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Abstract

Let E be an elliptic curve defined over the rationals Q, and p be a prime
at least 5 where E has multiplicative reduction. This thesis studies the Iwa-
sawa theory of E over certain false Tate curve extensions F,, with Galois group
G = Gal(F+/Q). I show how the p>-Selmer group of E over F,, controls
the p°>°-Selmer rank growth within the false Tate curve extension, and how it is
connected to the root numbers of E twisted by absolutely irreducible orthogo-
nal Artin representations of G, and investigate the parity conjecture for twisted

modules.
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Introduction

The Iwasawa main conjectures for elliptic curves provide a scope to study
Birch and Swinnerton-Dyer conjecture. For a fix prime p, on the algebraic side,
one studies the structure of the Iwasawa module X,(E/F,), which is the Pon-
tryagin dual of the p°-Selmer group of the elliptic curve E over a p-adic Lie
extension F, of the base number field F' over which E is defined. On the an-
alytic side, one expects the existence of a p-adic L-function, interpolating the
special values of complex L-functions. Main conjecture asserts certain coinci-

dence of both the algebraic module and the p-adic L-function.

There have been quite a number of cases studied by many experts, in either
the algebraic modules or the p-adic L-functions. There seems to have a common
level of difference when the prime p varies by its reduction type for E, (assum-
ing naively that E has the same reduction type at each place of F above p),
or when the p-adic Lie extension F, varies. Out of the reduction types, good
ordinary reduction has been most studied along with many different p-adic Lie
extensions, for instance when F, = F?¢/F by Mazur [20], F = F(E,~) by
Coates-Fukaya-Kato-Sujatha-Venjakob [4] and F,, = 'False Tate curve exten-
sions’ by Coates-Fukaya-Kato-Sujatha [3].

Let G denote the Galois group of the p-adic Lie extension F.,/F and A
denote the corresponding Iwasawa algebra. Mazur conjectured that the Selmer
module X,(E/F¢) is A-torsion when E has good ordinary reduction over places
of F above p. This is proved in some of the cases of F, or under other assump-
tions. It is further expected that X,(E/F) is A-torsion for many other p-adic
Lie extensions. However, when the p-adic Lie extension is not abelian, for
instance when F, = F(E,~) with E an elliptic curve without complex multi-

plication, being A-torsion alone is not sufficient to formulate a main conjecture.
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In [4], the authors introduce a stronger assumption, called 91,(G)-Conjecture,
asserting that the algebraic module X,(E/F) should belong to the category
My (G). Equivalently, it means Y,(E/F,), the quotient module of X,(E/F )
by its p-primary part, is finitely generated over the Iwasawa algebra of H, where
H is the subgroup of G which fixes F¢. This 95(G)-Conjecture allows one
to attach a characteristic element to the module and go further to formulate the

main conjecture.

In [3], the alliance took the belief of 915(G)-Conjecture over to study Iwa-
sawa Theory for E over certain False Tate curve extension F.,/F, which is a
non-commutative p-adic Lie group of dimension 2, where E is any elliptic curve
defined over any number field F' that has good ordinary reduction over all places
of F above the odd prime p. The field F, is defined from an element m € F*,
with certain constraints relating to the reductions of E. By 914,(G)-Conjecture,
they define an algebraic invariant 7 being the rank of Y,(E/F ) over the Iwa-
sawa algebra of Hg, where H is the subgroup of G = Gal(F ./ F) which fixes
F(upy~). This 7 seems to have a lot of control over the arithmetics of E over
the intermediate fields. When 7 is odd, it guarantees and give lower bounds for
the Selmer rank growth in both the cyclotomic direction and radical direction.
When 7 = 1, the corresponding bounds are hit and one can decide the Selmer
rank of the elliptic curve over infinitely many intermediate number fields. The
authors also consider the root number of the elliptic curve E twisted by all ir-
reducible orthogonal Artin representations of G and show their connection to 7

and prove a parity conjecture of the twisted modules.

