n—2 artanh(u+v) :t}
n—2 v—u
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Figure 1.9: The t-const foliation.

and denote the corresponding spacetime slab by

Rt t)= ) =

v <i<t

Recall the current (1.4.67). The energy identity for J(®) reads

/(Jm)’nH/ K(co:/
3, R ,t)

(J@ n) (1.5.80)
W
where
-l 0
N (1 _ 2@2)% ot
Note in general that
/ (J,n) = / / (J,T)r"tdr* dpg
P —o0 JSn—1 n—-l

(1— TQL—TQ)% rldr A dps

because djg|
t

We conclude from (1.5.80) in conjunction with Lemma 1.30 — where we have already
addressed the boundary terms of the J(®)-current on ¢-const hypersurfaces — that

/R(t',t) K@ < C(n,m,a) /EH (]T(qg) + Z JT(Qicb),n) (' >1).

i=1

n(n—1)

(1.5.81)
Choose "V/2m < 71 < T9 < 00 such that

(to—173) >1

N —

(to+71) =1

N —

(1.5.82)
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Figure 1.10: Construction of the triple (tg, 71, 72).

for some fixed ¢y > 0 (see figure 1.10). Then for t > t,

2 a¢ 2 * 2 2 3 *2 a¢ 2 *
[ G ar < o) [t (g

72 8¢ 2 2 2 2 *2 a¢ 2 *
LG s g [

Therefore by Prop. 1.48

and

B g 20 20 2
/ﬁ (J5, T)r" dr < <(t—f§)2+(t+ff)2+t2)x
f;l 1 % a¢ 2 % a¢ 2 N 2m . .
X/F{ Z{g(uz(au*) +U2(8v*) >+(t2+r2)(1—rn_2)|v¢|2}r Lar
< Clo)

< 3

/(JZ’I,T) r"hdrt (> t).
R

Note that the larger ¢, > 0, the larger one may choose the interval [7f,75] C R. On the
other hand Prop. 1.50 yields when combined with Cor. 1.29

t1 2
—/ K%' = —/ / KZ’l(l — —m2) rtde dr* dyeo
R(to,t1) to JRJSnL e A
0,l1

gC(n,m)/ tK©® . (1.5.83)

R(to,t1)N{ro<r<ri}

Therefore by the energy identity for J2!:

/ (JT,n) < 0(20) / (JZ’l,n)
Sin{F <r<ia} 13 o
< C<§O) [/ (J%1 n) + C(n,m)t / K(O‘)}
t St R(to,t)
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n(n—1)

SMU_ (JZ’l,n)Jr/_ (7 (0) + ) JT(QZ¢),n>]

Zitg Zitg i=1

(t>to) (1.5.84)

Step 2. %-decay on the hypersurfaces ¥, N{r < 75(7)}. The spacelike hypersurfaces
relative to which we expect the local observer’s energy to decay terminate at future null
infinity (and on the horizon to the future of the bifurcation sphere). Let Yo be a spacelike
hypersurface in J*(u* = 1,v* = 1) and first choose "v/2m < 7 < r9(n,m) and then
to and 7y such that (to,7) € Xo, (to,75) € %o. Clearly, (to,71,7) satisfy (1.5.82) by

construction. Note that by definition of

ET - SOT(EO) )

¥, and ¥y, 4, will intersect at r =7 and r = 7, for all 7 > 0. Also denote

R(T',7) = U >

7' <71

By conservation of J7 flux,

/ (JT,n) :/ (JT,n). (1.5.85)
S0 {F <r<ia} StgrN{F1<r<fa}

We may assume that KV > b(JV. n) on ¥, N {r < 7} for all 7 > 0, as well as 7, >

r1(n, m); for otherwise choose 7 closer to the horizon, see also Prop. 1.7. Then

1
/ (JV n) < —/ KN
ﬁ(T’,T)ﬂ{rSFl} b 7~2(T’,T)ﬂ{r§ﬁ}
1

1
<5 [ g [ K] (15.86)
b i.,./ f-\I{T‘SRT/,T} b ﬁ(o,to—l—T)ﬂ{TZFl}

where (o + 7, R, ) € ¥ (see figure 1.11). We can use the J@ current to control the

spacetime integral:

|KN| S C(n7m7 g, 7:1)/

{K(a) + Kaux}
R(O,t0+T)

/ﬁ(o,to-q—T)n{rzfl}

n(n—1)

§C(n,m,a,a,f1)/ (JT(QS)—I— i JT(QZ-QS),n)

2o i=1

By virtue of the uniform boundedness result of Section 1.5.1 applied to the first term in
(1.5.86) (recall also N =T for r > riV)

n(n—1)

/ﬁ(T/’T)n{TSFl}(JN’n) SC(n,m,a,b,a,fl)/ (JN(¢)+ > JT(QZ-qS),n) (1.5.87)

%o i=1
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Figure 1.11: Illustration of (1.5.86).

Lemma 1.52. On 3, N {7 <r < 7y},
J 18N, < Ol o) [ {56+ K} d
s S
Proof. The statement is immediate from Cor. 1.29. In fact for r)) <r < ¥
(K| = [T, | < [N 10,0110,0] + 5\ tr M7]|9%¢][0a0| <

< B(J',n), (1.5.88)

whereas KV = KT = 0 for r > vV, For r < rl¥ one may use

V=l 202 (o )

n

to calculate

o 2m ,0¢

0o 2m
et () ()

2l 2> 2oy
Fn-2 2 2o+ P2 1 - 2 | jvep

n—l o 2m 1 do \ , 00
- [1+@<1—Tn_2>}1_rglm2<au*><av*>-

r

KY =(n—-2)

to find the bound

e (G ]
2m ) 1[(&15)2 . (8¢)2}

+mn—m@m)nz@—

P2 ot or*
n—3 o
+(n— 27 (2m) (Vo + pmE= 1+ Z]Iver
—1 o 2m 17,00, 2 0P \ 2
s el L (L [ O GO

(2m) n—2 1

because r > 7. O
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The spacetime integral estimate (1.5.87) near the horizon is the starting point of the

following pigeonhole argument.

Let 71 > 0, 7,41 = 27, (n € N) then there is a sequence (7)nen, T, € (Tn, Tna1) such that

Tn+1
/ d?/ (JV,n) :Tn/ (JV,n)
Tn Sen{r<s} flﬁbﬂ{rgfl}

and we have for all n € N

n(n—1)

Tn+1 N 2

[ar [N s cmaban S [ (0)+ 3 T0)n).

- S-N{r<fi} >o i=1

Therefore
/ (JV,n) <
i%m{rgfl}
( ~ ) n(nzfl)
C(n,m,a,b,o,7,%
< SO [ (@) Y @) n22). (1589)

o i=1

Recall (1.5.85) which implies
n(n—1)

/ (¥ ,n) <
B N{F <r<ia}
2

< gl [ gmenm+ [ (10 3 o) 1590)

=1

Next define for 7 > 0, 75(7) by (to + 7+ 7,75(T)) € >, (see figure 1.12) then

/ < (77 ) <
270{52 STSFQ (?)} it0+7+?mJ+(iT)

< M/ (J7N(),n) (1.5.91)

B (to _'_ T)2 it0+7+?
because
min w*? > min u*> min v*2 > minv*?
it0+7—+?ﬁj+(iq—) 27— it0+7—+?ﬂJ+(iq—) i-,-
However again
/ (JZ,I’ n) S
§t0+7—+?
n(nzfl)
< C(n,m, o, to) (to + 7 +7) U (J%1,n) +/ (JT(¢>) + ) JT(Qié),n)}.
E750 i’50 i=1
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Figure 1.12: Extension to the region 7 < r < 7y(7).

Now choose T = ¢ (to + 7) then with (1.5.90)

/ (JNV,n) <
S-N{F1 <r<ra(r)}
n(n—1)

C’n,m,a,to,fl 71 . 2 .
( et )/zto(J 1(g) + JT () + ; J (Qiqﬁ),n); (1.5.93)

note we can arrange for 75(7) > 75 + 7. For any 7 > 73 we may choose 7/ = maX{Tr’L :

7 < T} so by the local observer’s energy estimate

[ wwecf (¥ n)
f},m{rgfl} iT/ﬁ{T’SFQ(T/)}

and using (1.5.89) and (1.5.93) we finally obtain

/ (JN n) < C(n>m7a>ba g, th’FlaiO) %
S.nfr<ma()} T
n(n271)

X {/_ (JZ’1(¢),n)+/_ (JN(¢)+ > JT(Q,-qs),n)} (1 >4m). (1.5.94)

Lt o i=1

Step 3. T%—decay on the hypersurfaces ¥.. The aim is here to improve (1.5.94) to
the extend that % will be replaced by T—lg and the restriction on r < T9(7) will be removed.
Recall the regions (1.4.1), and consider in particular

L,

§(t1 +71)

Roo<t0,t1> = U R(to,tl,ui) .

ui>g(ti—r)

R(tm t17 UT) = Rro,rl (t07 t17 uta
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As we have already seen in Step 2a of the proof of Prop. 1.11 in Section 1.4.4 we obtain

n(n—1)
2

(@) . -
/R‘X’(to,tl)K < C(n,m, ) /é)R""(to,tl)<J (@) + Z J (Q@),n) (1.5.95)

i=1

where 0" R>(to, t1) is the past boundary of R>(tg, t1).
Now cover the region {ro(n,m) < r < ri(n,m)} dyadically with R*>(t,,t,11) (n € N)
where t; > 0, t,41 = 2t, (n € N) and also denote

Sp = 0 R (b, tas1) -

Then for N € N large enough ¥, C Jt(u* = 1,0* = 1) (n > N + 1) thus by the
previous estimate (1.5.95) and the earlier 1 decay result (1.5.94) (recall 71 < r9(n,m),

7o > ri(n,m), 75(1) > 75 + 7) and choose 1 < %N:

/ K@ < % (n>N+1) (1.5.96)
{tn<t<tni1}{ro<r<ri} (tn —tn)
where C' = C(n,m, o, b, 0, ty, Xo) and
et
D = [ (770 + 3 I @)
to i=1

n(n—1) n(n—1)

+/ (JN(¢>+ Z IV (o) + Z JT(Qin@,n). (1.5.97)

2o i=1 ij=1

By summing over n € N,

/ t K@ <
{to StSt’l N {ro<r<ri}

<ty / K@ 4
{to<t<tn41}

4]
> 2 1 K@)
{tn<t<tny1}

n=N+1
<ty CDY + 20D ]

where [t)] € N is the smallest number such that t;;) > }; observe that since

ty = 21t
log tj) —logty log t
th] = - <1 : ift, > 1.
A 2 <1+ log 2 It 4y
Hence
/ t K@ < (1+1logt)) CDY (1.5.98)
{to<t<t1}n{ro<r<ri}

with C, DéZ) as above, and we immediatly improve (1.5.83) to

—/ K%' < (1+1logt)) CDS (1.5.99)
R(to,t1)
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with the consequence that also (1.5.84) is replaced by

(J7,n) < LT18 o p) (1.5.100)
Sin{F <r<fo} 7 t2 ?

with C, Dgz) given as above by (1.5.97). With the same argument as before we extend

this to |+ log(to 4 7)
/ (JN’ n) S 0g(to - T
SO {71 <r<ra ()} (to +7)

Next we refine (1.5.87). By Cor. 1.29, (1.5.95) and the 1-decay result (1.5.94)

/ (¥ n) <
R(r',7)n{r<r}

cDy?) . (1.5.101)

< - . N N
b R(r',m)n{r<i1} K _'_/ {r<ri}n ('] 7n)
N{o" <3 (to+7"+77)} {4 (to+7'+77)<v* <L (to+7+77)}

1
< —/ (JN, n) —I—C(n,m)/ {K(a) +Kaux}
b iT/ﬂ{TS’Fl} Roo(t0+7_/’t0+7_)
n(n—1)

$n{r<ra(r)}

< C(n,m,a, b)/ (JN(gb) + Z I (Q0), n>

n(n—1)

(7M@) + S 2 (), n)

<

C’(n,m,a,b,d,tmio){/

7! Sy
n(nzfl) n(nzfl)
+/ (JN(¢>)+ >IN+ JN(Qin(b),n)} (1.5.102)
0 i=1 i=1
or with C, Dgz) as above
2
/ (JN n) < ¢ z (1.5.103)
R(r',m)n{r<i1} T

Proceeding as above let 77 > 0, 7,01 = 27, (n € N), then there is a sequence (7)),en,

TrlL S (Tn7 Tn+1> such that
1 Tn+1
/ (Y n) = —/ d?/ (JN,n)
o 0lrsi) Tn Srn{r<ii}
1 (2) 16 (2)
< 50Dy < —5CDy (15.104)

and for any 7 > 73 we may choose 7" = max{7), : 7/ < 7} so that

/ (JN,n)SC'/ (JN n).
f},m{rgfl} iT/ﬂ{T’SFg(T’)}

1+ log(t
/ (I, my < L os Oj%pgzr (1.5.105)
£ {r<ra(r)} (to+ 1)

Thus
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One can repeat this step to remove the 1+ log(tg + 7)-term and the restriction r < 7o(7).

Namely, now using (1.5.105) yields in place of (1.5.96)

(@) < 1+ log(t,

{tn<t<tp41} - —
N{ro<r<m} (tn tN)

>CD (n>N+1) (1.5.106)

where C' = C(n,m, o, b, 0, ty, Xo) and

n(n—1) n(n—1)
2

D = [ (70 + > @)+ Y Q0 0)n)

to i=1 ij=1

n(n—1) n(n—1) n(n 1)

+/_ (JN(¢)+ Z TN (Qu0) + Z JN(uQ,0) + Z JT(QQ,;00), ) (1.5.107)

=1 Z"]Zl Z?]vk 1
In other words
(@) (2)
{to<t<t1} t K < C Dy (1.5.108)
N{ro<r<ri}

because by summing over n € N

I+ log(tn - tN)

N{ro<r<ri} N{ro<r<r} i=N+1

with the last sum being finite

i 1 +log(t, —tn) i 1+log(2F — 1)+ (N — 1)1og2+logt1
N (

t—ty 2k —1)2N-1¢,

N+1 k=1

since . \16/7
> log 2 > Vk
k=1 k=1

as vk — 1 (k — oo). This immediatly improves (1.5.83) to

—/ K%' <cD{. (1.5.109)
R(to tl)

Therefore

- CDY; (1.5.110)

/ (JT,n) <
{7 <r<fa}

moreover no power of (ty + 7+ 7) is lost in (1.5.92

Jhn) < —
/Em{rzfg}( ) (to +7)?

as we let 7 — o0o. We arrive when combined with (1.5.104) at the final result:

~—

anymore and (1.5.91) is replaced by

cpl?) (1.5.111)

+ | =

1
[ (JV,n) < 50D§Z> (1.5.112)
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where C, D:())Z) are as above given by (1.5.107). Note that again by (1.5.83) and (1.5.81)

DéZ) < C(n,m,a,ty)x

n(n—1) n(n—1) n(n—1)

o RCACED SACTRS SPACHIC R ST Ry

>o i=1 i,j=1 1,5,k=1

1.6 Pointwise bounds

In this Section we first prove pointwise estimates on |¢| and |0;¢| separately based on
the energy decay results Prop. 1.37 and Prop. 1.39 in Section 1.5. Then we give the
interpolation argument to improve the pointwise decay on |¢|. As we shall see in view
of the nondegenerate energy estimates of Section 1.5 we may restrict ourselves in the

first place to a radial region away from the horizon. Recall the definition (1.4.3) of 3.,
(ry = R > "~/8nm).

Proposition 1.53 (Pointwise decay). (i) Let ¢ be a solution of the wave equation (1.1.1),
with initial data on 3., (19 > 0) such that

[5]+1

Y . OT" - p\2
b= To+R* dv /S"!Ll dlu%”*1 kz:% T2< ov* ) u=T0
(31+2
+/ (Z JN(Tk-gb),n) <oo. (1.6.1)
1o " k=0

Then there is a constant C'(n,m) such that for ro <r < R,

C(n,m) VD 1 .
[o(t, r)| < % (r=5(t=R")>m). (1.6.2)
(ii) If moreover, the initial data satisfies
. [3]+1 .
Tk . 2
D i/ dv*/ dpe. X { Z 7"4_5(8(7*X))
T0+R* gn-1 Tn-1 — v
(5144 [3)+3 2D
O(T* - )\2 OT*Q 2
2( Y\ ) 2 i
-+ Z r < 81)* > + Z r ( 8,0* ) w =10
k=0 k=0 =1
(3145 (2] +4 22D
+/ > INT )+ JN(TkQ,qs),n) <oo (1.6.3)
n
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for some 0 <6 < %, and R > "/ then there is a constant C(n,m,d, R) such
that forro <r < R,

O,6(t, 7| < SZQ (r = %(t R > 7). (1.6.4)

The pointwise bounds are obtained from the energy estimates of Section 1.5 using Sobolev
inequalties and elliptic estimates; the former provide the link between pointwise and
integral quantities, and the latter allow for the expression of these integral quantities in

terms of higher order energies.

Sobolev embedding. By the extension theorem applied to the Sobolev embedding
H*(R") C L*(R") (s > 5) [27] we have, for ro <7 < R,

R* \aIS[%Hl_ ,
[6(E T < C(n) / dr* /S du;n1{¢2+ > [Vl }
o

laj>1

(1.6.5)

where V denote the tangential derivatives to the hypersurface 3,, and a denotes a multi-

ndex of order n.

Elliptic estimates. Note that for any solution ¢ of the wave equation

T2 ¢ or %2 + (1 - 7’”_2) o + (1 — T”_2)¢T2%n71¢ =1 . ¢ (166)
where the operator
2
L=(1-=5)7"V; (1.6.7)

is clearly elliptic, (here g, = g|s, denotes the restriction of g to the spacelike hypersurfaces
Y, a Riemannian metric on 3, and 4, = 1,...,n). In view of the standard higher order

interior elliptic regularity estimate (c.f. [27]),

9]

we conclude with (1.6.5) that in the case where [§] + 1 is even,

m2(S,) < C(HL *llggm (s, ||¢>||L2@t)) Y=, N{ro<r <R}, (16.8)

+1

6> < C(n,m / dr* /Sn 1 dpe 4 (Tl . ¢>27’”_1; (1.6.9)

Tn—1

in general we have:

Lemma 1.54 (Pointwise estimate in terms of higher order energies). Let ¢ be a solution
of the wave equation (1.1.1), and n > 3. Then there exists a constant C'(n,m) such that
for all rg <r < R:

6(t, )2 < C(n,m) [||¢|| / Z JT T . ¢ )} (1.6.10)

Xt =0
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Proof of Prop. 1.53. In view of the Lemma 1.54 and the energy decay estimates of Section
1.5 it remains to control the zeroth order term ||¢l|; 2, ; we multiply the integrand by
(£)2 > 1 and extend the integral to u* =7 = l(t — R*), v* > $(t+ R).

(i) By Lemma B.6 we can then estimate ||gz5|| by the energy flux through ¥ _1(,_p.),
and apply Prop. 1.37 to the higher order energles of Lemma 1.54.

(ii) Here we extend the integral only to 7+ R* < v* < 7+ R* + 73 and apply Lemma B.8
to obtain

R*
[ [ @ope < com e | (7 @us).m)
§n—t Tn—t Srn{r*<R*+73}
R2 n—1 2
+ C(n’ m)T » T (at¢) |(u*=T,v*=T+R*+T3) . (]_6]_1)

As in the proof of Lemma 1.42 we obtain by integrating from infinity and Cauchy’s
inequality that

[ ausr@erea < P [ (00)0) o)

I

which decays by Prop. 1.37 with a rate 772. Moreover, as in the proof of Lemma 1.42,

| w0
sn-1 | Tno1
T4+R* 473

:/ d,ug/ Tn_l(at¢)2|(u*:7—7v*:7—+R*) +/ d’U*/ d,ug/ 28t¢
§n—1 n—1 §n—1 n—

T+ R*

(u*=TVv*=T+R*+73) —

80##

—Jur=r

(1.6.13)

and

T+R*473
/ dU* / d/,l,o 8{[# aa—tw
T+R* sn—1 Tn—1 8'1]*

n—1 2
Y R A

the first factor decaying with a rate 7=! by Lemma B.6 and Prop. 1.37, and the second

<

ur=7 =

factor bounded by the weighted energy inequality for rz 0;¢ in place of ¥ with p = 2.

Therefore o ' D
e n,m
/ ) e =rr =) S T (1.6.15)
§n—1 — "2 T

By virtue of Prop. 1.39, compare in particular Remark 1.44 on page 98, the first term
on the right hand side of (1.6.11) decays with a rate of 747, and this is matched by
the second term in view of the prefactor r=' = (R* + 73)~!, which is the result of our
choice of powers of 7 in the extension of the integral (1.44). Lemma 1.54 applied to the
solution dy¢ of (1.1.1) then yields the pointwise decay result (1.6.4) after having applied
Prop. 1.39 to the higher order energies on the right hand side of (1.6.10). O
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Interpolation. We shall now interpolate between the results Prop. 1.53 (i) and (ii) to
improve the pointwise estimate for |¢|. Our argument can in some sense be compared to
the proof of improved decay in [36]. The basic observation underlying this argument is
that for ro <r < R and t; >ty

r"2G% (r ) = " 2% (1, tg) + /t1 20(t,r) g—f(t, r) "2 dt

to

<292 (r o) + = 25/ S (t,r) 2 dt 4 1= 25/t1(%>2(t,r)r“—2dt. (1.6.16)

to

Moreover, as a consequence of Lemma 1.55,

.
) < @R - (- 20 [ (G e e

n *
o or

we obtain an estimate for the timelike integrals in terms of the corresponding integrals at

r = R and spacetime integrals, using the Sobolev inequality on the sphere:

/tt "Rt dt</ dt/Sn Cdpg 3 Rn—2<Qa¢)2(t’R)

la|<[5]+1
2m | -1 _ 0N P\ 2
+(1--—=) / dt dr*/ dps "t § j —) (t,r) (1.6.18)
TO to r* Sn—1 Tn—1 | <[2]+1< 87” >
Lemma 1.55. Let a < b € R and ¢ € C*([a,b]) then
_ _ d¢
n—2 42 < pn 2 42
a"2¢2(a) < b2 (b) + / (dx) 1 dg (1.6.19)

for alln > 3.