In this thesis, I study the parallel results as [3] under the setting of a triple
(E, p,m), where E is an elliptic curve defined over F = QQ, having semistable
reduction at all prime divisors of the integer m > 1. The main difference is
that I assume E has multiplicative reduction at the odd prime p > 35, instead
of good ordinary reduction. These assumptions are made in Section 1.1, which

is mentioned as assumptions on (E, p, m) in several places throughout the thesis.

In chapter 2, I start by introducing the all-important )ty (G)-Conjecture and
some direct consequences from it and compute the Z,-coranks of several mod-

ules under this Conjecture. These computations will lead to a formula to obtain



the marvelous but ’conjectural’ value 7.

In chapter 3, I have a thorough investigation over the Q,-irreducible Artin
representations which factors through Q(u,», &/m). I use V.Dokchitser’s for-
mula [8] to compute the root numbers of the elliptic curve twisted by these
Artin-representations. By Greenberg[Y]-Guo[ 10], these root numbers are again

controlled by the parity of 7 from the formula established in chapter 2.

In chapter 4, we once again relate the value 7 to 4, the A-invariant of the
finitely generated torsion module X,(E/L$¢) where L, = Q(4/m) for n >
1 via two approaches in computing the homological rank of Y,(E/F.). By
Greenberg-Guo, this relation leads to the control of growth of p°-Selmer ranks
within the False Tate curve tower by the value 7. I give an assertion on when the

parity conjecture of twisted modules holds.
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Chapter 1

Setting and Background

1.1 The False Tate Curve Extension

Let p be a fixed odd prime. We denote by p,» the group of p"-th roots of

unity, and p, the group of p-power roots of unity.

Definition:. For any number field L, we denote by L“° the p-cyclotomic exten-
sion of L and 1"y, the Galois group Gal(L”/L). More precisely, it is the unique

Z,-extension of L which is contained in L(tpe ).

Definition:. For the fixed prime p, and any positive integer m el 114", where

q; are distinct primes with pfr;, we introduce the notations

Fu 2 Qup, {/m) n>0, (1.1)
and we call the union
Foo 2| JF, (1.2)
n>0

a false Tate curve extension over Q. It is clearly a Galois extension of Q.

Let E be an elliptic curve. In this paper, I shall study the Iwasawa Theory
within the false Tate curve extension F,/Q with the following assumptions on

the triple (E, p, m), with prime decomposition m = [] ¢;".



Assumption on (E, p, m)
1. E is defined over Q,
2.p>5,
3. E has (split or non-split) multiplicative reduction at p,

4. E has semi-stable reduction at all primes ¢; dividing m.

Let us introduce more notations corresponding to the false Tate curve exten-

sion F,. For each n > 0, F, is the composite of two subfields

def

K= Q) and L, = Q(8/m),
and we denote their respective unions by

Kood:erKn and Lood:ﬁULn.

I shall use the simpler notation K = K, and denote the following composite
fields by

def

L) =KL, and L. =KL,.

We denote by G the Galois group Gal(F ,/Q). For any number field L con-
tained in F,,, we denote by G, < G the open subgroup which fixes L and
H, < G the closed subgroup which fixes L, and simply by H = Hg. These

groups are compact p-adic Lie groups.

1.2 Iwasawa algebras and their modules

Definition:. For any compact p-adic Lie group G, we define the Iwasawa alge-
bra of G by

A(9) £ 1imZ,[S/U] (1.3)
U

where U runs through the open normal subgroups of G and the inverse limit

is taken with respect to the canonical projective maps. In particular, for any
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number field L, we denote the Iwasawa algebra of 'y as

A € im Z, [T /T] ] (1.4)

where an runs through the open normal subgroups of I'; and the inverse limit

is taken with respect to the canonical projective maps.