Proof. Since, by integration by parts,

| 20@) @ do = 262y
/ 20(a) < (a)a" dr - / 262 (x)(n — 22" d,

it clearly follows, with Cauchy’s inequality,

a"?¢*(a) < 0" 2G%(b) + / b(%fﬂ—l dx

+[1—(n—2)] / %gbz(z)x"_l de. O
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Proposition 1.56 (Improved interior pointwise decay). Let ¢ be a solution of the wave

equation (1.1.1), with initial data on X, (19 > 1) satisfying

[T - AT* - Q)2
b= /'ro-i-R*dU A”ldﬂ%n {Z 5< ov* )

k=0 |a|< g1+1
me 2 & Tk 2
+kZ > (o) X X () Y.
0|a\<[ 1+ k=0 |a|<[5]+2
5
/ Z Z INTRQ9) + Y JN(TkQ“ng),n) < oo0. (1.6.20)
E10 k=0 |a|<[2 k=0 |a|<[2]+2

for some 0 < ¢ < Z, where R >
such that for "

n—2/8nm
5

n > 3. Then there exists a constant C'(n,m, 6, R)
V2m <1y <71 <R,

n=2 CD
rrleltn) < - (1.6.21)

Proof. Let tg = 2(19+70)+ R* and t; = ty+279 then by (1.6.18), Prop. 1.14 and Prop. 1.11

t1
/ 2 (t,r)r"2dt < C(n,m, R)/ Z > T[T, ) (1.6.22)
to Z2r) k=0 |a]<[2]+1
hence by Prop. 1.37 there exists ¢}, € (o, 1) such that

C R)D
P22t 1) < (”T% (1.6.23)
0
Now set 7§ = 3(tf — R*) and 7} = 27/_, (j € N), and ¢} = 27/ + R* (j € N); note that
thy —t, = 3(th — R*). Now consider (1.6.16) with #;

thiy, to = t; since by (1.6.18),
together with Prop. 1.11 and Prop. 1.14

o 1
/ 202, ) dt < C(n,m, R) / >y JT[TkQ“qS],n) , (1.6.24)
£ k=0 |a|<[2]+1

and by Prop. 1.32 and Prop. 1.33

G
/ r"2(0,0)%(t,7) dt <
4

gC(n,m,R){/Zm{MR* o (22: Z JT[TkQa(j)],n)

*} k=1 |al<[2]+1

+/ d:u,oy Z Tn_z(Qaat¢)2|(u*:T,’.7v*:R*+T’+( ))} ) (]- 6 25)
S§n—1 n—1 7
lol<[F]+1
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)

which decays with the rate 747% as is shown in the proof of Prop. 1.53 (ii), we obtain

Tn_2¢2 (Tv t;’+1) <

_ C(n,m,R) D 3 D
< g 2¢2(7“, t,-) + ) _7 : + C’(n,m,5, R)(t/-)l 26 - <
j ()12 (r])2 j (r)i= 8
. , C(n,m,o0,R)D
< "R (r ) + ( S ) (1.6.26)
In fact, by induction on j € N using (1.6.23) for j = 0, we have shown
_ C(n,m,d,R) D 4
n—2 12 ! s 110y Yy
2% (1) < e (j e NU{0}). (1.6.27)

Finally for any ¢ > t; we may choose j € NU {0} such that t € (¢},#’,,) and conclude
the proof by applying (1.6.27) and (1.6.26) which holds with ¢ in place of ¢/ . O

Extension to the horizon. Note that for "V/2m < r < 1y the same interpolation
(1.6.16) by integration along lines of constant radius r < ry can be carried out. However,
on the right hand sides of (1.6.17) and (1.6.18) a new term results from the integration
on v* = %(to + rg) from the radius r < 79 to 7 = ro; but we infer from the explicit

construction (1.3.18) that the resulting integrand

( : a¢)2§T[¢](KY)S(JN[¢],N> (1.6.28)

T

is controlled by Cor. 1.13 and the proof of Prop. 1.56 above extends to that of Thm. 2 by
replacing J* by J¥ on the right hand sides of (1.6.22), (1.6.24) and (1.6.25).



Chapter 2

Linear waves on expanding

Schwarzschild de Sitter spacetimes

2.1 Overview

It is the purpose of the work presented in this Chapter to initiate the global study of

linear waves on cosmological spacetimes.

A common feature of expanding spacetimes is suggested by the global causal geometry
of the simplest explicitly known solutions to the vacuum Einstein equations with positive
cosmological constant. The Schwarzschild de Sitter family exhibits a region of spacetime
which is bounded in the past by two cosmological horizons and in the future by a spacelike

hypersurface of unbounded area.

We provide a suitably robust approach to the analysis of linear waves in these regions.
More precisely, we establish uniform energy estimates for general solutions to the linear
wave equation in the expanding regions of de Sitter and Schwarzschild de Sitter spacetimes

which extend by a stable redshift mechanism to a global estimate.

Statement of the Main Result. Let X7 be the timelike future boundary of a chosen
expanding region in a subextremal Schwarzschild de Sitter spacetime (M, g). 3T is a
spacelike hypersurface with topology R x S? endowed with the standard metric EI of the
cylinder. Let ¥ C J~(X%) be a spacelike hypersurface in the past of ¥ such that X+
is in the domain of dependence of > and such that X crosses the cosmological and event
horizons to the future of the bifurcation spheres (see figure 2.1). We consider the Cauchy

problem

0,0 =0 (2.1.1)
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Figure 2.1: Cauchy problem (2.1.1) with initial data on ¥. The expanding region is
bounded in the past by the cosmological horizons C* U C* and in the future by the

spacelike hypersurface X7,

with initial data prescribed on . Let T" be the energy momentum tensor of (2.1.1) and

n the normal to . We show if the energy of a solution to (2.1.1) is initially finite

DY) = /ET(n, n) < oo, (2.1.2)

then it is globally bounded in the expanding region and has a limit on X*. Furthermore,

the limit of v on X7 as a function on R x S? satisfies

/Eﬁw

where C' is a constant that only depends on the given manifolds M and ¥, and % denotes

> dps < C(M,X) D[Y] (2.1.3)

the gradient on the standard cylinder R x S2.

Remark 2.1. The expanding region can be foliated by spacelike hypersurfaces (%,,7,)
which are conformal to the standard cylinder; in fact g, =72 ¢ +O(%). Since the future

boundary can be viewed as the set

U A PAORE (2.1.4)

the statement (2.1.3) is a decay result for the induced derivatives on ¥, as they approach
X,

Remark 2.2. The wave equation on “asymptotically de Sitter-like spaces” was previously

studied by [47] however with results that are local in nature.

The precise statement of the main result and an overview of our proof is given in Sec-
tion 2.3. The reader is advised however to first familiarize herself with our treatment
of linear waves on de Sitter spacetimes in Section 2.2 where many of the ideas for our
approach originate and their application is seen more clearly. Moreover, Section 2.2 offers
a self-contained global analysis of linear waves on de Sitter spacetimes including results

for the Klein-Gordon equation.
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2.2 Linear Waves on de Sitter

In the following we consider solutions to the linear wave equation on de Sitter space-
time. The de Sitter spacetime is the simplest solution to the vacuum Einstein equations
with positive cosmological constant and as such the primary example of an expanding

spacetime.

In the context of the stability problems for the Einstein equations it is generally expected
that a positive cosmological constant introduces a stability mechanism. This may in
particular be true for the dynamics of black hole exteriors. Accordingly my treatment
aims at an understanding of linear waves on Schwarzschild-de Sitter spacetimes which
should be viewed as a first model problem for the nonlinear stability problem of black

hole exteriors in expanding cosmological spacetimes.

Remark 2.3. The favorable role of the positive cosmological constant for a stability prob-
lem was first recognized by Friedrich [28] who was able to reduce the global stability
problem for initial data close to de Sitter to a local problem for a quasi-linear symmetric
hyperbolic system. Ringstrom has extended these ideas to scalar field models in [40], and
the stabilizing effect of the cosmological constant has independently been confirmed for
perfect fluids in [41, 43] (the case of pure radiation perfect fluids which is not in the scope
of this work has been resolved using the conformal method in [33]). However, it is not
in the scope of these approaches to accomodate for initial data close to Schwarzschild-de
Sitter for which the global geometry is very different; (in particular the spacetime is not
foliated by compact Cauchy hypersurfaces). It is for this reason that I emphasize the
global aspect of my approach in this Section which at no point makes use of the homo-
geneity (or even local homogeneity) of the spacetime; (which is lost in Schwarzschild de
Sitter spacetimes). It would be possible to localize the linear problem near the future
boundary of (Schwarzschild-)de Sitter but this approach would not yield a global result

in the absence of homogeneity:.

Problem. We are interested in a full understanding of the global behaviour of solutions

to the linear wave equation
Oyt = mptp (2.2.1)

on de Sitter spacetime (My, g) where my > 0.

We take the point of view on de Sitter as a member of the Schwarzschild de Sitter family
with mass parameter m = 0. This is equivalent to an a priori choice of a timelike geodesic
['in (My, g) as the center of symmetry. (De Sitter spacetime is homogeneous, in particular
spherically symmetric with respect to any chosen timelike geodesic.) In Section 2.2.1 1
describe the global causal geometry of de Sitter in terms of the past, the past boundary,

and its complement of any chosen timelike geodesic T'.
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It is shown that the intersection of the past and future of I' is in fact a static region
of spacetime. Its boundaries are described in analogy to black hole event horizons as
cosmological horizons with positive surface gravity. The complement of these domains is
the expanding region of spacetime which exhibits a global redshift effect. In Section 2.2.2
it is shown how these crucial geometric properties are used to establish energy estimates
for solutions to (2.2.1).

My approach in particular yields explicit estimates on the spacelike future boundary of

the spacetime in terms of initial data prescribed on any given spacelike hypersurface.

Main Results. Let I' be a timelike geodesic in de Sitter (M,, g), where A > 0 is the
cosmological constant. We denote by r the area radius of the round spheres defined by
the orbits of the SO(3) subgroup of the isometry group that leaves I' invariant, and by

)y the generators of this group action.

Consider the level sets ¥, of the area radius function 7 on (M, g). These are timelike

%, and null hypersurfaces for r = \/% The domain r < %

is the static region of spacetime in the intersection of the timelike future and past of I,

hypersurfaces for r <

and as such endowed with a timelike Killing vectorfield T', which is tangential to X,.. We
denote by C* the future boundary of the past of I, and by C~ the past boundary of the

future of I'; these are the cosmological horizons of T'.
The level sets X, are spacelike hypersurfaces for r > \/% More precisely, the hyper-

surfaces Y, are topologically cylinders that foliate the expanding region r > \/% ,and T
extends to a global Killing vectorfield tangential to >,.. In this domain the metric then
takes the form

1
g=—¢dr’ +7, = —55— A’ +7,, (2.2.2)
§T —1
where g, is the induced metric on ,, a Riemannian metric conformal to the standard
cylinder; in fact
1

1 o o
lim —7, =-d\*+7= 2.2.3
lim g, = A+ T =9, (22.3)

where A\ € (—o00, 00) and 7 denotes the standard metric on the unit sphere S?. We denote

by X* the timelike future boundary of the expanding region (J, _ VI Y, endowed with the
A

[0)
rescaled metric 9.

Theorem 4. Let 3 be a spacelike hypersurface with normal n in de Sitter (My, g), and
I’ a timelike geodesic with cosmological horizons CT and C~, and assume that ¥ crosses
the horizons to the future of CT NC™ (see figure 2.2). Let moreover 1) be a solution to the
linear wave equation (2.2.1) for either my = 0 or my > 25 with initial data prescribed
on X such that

D)= [{rtel st <. (22.4)
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Figure 2.2: Penrose diagram of de Sitter depicted as a spherically symmetric spacetime

with respect to any chosen timelike geodesic I'.

Then the energy of ¥ is globally bounded, and satisfies

[ @+ @00 st fa < campl - @29)

on the future boundary X7, where C' is a constant that only depends on A and the initial

hypersurface 3.

Note that the tangent space to X7 is spanned by Killing vectorfields and that those
tangential derivatives are controlled in L2 by (2.2.5). By the classical Sobolev inequalities

this immediately implies the following pointwise estimates.

Theorem 5. Let ¥ and I" be as in Theorem /, and let 1) be a solution to (2.2.1) for either

ma =0 or my > 2% with initial data prescribed on S such that in addition to (2.2.4) we

have
3 3
D= D[]+ Y _ DQuv]+ Y DQuQ ¢l
i=1 1,j=1
3 3
+D[TY] + > D[QuTy]+ Y D[QuQTv] < oo (2.2.6)
i=1 ij=1
Then
O\ 2 o\ 2 ° 2 ° 2
ng{\(a) 1)~ (5@ + |17 ) - |¥ el

+ ma

(rv)*(p) - (rw)2<q>\} <C(A)D, (227)
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where dy denotes a coordinate derivative on X (c.f. (2.2.3)) and ¥ the covariant deriva-

tive on the standard sphere (82,”(;), and C'is a constant that only depends on A.

The result in particular states that solutions to the linear wave equation (2.2.1) have a
limit on T which can be viewed as a function on R x S? satisfying (2.2.5) in the case

my = 0 or vanishing identically in the case m, > 2%.

Proof and Overview. In our approach the study of solutions to the wave equation on
de Sitter spacetime is carried out in three separate domains: the expanding region, the

cosmological horizon and the static region.

In Section 2.2.2.1 we construct a global redshift vectorfield that captures the expansion
of the spacetime in the region r > \/% . In fact, in Proposition 2.13 we establish that for

any solution of (2.2.1) with m, > 0 we have
2
/ ¢{¢2(T )"+ | VY + mA¢2} dyg,, <
iy

s/ ¢{¢2(T-w)2 ;2((%) +|V¢|2+mA¢2}dugr (2.2.8)
S

for all ro > 71 > 1/, where ¢ is the lapse function of the foliation (X,) given by (2.2.38).

In Section 2.2.2.5 we explicitly exploit the positive surface gravity of the cosmological
horizons to construct a local redshift vectorfield. Given a spacelike hypersurface ¥ that
crosses the cosmological horizon C* to the future of C* NC~, we prove in Proposition 2.28
that the right hand side of (2.2.8) is bounded by

A 0 1 .
C(r1, A) /Cg{gu(%qﬁ)z + |Vl + %w?} +C<r1>/,J"va -, (2.2.9)

where Y is the segment of 3 truncated by %, and C*, and C; denotes the segment of C*
truncated by X, provided r > \/7 is chosen small enough. Note that X, is an asymptote
hypersurface to the the null hypersurface C*. The bound (2.2.9) holds for all solutions of
(2.2.1) with my > 0, where C(ry, A) is a constant that only depends on the fixed value ry
and A.

In Section 2.2.2.3 we finally obtain control on the nondegenerate energy on the cosmolog-
ical horizon as the boundary of the static region. More precisely we establish in Proposi-
tions 2.23 and 2.26 that if my = 0 or my > 2% then there exists a timelike vectorfield N
such that

/c0+ %{WW +mw2} =) /E{JNW] e mag?) (2.2.10)

here and in the above (u,v) are the double null coordinates introduced in Section 2.2.1

and | Y| denotes the angular derivatives on the sphere in the induced norm on the spheres
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of constant area radius r, and . The estimate (2.2.10) relies on an integrated local energy
estimate in the static region which is established in Proposition 2.20 using Morawetz type
vectorfields. It is in this part of our proof that the condition m, > 2% is introduced;
(my = 2% is the conformal value of the mass, see also Remark 2.16). It arises because
our proof in the homogeneous case m, = 0 relies on a Poincaré inequality, and we expect
that an alternative proof can avoid a lower bound on m, (and establish the required

estimate for all my > 0), which in view of (2.2.8) should not be essential to our result.

Given initial data to the Cauchy problem of (2.2.1) of finite energy on a spacelike hyper-
surface ¥ crossing the cosmological horizons to the future of the sphere C™ N C~ we have
thus established that also the energy flux through ¥, on the right hand side of (2.2.8) is

finite and bounded by that initial energy, (provided r; > \/% is chosen small enough and

mp =0 or my > 2%) Since

1 /3
¢ dpg = 5&# dA A dpsg (2.2.11)

and by the coercivity equality on the sphere (see Appendix C.2)

3

PVel =" (), (2.2.12)

i=1
we are now allowed to take the limit in (2.2.8) as ry tends to infinity, to conclude on the

finiteness of the following energy:
lim ¢{¢2(T'¢)2+\V¢|2+m/\¢2}dﬂgr2 =
T—00 ET'
_ 1 /E/ E(T.¢)2+§3;(Q ) 4+ ma ()’ FANA dps . (2:2.13)

Here X7 is the future boundary of the expanding region UT> Ve Y., a spacelike hyper-
A

surface with topology R x S? endowed with the standard volume form of the cylinder
dA A d,u%.

2.2.1 Global geometry of de Sitter
The de Sitter spacetime is the simplest solution to the Einstein equations
1
R, — §gu,,R +Ag =0, (2.2.14)

with positive cosmological constant A > 0.

We take the point of view of de Sitter as the member of the Schwarzschild-de Sitter family
with m = 0. Let us make this more precise, with a few comments on the mass function

in spherically symmetric cosmological spacetimes. See also [26].
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Spherical Symmetry in cosmological spacetimes. Similarly to the expositions in
[13], and Section 1.2 it is useful to decompose (2.2.14) into its spherical part and Q =
M/SO(3); here the spherical orbits are centred at a fixed timelike geodesic I'.

The metric takes the form
g=—0 dudv+r*7, (2.2.15)

where ¢ is the standard metric of the unit sphere S?, and we can think of (2.2.14) as
partial differential equations for the area radius r (and the conformal factor €2) in the
double null coordinates u, v. Indeed, it is easily deduced from (2.2.14) that the area

radius r satisfies the Hessian equations

Pr 200 0r
o Qouou " (2.2.162)
o%r 10r or 02 0
Jude “roude - ar LA (2.2.16b)
’r 200 0r
20 Qovaw (2.2.16c)

It is a key insight that by virtue of these equations the mass function m defined by

om  Ar? 4 Or Or

is constant (c.f. [13] in the case A = 0), and is precisely the quantity that parametrizes
the Schwarzschild-de Sitter family for any fixed A > 0. Here of course,

m=0. (2.2.18)

It is also useful to introduce the “tortoise coordinate”

A
. 1 1 /3. L+y/57
which satisfies — again as a consequence of (2.2.16) — the simple partial differential equation

827,,*
oudv 0

In the coordinate system that covers the entire manifold (with boundary) Q we have

1 /3. 1
F= 24/ log — 2.2.21
"=V R ( )

and we can express r explicitly as a function of u, v:

(2.2.20)

314+ uv
=4/ — . 2.2.22
" Al —wv ( )

Finally, using (2.2.17),

02 — %(1 + \/§r>2, (2.2.23)
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Figure 2.3: Global causal geometry of de Sitter.

and the de Sitter metric takes the form:

3 A \2 9 O
g= _K<1+ §7‘> dudv+727 . (2.2.24)

The causal geometry of the spacetime can thus be depicted as in figure 2.3.

For future reference, note also

or 3 2v or 3 2u
R S B R — 2.2.2
ou A (1 —uv)? v A (1 —uv)? ( 2
and .
- (2.2.26)

1
A 2
1+ \/;r
2.2.1.1 Static region

In the patch § = {(u,v) : u > 0,v < 0,uv > —1} we may complement (2.2.22) by

1 /3 u
= —4/—log—. 2.
t 2“/\ 0g — (2.2.27)

(And similarly in the region &' = {(u,v) : v < 0,v > 0,uv > —1}.) Then the metric
takes the familiar static form
2 2

==Y (-2 s era 3 oy
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We shall also make use of “Eddington-Finkelstein”-coordinates

1
ut = §(t — ) (2.2.29a)
1
vt = 5(zt +7) (2.2.29b)
which yields as well
AT2 * * 2 °
g=—4(1- =) durdv 4029 . (2.2.30)

Remark 2.4. Tt is worth noting that this region S is “small”: it is the intersection of the
past of a point with the future of a point. To see this we calculate the arclength of the
spacelike curve vy = {(u,v) : u? —v* = A\?} NS to find limy_., L[y,] = 0. In other words
the point (u = oo, v = 0) is indeed a point on the future boundary of M. This should be
compared to the past of a point (u,v) with uv = 1; as discussed below it turns out that

this region of M is in fact the past of a sphere, and in this sense “large”.

2.2.1.2 Cosmological horizon

This is the null hypersurface r = \/% , but we will refer more specifically to the future

boundary of S as the cosmological horizon, namely C = {(u,v) : v = 0,u > 0}. It has

ke = \/% (2.2.31)

and thus plays an analogeous role to the event horizon in black hole spacetimes.

positive surface gravity

The globally defined vectorfield

T= %(u% - v(,)%) (2.2.32)

coincides with 0; in &, and has the following crucial properties:

Lemma 2.5 (Properties of the vectorfield 7). (i) T is future directed timelike in S,

null on C, and spacelike for r > \/%

(ii) T is globally Killing,
M =Lrg=0. (2.2.33)

VT = \/§T. (2.2.34)

Note that (%ii) is the defining equation for (2.2.31).

(iii) On C,
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2.2.1.3 Expanding region

Let us denote the “expanding” or “cosmological” region by R = {(u,v) : v > 0,v >
0,uv < 1}. Note that it is foliated by the level sets of the area radius

Umem{en NERESIEAY 2239

Time function. We can use the radial function as a time function in R, because in the
expanding region the area radius is increasing towards the future. We denote the gradient
vectorfield by

Vi =—(g "™ o,r (2.2.36)

V= \F(u% Fu aav) (2.2.37)

Therefore we obtain for the lapse function of the foliation (%)

which is given by

1 1
o= = , (2.2.38)
V=9V, V) 1/%7’2—1
and the decomposition of the metric in R takes the form
1 5
g=— %7’2 — dr*+73,, (2.2.39)

where g, denotes the induced metric on ¥,.. Also note that while the normal to X, is
n = ¢V, we have for 9, = ¢*V.

[ ran - / { of ugr} (2.2.40)

Induced metric on X,. It is useful, for future reference, to give here an explicit ex-

Coarea formula.

pression for g,. For this purpose, we also introduce in R the coordinate

. 3u
o= \/%; (2.2.41)

A short calculation of dr, and do in terms of du and dv then reveals that

13
gT’_4A

The coordinate vectorfield
\/ ————\/ 2.2.43
v ou U 811 ( )

A 1 0
<§r2 — 1); do? +7r%7 . (2.2.42)
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does have the advantage that it is Lie transported by

0 1 [Al—-w)?0 1 [A(1—-uw)?0

o= 3V3 2 awaV3 o (2.2.44)

indeed 5 2
— —~1=0. 224
[07“’80] 0 ( 5)

This is a convenient frame for the decomposition of the Einstein equations and the wave
equation relative to the foliation (X,.), as is discussed in Appendix C.1. Alternatively, we

can introduce

A =logo, (2.2.46)
and since then .
d\ = —do (2.2.47)
o
the volume form on ¥, takes the form
1 /3 /A
22 (22
iz, = 5 A(Br 1) AAA du s (2.2.48)
It is important to note that
of of 1 \/?
——| =0 ==/=-T-f. 2.2.4
o =790 =g\ Tt (22.49)

Together with the vectorfields ;) (discussed in Appendix C.2) this implies that the
tangent space to X, is spanned by vectorfields that generate isometries of the spacetime.

This is relevant for the Sobolev inequality on X, see Section 2.2.2.6.

Remark 2.6. We call the region R (to the future of the cosmological horizons) “expanding”

because it is the past of spheres of infinite radius rather than the past of a point. Indeed,

K,
a curve v, = {(u,v) : uv = \/%Hi,u < 1,v < 1} has arclength
3

lim L[y,] = 2\/% (2.2.50)

in Q, and thus defines an ideal point on the boundary representing a sphere of infinite

radius.

2.2.2 Energy estimates

In this section I will discuss energy estimates for solutions to the linear homogeneous wave
equation
Uy =0 (2.2.51)

as well as for the inhomogeneous wave equation (or simply the “Klein-Gordon equation”)

Dgw = mpY (mA > O) . (2252)



2.2.2. ENERGY ESTIMATES 133

Our main result concerns the expanding region and it applies as is discussed in Sec-
tion 2.2.2.1 to the general case my > 0; the construction relies on a “global redshift”
vectorfield, and lends itself to generalization in other expanding spacetimes. In Sec-
tion 2.2.2.3 we prove a version of integrated local energy decay in the static region with
an argument that we learn from [16] that dealt with the corresponding region in the
Schwarzschild-de Sitter case. In Section 2.2.2.5 we will finally discuss the redshift effect
on the cosmological horizon that shall allow us to turn our estimate in Section 2.2.2.1 into

a global energy estimate.

2.2.2.1 Energy estimates and global redshift in the expanding region

In this section I present an argument to prove energy estimates in the expanding region,
which is complemented by Section 2.2.2.2 where those calculations are to be found which

are omitted here in favour of a clear exposition.

Recall the area radius r; its level sets ¥, are spacelike hypersurfaces in R and define a
foliation with lapse (2.2.38), and the metric takes the form (2.2.39).

Homogeneous wave equation. Consider the energy current JY associated to the

multiplier
M=Y+Y, (2.2.53)
where 5 5
_ 1 1
Y =—— Y =——. 2.2.54
o ou’ & Qv ( )

We can show that for any solutions of (2.2.51), this is a positive current, i.e.
v-JY>0. (2.2.55)

Therefore, by the energy identity for JM,

J

which yields our energy estimate for solutions of (2.2.51).

JY 0 dug, g/ JM - dpg, (2.2.56)

9 27‘1

Proposition 2.7 (Global Energy Boundedness, Homogeneous Case). Let 1) be a solution

of the homogeneous wave equation (2.2.51), then

/2 ¢{¢2(T~¢>2+|W\2}dum2§ / T dyg,, (2:2.57)

2 by 1

for any ro > 1y > \/%
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Note that & dug, = 31/%7% dA A dpis.

It is equivalent to consider the multiplier

1 _
M=——-— (Y +Y). (2.2.58)
1+ \/gr
The associated energy current has the “redshift” property
\/Z
oV JM > V3 M., (2.2.59)
14 %7’

for any solution of (2.2.51); (here n denotes the unit normal to ¥,.). The energy identity

for JM then implies, in view of the coarea formula,

By a Gronwall-type inequality we obtain
A M A M
(1+14/=72) JYM o dpg < (144 =r1) JU e dyg (2.2.61)
3 Sy "2 3 S "

which precisely reproduces (2.2.57). In fact, as we shall see below, the argument applies

to any multiplier

A oo
M= (1+ \/gr) Y+Y) (a<0); (2.2.62)
while for all @ < 0 we can establish the redshift property, we “only” have the positivity
property for o = 0. In that sense, Prop. 2.7 is sharp.

Inhomogeneous wave equation. Let us now consider the modified energy current
: m
JMima = M _ TAW M (2.2.63)

where M’ is simply the 1-form corresponding to the vectorfield M, i.e. M- X = g(M, X),

and
M= (1+ \/gr)a(y +Y), (a<0). (2.2.64)

For any solution of the inhomogeneous wave equation (2.2.52) with m, > 0, this current

then has the “redshift” property, in analogy to (2.2.59),

A
¢V - JMma > \MLJMW n, (2.2.65)
1+

w|>

r
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which then similarly to the above leads to

A e : A o .
2 b

9 1
Proposition 2.8 (Global Energy Boundedness, Inhomogeneous Case). Let 1) be a solution

of the inhomogeneous wave equation (2.2.52), then

J

¢{¢2(T-¢)2+ \W\%mwz}du% <

A \lel |
S(l—l-\/;rl) / Ty (2.2.67)

1

2

3
for any ro > 1y > \/;

2.2.2.2 Proof of the energy estimates in the expanding region

In the following I shall use the double null coordinates (2.2.24) to prove the crucial prop-
erties of the currents (2.2.63). However, the basic properties of (2.2.63) that are needed
for the argument presented above in Section 2.2.2.1, that lead to Prop. 2.7 and 2.8, do not
rely on the specific coordinate system used. In fact, in Section 2.3 the multiplier (2.2.58)
will find a suitable geometric generalization for the expanding region of the Schwarzschild
de Sitter spacetime and the properties of the corresponding current will be demonstrated

in an entirely different coordinate system.

Moreover, the following serves as a reference for the argument already presented, and

shall not repeat it.

Homogeneous wave equation. Recall the definition of the standard energy current

associated to the multiplier M,
TN W) = T[] MY (2.2.68)
where T, denotes the standard energy momentum tensor associated to (1.1.1),
1
T[] = 0, 0) — 5 Juv 0O . (2.2.69)
For any solution of (2.2.51), (2.2.69) is conserved, and therefore
VM =g = Mg ] = KM Y] (2.2.70)

where M7 = %[, v g is the deformation tensor. It is the content of the divergence theorem

combined with the coarea formula that we then have

/ JM .n dugr2 +/ dr | ¢KM dpg, :/ JM .n d“ﬁrl , (2.2.71)
2 2

ro 71 Er 1
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for any vectorfield M, (all ro > ry > \/7 ); we also refer to (2.2.71) as the energy identity
for JM. In order to establish (2.2.56) it is thus enough to show K* > 0.

For a general vectorfield

w0 v 0
M = Mo+ Mo (2.2.72)

we calculate

A 2 8M“(8¢) A 2 8M”(0_¢)2
14_\/72321 ou 1+\/Kr28u v

__a L MP Y2 — 21+\/, \/7 M -7) |Y|? (2.2.73)
A< 2 )2(%(%

1+\/7 ou Ov

M=Y+Y =

KM

1
+r(

Here we first set

1 0 10
%% + %% . (2.2.74)
This choice should be viewed as a global redshift vectorfield. Indeed, Y and Y separately
exploit the redshift effect locally at the cosmological horizons; (Y at u = 0 and Y at v = 0).
While it is clear that Y and Y (without a suitable extension) in and by themselves do
not give rise to a positive current, the following result shows that the estimate can be

symmetrized.

Proposition 2.9 (Positivity Property). Let M be defined by (2.2.74), then

KM >0. (2.2.75)
Proof. Here
v A1 —uv)? o A1 —uw)?
Thus
0é\4 8é\/[ B 2 éM e
u v 1+ /?}r 3
A A A
= \/i(l —uv) + \/i(l —uv) — 2\/j(1 —uv) =0, (2.2.77)
3 3 3
and
oM™ A(1+uv)(l —uw)
=—\/= 2.2.
v \/; 202 ’ (22.78)

oM A1+ wuv)(l —uw)
- \/; - . (2.2.79)
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Now,

2 O ___(W) ___<a¢> , (2.2.80)

;(M >8u ov — ou ov

and therefore

v (1 + wv)(1l — uv) ul—wuv|, 0,2
K >/3\(1+1\/§7,)2{\/§[1+ v21 _4;1+uv}(%)

A {(1 tu)(l-uw) vl- uv] (31/1)2}

u? ul+ uv

3 ou

S e G RG] 20 e
]

The energy identity (2.2.71) immediately implies:

Corollary 2.10 (Boundary Terms). For any ry > r; > \/7 and all solutions ¥ of (1.1.1)
we have

6 {02 (T - 4)? + V¥l } dg,, <

Sy
1,002
- / 5 {¢2(T )+ ¢2( )’ + |y }dugrl . (2.2.82)
Sy
It is useful to note that the lapse function may be rewritten as
1 1
o= T . (2.2.83)
(uv)2 1 4 \/gr
Proof. To verify (2.2.82) note that JM -n = T(M, $V), and
1A w, 02 v 8w
T(M,V)_§§(1—uv) [ (au) +-(5,) ]+}V¢} (2.2.84)
Moreover,
2 o\ 2 o\ 2
T- = 2— — 2— 2.2.
(row) s (vou) =22y b 2y, 2:25)
and V = ¢20,. O
We have remarked that it is equivalent to consider the vectorfield
Y + Y (2.2.86)

1+\f

The crucial property (2.2.59) should here be seen as obtained by prescribing a derivative
near the cosmological horizons. Indeed we can think of (2.2.86) as obtained by multiplying
Y +Y by (—uv) and then adding Y + Y to ensure that the vectorfield remains timelike.

We shall give a proof of the “redshift” property (2.2.59) of the multiplier (2.2.86) and its

consequences directly in the more general inhomogeneous case.



138 2.2. LINEAR WAVES ON DE SITTER
Inhomogeneous wave equation. Let
A ] = M) = S0 M, v (2.2.87)
H T 2 K ) L.

where
M= (1+ \/gr)a(y +Y) (a<0). (2.2.88)

Then we have for any solution ¢ of (2.2.52),

v . JMima [w] = (Dlp) M -+ Tuu[¢](M)WMV - % v,uMu W —mpth M -1 (2 2 89>
= KMy] - SV My :

Proposition 2.11 (Global Redshift Property). Let ¢ be a solution of (2.2.52), and let
M be defined by (2.2.88), then

A
AV JMima > ‘ML JMima (7” > \/§) , (2.2.90)

1+ T

wl>

where n denotes the normal to X,.

Note here,

JMmA = JM %(b[—g(M, V)Jy? . (2.2.91)
Since with (2.2.88)

—g(M,V) =2(1+ \/gr)a : (2.2.92)
we obtain control on the energy density
: A 1 u ,0 v, 0
=2y e (LG 1G]
(1+4/47)

+(1+ \/gr)a|V¢|2 +ma(1+ \/gr)‘w?} . (2.2.93)

Proof. Here

MY = \/§%<1 _27“‘”)2_& (2.2.94)
MY = \/%%(1 _27“”’>2_a. (2.2.95)

Firstly,

oM™  OM" 2 A A A (a-1
3
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and secondly, by symmetrizing as in (2.2.80),

2 OMY 0 2 OM?Y 02 1 4 Oy oy
(22— (2224 >

02 v ‘ou 02 Ou o r Q2 0u dv

>2\/§3<1—uv>3—a[(1—uv)(z—oz(l)vLuv)uv]{i(a_@b)z_i_ 1(8¢) }
- 3 2 1+uv v2ou ov
> (~2a \/K +\[ [u(aw) +U(gf)]. (2.2.97)

In accordance with (2.2.96) we also find

/A (—2a)
VM = \/;(1 N \/ér)l‘“ , (2.2.98)

and thus

qﬁv#Jy?mA — ¢TW[¢](M)7T“V _ A

—O@%(H\f) Vo|* — agmy——— \@ (1+\/§7‘)a¢2, (2.2.99)

which yields (2.2.90) by comparison with (2.2.93). O

By virtue of the energy identity

J

T2
JMma dug,, + \oz|/ dr——— / JMA L Ay <
T1

T2

g/ JHEA o dpg, o (2.2.100)
b

1

and the following Gronwall inequality, we can conclude that

A e : A e .
(11 4/ 20 I/ T A < (14 4/ 2y '/ JMmA L dp . (2.2.101)
3 5 9 3 5 1

9 1
Lemma 2.12 (Gronwall Inequality for decreasing functions). Let o < 0, and f,g €
CY([r1, ro]) with g # 0, satisfying the inequality

fr<a=f (2.2.102)

on the interval [ry,r9]. Then

f(r). (2.2.103)
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Proof. By (2.2.102),

o] N ]| <o, (2:2.104)

which yields (2.2.103) upon integration on the interval [ry, ra). O

As an immediate consequence of (2.2.101) we obtain — in view of (2.2.93) — the following

estimate, which is precisely the content of Prop. 2.8.

Proposition 2.13. Let ¢ be a solution of (2.2.52), then

/E ¢{¢2(T-w)2 ;2((%) +IY7w|2+mw2}dum2 =

S/E ¢{¢2(T-¢)2 1(W) +|Y7¢|2+mw2}dug (2.2.105)

P2\ 0
for all ro > ry > \/%

2.2.2.3 Integrated local energy decay and local redshift effect in the static

region

It is the principal purpose of this Section to establish integrated local energy estimates in
the static region. They are required for our proof because the energy flux in the vicinity
of the cosmological horizon that we are presented with in Section 2.2.2.1 can only be
controlled with a redshift vectorfield that generates error terms away from the horizon.
In the following we construct currents that control these error terms using “Morawetz” -

type vectorfields.

Homogeneous wave equation. [t useful to approach the problem first with the aim
of contructing an integrated energy estimate in the static region without a redshift com-
ponent. We present a slightly simplified argument of [16] for the corresponding region
in Schwarzschild de Sitter. Recall that in this region we can use Eddington-Finkelstein
coordinates (2.2.30); let us denote by

A 2
p=2r (2.2.106)
3
We shall construct a current based on a multiplier of the form
X—f()a (2.2.107)
=fr)ax 2.

Let us illustrate the strategy (which may be referred to as the “Morawetz vectorfield
method”) by first choosing
f(r)y=r*(r). (2.2.108)
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The current we then wish to consider is the following modification of the standard energy

current associated to X:

1 2 1 2
T = I U S (= ) O] — 20 |1+ S (= ) | (2.2.109)
Note that
lim r*(r)(1—pu(r)) =0, (2.2.110)
Jim (1)
because

(2.2.111)

0= [ e = \”@T

r*(r) = ——dr = =/ - log| ———| .
o 1—p(r) 2V A 1— \/§T

The divergence of the current (2.2.109) satisfies for any solution ¢ of the wave equation

(2.2.51) of vanishing spherical mean

— 1
=—— o = 2.2.112
s [ =0 (22.112)
the integral inequality
X7
/S vuJ/J 1|:¢:| d/’l’rgf;/ Z
Opyo  277(L—p) 2, 20 o
> 1—p) (= ———(1 — dp ... (2.2.11
_/S{( W(5) + m— (LHe? + =% o dp e (2:2.113)

By Stokes theorem the energy density on the right-hand side is thus controlled in the static
region by the corresponding boundary integrals of (2.2.109) which on the cosmological

horizon C take the form

2
/du /{ JX 111215 }durzg. (2.2.114)

While the terms arising from the modification are finite on the boundary, the main con-

tribution to the energy density from 7'(X, d,+) is of course not finite, because

f=r"— o as r — \/% (2.2.115)

It is for this reason that we have to introduce a cut-off in (2.2.108), which in turn neces-

sitates the construction of a red-shift vectorfield.

For the multiplier (2.2.107) we will construct more generally in Section 2.2.2.4 a current

for which the divergence reads

@ 9
(o) + Lyl

11 1 2
+ {———f<3> — o o 2“—3f}1p2, (2.2.116)
T T

VI = <
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where f() = %; note that for f >0, f1 >0, and £ <0 (2.2.113) is replaced by

/ VAT ] dp g >
S
> /{ f(l) (81#)2_‘_%(1_#2)7#2 11 d3f ¢2} dluﬂ%, (2.2.117)
S T

1—p ore 4 — v dr*3

which holds as a consequence of Poincaré’s inequality if ¢ is assumed to verify (2.2.112).
As a result the error that is introduced by the cut-off is precisely of the form of the last
term in (2.2.117).

Now, on very general grounds we know that in view of \/g > 0 (2.2.31) the cosmological
horizon exhibits a redshift effect and allows for the construction of a multiplier that gives
rise to a positive current on the horizon [17]. However, while in the case of black hole
horizons it suffices to provide a construction on the event horizon and then to extend
the multiplier suitably into the neighborhood by a continuity argument, here an explicit
redshift vectorfield is needed which extends beyond the immediate vicinity of the cosmo-
logical horizon, namely into the region where the cut-off is introduced (and the last term
in the above inequality becomes indefinite). In analogy to [20] we choose as a starting

point for the construction of a vectorfield that captures the red-shift effect

Y= (1+0(1—p)Y +o(l—pwT (2.2.118)

where 5 5
y=—" - 2.2.119
1 — pov’ ( )

note that o > 0 is precisely the parameter that appears in the general construction [17].
(There we construct Y transversal to the horizon and require VyY = —o(Y +T)) for the
extension to the vicinity of the null hypersurface). This multiplier gives rise to a positive

current near the cosmological horizon, in the sense that
KY>0 (1—-p<l) (2.2.120)

and controls all derivatives. However, it does not yield control on the error term unless
o is chosen very large; (note that (2.2.120) only holds for 1 — y < 1 while the error term
may be of order (1 — p)~!). But we cannot add K to K*! if the magnitude of Y is
large, for the latter is required to control the former in the region where the positivity of
(2.2.120) fails. We obtain a vectorfield with the desired properties by adding yet another
term

Y=Y +rt(V +7), (2.2.121)

where k > 0, 6 > 0 and 7 is a suitable cut-off function supported away from the horizon.
Let us also denote by Y, = xY where y is a cut-off function such that y = 0 for u < 1
and xy = 1 for 1 — u < 1. We are then able to show that only a “small” contribution of

the redshift effect is required in this construction.
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A precise version of this statement is given in Proposition 2.20 on page 148.

We have seen that the proof of an integrated energy estimate compels the construction of a
redshift vectorfield; alternatively we may say that the boundary terms on the cosmological
horizon arising from a redshift vectorfield can only be controlled in conjuction with a

positive current arising from a Morawetz vectorfield.

The construction which is described above and carried out in more detail in the following
Section 2.2.2.4 leads us to the result:

Proposition 2.14. Let 3 be a spacelike hypersurface with normal n in the static region
of de Sitter crossing the cosmological horizon Ct to the future of the sphere Ct NC~ (in
(u,v) coordinates this is the sphere (0,0)), and denote by Cj = J*(3Xo)NCT the segment of
the cosmological horizon to the future of ¥o. Then there exist a strictly timelike vectorfield
N (normalized in the sense that g(T, N) is constant on Cg ) and a constant C(A,Yg) such

that for all solutions of the homogeneous wave equation (2.2.51) we have

/CfJN < C(A, 20)/ (J"n) . (2.2.122)

Yo

Inhomogeneous wave equation. In the inhomogeneous case we can rely on the same
vectorfields but our identitites are based on modified currents. Namely, the current J**

is replaced by

JXotma _ X1 W;AXWJ?’ (2.2.123)
where X* .Y = ¢(X,Y), and instead of (2.2.116) we have
Wy f f
w X tma g 2/ 2 Lop?
1 1 1 2 2
_ @) _ 2@ 4 2R ) 2“_ 2 29124
e AR AR TLEEC A R

In our analysis of the inhomogeneous case the zeroth order term steps into the role of
the angular derivatives term of the homogeneous case. Indeed, while in (2.2.116) we
have conluded by Poincaré’s inequality that the last terms of each line taken together are

always nonnegative after integration over the spheres, c.f. (2.2.117), we argue here that

f T A S
mA;W - 2§f¢2 = [mA - 2M§] -

This leads us to the following result.

A
Y? >0 if my > 2 (2.2.125)

Proposition 2.15. Let Xy and CT be as in Prop. 2.14. Consider solutions 1 to the
inhomogeneous wave equation (2.2.52) with my > 24. There exists a strictly timelike
vectorfield N (as in Prop. 2.14) and a constant C'(A\,Xy) such that for all solutions v we
have

/C+{*JN[¢]+¢2} < C(A, %) /E {(J"[w],n) +w2}. (2.2.126)
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Remark 2.16 (Conformal Invariance of the wave equation). We expect that the lower
bound on the mass my is a shortcoming of the proof of Prop. 2.15, in particular we
expect that (2.2.126) holds for all ms > 0. However, the value my = 24 does have
mathematical meaning, for in this case (2.2.52) is conformal to the wave equation on

Minkowski space. More precisely, recall that we can cast the de Sitter spacetime as the

subset
4
M = {x R (2,2) = — (%)% + (zY)2 + (22)2 + (%)% > —;}, (2.2.127)
endowed with the metric
g =0 (dx, dz) = Q%9 (2.2.128)
where ) A
Q=—"-7——, andrk= . (2.2.129)
1+ Z<LL’, SL’> 3
Then (M, g) is a solution to (2.2.14), namely
R/J,l/ = Ag,uz/ . (22130)

Lemma 2.17. Let 1 be a solution to Uy = 2k1) = 2% Y, then 1; = Q) is a solution to
Og0) = 0 where § = Q™29 = n is the Minkowski metric.

This well known result demonstrates the significance of the specific value my = 2%, and
allows us to read off qualitatively our main result in this special case. For a solution of
the classical wave equation D,ﬂz = 0 will assume nonvanishing values on the boundary
(r,z) = —4/k. The decay of v is then entirely due to the conformal factor €2, i.e. the

“expansion” of the spacetime.

2.2.2.4 Proof of integrated local energy decay in the static region

In this section the argument that was motivated in Section 2.2.2.3 will be carried out in

more detail.

Homogeneous wave equation. We start with the construction of a suitable current
for the multiplier (2.2.107).