If the compact p-adic Lie group § is pro-p, the Iwasawa algebra A(G) is a
local ring, with the unique maximal ideal the kernel of the augmentation map
A(§) — F,. If G in addition has no nontrivial element of order p, the Iwasawa

algebra A(G) is Noetherian and contains no nontrivial zero divisors.

The main purpose of this section is to introduce the structure theorem of
finitely generated A(I')-torsion modules, where I" denotes any compact p-adic

Lie group isomorphic to Z,,.

Let us denote by A = Z,[[TT1], the ring of power series of one variable with

coeflicients in Z,,. It is endowed with a complete topology described below:

The group ring Z,[T] has a group topology defined on it, induced by princi-
pal ideals (7 + 1)’ — 1), n > 0 being a base of neighbourhoods of 0 € Z,[T].

A 1s simply the completion of this group ring under this topology, i.e:
A= UmZy[T]/((T + D" —1).
Proposition 1.2.1. We have a non-canonical isomorphism of algebras
A=A

induced by y — 1 + T, where vy is any chosen topological generator of T

Definition:. A A-module is said to be torsion if for each element of the module,

there is a non-zero element in A annihilating it.

Definition:. Let M, M’ be two finitely generated A-modules. We say M is



pseudo isomorphic to M' and denote M Pt if there is a A-modules ho-

momorphism M — M’ with finite kernel and cokernel.

This relation is an equivalence relation among finitely generated A-torsion

modules.

Definition:. A non-constant polynomial
M) =T"+a, \T" " +---+ay € Z,[T]

is called distinguished if p | a; for all0 < i <n— 1.

The ring (or algebra) A is a unique factorization domain, with p and irre-
ducible distinguished polynomials as the only irreducible elements, up to multi-

plication by a unit in A.

Theorem 1.2.1. Structure Theorem [29, Theorem 13.12]
Let M be a finitely generated A-module. Then

pseudo

M"Y A (LA () © (B AFT™) . (1.5)

where r, s, t, n;, m; are non-negative integers , and fi(T) is distinguished and
irreducible.
Hence there’s the direct corollary

Corollary 1.2.1. Let M be a finitely generated A-torsion module. Then

pseudo

M TR (@A) @ (Do A FHT)™)) (1.6)

where s, t, n;, m; are non-negative integers, and f;(T) is distinguished and irre-
ducible.

Definition:. For any finitely generated A-torsion module M, with a pseudoiso-



morphism given as in (1.6), we define an u-invariant and a A-invariant to it:

N

,UA(F)(M) < Z nj,

i=1

Aaa@y(M) Z ij - deg(f)).

j=1

A finitely generated A(T')-torsion module M is also a finitely generated Z,,-
module if and only if it has vanishing y-invariant. In this case, its A-invariant is
just the Z,-rank of M.

For any H which is a pro-p p-adic Lie group without non-trivial elements
of finite order, the Iwasawa algebra A(H) has no non-trivial zero divisors and
therefore admits a skew field of fractions, denote as QA (H). In this paper, we

will come across some abelian cases when H = 7Z,,.

Definition:. Let H be a pro-p p-adic Lie group without non-trivial elements of

finite order. For any finitely generated A(H)-module M, we define
ranka M z dimg, ) (OA(H) ) M), (1.7)

as the A(H)-rank of M.

In the case when H = Z,, M is A(Z,)-torsion if and only if it has zero
A(Zp)-rank.

Definition:. For any compact p-adic Lie group G, for i > 0, we define the i-th
cohomology group of G with coefficients in a left A(S)-module M as the image of
the i-th right derived functor of Homn)(Z,, ) of M, and denote it by H(G, M).
Similarly, we define the i-th homology group of G with coefficients in a right
A(G)-module M as the image of the i-th left derived functor of (* ®A) Zp) of
M, and denote it by H(G, M).