Morawetz current. Consider the vectorfield

0
Note that 5 L 8 L 9
o 2007 20w (22.132)
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and of of
ey SL=a-pr (22.133)
For the (non-vanishing) connection coefficients of (2.2.30) we find
. 2Ar . 2Ar
Lher = —— Lo = ——— 2.2.134
utu 3 vTvU 3 ( 3 a)
W e r oo
AB = 5 TaB “B = =578 (2.2.134b)
1 Ar? 1 Ar?
B _ _(1_2 B _Z(1-_
TBo=—= (1 . )5C LB = (1 . )50 (2.2.134c)
And thus we readily calculate the (non-vanishing) components of the deformation tensor
X = Lxg (2.2.135)
to be
X e = (L= p)2f e = (1 — p)?f’ (2.2.136a)
O e = —(1 — )2 + (1 — u)%“f (2.2.136b)
X rap = %(1 — 11)GAB - (2.2.136¢)
Therefore
K* ) = M Tosly] =
B 1,,1,00.2 oY | 2
G+ G ——f )|yl
LT oY
+ f\vw\ e oy (2:2137)
because
ALY VALRS:
Teur 9] = ( 8u*) Ty [¥] = ( av*) (2.2.138a)
2
T 0] = (1 )| 79 (2.2.138)
_ 1 Oy 0y
1\AB _
(97 ) " Tag = 0w o0 (2.2.138c¢)

Next, consider the modified current
1 2
) = JX 7 (4 2F) (0= m)au[v?)

-]
(2.2.139)

which clearly satisfies
LS R = K () (1 )00
- —D o[+ f)( w)|v? (22.140)
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for any solution of the homogeneous wave equation (2.2.51). Thus

KX = 700 + L w20, [+ 20) (- )] w2, (22.141)
r* T 4 r

While the modification (2.2.139) is chosen such that the indefinite term in (2.2.137) is

cancelled, its usefulness only reveals itself in the precise form that the last term in (2.2.141)

takes; here find!

81/))

K] = f(5

f 2 1 2 o
fwol - L e

e -l

This follows from an elementary albeit lengthy calculation using

W2+ (99— 11p )Mf/¢2 2u2£¢2. (2.2.142)

1 Py D oy 2 o
B vy i (L0F = B (R0F Rt (2:2.143)
Note that 2 o0 1
2 . 2
XL ﬁ(ar*) >0 for f= - if [Yy| =0. (2.2.144)

The above formula (2.2.142) becomes more transparent if we instead express it in terms

of derivatives

v Lo dif .
(1) — . =
f e 1=1,...,3 (2.2.145)
Indeed, we then have
KXy = S (‘%)2 + i}yw}z
1—p ore r

1 1 2 2
—— Tr@ R ) o1 2
+{ 41— 1 rf +T2f 2T3f}w. (2.2.146)

As explained in Section 2.2.2.3 we have to choose the function f such that it remains
bounded as ;1 — 1, as a consequence of which its derivatives cannot vanish identically.
For this reason we discuss the following current which will allow us to control the error

terms.

Redshift current. The redshift vectorfield is based on

.29
y=—=- 2. 2.2.147
1 — pov* ( )
Since
N 2 N N
D =4 D=0 Mg =0 (2.2.148a)
T
: 2
s = “gan (2.2.148D)

Note that no boundary terms at the origin » = 0 are generated if lim,_ % =1.
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we immediately obtain

. e 1 2u,002 2 1 0OY oy
Y = (Y) v — -
K [¢] T[] T (av*) 110w o (2.2.149)
Next let us introduce
Y=1+0(1-p)Y +o(l—pT (2.2.150)

with a parameter ¢ > 0 to be chosen below. This has the effect that in contrast to
(2.2.148) we have

o 2 2
e =4 21— 2 O = 07“(1 — p)? (2.2.151a)
T T
2
) e = 202 (1 — p) (2.2.151b)
T
2
O up = ;(1 +o(1—p))gan (2.2.151c)

which in particular recovers the missing derivatives in (2.2.149):

1 2p,00 2 1 2p,0¢ .2
Y P — _ _
K= 17 (8u*) * (1—p)?r (81)*)
1 2u,00 2 24 2
1% (01}*) o r }VW
2 1 oY oy
+ ;(1 +o(l— m)ﬂau* e (2.2.152)
Finally, let us also define
Y = _ My _ /a
Y = (1+a(1 MHKT*a)YﬂL (a(l ,u)+/»fr*6>T (2.2.153)
and
Y.=xY, (2.2.154)

where 7, x € C*°(R) are cut-off functions which will be specified below, and x > 0.

Lemma 2.18. Let o > 8, then

12 00, 213 1 00
> 22 (27 222 -
K _47“(8u*) 7’48(1—,u)2(8v*

) +027“}y7¢\2 (2.2.155)
for % <p<l

Proof. By Cauchy’s inequality, we have from (2.2.152) for any g > 0

12 1\, 0.2
K2 37 (o= ) =) (50)
2 1 1 ) 2
+;(u—uo—a(£+%)(1—u)2) (1_M)2(afk)2+a7“\y7¢\2. (2.2.156)

For1—pu < é, all coefficients are bounded below as given in (2.2.155), if we choose o = %

O

and o = 8.
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Auxiliary current. Choose f = r? then

KX :27”(08—7?)24- (2 — 1)r| Y| (2.2.157)

by (2.2.137).

Cut-off parameters. Recall the choice (2.2.108) which corresponds to f) = 1. Here
we will have instead

f = (2.2.158)

with suitable values R; < Ry < 0.

Lemma 2.19. Let ¢ > 0, and Ry < oo. Then there exists a finite Ry > Ry and g €
C>([0,00)) such that g(x) =1 for v < Ry, g(x) =0 for x > Ry and

, £
I (z)] < —, 9" (z)| < 3 for x € [Ry, Rs]. (2.2.159)

SR

Given R; < Ry we choose Ry < Ry, R3 > Ry and n € CSO((RO, Rg)) such that n =1 on
[R1, R»]; moreover let x € C*°([0,00)) such that x = 0 for r < Ry and x =1 for r > R;.

Proposition 2.20. Let J be a current of the form
J=J%t 4 J¥e 4 J¥a (2.2.160)

where X = f(r) Op, Xo = fu(r) O and JX is given by (2.2.139), and denote the diver-
gence of J by K = V*"J,. There exist bounded functions

fifa i 0, \/% —R (2.2.161)

of the area radius v and a future-directed causal vectorfield Y, defined in the static region
(with a regular extension to the cosmological horizon) such that for any solution v of the

homogeneous wave equation (2.2.51) with the vanishing mean property (2.2.112) we have

Kdp e >0 (2.2.162)
Sr

2 N . . . . 3
on all spheres (S,,7% ) in the static region with 0 < r < \/;

Proof. For any given Ry > 0, ¢ > 0 let f!) be chosen according to Lemma 2.19 such with
Ro(Rye) > Ry

fo = (2.2.163)
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and fM >0, f& <0onr € [Ry, Ry with

=, Ri<r<R
1F@ < ? (2.2.164)
0, T’SRl OI'TZRQ

o, M <r<R
1F® < P 2 (2.2.165)
O, r S Rl orr Z R2

We then define )
f(r) = / fO drr; (2.2.166)
0

note that f < R} < co. In the following it will be shown that we can choose R; > 0 large
enough and & > 0 small enough for (2.2.162) to hold with Y, =Y.

By Poincaré’s inequality

1 2
/ Vel an e / S0, (2.2167)
and thus
3
/SKle A s > 0 (7’ € (0, R1] U R, ‘/K)) . (2.2.168)
Y. Recall € C((Ro, R3)) such that 7 =1 on [Ry, R»]. Since
- 2
Dty = Oty + = (44 (1= ) (77“) — 53) +4p—LZH (2.2.169a)
r* r* o r
) e = Vs — T’fé (nU) . 5%) (1 p) (2.2.169D)
D ey = Oty = 2 (4 = 621) (2.2.169¢)
T T
- 2
Mrap =g + ;HTZ;QAB (2.2.169d)

we find (cf. Lemma 2.18)

KY = 002, ] >

LSRN S RN WL I G SACUAY
(1 + 4(1 M)) <67‘* g 1 )T*5 (1—p)? (81)*)
2 1
- [aju + (5% - U(l))rlfg ﬁ} vu|*, (2.2170)

where we choose in fact g = %
R; <r <Ry : Observe that on [R;, Ry] we have gained better control for ‘Vzﬂf in
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(2.2.170) than in our previous (2.2.155). Here n = 1 and n" = 0. In view of (2.2.167)
the final term in (2.2.170) is precisely the positive quantity that allows us to control the
error introduced by the cut-off of f. For here

1 1
X,1 - (3) 2
/SK [v] dp s > 4/s—1—uf O dp e (2.2.171)
and
1 S S
41 —p 41— p|r=f?
1 1 1 1 k6 1 2
=—&-— > — — (22172
84|r*|1+6|r*|1—61_,u— €|r*|1+51—,u7°2 ( )
! 1 1 A
———— < 2Kk0+; 2.2.173
4R>{1—(5 — K 3 ) ( )

the latter being a condition on the largeness of R;(k, 0, A) < co. It remains to show that
all other coefficients in K are positive on [Ry, Ry] as well. This is in fact true up to and
including the cosmological horizon.

r* > Rj: Let 0 > 12, and let R, in addition to (2.2.173) be chosen large enough so that
for all r > Ry(0o)

1—pu(r) < % . (2.2.174)
Then .
L
p—po—o(—+7)(1-p’=>z, (2.2.175)
0
and also
(=) (14 ) = o (o + By 1 = 2| 2= (14 10— ) (52 — )
*0 o 4 r 4 * *0
11 1 no 11
237~ k(14 71— u))5|r*‘1+5 > oy (2:2.176)
because x > 0, n") <0, if
1 141 /A

which is satisfied for R;(k,d, 0, A) chosen large enough. Finally, with o > 12, po = %,

1
o(p— o) — — (1 + r—L) > 2 (2.2.178)
Ho r
if 1 1
< 2.2.179
R = 2 2247

Choose Ri(k,0,0,A) < oo large enough such that (2.2.173), (2.2.174), (2.2.177), and
(2.2.179) are satisfied, then we have shown by (2.2.172), (2.2.178), and (2.2.176) that for
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3.
R1§T<\/;.

/{ KX +€K7}dur2; >
S

e, 0.2 1le 1 oY | 2 2/ 2
> [{HG0 i G o EIPol oy 02100

Note that we may choose € > 0 arbitrarily small, for in this construction this will only
result in a sufficiently large choice of Ry(e) > Ry(k, 9,0, A) (cf. Lemma 2.19).
Y. Recall y=1onr > Ry, and y =0 on r < Ry. We define a cut-off of Y by

Y. =xY, (2.2.181)

whence

Tsese = (L4 01— )+ 52L)

XD (o(1 = ) + &%)(1 — 1) +x D (2.2.182a)

e = —x D (0(1 = ) + ’ir_zg)(l — 1) 4+ x Dty (2.2.182D)
SO F— Ve (1+o(l—p)+ m%) X Dy (2.2.182¢)
Vrap=x Vrap. (2.2.182d)

Ro <r < R;: Note that Y, = Y on [Ry, Ry]. For r € (Ry, R;) we only have x') > 0
(and 1 > x > 0) and can infer from (2.2.182) the estimate

n) X0\

- - 1
Ve s Y__( _
K' >y K 1 o(1 ,u)—i-lir*é T\

1)
_ (1 +o(l—p)+ mrl’é) 1X_ M\Viﬁ\z- (2.2.183)

Let in fact Ry be chosen such that

1
Recall also (2.2.157), to see that then
A0
KXo > m(8—15)2 on [Ro, Ri], (2.2.185)
for any 1 > \ > 0 where
A 1, 0

a= , Xg= fam—T- 2.2.186
TR, o (2.2.186)

Thus on [Ro, Ry] (where f1) = 1, f& = f®& = 0, and also ') > 0) we have using
(2.2.146) as well as (2.2.170) and (2.2.183) that

KX 4 eKYe 4 KXo Ldp o >
g r2y
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> ({2510 G S

1 n 1 o |2
L wye .
41X <2+KR5)1—M(R1)(8u*)
51 2 5. 1K 1 1 o\ 2
- X3 PR Ty T )
w K 1 2 9

Ry’ 1— p(Ry) R3
1 2
o142 r =2 bdu o >
=X ( +2+Rgl+5)1—u(R1)R2w} Hrag =

> [l s G+ RO ans @2

provided € = (o, K, d, A\, Ry, Ry) is chosen sufficiently small.
0 <r < Ry: Note finally that

—eXxn

/{ KX KX“} dp s > 0 (2.2.188)
S

is ensured by choosing A > 0 suitable small. U

Timelike Killing vectorfield. In the static region (2.2.32) is timelike and

@ =0. (2.2.189)
Moreover it will allow us to control all boundary terms of the general current (2.2.160);
note here
1 1 5
T
(7", )—1¢—[( 5+ ) 1—#)\?@\] (2.2.190a)
1
=5 2.2.190b
o U*) 2( ) (2.2.190D)
where
n=—L_r (2.2.191)
\/m o Lo

is the normal to the surfaces of constant t (2.2.27).

Foliation. Recall that the proof of Prop. 2.20 provides us with a function 0 < f < oo
and values 0 < R; < Ry < \/% such that f0) < 1 for r < Ry and fM = 0 for > R,.
We define hypersurfaces ¥; by

5= ({: gy Sos =t =thn {02 51 < RQ})
u({(u,v):u*:%(t—R;)} (u,0): Ry < \fizz ); (2.2.192)
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Figure 2.4: Foliation of the static region by hypersurfaces ;.

in other words, ¥; coincides with the hypersurface of constant t for r < Ry, and with the

outgoing null hypersurfaces from the sphere (¢, Ry) for r > R,. Also denote by

RE= |J = (2.2.193)

L1<t<t2

the spacetime region enclosed by ¥, >,, and the incoming null segment

1 1
Ci; = {(u, 0): 5t — By) <" < S(ta — R;)} ; (2.2.194)

compare also figure 2.4.

In any of these regions R we can use Stokes’ theorem to derive the energy identities for

/ Kdﬂg:/ “J (2.2.195)
R OR

dpg = 2(1 — p)r? du* A dv* A dps . (2.2.196)

any of the currents J:

Here K = V*J,, and

Lemma 2.21. Let f be as above, and let i satisfy 1 = 0. Then for all —oo < t < o0

[ (750 lns) < Clmasis) [ (570lns). B

where ny, = n on the spacelike segment, and ny, = a% on the null segment of ¥;.
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Proof. Recall (2.2.190).
r < R,. Clearly,

’(JX,n)‘ < 2|f\(JT,n> , (2.2.198)

’(Jx’l,n)’ < 2[f| (JT,n> + %(1 + §|f|) [@b? + (%—‘ff] . (2.2.199)

Thus by Poincaré’s inequality (2.2.167)

/s‘(‘]xv1 )‘d“ﬂv -
< [2|f\ + %(1 + %m) (1+ 2—2#@2))] /S(JT,n) At e (2.2.200)

r > R,. Again,
0
X T
‘(J 50| < \f|(J ’av*)' (2.2.201)
Here however,
‘(JX,I I < ’ ’av
1 1] 0 r2 ,
FoIAI0 = il + 4| 2] ot 22200)
Thus

7‘2'}/

/S‘(JX’I ai)

< [\f| +%r|f\ + %\fl +%+u\f|] /S(JT, a(z*)d“ﬂ%’ (2.2.203)

Since by construction f is bounded and r~!f — 1 as r — 0, (2.2.197) follows from the

estimates above with a constant only depending on Ry and max|f| < occ. O

Note that Lemma 2.21 suffices to estimate the boundary terms arising from the current

(2.2.160) on 3; for we have already shown
)(JX“WE)) = 2|fa|(JT>nZ)> (2.2.204)
and since Y, and ny, are both causal we obtain
(J¥,ny) =T(Ye,ns) > 0. (2.2.205)

Lemma 2.22. On CT,

(i) |(7¥ (1" %)
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(i) | (7L )| <1107, ).
Moreover, on the cosmological horizon CT,
. A9 \/? 1 2
THYe ) > /—u (== - . 2.2.2
<J ’8u) - 3u(8u) * Au‘vM ( 06)

Recall here the coordinate system (u,v), in particular the relation (2.2.21) which shows

that & has a regular extension to the horizon is given by

or*
0 [N 0 [N 0O

We also recall (2.2.32).

Proof. Since Tle+ = y/2u £ and s%|c+ = —/2u L we clearly have (i). And by
(2.2.139) we have with f bounded and f = 0 simply |[(J*',9,)| = [(J*,,)| on C*,
and thus (i7). Now,
_ - 2 0 Al 0
Vier =Vier = —| L —,/222 9.9.2
e+ e+ or lo=0 Qv \/;u v (2.2.208)
which yields
0 Al 31 2
v. 9 _ At _ /2t
(J ’8u) ot \/;uTuv}":\/% \/;u}vw ' -

We are now able to prove the main conclusion of this section.

Proposition 2.23. There exists a timelike vectorfield N, and a constant C only depending

on A, such that for all solutions ¢ of the wave equation (2.2.51) we have
1
[atwel <cw) [ () (2.2200)
th u iy

forall ty >t > 0.

Proof. Since Y1) = 0 we may assume without loss of generality that ¢ = 0. With the
currents used in the proof of Prop. 2.20 we know in particular from (2.2.187) that there
exist vectorfields X, X,, Y, and € > 0, A > 0 such that

0= /R?{i [(a;if T %Zﬁf]rz T 2%(1 — (1 +u)¢2} du” A dv* A dpg <

< / {KXJ +eKYe + KXa} dpy . (2.2.210)
R

i1

Therefore by (2.2.195)

J

) (JX’1 +edVe+ JXa,n) + /c:f *(JX’1 +eJ¥+ JX“> <

g/ (JX’1+5J70+JX“,n). (2.2.211)
b

1
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More precisely, we have with u} = %( — R%), i = 1,2, obtained an estimate on:

/ / ’au ) s d“Z/& (JX’1+JXa,n)
[ e)fee [ (7). e2m

In view of Lemma 2.21 and Lemma 2.22 we immediately obtain

b 31 2
[ LR g s

C(max{\f|,|fa|},R2,A)/ (JT+5J7c,n) (2.2.213)

DI

+

by (2.2.189). The statement of the Proposition thus follows with N =T + €Y. O

Remark 2.24. In view of (2.2.206) and (2.2.189) we have in fact proven that there exists

a constant C' such that

" A O 31
L 2}

SC’(e,A)/ (JT+5J?c,n), (2.2.214)
by

31

forall 0 < u < ugy < .

Inhomogeneous wave equation. As discussed in Section 2.2.2.3 our analysis of the
inhomogeneous wave equation is based on the same vectorfields but modified currents.

This is motivated by the following insight.
Lemma 2.25. Let (M, g) be a spherically symmetric spacetime,
g = gapdz®dab + 12 Y= —Q*dudv +r2 7 , (2.2.215)

and Y a vectorfield on the quotient plane, Y = Y"0, + Y"0,. Let the modified current of
JY be defined by

T ] = IR - SRy, (2.2.216)
then for all solutions ¢ of (2.2.52) we have
2
VgV = N RS9 00 + K|VY[T +ma Ky, (2.2.217)

a,b=1

where .
K=K=—;tr W, (2.2.218)
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and
2 oY 2 0Y"
Kuu - _ = va _ - 2.2.21
02 o 02 Ou ( 9)
uv VU 21
K= K" = = (V7). (2.2.220)

Note that JY ™ reduces to JY if my = 0. The relevance of Lemma 2.25 lies however in
the fact that if my > 0 then the coeflicients to the zeroth order term are the same as for

the angular derivatives term, as expressed in (2.2.218).

We have already stated an instance of this result for the Morawetz current, namely in
(2.2.123) and (2.2.124). But we shall also apply this modification to the currents J* and

JT to obtain:

Proposition 2.26. There exists a timelike vectorfield N, and a constant C' only depending

on A, such that for all solutions ¢ of the inhomogeneous wave equation (2.2.52) we have

Lol +mat} <ow [ oo (2.2.221)

2 U
Ctl 31

for all ty >ty > 0, provided my > 2%.

Proof. Let € >0, Ry > 0, and let f, f,, X, X,, and Y. be constructed as in the proof of
Prop. 2.20. Let JX5™ be defined by (2.2.123), then we have on one hand

V- JXJ?mA Z |:mA _ 2luéi| iwz Z 0’ onr e (07 R1:| U [R27 §:| s (22222)
31r V A
since mp > 2%, and

1 1

V- JOEmA )] > _Zl—f(gw’ onr € [Ri,Ry. (2.2.223)
—
On the other hand, by Lemma 2.25 and (2.2.170) we have
v ok 1
Yem 2
V. JYema > 15 qw , onr € [Ry, Ry, (2.2.224)

which shows that the modified redshift current associated to Y, = €Y, cancels the error
(2.2.223) similarly to (2.2.172) provided R, is chosen large enough. By Lemma 2.25 and

the proof of Prop. 2.20 we also have that V - JY<™2 ig positive on Ry < r < %, and
that

V. JXms oy gYima gL gXema > 00 on 0 <1 < Ry, (2.2.225)

since € can be chosen arbitrarily small.

The boundary terms of the currents J*1™ and J¥«™a are controlled by the current

JTma = T _ %szﬁ (2.2.226)
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which is conserved by (2.2.52) because T is Killing,

v . Jghma — KT _ %v STop? (2.2.227)
KT — (T)WMVT;W -0 V-T=trDr=0. (2.2.228)

Note for example, for the boundary terms on surfaces of constant ¢,

: 1L oYy2 1 81/1
Timp _ ma _ 9
Finally, since
~ [Ae 9
Y, o= eY o=V 30 (2.2.230)

we obtain for the boundary terms of the redshift vectorfield on the cosmological horizon:

. 0 /3 2e 2 /3¢
JYeima . — .2z Z 02 2.2.231
Ooulc+ Au}vw s Auw ( )
The result then follows with N = T + €Y. O

Remark 2.27. Taking into account the contribution from the vectorfield 7" we have in fact

shown that if m, > 2% then there exists a constant C' such that

/ du/S2 duo{é a_w) \w\ +ma— W}) Ogc*(/\)/2 (J¥™a ) | (2.2.232)

t/

where 2(u')* =t — Rj.

2.2.2.5 The redshift effect on the cosmological horizon

In this Section we tie our results for the expanding region in Section 2.2.2.1 to our results
for the static region in Section 2.2.2.3. The energy estimates of Section 2.2.2.1 provide
control on solutions to the linear wave equation up to and including the spacelike future
boundary of the spacetime in terms of energies on spacelike hypersurfaces that can be
chosen arbitrarily close to the cosmological horizon. In Section 2.2.2.3 we have in particu-
lar established that we can control the nondegenerate energy on the cosmological horizon.
Here we prove that as a consequence of the redshift effect the latter controls the energies
arising in Section 2.2.2.1. It is in particular a consequence of this Section that our results
in Thm. 4 and 5 can expressed in terms of initial data prescribed on an arbitrary spacelike
hypersurface.

Redshift vectorfield. In Section 2.2.2.1 we have found a redshift vectorfield based on

the combination Y + Y. The positivity property of the associated current depends on a

symmetrization argument that is only valid for » > \/% . Here we construct a redshift
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vectorfield on the cosmological horizon and its vicinity based on the vectorfields Y and

Y separately. We will address the general case my > 0 directly.

Let us recall the vectorfield T" from (2.2.32) and its properties summarized in Lemma 2.5,

and set 5 9
Y o % 0Ty (2.2.233)
We have
g(T,Y) o= -2, (2.2.234)
and
T,Y] . =0 (2.2.235)

Extend, as in the construction for black hole horizons [17], the vectorfield Y into the
expanding region by
VY =—c(Y +T1), (2.2.236)

where o > 0. It is then easy to show (cf. [17]) that

1 /A A
R TR WLV St AR [C R A

2
)

(2.2.237)

which is positive for o > 8\/§ .

However, in contrast to the construction for black hole horizons the vectorfield Y defined
by the extension (2.2.236) does not remain causal in the expanding region.? But, as we

shall see next T'+ Y remains timelike in the vicinity of C*.
The condition (2.2.236) is easily shown to be equivalent to
dy™

2
o |, = o (2.2.238)
dy? /A
ol = —2 3~ o. (2.2.239)
Also,
/A1 O A 0
c+ 3uov c+ 3u8u ( 0)
For o = 8\/§ we thus obtain
A 0 A1l 0
Y+T =4/=(1— — /= (= - 11) v 4. 2.2.241
+ " 3 ( 8uv) g + 3 (uv )Uﬁv + O(v?) ( )

Therefore we can choose o > 8\/§ and ro(0) > \/% sufficiently small such that K~ >0

and T + Y is timelike on \/% < r <1 to the future of a given ug > 0.

20n the level of Penrose diagrams the extension of the vectorfield Y from the cosmological horizon
the the expanding region corresponds in the black hole case to the extension from the event horizon to
the interior of the black hole.
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Redshift current. We consider in the general case m, > 0 the current

JNma — gV _ %N"W, (2.2.242)
associated to the multiplier
A 0 Al 0
N =4/=(1-1 — —(— = 13)v—; 2.2.24
(u,v) 3 ( Ouv) “ou + \/;(uv 3) You ( 3)

(this vectorfield arises in the above construction as N =T +Y with o = 104/%).

Proposition 2.28. Let ¥ be a spacelike hypersurface with normal n crossing the cosmo-
logical horizon CT to the future of the sphere CTNC~. Let ) be a solution to (2.2.52) with

mp >0 ormp =0, and r; > \/% a fized radius close enough to the horizon such that

A
\/j’f’l —1 1
A . (2.2.244)

\/§T1—|—1_ 15

and denote by X' the segment of ¥ truncated by X, and C, and by Ci the segment of
C* truncated by 3. Then

[y SO et o, <
Sy NI (3)

A 0 1 .
< C(r1, A) /C;{gu(a—uw + |Vl + %W} +C(r) / T, (2.2.245)

where C' is a constant that only depends on the chosen value of r1, and A.
Remark 2.29. Note that the energy on the right hand side of (2.2.245) is precisely of the
form controlled in (2.2.232).

Proof. We have
V. gNma = N % V. N2, (2.2.246)

and by construction on C*:

1 /A 2 A 2 A 2
KN > 2 3 (V- v) +\/;(T~¢) +5\/;\W\ : (2.2.247)

By continuity the positivity of K > 0 holds up to a fixed radius r; > \/% . Using the
explicit expression (2.2.243) we find

V-N= VN”:—IQ\/i— \/710uv+ \/K
1—wvV 3

2 A
_ o \@(12“0%), (2.2.248)

1 —wv
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~V-N > 8\/§ (2.2.249)

It remains to calculate the boundary terms of the current JV™A using the expression
(2.2.243). Let in addition uv < ;- then on %,

and thus on uv < %:

TN = ¢ JNmA LY = §T(N, V) + %M—Q(M V)Jv?®

1Au 0 Av 0 1 A
> o [§ 5 G0+ 23 EGor 5 5wl

A 2 9
—¢§ﬁ(1+\/; ) v
2. ;2 &D + |y ] +__(1+\/§ )2¢2, (2.2.250)

>

o7 (T v)" +

| =

and on CT

0 /31
Ni;mp X — 2 = TNymp T
J ou AuJ

31 3 1my
=SS T(T+Y,T)— | 2= 2g(T+ Y, T
Au(+,) Au29(+ )¥°

31

=[5 0) 4 9o +mav?] . (22250)

The estimate of the Proposition then follows from the energy identity for J¥A on the
domain bounded by C*, ¥,., and X provided r; > \/7 is chosen small enough (in particular
such that uv < 1/15 on %,,), with

8
. 2.2.252
Ar% —1 ( )

s O

C(A,’l“l) =6

2.2.2.6 Pointwise estimates on the timelike future boundary

Pointwise estimates follow from energy estimates by Sobolev inequalities. Here we are

interested in the relevant inequality on ..

Proposition 2.30 (Sobolev inequality on ¥,). Let ¢ € H¥(Z,), r > /2, then

E é 2 2 2 2
A(sr 1) r ps;]i%|¢ (p) —¥*(q)| <
3

/ {¢2 + Z Z_ (20 20%)°
+(T9) + Y (QaTe) + (Q(i)Q(j)Tw)z} dpg, . (2.2.253)

i=1 i,j=1
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The angular derivatives on the sphere are here estimated using the generators of the
spherical isometries €0y : 7 = 1,2,3. This fact is known as the coercivity inequality on
the sphere which is discussed in Appendix C.2, where also the precise definition of the

vectorfields (}(;) can be found.

Proof. Recall the induced metric on ¥, derived in Section 2.2.1.3,

_ 13
9r = AN

Let A, \g € (—00,0), and £ € S?, then

(Ar S (2.2.254)

[N €) = *(Nos )] < 2 lel |dA (2.2.255)

and by (2.2.49)

/A:@—fﬁd = /AO i%(ﬂb) (2.2.256)

Therefore by Corollary C.3
[r2? () = r24%(Mo)| <
3

< C/_Z ST|¢I2 + Zf;(ﬂuﬂbf ) (%)%)@D)z dptn, dX

z',j:l
*© 1 3 5 :
+C ol + Z T¢) Z ( Q(j)w) dj,, AN, (2.2.257)
1,j=1
which proves the stated inequality in view of (2.2.48). O

For a solution ¥ to the wave equation Proposition 2.30 applied to the functions 7' and
Qi © i = 1,2,3 yields quantities on the right hand side which are monotone by our

results of Section 2.2.2.1. As a consequence we obtain the following pointwise bounds.

Proposition 2.31 (Pointwise estimates). Let 1 be a solution to the linear wave equation
(1.1.1) with my > 0, and assume that
(50

Dlwiza) = [ ofe T v+ (5

1

IV + mav? by, <00 (22.258)

for some ry > %; moreover assume that also

D[Q(i)’l/}, Zrl] <00l = 1,2, 3, D[Q(i)Q(j)’l/J, Zrl] < OO0 i,j = 1,2, 3
as well as DT, %,,] < oo, and

D[Q(i)TID, Eﬁ] <0t = 1,2, 3, D[Q(i)Q(j)TQﬂ, Erl] < 0 i,j = 1, 2,3.
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Then for all r > r1 also

7 sup |[[Fu)f, Vel | < oo, (2.2.259)
and
(ro)? sup |(Tw)(p) ~ (T0)*(0)] < o0, (22:260)
and if mpy > 0 also
sup |(r6)*(p) - (r)*(q)| < o0, (2.2.261)

and there exists a constant C that only depends on A such that for all r > rq

sup {0 |(7020) ~ (T )

P,qEX,

+ 72| IV, ~ V@),

| (r0%) ~ o) <

3
< C(A) [DW; Srl + Y DI ] + > DI Q ¢ ]

i=1 ij=1
3 3

+ DTS, + Y DIQoTe; Sn]+ Y DIQw QT Em]} . (2:2.262)
i=1 ij=1

Proof. Apply Proposition 2.30 to the functions (b%T -1 and (;S%%Q(,-)w 21 =1,2,3 as well
as (gbmA@b)% and use Propositions 2.7 and 2.9. Note that [T, Q] =0:4i=1,2,3. O

We may now proceed as before in Section 2.2.2.5 to estimate the energies on the right
hand side of (2.2.262) in terms of energies on a spacelike hypersurface that crosses the
cosmological horizon. This yields Theorem 5.

2.3 Linear Waves on Schwarzschild de Sitter

This Section applies the ideas and constructions of Section 2.2 to the global study of
solutions to
O, =0 (2.3.1)

on Schwarzschild de Sitter spacetimes (Mg\m), g).

We have chosen to view the homogeneous de Sitter spacetime as a member of the spher-
ically symmetric Schwarzschild de Sitter family corresponding to the parameter m = 0.

This shall allow us to proceed analogously to the analysis in Section 2.2 in the case m > 0.

We recall in Section 2.3.1 that the causal geometry of the expanding region is qualitatively
the same as in the case m = 0, namely it is bounded in the timelike future by a spacelike

hypersurface along which the area of every sphere is infinitely large, and in the past by the
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cosmological horizons Ct UC*. Moreover this region is foliated by spacelike hypersurfaces
of constant area radius. The adjacent domains beyond the cosmological horizons are
as in the case m = 0 static regions of spacetime, which are in turn bounded by black
hole event horizons and the interior domains of black holes. However, for our analysis
the region of interest is the expanding region and its extension across the cosmological
horizons; correspondingly we derive in Section 2.3.1 a double null foliation which covers

this domain.

For definiteness, the global picture described above is correct for any choice of A > 0
and 0 < m < (3v/A)~'. The Schwarzschild de Sitter spacetimes (MX”), g) are spherically
symmetric and have topology Qf\m) x SO(3) where ng) is a 1+ 1-dimensional Lorentzian
manifold; as discussed in Section 2.3.1 they are unique as solutions to (2.2.14) with that
topology for A > 0. We denote as above by r the area radius of the orbits of the SO(3)
group action. It turns out that the expanding region corresponds to r > r¢ where r¢(A, m)
is a root of a polynomial of degree 3 with coefficients in A and m, and that the metric on
this domain takes the form

1

- dr? 47, 2.3.2

g=-¢"dr’+7, =
where g, is the Riemannian metric of a cylinder on the level sets ¥, of r as a function on
Qf\m); (this expression should be compared to (2.2.2)). The cosmological horizons are the

null hypersurfaces » = r¢, and have positive surface gravity ke > 0 as in the case m = 0.

Global Redshift Vectorfield. The crucial estimate for our analysis is given in Section
2.3.2.1 where we establish the global redshift property of the vectorfield
10
M=-—;
ror’
here 0, = ¢n, where n is the normal to 3. Indeed, according to Proposition 2.34 we have
for all solutions of (2.3.1) the lower bound

(2.3.3)

oV - JM Y] > % JM) - n, (2.3.4)

where JM is the energy current associated to the multiplier M; (recall the discussion in
Section 2.2.2.2). By the energy identity for J™ on

Rz= ] =, (2.3.5)

we thus obtain

) 1
/ JM - n dpg +/ dr—/ JM ndpg <
b} "2 [ r ” "

§/ JY o dpg  + KMd,ug:/ JY n dpg -, (2.3.6)
> 2 Ry 2 !

79 1 1

T2
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which implies (compare the discussion of the inhomogeneous wave equation in Section 2.2.2.2,

in particular Lemma 2.12):

7"2/ JMn dpg,, < 7’1/ JM . n dpg, (rg > 11 >10). (2.3.7)
s s

T2 1

This is the content of Corollary 2.35.

Local Redshift Effect. In Lemma 2.33 we state the strict positivity of the surface
gravity of the cosmological horizons C* U C* in (Mf\m), g). While the global redshift
captured above can be attributed to the expansion of the spacetime, a local redshift
is due to the stated property of the horizons. In Section 2.3.2.2 we apply the general
construction provided by [17] to the cosmological horizons, to estimate the right hand
side of (2.3.7).

More precisely, we construct in Proposition 2.36 a vectorfield N =T + Y with

2 0

YI =+ — 2.3.
Cc+ % v=0 OV ( 3 8>
which is timelike and gives rise to a positive current
v-J¥ >0 (2.3.9)
in a neighborhood of C* which is of the form
{rc <r< 7’0} N J*H (D) (2.3.10)

where ¥ is an achronal hypersurface that crosses CT U C™T to the future of CT N C™T, and

ro only depends on A, m and our choice of 3.

Let now r; < ry in (2.3.7). It follows in particular from (2.3.91) and the energy identity
for J¥ on (2.3.10) that for the right hand side of (2.3.7) we have

r1/ JM . n d,uyr1 <
Sy NTF(E)

SC(T’O)/ *JT+Y+C(7~0)/ o IV endug . (23.11)
ctnJ+ (%) n

{re<r<ro}

Given any spacelike hypersurface ¥ the energy on the left hand side of (2.3.7) is thus
bounded for all ry such that ¥,, C J"(X) by the energy on X and the nondegenerate
energy with respect to N on the segments of the cosmological horizons lying to the future
of X.
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Static regions. A large part of our analysis of linear waves on de Sitter is preoccupied
with proving an integrated local energy estimate in the static regions which allows us
to control the nondegenerate energy with the respect to the redshift vectorfield on the
cosmological horizon; see Section 2.2.2.3. The corresponding proof for the static regions
of Schwarzschild de Sitter is more involved due to the presence of trapping; however the

required result to close our estimate has already been obtained in [16].

Proposition 2.32 (Prop. 10.3.2, [16]). Let ¥ be a spacelike hypersurface with normal n
in the static region ry < r < rc of (./\/lf\m),g) crossing the horizons to the future of the
bifurcation spheres, and let ¢ be a solution (2.3.1). Then there ezists a constant C' (only
depending on A, m and X) such that

/ Ty < C / J" ) n dug - (2.3.12)
ctnJ+(x) b

While Y is constructed in [16] using Eddington Finkelstein coordinates for the static
region, it coincides with our definition (2.3.8) on the cosmological horizon; in fact the
definiton of Y in [16] is in the same spirit as our construction of Y, for the static region
of de Sitter (see discussion of the redshift vectorfield in Section 2.2.2.3, in particular
(2.2.118), (2.2.119) and (2.2.121)). Hence (also in view of the fact that T is globally a
Killing vectorfield) we are able to control the energy flux through the cosmological horizon

in (2.3.11) in terms of a naturally prescribed energy on an initial spacelike hypersurface
2.

Future Boundary. The induced metric on the level sets ¥, in (2.3.2) is in fact given

by
_ Ar?  2m )
9, = <?+7—1) dt +7“ 7 (2.3.13)
and we find
¢ dug, =r* dt A d,u;;. (2.3.14)

In view of the results stated above we are then allowed to take the limit on the left hand

side of (2.3.7) to conclude on the finiteness of the following integral:

r—00

lim r/zr JM n dug, :/ {3 aa@f 2}V¢‘ }dt/\ dps . (2.3.15)

This is the main result of our work.

Theorem 6. Let X" be the future boundary of the expanding region in (Mﬁ\m), g) endowed
with the volume form dtA d,u;; of the standard cylinder, and let 33 C J~(X7) be a spacelike
hypersurface with normal n in the past of ¥ (and X7 in the domain of dependence of 33)
crossing the horizons to the future of the bifurcation spheres (see figure 2.5). Then there
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ctnct

Figure 2.5: Cauchy Problem for Theorem 6.

exists a constant C' that only depends on A, m and ¥ such that for all solutions to (2.3.1)

with initial data prescribed on ¥ such that

DY) = /EJ"[zp] n dpig < o0, (2.3.16)

we have that the energy is globally bounded in the domain of dependence of ¥ and satisfies
the bound

/ {(a_w)2+ WO7 wf}dm dps < C(A,m,S) D (2.3.17)
s+ L Ot g
on the future boundary X .

Alternatively we can write the result (2.3.17) using the coercivity equality on the sphere

(see Appendix C.2) as

/E+{(T )"+ i(ﬂwﬁ} <CD, (2.3.18)

and note that the tangent space to X, is spanned by the Killing vectorfields 7', and
Q) i =1,2,3. This immediately implies the following pointwise estimates, (similarly to
Section 2.2.2.6 in the de Sitter case).

Theorem 7. Let X" and X be as in Thm. 6. There exists a constant C(A,m,X) such
that for all solutions to (2.3.1) which satisfy in addition to (2.3.16) the condition

3 3
D[] = D[]+ DQu] + Y D[Q Q0]
i=1 i,j=1
3 3
+D[TY]+ > D[QuTY]+ Y D[QyQ;)T¥] < oo (2.3.19)
i=1 ij=1

we have the pointwise estimates

G0 - G @] +[I¥ o) - ¥ o] < camm D, 2320)

sup
p,gELT

on the future boundary 7.

We conclude that solutions to the linear wave equation on Schwarzschild de Sitter space-
times decay in the expanding region to a function on the spacelike future boundary given

by a function on R x S? with bounded derivatives.
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2.3.1 Geometry of the expanding region of Schwarzschild de
Sitter

In this section we shall discuss the Schwarzschild de Sitter spacetimes as solutions to
(2.2.14) with positive A > 0 and m > 0. It is here useful to recall our discussion of the
global geometry of de Sitter in Section 1.2.

Spherically symmetric cosmological spacetimes with positive mass. Recall that
the mass function m on the quotient @ = M /SO(3) of a spherically symmetric solution
(M, g) to (2.2.14) defined by

om  Ar? 4 Or Or
r 3 Q20udv

is constant by virtue of the Hessian equations (2.2.16). The mass m parametrizes precisely

(2.3.21)

the Schwarzschild de Sitter family for any given A > 0 and correspondingly we choose

here
m > 0. (2.3.22)
We have also seen that as a consequence of (2.2.16) the function
. 1
r 3

is a solution to (2.2.20). Thus we have that in a given double null coordinate system (u, v)

on Q9 the “tortoise” coordinate has the form
r* = f(u)+ g(v), (2.3.24)

where f, g may be any functions on R. The different charts of the manifold (M, g) are
obtained in explicit form for different choices of centering (2.3.23) and suitable choices
of f, g in (2.3.24). In particular the charts that cover the horizons (where the right
hand side of (2.3.21) vanishes) are found in this manner. In contrast however to the case
m = 0, there is no single chart that covers the entire spacetime manifold for m > 0.
In the following we shall briefly discuss a double null coordinate system that covers the
cosmological horizons and extends to the adjacent regions, in particular to the future into

the expanding region.

Extension across the cosmological horizons. The polynomial on the left hand side

of (2.3.21) has three distinct real roots in r provided

1
3m < —. (2.3.25)

VA

In fact, as discussed in [34], if we set

cos& = —3mvVA (m< &< 3%) : (2.3.26)



2.3.1. GEOMETRY OF THE EXPANDING REGION 169

then the three roots are given by

2 §
rH = ——= COS — 2.3.27a
"TVA B (2:3.:27a)
2 &+ A4rm
re = cos 2.3.27b
VA3 (2:3.27b)
2 §+2m
Te = cos , 2.3.27c
VAT 3 (2:3.27¢)
and satisfy
Te<0<2m <ry <3m<rec. (2.3.28)
In particular we have
Ar3 A o
r—2m—7 :_§<T_TH><T_TC)(T+|TC‘)7 (2.3.29)
with
3
relrel + rulre] = rure = & (2.3.30b)
rure|Te| = 6—m, (2.3.30¢)
A
and by decomposition into partial fractions
1 _ 3 T 1
1—277“—%"2 AN(re —ry)(ry +|Tc)) r — 1
. 3 e 1
A (re — 1) (re + |7el) r — e
3 el 1
+ — . (2.3.31
ATl + (el +re)r+ el %3
Let (2.3.23) be centred at r = 3m,
. ' 1
r (’f’) = / T o A2 d'l“, (2332)
o 1= 22— 5
and choose
Flu) = -2 e log 14! (2.3.33a)
A(TC_TH)(TC"F‘ED & A o
3 re v
v) = —— log — 2.3.33b

in (2.3.24) with

ry retlTel _ITel re—ry

A% = (r¢ — 3m)(3m — 1) e TTC (3m + [Ta]) e el (2.3.34)
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Figure 2.6: Causal geometry of the spacetime (/\/lfxm), g) for 3mv/A < 1 in the domain
ry <1 < o00.

Then integrating (2.3.32) using (2.3.31) we obtain by (2.3.24) in view of (2.3.33) the
following relation between the chosen null coordinates (u,v) and the radius function r:

r—7Tc

(1 — 1) T (1 4 [Tg]) e TR

(2.3.35)

uv =

Note that the null hypersurfaces © = 0 and v = 0 are the cosmological horizons r = ¢,
while the surfaces of constant r # r¢ are spacelike hyperbolas in the uv-plane for r > r¢
and timelike hyperbolas for » < re. Moreover the future timelike boundary r = oo is
identified with the spacelike hyperbola uv = 1. (See figure 2.6.) Let us also denote by

ct = {(u, 0):u> 0} (2.3.36)
o+ = {(o,v) o> o} (2.3.36b)

the two components of the past boundary of the expanding region r > r¢. Since

or* 1 or 3 re 1

T 1_m Moy A ~ 2.3.
or* 1 or 3 re 1

ST gy A . 2.3,

we can solve (2.3.21) for Q% to obtain:

_43 7’%

0=
r A (re — ry)?(re + [Te])

2><

rH re+ITC] [T¢l re—rH

X (1 = 13g) e T (p 4 7)) e TEE(2.3.38)
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The metric g on the chart that covers the region ry; < r < oo and extends across the
cosmological horizon r = r¢ thus takes in double null coordinates (u,v) the form

_ 13 e
T A lre )Pl + Trel)?

X

i retiel )HW re—ry

x (r—ry) HEe et (r+/cl) e e dudo + 2 Y (2.3.39)

where 7 is a function of (u,v) implicity given by (2.3.35).