Definition:. If there exists a natural number r such that H(G, M) = 0 for all
integers i > r and every finitely generated A(G)-module M, we say that A(G)

5



has finite p-homological dimension and denote the smallest such r by hd,(S)
and call it the p-homological dimension of G. As we shall see later; "dually”
we can define the same for cd,(9), the p-cohomological dimension of G as the
smallest r such that H (G, M) = 0 for all integer i > r and every discrete p-
primary A(G)-module M.

For a compact p-adic Lie group G having no nontrivial element of order p,
it has finite p-(co)homological dimension, equaling to the dimension of G as a

p-adic Lie group. See [18] and [25].

I shall prove the following two propositions together, they are both due to

Howson [13].

Proposition 1.2.2. Let M denote a finitely generated A(G)-module, where G is

a p-adic Lie group having no element of order p. Then
i Foreachi > 0, H(G, M) is a finitely generated 7.,-module;

ii ). (—Drankg, (HAG, M) is finite.

Proposition 1.2.3 (Howson). [/7]
Let M denote a finitely generated A(H)-module, where H is a pro-p p-adic Lie

group having no element of order p. Then

rankyiM = (—1)'ranks, (H,(H., M)). (1.8)

i>0

Proof. For both the cases G and H, since they have no non-trivial p-torsion
elements, they both have finite p-homological dimensions. and hence the alter-
nating sums appeared in the proposition are just sums of finite terms. Hence, it
reduces to show H;(G, M) and H;(H, M) are finitely generated Z,-modules for
each i > 0. We prove the latter situation first. Since M is a finitely generated
A(H)-module, it is a quotient module of a finitely generated free A(H)-module.
Hence we have an exact sequence of A(H)-modules

00— M — AH)" — M — 0. (1.9)

6



Since H is pro-p and have no elements of order p other than the trivial element,
A(H) is a Noetherian ring. M’ being a submodule of a finitely generated module
over a Noetherian ring, is finitely generated. Taking the H-homology of the

short exact sequence above, we obtain a long exact sequence of Z,-modules

- — Hy(H, A(H)") — Hii(H, M) — H(H,M") — H,(H, A(H)") — -
(1.10)

- — H\(H,A(H)") — H\(H,M) — M — (A(H)"), — My — 0.
(1.11)

The right end of eq(1.11) shows that Hy(H, M) = My is a finitely generated
Z,-module since (A(H)™), = Z. Since M’ is a finitely generated A(H)-
module as well, the same argument deduces Hy(H, M’) is a finitely generated
Z,-module. For A(H)™ is a free A(H)-module, its higher homology groups are
vanishing, that is

Hi(H,A(H)") =0

for i > 1. Therefore the exact sequences eq(1.11) and eq(1.10) become
0 — H (HM)— H(HM)— 0, fori>1, (1.12)

0 — Hi(H,M) — Hy(H,M") — Z" — Hy(H,M) — 0.  (1.13)

From the latter exact sequence, H;(H, M) must be a finitely generated Z,-module
as so are the rest of the terms. The same arguments, when applied to M’, deduce
that H,(H, M’) is a finitely generated Z,-module. The exact sequence eq(1.12)
provides an inductive way to ’climb’ up the homology degree by one to induc-
tively show that H;(H, M) is finitely generated over Z,,, via the parallel result for
both M and M’ in the preceding case.
Now for the case of G, there exists an open normal subgroup which is pro-p. Let
us denote this pro-p subgroup by H. By the Hochschild-Serre spectral sequence,
we have

H,(G/H,H,(H,M)) = H,,,(G,M) (1.14)

and hence H;(G, M) are finitely generated over Z, by the fact that H;(H, M) are
and the quotient group G/H is finite.
Since A(H) is a local ring, a A(H)-module is projective if and only if it is free.