Expanding Region. In the domain uv > 0 it is convenient to introduce the coordinate
3 re v
t=—— — log|—| . 2.3.40
A (re + |7e])(re — rn) |u| ( )

The metric can then alternatively be expressed in (t,7) coordinates as

1 A2 2 .
—d 2+(7T+—m—1>dt2+r2v. (2.3.41)
T

From the expressions for the differentials that follow from (2.3.35) and (2.3.40) we can

also conclude that

g:_Ar2 2m
EIE

s

8 _1A(Tc+|’f‘c‘)(7”c—7”7—() 8 8
o 23 e (“30 ~50) (23.42)
and
or 1A (re+|7c|)(re — ™) 2
=13 p” 02y (2.3.43a)
or 1A (re+[7c])(re — 1) 42

We shall think of (2.3.41) as the decomposition of the metric g in the expanding region

uv > 0 with respect to the level sets of the time function r. Indeed, if we set

VE = —g"0,r, (2.3.44)
or in other words LA Ve + [72l) 0 5
re —ry)\Tc e
_ -8 —_ — 2.3.4
v 23 re (u8u+vﬁv>’ (2.3.45)
then we find for the lapse function
1 1
6= (2.3.46)

VoY) ey

and the metric takes the form (2.3.41), namely

g=—¢*dr* +7,. (2.3.47)
Moreover, the normal to the level sets
¥, = {(u, v) : (2.3.35)} (r > re) (2.3.48)
is given by
n=q¢V, (2.3.49)

and 0, = ¢?V.
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Cosmological Horizon. The vectorfield (2.3.42) extends to a global vectorfield that

characterizes the cosmological horizon as a Killing horizon with positive surface gravity.

Lemma 2.33 (Positive surface gravity of the cosmological horizons). The vectorfield

0 0
T = ( g —) 2.3.
hie(umg- —vg- (2.3.50)
15 globally Killing, i.e.
1
(T) 7 §£T9 =0, (2.3.51)
and satisfies
VT = kT onCT, (2.3.52)
e 1A (re = (e + [72)
re —Try)\Tc e
_ 1A 2.3.
ke =33 e >0 (2.3.53)
18 the surface gravity of the cosmological horizons.
The result is obtained with the help of the vectorfield
2 0
ov
which is conjugate to 1" along the horizon:
g(T,Y) o -2. (2.3.55)
Indeed, by (2.3.51),
1
ry) =- TT‘ — Y - g(T,T
GViTY)| = —g(wyT,T)| = —3v o(r7)|
d 2m  Ar?
S 1————) 2.3.56
d’f’( r 3 r=rc ( )
Alternatively k¢ is characterized by
VYT = VTY = —I{cY on C+ 3 (2357)

note that this in particular implies that Y is Lie transported by 7" along the horizon:

T.Y)|, =0 (2.3.58)

2.3.2 Energy estimates

We develop here the energy estimates for the linear wave equation (2.3.1) on Schwarzschild
de Sitter. We study the expanding region in Section 2.3.2.1, and the cosmological horizons

in Section 2.3.2.2, while the static region is already dealt with in [16].
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2.3.2.1 Energy estimate in the expanding region

It is the purpose of this section to show that the vectorfield
10
M=-_

T ror

173

(2.3.59)

captures the global redshift effect in the expanding region of Schwarzschild de Sitter.

Proposition 2.34. Let JM be the current associated to the multiplier (2.3.59), and n the

normal to 3, (r > re). Then for any solution ¢ to the wave equation (2.3.1) we have

6V IV > M) .

Proof. Tt is equivalent to establish

Recall from (2.3.41) that

1A
g = —— (1 —r)(r —re)(r + |7c)
r3
gAB = 7 Vap ;

and thus the non-vanishing connection coefficients are:

r 1, rr
Frr:§(g 1) r9rr

_ 11 1 (r —re)(r +|rel)

27 (re — i) (1 + 7)) =Ty
11 e (r —ry)(r + |7¢])
27 (re — ) (re + |Tel) r—re
11 7c| (r—rn)(r —re)
27 (|7el + ) (|7el +1e) T+ Ty
1 1 1 1 1 1
Ft _ —1\tt A — _[__
rt 2(9 )" Orgu 2 r+r—rH r—rc+r+|ﬁ| ’

and I}, as well as

A o
ap = 5 (r=rw)(r —re)(r +[7e]) Vas

1

Let us first consider p
M =—.
or

(2.3.60)

(2.3.61)

(2.3.62a)

(2.3.62b)

(2.3.62¢)

(2.3.63a)

(2.3.63b)

(2.3.64a)

(2.3.64D)

(2.3.65)



174 2.3. LINEAR WAVES ON SCHWARZSCHILD DE SITTER

We have
(M’)ﬂ_rr _ (g—l)rrl—\:r (M’)ﬂ_tt _ (g—l)ttrit (2366&)
o) pan _ Looyan (2.3.66D)
T
and
M = OO gy 0 i 00 BT (2.3.67)
Now,
1, 0Y2 1,312 r? oY\ 2
=30+ 230 e e e o)
13 T
13 2.3.68
2N (r—ry)(r—re)(r+ 7| ( )
1,002 11 A oy O
Ty = 5(5) + 55(5) (r—rp)?(r —re)?(r + ‘TC|)2(E)
11A
— 53— rr)(r —re) (2.3.69)
and
Al oY\ 2
gBTyp = §;<T —ry)(r—re)(r + |7‘c\)(8r)
3 T oY\ 2
_ =2 — )7 (2.3.70
At e s ) - 38T
also note that
1 11A 0\ 2
ETW = 5—5(7’ —rn)(r—re)(r+ |TC|)(87’)
13 r oY\ 2
+ I
2A(r—rH)(r—rc)(r+|r_|)( ) ‘Vw
N\ 2 81#
= 2L (&) —Lt( ) —\w\ (2.3.71)
We then find that
1 o\ 2
KM 2K0—}—K1+K2i|L (a’[")
1 o\ 2
5K+ K- K| L) +2[ - K| (2.3.72)
where
I T (= re)(r + I7E)
O 20 (re — ry) (rp + [T r—TH
1 e (= ) + [7e)
27 (re —ru)(re + [Tel) r—re
11 i (r—ry)(r—rc)

2T(|T’c|—|—T’H)(|Tc|+T(}) T—|—|ﬁ|
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1 /A% 2m 0 1
V2 N N S
2\ 3 T 87"AT’“_|_277”_
13 A _ 2m
_ 15 50 (2.3.73)
2A(r—ry)(r—re)(r+|7c|)
and 1
K=o (14 ——+ s ) (2.3.74)
2r r—ry T—1c T+ |TC|
and finally
1
Ky = 2; ) (2.3.75)
Next we observe that
11 1
Ky— K =-- X
0 ! 271 (r—ry)(r—re)(r+ |7l
3 6m _
X [27“ A + (r — i) (r —re) (r + [7¢])

—r(r* + [Fe|r — rer — relTel)
—r(r® + [Fe|r — rur — r|7e])
—r(r® —rer —ryr + THT’c)] =0 (2.3.76)
by (2.3.30), and thus

1 T T r
K0+K1—K2:2K1—K2:—(—3+ + + )

r r—ry T—r1c T+ ||
: : [2rulFelr + 2rclFlr — 2emrer — 3rclFelra]
= - ru|Te|r + 2re|Te|r — 2ryrer — 3re|Te|r
32 1 32 1
_ 0 _ [7’ —3m} > 22 . (23.77)
Ar(r—ry)(r—re)(r+ 7| Ar(r—ry)(r+|7c|)
again using the relations (2.3.30); and finally
1
Ko+ Ky + Ky > 2Ky = 4~ . (2.3.78)
T
We have shown in particular
KM >0. (2.3.79)
Since
7T7"r - 2 grr + - 7T7"r (2380&)
r
1
(M), — 2 O (2.3.80D)
T
1
T

we conclude

1 /
= ——(r—rn)r—re)r+ [F|) Tpr + KM > = —T,,. (2.3.81)
r r r
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O

As a immediate consequence of the energy identity for J* we obtain:

Corollary 2.35. Let 1) be a solution to (2.3.1) then for all ro > 11 > re we have

/Er2¢{¢ (aw) + |y } o, <
S/Erl ¢{%(g_f) +¢2( ) +| VY| }dugrl. (2.3.82)

Proof. Note here that

w11 11 A I

= ST = 5o+ am =) ()
1 1 a¢
g a) Tl 238

O

2.3.2.2 Redshift vectorfield on the cosmological horizon

In this Section we construct a vectorfield that captures the local redshift effect of the
cosmological horizon. As in Section 2.2.2.5 we follow [17], however using the double null

coordinates introduced in Section 2.3.1.

Extension of the Null Frame. Recall the null frame (7)Y, E4 : A = 1,2) from our
discussion of the cosmological horizon in Section 2.3.1. We have seen that, also using
(2.3.43),

0

T o = etz (2.3.84a)
A T
are conjugate null vectors on the cosmological horizon
9(T, Y)‘ﬁ = tehc Guw = —2, (2.3.85a)
o(T, EA)‘C+ =0 g(v.By)| =0, (2.3.85b)

and satisfy the commutation relation (2.3.58). Here T is globally given by (2.3.50). Let

us now eztend the vectorfield Y away from the horizon by

VyY = —o(Y +7), (2.3.86)
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where o > 0. It is well known from [17] that this extension gives rise to a positive current
by virtue of Lemma 2.33. Indeed, as in Section 2.2.2.5, we find using (2.3.57) and (2.3.86)
that

, , 1 1
KY " = (V) n T . — §U(T-Q/J)2 + 5/‘?(2(1/ 7/1)2
1 2
+5olVef + (T 0) (Vo) (23.87)
and thus
K >1m(Y-¢f+[10—(EQ{LMT~mz+lﬂv¢f>o (2.3.88)
cr =4 27 ‘el ke 2 = >

if ¢ > (2/r¢)?2/kc. By construction Y is Lie transported by T,
T,Y] =0. (2.3.89)

However, it remains to show that T+ Y is timelike in the vicinity of the cosmological

horizon.

Proposition 2.36. Let N =T +Y with'Y as constructed above, M = % and let 1 be a
solution (2.3.1). There exists ro > re (for any given ug > 0, only depending on A and m)
such that

KN >0 on re <r <ry(and u > up), (2.3.90)

and there exists a constant C' that only depends on 1y such that

JM)-n < Cre) JN[] - n on r=ry(and u > ug) . (2.3.91)

Proof. In view of (2.3.88) and (2.3.51), by continuity
KY=KY >0 (2.3.92)

in a neighborhood of v = 0, u > wyg; since Y is invariant under the flow of T', the positivity

property is preserved uniformly in r¢ < r < rg, for rqg > r¢ chosen small enough, as stated
in (2.3.90).

Next we shall find an explicit expression for the extension of N to verify that N remains
timelike in such a domain. The condition (2.3.86) on C" is equivalent to the ordinary

differential equations

= —0— 2.3.

e A o p u (2.3.93a)

oY" 2 00?
=—0— —— . 2.3.93b
av =0 g QZ (97’ r=rc ( )

Since, by differentiating (2.3.38),
1 00?2 Al 1 9

) 2 2 Tz 2.3.94
P o e = 3z (R el (2.3.94)
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we obtain with say

2.2 2
o=k() o k21, (2.3.95)
furthermore that
oy - 3 5
T o = H() (2.3.964)
oY 2,22 1A
v lv=o _(TC) [’f +43 0+ m\rcl)] (2.3.96b)
and thus
_ ko 2.3 0
V=TT et L6 i,
1 ke 1,252 1A o )
+ {% T E(T’c) [/{: + - 13 —(r¢+ 7“H|7‘c\)HU% + O, (2.3.97)

which is timelike for uv small enough, i.e. in view of (2.3.35) on r < 7 for ro(k, A, m)

chosen small enough.

Let now ry be chosen according to the two smallness conditions above, so that K¥ > 0

and N timelike on re < r < ry.

Recall (2.3.49), namely that the normal to X, is given by n = ¢V where

0 0
Since also here 9
_ 9 _ 2
M — o PV, (2.3.99)

we obtain on one hand

JMn=T(M,n)=¢*T(V,V) =
P2 1 0¢
:_¢{¢ ( ) +¢2 + |V } (2.3.100)
On the other hand, we can assume by (2.3.97) that on r = ry (u > uy) N has the form

0 0
N = /{cau%jtbcﬁv%,

where 0 < a <1, # > 1 are constants on 3J,,. Therefore

(2.3.101)

JY n=T(N,n) = aprd u*Ty, + qﬁ(omc + ﬂbc):‘ic uv Ty + Bdrekc V¥ Ty,

> i% 1n{ou£c,ﬁac}{¢2(a¢) ;2 0¢ + }VIM } (2.3.102)
which yields
JM o < Crg) JV - m, (2.3.103)
as desired, with
C(ro) = ! $*(ro) - O

min{omc, Bic}



Appendix A

Improved interior decay of higher
order energy for the wave equation

on 3+ l-dimensional Minkowski space

In this Appendix we prepare the argument of Section 1.5.3 in the simpler framework of
Minkowski space. Here of course, much more is known than is proven in this Appendix.
However, the discussion that follows has implications for the study of the wave equation

on perturbations of Minkowski space.

In this Appendix we give as an exercise a proof of “improved” interior decay of the first
order energy for the wave equation on 3+1 dimensional Minkowski space. More precisely,
given a solution ¢ of the wave equation ¢ = 0 with finite inital higher order energy
D < oo, we show that

/2 m{r<R}(JT(T P)hn) < 7490 b (A1)

for any 6 > 0, where C'is a constant, and X is the hypersurface coinciding with ¢ = R+27
for r < R and with the corresponding outgoing null hypersurface for » > R. We follow
the new physical-space approach of [22], and introduce in addition a commutation with
the vectorfield 0,,.

The wave equation on Minkowski space

Minkowski space. The background spacetime (M, g) is here the flat 3+1 dimensional
Minkowski space.
g=—dt* + dr* +r? o (A.2)

In null coordinates . ]
u:§(t—r) vzi(tJrT) (A.3)

179
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the metric takes the form
g=—4dudv+r*y (A.4)
where 7 is the standard metric on the unit sphere.

Remark A.1 (Connection Coefficients). The connection coefficients of (A.4), which we

may write in local coordinates as

g = gap dz*® dab + 72 ’?AB dyA dy® . (A.5)
are easily calculated:
Ly =15,=0
FZU = FZU = Ffv - 0
U ,r ° v T
Uap =5 Van Tap = =578 (A.6)
Ty =Th, =0
1 1
ng _55 Fﬁu = - 5
c oC
Iap =Tap

Wave equation. The wave equation on (M, g) takes the classical form

20 1 o
O¢ = (97" Va0sd = —0.0,0 + ;a—f + 5 pe=0. (A7)

Note that given a solution ¢ the function ) = r¢ satisfies

.00 = 4. (A8)

Energy currents. The Lagrangian theory of (A.7) provides us with a conserved energy

momentum tensor

1
T,uz/(¢) = 8u¢ au¢ - ig;u/ aa¢ aa¢ ) (A9>
which allows us to construct energy currents with multiplier vectorfields V':
Ty (6) = Tuw($)V” (A.10)

Recall the basic identities for the construction of energy estimates for (A.7):

KY(6) = V) (0) = Ve () Vm = Shvg (A1)

/deug:/ Al (A.12)
D oD

Here D C M, and *J); = (JV)" €40, is the Hodge dual with respect to the volume form

«

€= dpuyg.
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Remark A.2 (Components of the energy momentum tensor). The null decomposition of

the energy momentum tensor is:

Tu=(5)  Tw=(5)
Tuo = V9| (A.13)

1
Tap = FEa¢p Epp — igABaaCb On®

Cauchy Problem. Let
RP;Q:{(U,U): U—USR,R+27'1SU+U§R+27'2} (A.14)
RDZTZ{(UW)Z TlSUSTz,v—qu} (A.15)

and Y, the past boundary of Rpr U ipr:

TQ>T1

ET:{(U,U)Z u—i—vz%‘—l—R,v—uSR}U{(u,v): u:T,U—uZR} (A.16)

Initial data for (A.7) is prescribed on ¥;,, and our aim is here to prove estimates for the

energy flux through ¥, (7 > 7).

First, we have the classical conservation of energy, related to the timelike Killing vector-
field T = 2

Proposition A.3 (Boundedness of energy). Let ¢ be solution of (A.7) then

/ET (JT(¢)>7”L> < /ET (JT(¢)>n> (12 > 71) (A.17)

Proof. Choose D = P2 URD2 and V =T in (A.12), and observe that Mr = 0. O

Second, we have spacetime integral estimate, originally due to [39].

Assumption A.4 (Integrated local energy decay). Let ¢ be a solution to the wave equa-
tion (A.7), then there exists a constant C(R) such that

dp\2 09\ 2 2 / T
- - < Al
L AGr e G eivary scm [ (o) (A18)
for all 75 > 1.
Notation (Integration). The volume form is usually omitted. Moreover we write [i.(JV,n)

for the boundary terms arising in (A.12) if ¥ C 0D is spacelike or null; in fact for 3. as
defined in (A.16) we have

Lom)= [ (o.2) Lo [t (Fo.2) w
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Here it is stated as an assumption, because we are not concerned with the proof of (A.18),

but rather with its implications for energy decay.

Theorem 8. Let ¢ be a solution of the wave equation (A.7) and

(e}

Di/& (JT(QS),n) +/T dv/gz dpgr® (%)2 < 0 (A.20)

1+R

for some fixzed 7y > 0. Then there exists a constant C(R) such that

/ (7 (0).n) < ¢ (A.21)

72

for all 7 > 1.

The derivation of this energy decay result from the assumption A.4 on integrated local
decay (and boundedness of energy) is subject of [22], and will also be apparent from the

following.

Interior decay of the first order energy

We are going to show in this note the following result on interior decay of the first order

energy:

Proposition A.5 (Interior first order energy decay). Let ¢ be a solution of the wave
equation (A.7), and

D = C>Odv/S2 dugy[r4—5<82(7”¢)>2+r2<m>2+r2<LrT'¢))2

AR ov? v ov

L 00rey 5L 00r,T S Q0T -
_I_z;7,2< (Tavj¢)>2+z;7,2< (r 5Z ¢>)2+;r2< (r ]aQIjT ¢))2]|u:n

j= j= jik=1

3 3 3
+/ (JT(¢>)+JT(T~<Z>) +Y TNQ0) + > TNQT 9+ Y JT(QijT~q5),n)
Y j=1 Jj=1 Jk=1
(A.22)

be finite, for any chosen R > 0, 7, > 0, and 0 < § < L. Then there erists a constant

2
C(0, R) such that
/ (77T ¢).n) < CO.R) (A.23)
S.N{r<R} T

for all 7 > 1.

This holds under the same assumptions as Thm. 8 namely Prop. A.3 and Assumption

A.4, with the exception that we also need a refinement of the latter: Let

T1

R T2:{(u,v):Tlgung,v—qu,v§72+R} (A.24)
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Figure A.1: The hypersurfaces (A.16) and (A.25) depicted in the Penrose diagram of

Minkowski space.

and ¥, ;, the past boundary of fP2? URR ™ (see also figure A.1):

Zﬁm:{(u,v): u+v:2T+R,v—u§R}U{(u,v): u:T,R—|—7‘1§v§R+Tg}
(A.25)

Assumption A.6 (Integrated local energy decay for finite regions). Let ¢ be a solution
of (A.7), then there is a constant C(R) such that

Jo A Go) o) i) <

< C(R) UE (/7 (0).n) +/§2 dpg (r¢?)(m, R+ )| (A.26)

T1,7T2

for all 4 > 7.

Notation. In the following we use the short hand notation

/E (77(6).n) = /E (77 (0).n) + /S s 0o (AZD)

;—1,7'2 T1,72
Sketch of Proof (of the refinement of Assumption A.4). The estimate (A.18) is readily proven

using radial multiplier vectorfields. The modified currents associated to these multipliers
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give rise to zeroth order terms on the boundary, which are estimated by the energy using

a Hardy inequality. For example, on the past boundary of #D7

72, which is the null segment

u =T, r > R, we would employ the estimate
/ dvr? x —¢2‘u n < 4/ <—¢> 72 dv|yer, - (A.28)
T1+R T1+R v

In order to prove (A.26), we would instead infer the following inequality, on the past
boundary of A1} 72,

1 R+7o 1 R+7o 8¢ 2
—/ dvr? x =¢*|u=r, < (r¢?)(m, R+12) + 2/ <—> r?dv, (A.29)
2 R+71 r R+71 aU

which follows from a simple integration by parts:

/R+7'2 ) 1 ) R+7o d ( ) )
dvr® x —<¢ :/ dv—(v—7) ¢" <
R+11 T2 R+11 dU '
R+71o

9¢

S (R + T — 7_1)¢2|v:R+7'2 + / dv{%¢2 + 2(%)27“2} (A30)

R+71

Similarly for the future boundary of #I} 7. O

The refinement introduces the new boundary term in (A.26).

Lemma A.7 (Pointwise decay). Let ¢ be a solution of the wave equation (A.7), with
initial data on X, (19 > 0) satisfying

o [ [ 2252 2o () s 3 (A

+/E (7 +ZJT 0,0) + ZJT(Qij¢) n) <oco. (A31)

70 k,j=1

Then there is a constant C(R) such that

[ sy < 0D (A.32)

for any 5 > 1 > T19.
Remark A.8. Note that by comparison to (A.26) we gain a power in 7.
Proof. First, integrating from infinity,

p(r, R+1) = — /OO %dv (A.33)

1+R v
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and then by Cauchy’s inequality, and the Sobolev inequality on the sphere,

¢27,R+7‘ §/ —d / ) r2do
(k)< [ R+n(av>

_|U . /RM dv/g2 d,uor{ o +Z<Q 0qu5> Z(ngz 0,0) } (A.34)

Therefore, by Thm. 8,

(r¢*)(m, R+ 1) < /2 (JT(QS) + Z JT(ngzS),n) < Céf) D. (A.35)

Now

R+T2
7’2/S2 d,ug/¢2(7'1,R+7'2):/82 dpe (r¢)*(r, R+ 1) + /S2 dpg 811 S

R+m1
2
<R2/ dpis*(m, R+ 1) +2\// / i gb?\// ) (A.36)
s2 R+1 S2 R+
which proves (A.32) in view of the Hardy inequality (A.28), Thm. 8 and (A.35). O

Remark A.9. The decay rate in (A.32) is in fact not sufficient. However, we see from

(A.36) that if a solution is already known to satisfy

[ [ () e < o

CD
/ dpg 7 0% (r Ry < —5 (7" > 7);
S2

then indeed also

7_

this is the case for the solution 7"+ ¢ (on “good” slices with a loss in the power of 7) as

shown below, and will be used in the argument.

Furthermore, it is important to point out that Assumption A.6 also allows us to control

zeroth order terms on timelike boundaries.

Lemma A.10 (Control of zeroth order terms). Let ¢ be a solution of (A.7), then there
is a constant C' > 0 such that

279 +R

/ d,uor X _¢ |7” R > <
§2
2T+R
JT : 2 0p\ 2 2
SC{/, HOBE [ a5+ (5 +}w\}} (A.37)

71,72

211 +R

for all 4 > 7.
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The proof of this fact is in the same vein as Assumption A.4, A.6 and not at the centre of
our interest here, but we include the proof of a simplified version of Lemma A.10 without
the refinement to finite regions; the difference to the proof given here amounts to keeping
track of the boundary terms in the Hardy inequalities, (cf. Sketch of Proof of Assumption
A6).

Proposition A.11 (Example of an X-estimate). Let ¢ be a solution of (A.7), then there
15 a constant C' > 0 such that

279 +R

/ d,uor ><—(Z> l=r <
211+R S2

27'2+R a
gc{/z JT(ng),n + - /S duo —f }w\}} (A.38)

for all 4 > 7.

Proof. Consider the vectorfield
0

X =—. A.
o (A.39)
We find . . .
KX = Om T (0) = —(g7) P Tan(6) = TP —~0°00.6  (Ad0)
and are thus led to the modified current
1 1
St =T+ ——8@2 (;)¢>2 , (A.41)
with nonnegative divergence:
VEIE = \W} (A.42)

Here we used that [¢? = 20°¢ d,¢ for any solution of (A.7), and O(1) = 0 away from
the origin. Now apply (A.12) with (A.41) to the domain #D2. Since

[

ORD2
/Rm /SQd,M X{T%,g—)+%¢8—¢+%
o [ g+ Lo+
2r0+R
[ [ et T g+ L5+

)+ 1622y
we have (using Cauchy’s inequality for the mixed term ¢ d¢/0r) an estimate for

1
_2¢ }|u:T2

1
7’_2(25 }|u =7
1
2

& }|TZR (A43)

27‘2+

/ duor X — ¢2
21 +R J§2
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/ / dﬂor x{ %>2+1‘V¢‘2+%¢2}|u:ﬁ

Rtn Js2

2T2+R

21 +R /S2 duor 8 {_ %) _}Vﬁb‘ + - <gz> +<%)2}|r:R (A.44)

which implies (A.38) in view of the Hardy inequality (A.28) and the fact that

(7). 5) = 5(50)" +

Corollary A.12. Let ¢ be a solution of (A.7), Ry > 0 and 75 > 7 . Then there is a
constant C(Ry) such that

" (8 () s enzeim (i) 0

211+R

\W} K"(¢)=0. 0

71,72

for some Ry < R < Ry + 1.

Proof. Apply Assumption A.6 to the domain RO“PT? \ROPTZ2 and use the mean value
theorem for the integration on (Ro, Ry + 1). O

Proof of Proposition A.5.

The method of proof is based on weighted energy identities. While [22] uses a weighted
energy identity arising from the multiplier r”g to prove Thm. 8, here we also use a

commutation Wlth ~ to obtain energy decay of the solution a¢> of (A.7).

Weighted energy identity. We shall first consider the current that yields the weighted
energy identity of [22]:

Ju (0) = T (p)V” (A.46)
Y=r¢ V:rq2 g=p—2 0<p<?2
ov
Since
(V)ﬂ-uu = 2CI rd ! (V)Truv = —q rd ! (V)ﬂ-vv =0
(V)ﬂ'AB = Tq_lgAB (A47)
we find

1 opN\2 1
KY(0) =V Tlo) = 5007 (5)) = 0 IV 41 @0)0) . (A

Notation. To make the dependence on p explicit, we denote by

T

K, (8) = V" ], (¢). (A.49)
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We calculate

kuwzmwo-¢+wa

_20¢ ¢ -1 (90N 1 - 2 1000

o o ¢ (“” 1(5) —5ar YU+ (A.50)
100 N
ol 1(&;) 2(2 )|yl

which is nonnegative for p < 2; by (A.12) this immediately implies

/72 /Szduo— B /dt/UR /Szd’“xﬁrpl gf)
/” /82 duo_ u= 271: /s2 duz { %) HV@D}Q})T:R (A51)

for p = 1,2 in particular, (and all 7 > 7).

Weighted energy and commutation. Now consider the current:

T (8) = T (X)V” (A.52)

— B, = (U) v =l (A.53)

q=p—2 0<p<4 d=4—p
Notation. We denote similarly by

K, (¢) = V" J, (). (A.54)

The error terms for K, and K, — in comparison to (A.11) — arise from the fact that x,

and 1) respectively, are not solutions of (A.7); here we find:

20y 2

Hence

K, (0)=0x)V-x+K"(x)

1 ax 1

0
— —prq_1<%)2 + 27971 () 8_21( + 3 (2—p)ri! ‘VX

2
. , (A.56)

which is not positive definite. However, we have

(i)

SEy O+ T (B09)) 17+ G2 TP, (AT
p

and are able to bound the second term using a commutation with €2;, and the third term

with an integration by parts argument.
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Lemma A.13. For any function ¢ € H?(S,) we have /A¢ € L*(S,), and there exists a
constant C' > 0 such that it holds

/Sz (4&(7"@)27"2 dpeg < 0/82{;;’?7(7”9@)‘2 + ‘V(wb)r} dps (A.58)

If p < 2 (A.57) holds without the last term; and if p > 2 we can “interchange” the
derivatives of |Yd,%|? by integrating by parts twice, (such that we can absorb the resulting
Oy term in the left hand side):

/du/ / s X PPV, (r )2 =

= [T [ [ < frtaaeop ae + 2 a0a 00 |
- [ [t aeo o)

u+R

/ du / /Szduo { (b — 172 () Du(r9)

1 R (10) H00) + 207 405) ) |
< /T2du /S2 dpss x " A (rg) 8U(T¢)}v:u+R

/ du/u /S2 dpg x { — 1) +2(p— Q)S}T(p—m—l <¢(T¢

o 2 o ())

~—
N———
[\
=
V)

Therefore

[ [ (7)<
< C(p,0) /afoz dﬂg{fép (¢)+ Kp 2 (9) + Z Kp—2 ( }

+c/22T2+R/S2 djus 17" 2{Z|V ol + (55 o )) }|TZR. (A.60)

T1+R

Note that we need p < 4 in order to control the (9,1)% term by (A.50) with p < 2, and
strictly p < 4 to control the (A)? term by (A.50) using Lemma A.13.

Thus after turning the divergences into boundary terms using (A.12), we arrive at the

following weighted energy inequality for y:

[ fe (G oGy 5o (52

Jj=1

) 2
+/ du/ / d,u x P 1 X)
1 u+ S2 v

U=To
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s /n Lo GG e G e X (R L
) [ () o G B R

el e gel eyl L mem e

The fact that this inequality holds for up to p < 4 — which appears as the weight r? in
the boundary terms — is directly related to the decay rate in (A.23). Correspondingly we

will proceed in a hierarchy of four steps:

Let 77 > 0, and 7541 = 27; (5 € N). In a first step we use (A.61) with

=4—¢ and (A.51) with p = 2 as an estimate for the spacetime integral of d,, 0,%, and
( ;1) on RDTJ“ and in a second step as an estimate for the corresponding integral on
the future boundary of #DJ:

/”“duL O RITER (o (5 R D o LT
j+1
o [ 4 /SQ o (ot (O e (2 e ()
I R e Cy S i e T

27’j+R

o S

=R
0o 8X
4—6
0 [ o [ s x { () +r

u=r]

(Go) =)}
gT]+1+R/S2 dluo { (%)2—%7’2(8—1{])2_’_23:7”2(82%)2

r0 x|+ vy +ir2<vﬂj¢)2} (A6

Observe that, -
() - (200 <2 () s
T B e v

and using first the wave equation (A.7),

¢ OT-¢ 106 106 1 o
g7 = a0 vov Trou 280 (A.65)
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and then Lemma A.13,

L () s =

<cC gzlﬁ(a(g;@)ﬂ(gf) +(—u) +ZWQJ¢\ +\w\} (A.66)

moreover,
2 0
Yx|” = [Y3.(r¢) ‘ < 2W¢‘ —|—QZ( J ) (A.67)
Therefore, by virtue of Assumption A.4 and Proposmon A.11, we can choose a Ry €

(R, R+ 1) such that

3

2T]+1+R0/S'2 d,u x{ a_: ( ) Z(@QJ@D)

211+ Ro j=1

AT+ 7ol 3 (7o) }LR <

< C(R) / (7 (0)+ 1" (- 6) + ZJT (@0).n) (A68)

1

and henceforth there exists a sequence 7; € (75, 7;11) such that

L%Am%rl><ﬂ+iﬁww

/
U=T
J

i L @) G z<—>}
+%;R)/E (J70) + (T 0) + 3 T (Q0),m) . (A.69)
. p

:| Here we apply (A.61) with p = 3 — ¢ and (A.51) with p = 1 to the domain

JDT2J+1

)

[ e L {3+ () S50
SC/T dv/SZ dpe % {rg_‘s(g—ify—l—r(a—i})szZr

211

3

e [ oG oG (B

J=1

3
+ 0|V x|+ | Yol ZTWW‘Q}’T:R (A.70)
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where R; € (Ry, Ry + 1) is chosen by Assumption A.4 and Prop. A.11 such that
27} 41+ Ry OXNZ | [OUN2 090\ 2
/szgf L {G) + (G) '+ > (%)
3
+}Vx}2+\W\ﬂzwﬂjw\z})rﬂ <
j=1

< C(R)/ (JT(¢) + JT(T - ¢) + ZJT (0), ) (A7)

T25—1

Therefore, there exists a sequence 7 € (73, 1, Ty;11) such that

3

L /Szdw{“zz» EORSC O
i L G e G e R

3

C(Tfuff) /E ) (/@) + (T 0) + ; I (0),n)

+C(R) / (JT(¢) +JU(T - 9)+ ) TN, n) (A.72)
27'23'71 J=1
where we have used (A.69) for the first term in (A.70), However, by virtue of Thm. 8 the

last term decays with the same rate, and we obtain

[ s {5 5+ (%))
3

SO [ ] e ) ) )

=1

C(6,R) . . .
+(7}7)2/2 (J (o) +J (T-¢)+;J (ngb),n). (A.73)

<
— 1
U—Tj

u=T1

In fact,

(R ()
1
2

19%(ro) 1 P (ro)
2 2 2 oudv )
72—

(P00 Les(aa)

IN

so by Lemma A.13

a1 87’T O\ 2
du / / dpe x r <

7'2] 1 a 2 r 3 r
<C +du/ / djug { - SV K (@774 Y s (90) 7"2} (A.75)
T2J u+ SQ ]:1
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generates boundary terms that are already present in (A.70), (cf. (A.50); consequently we

have

[,, o [ ans {0 ()] <
S [ [ (oG e (G () e ()
+M/ (JT(QS)+JT(T-¢)+iJT(Qj¢),n>. (A.76)

() Js,

Remark A.14. This statement should be compared to Thm. 8, where all that one can

L fow o)}

We will now proceed along the lines of the proof of Thm. 8, just that we have (A.76) as a
starting point for the solution 7"+ ¢ of (A.7), (and (A.21)); however, as opposed to Thm. 8

the hierarchy does not descend from p = 2 but p < 2, which introduces a degeneracy

u=r1

assert is

< 00 (tr>m). (A.T7)

uU=T

in the last step, and requires the refinement of Assumption A.4 to Assumption A.6 (and
Prop. A.11 to Prop. A.10), summarized in Corollary A.12.

By (450),
241 orT-¢
d dyo 1=0
/7_ U/u+R/ /S; ,U xr ( ov )

7'2]+1
/ du /d,uo><2K2 s(T-9)r* <
g u+R’ S2

_s(0(rT - 9)
< . 2—0 (Z\" & ¥
- /m 1+R?U /82 s X {T ( v ) }

—
25— U=To;1

+/22:z’}+1+d’;}/82 duo ; 92— 6{(8(raT'¢)> +W T )‘ }

7'2j71+R’

0
- 7-2] 1 /T1+Ro /SZ duo { - 5(8_:>2
+r2(g_f)2+zr2(8gé_¢) Mz(a(rngy}

— R/
T—Rj

u=r]

0(5,1—2)/ (JT(¢>+JT _|_ZJT Q,0), ) (A.78)

(72)-1)% Js.,

where in the last step we have chosen R} € (Ro+1, Ro+2) sultably using Assumption A.4
and Prop. A.10, and subsequently applied Thm. 8 to the flux through the past boundary

Xy, Therefore there exists a sequence 7" € (1)1, 75541) (j € N) such that

Lo Lo {2 )

<

mno
u=Tt"
J
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<G [ Lo G e (U

J 1+Ro
(G0 1)

C(6,R) . . A
+ ot [ (T 6+ @) (79

J

U=T1

- Slnce
[t G = [t 2o oG )
L)

_ 102 ZR+/UOO { 1+57"¢2 P2 5(%)2} (A.80)

J’_

we can estimate the degenerate energy density of 1" - ¢ by:

/T2J+1du/u+R/l /S %{ (gf))zﬂv(r@f}r?g
[r:ﬁl /u—’_RN /S2 d,ug/ v _{ (T;; ¢))2+ ‘V(TT¢)‘2}
L ()

(A.81)

%
r=R"
J

On one hand we have,

11

T2j+1 (7” T
ZW<ML%~éﬁWX-{-—zw—>*+V '} <

/ 2j+1du / / djis x K15 (T-9)1” (A82)
7_/// u—l—R” SZ

and on the other hand, now by Cor. A.12 (recall also the notation introduced on pg. 183),

we can choose R;-’ such that

20l +R! )
/ dt/ dps X {r1_6<T-¢> }
27_2/// +RH S2 Y r=

Therefore, by virtue of (A.79),

[y o o fome = S{ (OG-}

(JT(T L 0), n) . (A83)
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< C(9) /T::O +R§/iv/82 dpg x {rl_‘S(WY}

+C(R) /22759.’“—1-;1%;/82 dlug/ " {(8(gu¢))2+ <8(€U (b))? i ‘V(T¢)‘2}
(o

7—5’].’71+R3-’
+ C(R) /
%
T25—1"72541

< T [ [ {ro (B e (Y
G R

J=1

"
u= T2 1

— PR
T—Rj

u=r]

g [ (e o) ZijJijcb),n)

Tl + C(R) /2

Remark A. 15 Moreover, by Assumption A.6, we can extend the integral on the left hand
side to P, ,2,3“ while leaving the right hand side unchanged; i.e. (A.84) holds with the

-1

left hand 81de replaced by

/T:,QJH dT/ Cs(r) (JT(T - ), n) , where (5(r) = IRN r < Rj '

| (JT(T L), n) . (A84)

T25—-1"7T2j+1

This inequality can in itself be improved so as to show the same decay rate for all terms
on the right hand side; for certainly by Thm. 8 applied to the last term!,

[y [ [ S { CG2) o<
SOOI 0 [ a3 (2020
(G e ()]

+/Z (JT(¢>)+JT +ZJTQ<Z> )} (A.85)

1

U=T1

" " " :
But then, for a sequence 7/ € (73;_,,75;,,), We obtain

TG+ 41 TR 11 ) AT - p)\2 )
/T;"'+R;' dv /S? dpgr® x {(781) ) + V(T - ¢)| }‘u:TJ{'" <

1

more precisely by applying Theorem 8 to the last term in the analogue of (A.84) that results from
not using the refinement in (A.83), but Assumption A.4 and Proposition A.11 as above.
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< (T;/J+1 a1t R;/+1 m/ /””-',-R” /S2 dﬂ r5 { (a(gv ) + ‘V ‘ }
SB[ [ )
+r (01)) ZT2<6QJQ/)> ]

Jj=1

1n
U=T"
J

u=r]

+/2 (JT(¢) +JN(T - ¢) +iJT(Qj¢),n)}; (A.86)

since by Lemma A.7 (compare Remark A.9)

/SQ dus (T - ¢)°

<
(U/ T2W 1 'U R//+Té//+1)

_ R C(R)
S (W R ) (7))
T-0)\2 | o (OUT 0)\2 O~ o 0T - )\ 2
e [ (P o o (R 37 ()
3 3
+/ (JT( +ZJT QT -¢)+ ) JT(QijT-gﬁ),n)}
Yy 7,k=1
o A(rTo)\2
d duo(T - p)? dvr?—o( —=~
" (Té/J/-i-l_l_R//_Té/j/ 1 \//”4-72’”“1) MV( ?) \//}’+Tég{+1vr ( dv )
(A.87)

this shows in particular (recall here our previous Remark on pg. 195) that

/E (/7T 9),n) <
g/ (JT(T-¢),n)+/

S2
J

!
7_lll lll
2j—1° 2] +1

dpis (r(T - 9)?)

" !/ "
(7—2 _1 B +7—2]+1)

- Télj/l {/Tl-‘t-Ro /82 d,u X 7°4 5(2:) +r (a(gv¢))2

3

( )JrZTQ(&QJw) ZT (8(QT )2+Zr2<w)]

J=1 = jk=1 U=T1
3
+/ (JT(¢)+JT +ZJT Q;0) +ZJT OTe)+ Y J (QijT¢)}_
27—1 7,k=1
(A.88)
Returning to (A.84) we can now conclude that there is a sequence 7;" € (73;_y,75;4;)
such that
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Y. n{r <R}

Figure A.2: Removal of the restriction to the dyadic sequence (7).

where
o= [ fym < G oG 45
T14+Ro 2
‘I’Z <8QJ¢> —l-zs:TZ(&QT w) +§:T2<mj%7va~lb)2} -~

7j=1 7,k=1

O CACTRUCERS SCVES wALEREES SRR}

1 Jvkzl

(A.90)

or alternatively,

R AT - ¢ (5, R)
o2 < 77 ) )

J

Remark A.16. As previously noted, (as a consequence of Assumption A.6 used for the
extension to RQ‘,PTTE,?E in (A.84)) the left hand side of (A.89) may be replaced by

[ sl o)

T‘///
J

while leaving the right hand side unchanged.
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Therefore

/ (/7T 6)n) < cOnr) . p. (A.92)
S.N{r<R} T

: . " "
because for any given 7 > 71 we can choose j € N such that 7 € (7] _;, 7, ,) (compare

also figure A.2) and

/ETO{T<R} <JT(T'¢>’n) = /ETW p (JT(T'@W)- (A.93)

G—1°T25+41



Appendix B

Reference for Chapter 1

B.1 Notation

Contraction

We sum over repeated indices. Also we use interchangeably

g(V,N)=(V,N) =V,N"
J-N = (J,N)=J,N",

where V', N are vectorfields, and J is a 1-form.

Integration

Let D in M be a domain bounded by two homologous hypersurfaces, >; and ¥, being its
past and future boundary respectively. We then write le(J, n) for the boundary terms
on ¥, arising from a general current J in the expression || op J. TS C ¥y is spacelike,

then (J,n) = g(J,n) is in fact the inner product of J with the timelike normal n to Xi;

e.g. on constant t-slices 3; (see Section 1.2) we have n = (1 — Ti@)_%%. IfU C ¥y isan
outgoing null segment then [ (J,n) denotes an integral of the form [ dv [y du,g(J, 2);

e.g. on the outgoing null segments of the hypersurfaces >, (see Section 1.4) we have

- 0
J7n = / d’U*/ d,uo 7’”_1 J, . B.2
/ZTO{T>R}< ) T+ R* gn—1 VYn—1 < 8’1]*) ( )

The volume form is usually omitted,

/Dfi/Dfdug (D M),

199
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B.2 Formulas

In this appendix we summarize a few formulas for reference.

The wave equation
The d’Alembert operator can we written out in any coordinate system according to
0,6 = (97,0, (B.1)

where V denotes the covariant derivative of the Levi-Civita connection of g.

Components of the energy momentum tensor

The components of the energy momentum tensor
T () = 0,0 0,0 — g,w 9%¢ 0ad

tangential to Q are given in (u*, v*)-coordinates by

e = ) (B.2a)
) (B.2b)
Ty = (1 — )\w\ 25 (B.2c)

We also refer to (B.2) as the null decomposition of the energy momentum tensor. Note
here that

o _ 1 ¢
6926 =~ (5,) (g,) + 1015,
and
1 o AB N 1 .
ﬁ V-1 Tup = ‘V¢‘r23{n71 - 5(” - 1)8 ¢ 0t .
Integration
A typical domain of integration that we use is
iz = {(w, o) i U <m0t -t = R (B.3)

In local coordinates we have, by calculating the volume form from (1.2.25), that

2m
o = dus  2(1 et B.4
/;sz " /7' /*J,-R* A7L 1 'U'Yn 1 rn—2)r ( )
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For a general current J the energy identity on this domain reads

KXdMQZ/ *J, (B.5)
RpDT2 HRDT2

1

where the right hand side is given more explicitly by

0
duto n—1 J e
/8R’D:% /*—i—rz /Sn 1 Iu'y" 1T g( ’81}*) ’
0
- J, = v*—00
/T /S s e sl
0
! J— ur=r
/*+T1 /S" 1 Tn—1 g( ’81)*)| -

R*+271o a
—/ dt/ r"_lg(J,—*)|,,:R.
R*+21; sn—1 8T

(B.6)

Dyadic sequences

In our argument, Section 1.5.3 in particular, we construct a hierarchy of dyadic sequences,
beginning with a sequence of real numbers (7;);eny where 7 > 0 and 7,41 = 27; (j € N).
We then obtain (by the mean value theorem of integration) a sequence (77)jen with 7}
in the interval (7;,7;41) of length 7; for all j € N.  We then built up on these values
another sequence (7);eny which takes values (as selected by the mean value theorem)

J

in the intervals (73;_;,75;,1) > 7/; note that their length is at least 75,,, — 75, ; >

Tojr1 — Toj = Tz;- In the same fashion the sequence (77");en is built upon (77')jen, etc.

B.2.1 Rational functions

For completeness, we include in this appendix the elementary integration of the rational

function (z" —1)~! needed in Section 1.2. Consider the real polynomial of degree n € N,
p(z)=2"—-1 (2€C).

The zeros p(z;) = 0 are
=€ (jE)

where

if n is odd

,]:§ if n is even.