On the other hand, A(H) has finite global dimension, hence there exists a pro-



jective (and hence free) resolution of M of finite length
00— AH)" — -+ — AH)" — A(H)" — M — 0. (1.15)

Left-tensor this exact sequence by Ag(H), the skew field of fractions of A(H),
which is a flat module, we get an exact sequence of finitely generated vector
spaces over Ag(H) and hence the alternating sum of their dimensions would be

zero along this exact sequence. This yields

l
ranknanM = (= 1) dimp,a(Ag(H) @y AH)™)
i=0

l
=> (~Dn.
i=0

On the other hand, the alternating sum of the values ) izo(—l)irankZpHi(H, *)

is zero along any long exact sequence of finitely generated A(H)-modules. This

(1.16)

yields

[

> (=Diranks, H(H, M) = > (=D > "(=1)'ranks, Hi(H, A(H)")

i>0 k=0 i>0
1
= (—franky, Hy(H, A(H)"™) (1.17)
k=0

I
= (~'m,
k=0

by the fact that the higher homology groups of a free module vanish as pointed
before. Hence the formula (1.8) is proved. ]

1.3 Selmer Groups and Fundamental Diagram

In this section, we want to obtain a fundamental diagram involving the p*°-
Selmer groups Sel,(E/F) and Sel,(E/K.) where F, and K, are as given in
Section 1.1. Before this, I shall define the p>°-Selmer groups of E over arbitrary
algebraic extension of the defining field of E. I shall first define it over number
fields.



Throughout this section, k always denotes a number field, that is, a field con-
taining Q, with degree [k : Q] < oo. Let k denote any fixed separable closure of
k. We denote by k, the completion of k at the place v.

Assume that E is an elliptic curve defined over the number field k.

Definition:. For any abelian group A, and n a positive integer, we denote by A,

the subgroup consisting of all n-torsion elements, by A, the torsion subgroup

of A, by A(p) or Ay~ the p-primary subgroup of A for any prime p. Further-

more, when A is a G-module for any topological group G, let H(G, A) denote

the i-th cohomological group, defined with continuous cochains. For any field
def

F, we use the notation H'(F,A) = H(Gal(F/F), A) for F a separable closure of
F and A a Galois module.

The multiplication by n map of the elliptic curve induces the exact sequence
of Gal(k/k)-modules:

0 — E, — Ek) 5 E(k) — 0
where E, denotes the kernel of the multiplication by n map. Taking the Gal(k/k)-
cohomology of this short exact sequence yields a long exact sequence:

0 —> E,(k) — E(k) % E(k) — H'(k,E,) — H'(k, E) 2% H'(k, E)

which provides the short exact sequence:

E(k)

— — H'(k,E,) — H'(k,E), — 0
IER (k,E,) (k, E)

For any place v of k, we can view E as defined over the completion field k,.

Similarly, we can do exactly the same as before and obtain

E(k,)
[n]E(k,)

— H'(ky, E,) — H'(ky, E), — 0

Taking the inductive limit over all n > 1, which is an exact functor, to these

short exact sequences, we obtain the following commutative diagram with exact



Tows:

0 — EW®Q/Z - H'(UE.) — H&E — 0

0 —J[Ek) ©ZM ][ H (k Er) WA [ H ki E)— 0
' ) ) (1.18)

where direct product runs over all places v of k. The left vertical map is just the
canonical embedding into each component. The middle and right vertical maps

are restriction maps into each v-component.

Definition:. The Tate-Shafarevich group of E over k, LLI(E/k) is defined to be
the kernel of the right vertical map in diagram (1.18), which is

I(E/k) = ker(H'(k, E) — | [ H' (k. E)), (1.19)

of which v runs over all places of k in the product | [ above.

It is conjectured that over number field &, the group I1I(E/k) is finite.

Definition:. The Selmer group of E over k, S el(E k) is defined to be the preim-
age of LLI(E/ k) under the surjection A. By the exactness of the second row of the

commutative diagram (1.18), we can equivalently give its definition as:

Sel(E[k) = ker(H'(k, Exore) — | [ H'(ku» E)). (1.20)

where v runs over all places of k in the product [ [.