2

Therefore in factor representation
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By division into partial fractions there are numbers ¢; € C such that

1 C; 0 , n odd
ORI .
— 3
P HEE S R CE R
In fact
z— 2z -1
c; = lim L= (n2!
_ L mint
n )
so in particular
1 1 ( )
cop = — ¢n =—— (neven
T 2 n
Note that c_; =¢;. Now, for z € R,
= o o o nodd
—=> +—L)+ +9 e
=1 STy T r—1 —Z  neven
n—1
N rme-eFtgs) a0 nodd
= 2 — (2 + 7))z + |2 r—1 ;—fl , L even
n—1
_[ by cos(2mjit)r — 1 1 1 N 0 , . odd
- o e 2—2cos(F)z+1 na—1 —+—5 ,neven

since

1
R[c;] = - cos(27rjn

We may now integrate

1 -1 2z — 2 cos( 2L
— Zcos 27r]n )/ ’ (%) dx
n

-2 cos(z%)x +1

+ — Z(cos 21y nl)cos(QZj)—1>/ L ):):—I—ldx

22 — 2 cos( 2

1 1 0 , n odd
+—/ dz +

r—1 _1 1
o) 75dr , neven
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E
1 n—1 27r]
= - COS(27Tj log}x — 2cos( )xr + 1}
n
n21 (2 )
2 —1 x — cos (2L
+ — sm 27T arctan(—)
n Z j ) 8111(2”)
7j=1
1 , n odd
+ —log |z — 1] +
n —=log|z+1| , neven
because
1
/ 5 de =
2% —2cos(=L) + 1
1 1 cos (2
= / — e At = arctan(—Zf )) )
2 +sin®(£2)  li=o- cos(Zi) sin(24) sin (2£2)

Therefore

1 , n odd
= [z —1]
|z + 17! | neven
[%} 271-] cos(2mji==)
2
X J— R
H T 2 cos( - )m
7=1
%3] cos(zm)
X ex [2 sin (27 arctan ] .
g P ( J ) ( SII’I(ZZ]) )

B.2.2 Radial functions

In this appendix we prove some statements on the relation between

" 1
T* = /(v 1 72”1(17’ (B7)

nm)n72 1 - )

and 7.

The rational function that essentially appears is integrated already in Appendix B.2.1,
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and we obtain

n77' m 1
rf=r— (nm)ﬁ + (2m)ﬁ/ f_ ————dx
(g T =1

=r— (nm)ﬁ + (2m)ﬁ><

1 n odd
X log |z — 1] +
—2 ——5log|z+ 1| neven
1 e, n—3 21y
+ — ; cos(27rjn — 2) 1og‘x2 — QCos(n _]2) + 1’
5 7] "3 © — cos(28)\ 17" "
+ 5 Z sin (27 2) arctan(#
n- j=1 n— Sln(m) (%)n_£2_
It is useful to rewrite the last two terms as follows:
252 .
cos(27rj )log’xz—Qcos( )x+1’
j=1 " -
s (-
= Z cos<27r )log‘x —2008( )x+1‘
: n— n—
7j=1
+ cos(27r 2 )log’xQ—l—Qcos( (]— 1/2 modd —I—l‘
j=1 n— 2 n— 2 0 n even
0 [252] even
+ 3 —=1—~  nodd 2 n odd 3
cos<27r 3(n=2) >log‘x —2cos(Z 4 "2 + 1‘ [%5°] odd
1 n even 1 n even
(512520 2
— 2 J—
- Z cos(n_z)log}x QCos(n_ )x—i—l‘
7j=1
[

0 n even n—2

B COS( 2 (j—{1/2 nOdd))lOg’$2+2COS( 27
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sin (255 (j —

0 n even

n—3
[2]. n—3 :L"—cos(2’”2)
Z sin (27rj 2) arctan(—%j)
J=1 n- SlIl( 2)
lin=3
Hiyl ., 2m x—cos(j”z)
= — sm( ) arctan(—2m>
= n— sin(~7%)
1/2  nodd
4253 7+ cos(;25 (J — { )
. 2 . 1/2 nodd 0 n even
— sm( 2(]— { )) arctan( )
= n— 0 n even {1/2 0 odd

0 [252] even

n—1

- dd
m—cos(g{n2 no )

1

+ . x n—3 n odd n even n—3
_ sm(5 {:2 ) even) arctan( {nl ) [%5=] odd

—3 nodd)
1

n even

It is now easy to see that for x > 1 these sums are in fact negative or at most zero, and
are bounded below by

n—3
[i} cos(27r . 3) lo ‘x2 — 2cos( 2m) )x + 1‘
= jn—2 & n—2
[2[252]] ‘ 277 \ |cos(225)
sin? n_2)} " Tn—3
> ; log (ot 17 —cos(§—)log‘ (z +1)?|
n—3 2 n+1
> | ] — log(1
> ogsin —— 5 og(l+x)
[nTiﬂ 21]
-3 T — COoS -1
Z sin(27rjn )arctan(#) > _n T
= —2 sin(=1%) 4
for z > 1, and of course n > 5 (=0 for n = 3,4).
Proposition B.1. For all n > 3,
lim =1
—oo T

Proof.
Step 1. (Upper bound on %) Let r* > 0, r > "<¥nm. Then using the insights from
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above
r* <1 — (nm)"7 + (2m)"2
1 2= — 1 0 n odd
x[ 5 log \2/21” ‘ )
n— ‘(%)%2—1} —210g‘ 5)n 2—|—1‘ n even
0 n=34
1 3 21 n+1 n
+ ﬁ2( Flogsm——l— 2l og(1+ (%)= )) N E }
=
<7 — (nm)"7 + (2m)"2 x
[ L jog 7V !
_1
n—2 ‘(%)%2_1}
N logg n=34
310g%+7r— %logsin% n>>5
Since
1
lim 8% _ 0
T—00 €T
we have
lim <1
FE_\/% oo T
Step 2. (Lower bound on =)
Since ( 2’?2) <1,
* " 1 n—2
rt = , e dr > — nm.
(nm)n—2 1- Fn—2
Hence r < "Inm + r* and
lim T <1
r*—oo 1*

O

While this fact concerns the region r* > 0 and is essentially due to lim, ., loggcx = 0, the

next concerns r* < 0 and is similarly due to lim, oz logx = 0.

Proposition B.2. For alln > 3,

ng;:ﬁlu — =)= =0,
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Proof. Using the formulas from above for r* <0,

2m . 2m -
(1_ n—2)(_r):(1_ n—2)( 2nm—r)
r r
m L e
+ (1 — r”—2)(2m) n—3 / ) o dz
" Yam
2m \ ,,n, 1 1 2m
<(1- Tn_z)((g)“ —1)(2m)=—= + (1 - Tn_Q)(zm)H X
1 ny\n—2 —1
% 1 ‘(2>T }
n=2 " | — 1
0 n=34
+
—3 logsin 2% + log(w==+1)+m n=>5
Now recall
7] 27 1 n odd
"2 1= (z—1)x H(xz—Qcos( )z + 1) x
=1 —2 (x+1) neven
so for z > 1
=77
1< (= D(@+1) x J] @ +20+1)
j=1

Therefore
om | |(2)7E — 1 roo\n-2
¢ )
( 7’"‘2) o8 ‘7%5%1 — 1‘ * "2m 8
< |~ — Dlosl s — 1+ (= — D)7 -1
am em
and

L (1+(”)%)M( 1) log|—— — 1]
n—2 2 "V/2m & "V/2m
2m 0 n=34
- ( B ’r‘n_2) 1 n—2 ny—Ls
slog 2= + w4 log(1+ (5)»2) n=>5
We see clearly
2
lm (1 Z5) (=) <0
nfm

because

lirr(l):)slogxzo. O
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While the previous propositions could be proven with fairly rough bounds on 7*, the fol-
lowing propositions concerning the region r* < 0 require the (error) terms to be arranged

more carefully. With
r—1
Qo(x) = T+ 1
(z? — 2ax + 1)~
(22 4202+ 1)°

(B.8)

Qa,ﬁ(x) = (Bg)

we see in view of the above that

2m)72 | |(3)7 — 1
n—2 —)n—2 —
- (nm)nl2—r+( m) log 2=
n—2 e 1}
0 n odd
Cr" = Jog (2)7, ] n even
‘Fz—me }
1
q ()7)
1 [ (252 3]] cos( 27r])Cos(nz:rg {1/2 n odd ))

0 n even

2:1_2 Z log

1/2 n odd )) ( nim)

0 n even

Cos( 2m ]2) COS(%(j—{

0 [252] even

+ ) =2 ) 2=k noddy Lo
()72 — 2cos(3 {:2 )(5)7= + 1’ [*7°] odd
x log
n=l po
‘ 7«23 —2008(% n—2 dd) T£ —i—l‘
(2m)n=2 1 neven’ (2m)n—2
\
1(n=3
2om)7 BTy ™ 1 .
n—2 2 , y—cos(ZL)vg 7
Jj=1 "—Yom 1 + ( sm(%) )
(37 |
+/ dy}
"am y+cos( 2 (j— {1/(2) nodd )) 9
1+ )
. - 1/2 n odd
Sm(n{Q { /0 ncvcn))
(0 %52] odd
_1 n n%
_2(2m)n— /(2) i 1 dy [%2] even
) . 2
+ n = - COS( {_1 nodd)
1+ ( )
sm( { 2—= n odd )
1 n even
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In addition to Prop. B.2 we in fact have:

Proposition B.3. Forr* <0,

(1_ Qm) - (Qm)m.
rn—2 r

This being an upper bound on (—r*) we will also need a lower bound:

Proposition B.4. For r* <0,

We only give a proof for the case where n is even because

x2—2aa:+1)a
22 4+ 200 + 1

o) = (

is monotone increasing which simplifies the proof; indeed

, (2% — 200 + 1)

2_1)>0
(x2+204x+1)a+1 (x )=

o (7) = dx

forO0<a<1, z>1, and

—_

ot = (152
1

1
lim gq0(z) =

T—00

Proof (of Prop.B.3, n even). From the above we get the upper bound

r n, 1 r 1 (2)m2 —1
B L /U
(2m) =2 (2m)r= » [ — 1
[21752]) - L
1 L+ cos(555) \ eos(22h) n, i
w2 2 1Og[(l—cos(ﬂ)) e 2oz (577
j= n—

Since (Z)72 — 1 the last term tends to zero; in fact it is bounded by —i-. Along the lines
2 100

of the proof of Prop. B.2 we now recall that for n even

(23]

—_
i
S

2mj 5= even
2 l=(r—-1)(z+1)x 2% — 2 cos( Jr+1) % 2
]-1:[1 ( n—2 ) 22 +1 "7_4 odd
=(r—1) X gy_2(x)
thus 1
1- = ) (JI - 1)Qn 2( )



210 APPENDIX B. REFERENCE FOR CHAPTER 1

and
1 2" 2-1
il—% n Qqn—2(x) = }:1_)1 =2 1 =n 27
in fact
1 1
1— <zr-—1
n_2( xn—2) =T
Therefore,
2m  (—r%) n,_1_
1 <((=)n—2 —1)(1 ——
r == — 1 1 2
— (5=~ 1) log —=~ o (1==)
2m |(2)7—= — 1 100 n
L + L + L 1 O
- 4 100 —

. m)i== (%)ﬁ
(1) 2y gm0 E : ;

L (302511

1
(2m) n— qcos(%),cos(%) ((5) 2)
MCIILER Sl )

n—2

r
— o o _
Jj=1 qcos(%),ees(%)( n=2/5.

because g, is monotone increasing. ]

B.3 Boundary Integrals and Hardy Inequalities

In this appendix we prove appropriate Hardy inequalities that are needed in our argument

to estimate boundary terms that typically arise in the energy identities.

X-type currents. Let X = f(r*);% and recall the modification (1.4.15).

Proposition B.5 (Boundary terms near null infinity). Let f = O(1), f' = O(2), and

[ = O(%), then there exists a constant C(n,m) such that

/aszf\{T:R} *JXL < O(n, m)/E (JT(qb),n) ‘ (B.1)

1
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Proof. For the boundary integrals on the null segments u* = 7, 75 we find

/ /S fs JXl %)an
4T n—1 Tn
<C(n /*+T /Sn1 Yr-1 {( ) _|_‘V¢‘2

[+ ppi)e) @2

<

and in view of the Hardy inequality Lemma B.6

g/:qq, Jén]_ e 1T2¢2T" Huv—r, <1Cﬂﬁz7n)J/T_<JT(¢),n>; (B.3)

note that the corresponding zero order terms vanish at future null infinity, cf. Remark
B.7. Then (B.1) follows from the energy identity for 7" on #D2. O

Lemma B.6 (Hardy inequality). Let ¢ € C'([a,0)), a > 0, with |¢(a)| < oo and

lim 27 ¢(z) =0, (B.4)

T—00

then a constant C(n) > 0 exists such that
/ i¢2( )yl dr < C(n)/ (%)2:)3"_1 dz . (B.5)

Proof. This is a consequence of the Cauchy-Schwarz inequality, after integration by parts

with

g(x) = / y " dy . O

Remark B.7. The conditions of the Lemma on ¢ are in fact satisfied for any solution of the
wave equation (1.1.1). By a density argument we may assume without loss of generality
that the initial data is compactly supported. Then for a fixed 7, and v* large enough
¢(1,v*) =0 and for u* > 7

3¢

0u

T

([ ot ([ )
u* o
/T /Snl(a—i)zr”‘ldu%nl dU*S/ (J"(¢),n) < o0,

T

Thus

D=

On one hand
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whereas on the other hand

*

vl 1 v 2m -1 0 , 1 .
[ e = s [ 0= 2 )
1 2m \ -1 r(u*,v*)yr=2\ 1

= n—2 (1 B R"—2> (1 B ( (T, v*) ) ) rn=2

if we restrict v* > 7 to r(u*,v*) > R. Hence

lim rnTﬁgb: 0.

v*¥—00

Instead of (B.5) which requires (B.4) one can prove the corresponding Hardy inequality

for finite intervals:

Lemma B.8 (Hardy inequality for finite intervals). Let 0 < a < b, and ¢ € C((a,b))
then

%/j%qﬁz(aj)x”_l d < 5(#2&(1)) + 2(%)2/;<%>2x”_1dx. (B.6)

Proof. Let
’ 1
n—3 n—2|x
g d e —
g9(z) / y Ty = =y
then by integration by parts and using Cauchy’s inequality

b b d
/a %cbz(x)x"‘l dz = g ¢?|° — /a g(:L')ng(x)d—i dr <

b 1 1 b 2 d
<o)+ 26 [ Loy - [0y,

where € > 0; (B.6) follows for € = 1 because

1
b) < — 2
g()_n

-2
g(z)? 2 ( a 2<n—2>> el
< 1 — . ]
=3 T n—2 * (:17) .

Recall the domain (1.4.105); by using Lemma B.8 instead of Lemma B.6 we can prove

the following refinement of Prop. B.5 to bounded domains:

Proposition B.9 (Boundary terms on bounded domains). Let f = O(1), f' = O(2),

and f" = O(=3), then there exists a constant C(n,m) such that

/ *JX,I <
ORR 2\ {r=R}

< C(n, m){/ET2 (JT(gb),n) +/S du%nlr"_2¢2|(u*:n,v*zR*+T2)}. (B.7)

n—1
1
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Recall the domain (1.4.2).

213

Proposition B.10 (Boundary terms near the event horizon). Let f = O(1), f' =

O(\r*|4) and f" = (\r1|5)’ and
mo =0 (OSZ<L),

for some L € N, then there ezists a constant C(n, m, L) such that

/ JXL < Clnym, L)/ (JT(¢),n).
372?8’”(1‘/0) >

70

where 1o = 5(to — 7).

The proof is given in Section 1.4.4 in the special case f = f, , using the following Lemma.

Lemma B.11 (Hardy inequality). Let a > 0, ¢ € C'([a, o)) with

lim |¢(x)] < oo

a

<sltd /:O(jf) dz+2w/aa+1{¢2+(%)2}dx.

Proof. Let us first assume that ¢(a) = 0. Define

g(fv)z—/j%dy

14y

| = [ e i
— (@) (@)[> — 2 / g(x)as(x)%dx

<o [TEL (02 a) ([ gt ar)

Since [g(z)| < 1 we have

and therefore

1
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Without the assumption ¢(a) = 0 this applied to the function ¢(z) — ¢(a) yields

>~ 1
/a 1 +[E2¢2(I) dz <
< 1 <1
< 2/6; m((ﬁ(flf) — ¢<a>)2d$ -+ Q/a 11 x2¢(a)2 dx

< 81 + o /m(%)zdx—i-mb(a)z.

a? dz

We conclude the proof with the following pointwise bound: On one hand for some o’ €
(a,a+1)

[ ot ar = otay

and on the other hand

o'y~ oty = [ " epde < / {owr+ (29 aa.

i

o < [owr+ (97w [ owras

sz/aa+l{¢<x>2+ (%)Q}dx- -

Auxiliary currents. For auxiliary currents of the form

T2 = h()0u(?) (8.10)

we have the same results.

Proposition B.12. Let h = O(%), then there ezists a constants C(n,m) such that

/é)RD:%\{T:R} *Jor < C(n, m)/Z <JT(¢)7 n) ’ (B.11)

1

and moreover for a constant C(n,m) we have the refinement

/ * Jaux S
ORB 2\ {r=R}

ngmﬁ/«ﬂwwﬁ+édM w*ﬁmwm&.®m)
27—% n—1 n—1

Proof. Note that here, in comparison to the proof of Prop. B.5,

0 %)2

‘g(JauX’ %) ov*

<n2?+
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Proposition B.13. Let h = O(-L.), then there exists a constant C(n,m) such that

[

/E)Roo (to)*JauxSC(n,m)/E (JT((b),n). (B.13)

70,71 0

where 1o = $(to — 7).

Remark B.14. Note that in view of Prop. B.3 the function h = %(1 — T%—TQ) satisfies the

assumption of the Proposition.



Appendix C

Reference for Chapter 2

C.1 Decomposition formulas

In this appendix we shall carry out several decompositions relative to the foliation of R
by level sets of the area radius. Computations are significantly simplified by the use of
the coordinates (r, o) introduced in Section 2.2.1.3 which defines a “convenient frame” in

the sense that

o 0
Z Z7=0. 1
5 80) =0 (C.1)
Recall the first fundamental form
_ 13 /A, 1
966 = ZK (gr - 1) ; (CQa)
goA — 0 EAB = T2 fyAB 3 (C2b)
and by the first variational formula we have
1 a?ij
kij = % B (C.3)

for the second fundamental form k& of the foliation (3,). Thus it is easily checked that

y A 21
— Yk . = — JR—
trk =g, ki 3 or+ o (C.4a)
) ) A 2 92
2 _ Zim_jn [
|k| 9, gr kmnkzy <3 ¢T> + —(T¢)2 s (C4b)
and
otrk )

in agreement with the general second variation formula.

216
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Wave equation. Let us derive the explicit form of the wave equation

Dgw =0 (06)
for a metric of the form (2.2.39), i.e.
242 —
g=—0 dr+7y,. (C.7)
Since
. 10¢
| 5o (C.8a)
I, =0¢7,"0;6 (C.8b)
o111
Iy = Y 0,Gyyy = p kij (C.8¢)
we obtain
Oy = (g_l)wvraﬂﬁ + (g_l)ijviﬁﬂp =
1o 17106 W 1l —
— Gt a[ﬁﬁ —trk:}a +5V0 VY B ()
For the lapse (2.2.38) we have
1 0¢ A
@E = —ggbr (C.lO)
Vo =0, (C.11)
so that here | 8% A 11100
Dgw:_ﬁﬁ_Q[g(m)Jr@bEjLAw' (C.12)

C.2 Coercivity inequality on the sphere

In this appendix we shall prove the coercivity formula for the standard sphere, and recall

the classic Sobolev inequality on the sphere.

Let us denote by
Sy = {x cR®: |z|= r} (C.1)

the sphere of radius r in Euclidean space, a submanifold of
<R3, e = (dz')? + (dz?)? + (dx3)2). (C.2)
We denote the metric of the round sphere S, by

/77‘ = e‘TST = 7”2 77 (C?))
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where % is the standard metric on the unit sphere S?.

Let

.o,
Q(l) = €k ! % 1= 1, 2, 3, (C4)

where € is the volume form of e. We have
3
> Q) = |26, — 2"z, (C.5)
i=1

and thus for all z € R*\{0} and u : R® — R differentiable:

3

D () (@) = o | [9al? = 7, V)| = eI Ful?. (C.6)

i=1

This is the coercivity formula on the sphere. Here YV = 11V, and
) =0t —¢& ¢, ¢es?, (C.7)
is the projection to the sphere; by uniqueness Y is the connection of 7.

Lemma C.1 (Coercivity inequalities on the sphere). Let u be a smooth function on S,

then ,
2
r|Yul?, < Z(Qu)U) : (C.8)
i=1
and
> 2
7"4\V2u|2r S (Q(i)Q(j)u) . (Cg)
i,j=1

We have already shown the first inequality. For the second inequality we can use that
more generally for any S,-1-form (a 1-form on R?® such that 6 - X = 6 - I1X) it holds

3

Z ‘ 4ZQ(¢) 0

i=1

2
Yr

= Vol +Jof (©.10

where £ denotes the Lie derivative on S,.. (To prove (C.10) one can proceed analogeously
to Lemma 11.2 in [14].) By substituting
0 = du = du|rs,, (C.11)
we then obtain
2 12 2
rz}V u}% = rz‘V(]Iu}% <

< ZW Qg fdu i = Z} A q,u

because Lie derivatives commute with exterior derivatives. Inequality (C.9) then follows
from (C.12) using (C.8).

3

'2Y7" - Z‘V(Q(z’))}i , (C.12)

i=1

We recall the classical Sobolev inequality on the sphere.
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Lemma C.2 (Sobolev embedding on S?). Let u € H?(S?), then u € L>°(S?) and

[ullLoes2) < C llullnse) - (C.13)

This can be shown similarly to the Sobolev embedding on R? using the fact that % is
conformal to the Euclidean metric on the plane. Indeed, given any x € S? C R3, we can

introduce stereograhic coordinates y € R?, such that y(z) = 0 and ’; takes the form

= W| dy|?. (C.14)
It is then easy to verify Morrey’s inequality, namely that WH?(S?) C L>(S?) for all
p > 2. On the other hand, using two stereographic charts to cover the sphere, it is easy
to check that also the classic embedding W'!(S?) C L*(S?) is valid, and therefore also
Wha(S?) ¢ LP(S?) for 1/p = 1/q — 1/2. Thus in particular W2(S?) C L8(S?), while
WL6(S?) € L*(S?) and

Jelloo < € (s + [ Vulloe ) <
< O(Ilull 3 + 1Vl 3 g0y + 1V 2ll 3 g2 ) < Cllulliey . (C.15)
Given a function u on S, we can apply Lemma C.2 to u o h, where
h:S*— S, &wre. (C.16)
Since, in the coordinates
Yo =12 Y= 1% Vap dy* dy”, (C.17)

h is the identity mapping, we get

o 02

|V (woh)g =r*[(Yu)o bl , |V (woh)lz=r"|(Y7u) o hl} (C.18)

Yr?

Lo N

and thus

1

L=o([ran) o[ Avepan,)

r

=

+ C(/T 7’4|V2u|2d,u%) ©.(C.19)

Corollary C.3. Let u € H2(S,), then

1

<C’ /|u|2duw —I—C / Z d,u%>7

Tzl

N

+0 Z (O du%) . (C.20)

STZj 1
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