Definition:. Let Sel,(E/k) denote the p-primary subgroup of the Selmer group
for E over k, or briefly the p>-Selmer group for E over k. This is by definition,
the p-primary subgroup of (1.20), which is

Sel,(E[k) = ker(H'(k, Epee) — | [ H' (k. E) <) (1.21)

10



where v runs over all places of k. We endow these p-primary groups S el,(E[k) C
H'(k, E ;=) with discrete topology and hence they are equipped with discrete 7,

module structures.

Combined with the commutative diagram (1.18), we obtain the following

exact sequence:
0 — E(k) ®Q/Z — Sel(E/k)y — LII(E/k) — O, (1.22)
and its p-primary analogue:
0 — Ek)®Q,/Z, — Sel,(E/k) — II(E/k)(p) — 0. (1.23)

Now I would want to extend these definitions from over a number field to

over any general algebraic extension.

Let us fix the following notations:

Definition:. Let L denote any algebraic extension of k, which could be of infinite
degree over k, and w denote a place of L. We write L,, to be the union of the

completion at w of all number fields contained in L.

With this notion of L,,, all of the above leading to the commutative diagram
eq(1.18) still holds for L and L,, in place of k and k, respectively. Thus, we can
define III(E/L), Sel(E/L) and Sel,(E/L) in the same fashion as above with k
and k, replaced by L and L,, respectively. We endow too to Sel,(E/L) a discrete
Z,-module structure. Equivalently, ITI(E/L), Sel(E/L) and Sel,(E/L) are just
the direct limits of ILI(E/k"), Sel(E/k') and Sel,(E/k') respectively, where the
limits are taken with respect to restriction maps, with k" running over all the sub-
fields of L which are finite extensions over k. Thus, the exact sequences eq(1.22)
and eq(1.23) hold also for k being replaced by L.

Let S be a finite set of non-Archimedean places of k containing
i all places of k above the chosen prime p,

it all places of k at which E has bad reduction.

11



Denote kg the maximal extension of k which is unramified outside S U S .,
where S . is the set of all Archimedean places of k. Denote Gg(L) = Gal(kg /L)
for any intermediate field L, k C L C kg and S (L) the set of places of L above S.

Given any non-Archimedean place v of &, such that E attains good reduction
E modulo v, denote by k, a separable closure of the field of completion k,, by k,
a separable closure of the residue field k,, by E the formal group associated to
the elliptic curve E/k,, by M the maximal ideal of the ring of integers of k,. By

classical theorem of elliptic curve, we have short exact sequence
0 — EOM) — E(k,) — E(k,) — 0.

The formal group £()M) contains no non-trivial p-primary part for any prime p
coprime to the characteristic of k,. Hence, as long as the good reduction prime

v does not divide p, we have
E(k_v)poo = E(k_v)poo
and thus v is unramified over k(E ) and hence k(E,~) C k.

So. we get for any intermediate field L, k C L C kg, the isomorphism

Sel,(E/L) = Ker(H"'(Gs(L), Ep=) — @ Jy(L)) (1.24)

vESUS

def

where J,(L) = @ H ! (Lw, E(L_W))poo with w runs over all places (finitely many)

wlv

of L above v, when [L : k] < co. When [L : k] = oo, we define

def

(D= lim @H(L,.EL,))

[L":k]<o0 /|y

P’

with w’ runs over all places (finitely many) of L' where the direct limit are taken
over all subfields L’ of L which is of finite degree over k. Since we are assuming
p is an odd prime, J,(L) is trivial for any archimedean place v of k, hence we

may omit S o, in the direct sum in the isomorphism above.

Hence, in our settings made in Section 1.1, taking L = K, and F,, we
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obtain the following commutative diagram, with exact rows:-

0 —— Selp(E/Foo)HK - HI(GS(Foo)’ EpOO)HK ne @vESJv(Foo)HK

Koo resK oo @VGS/’V (1.25)

0 —— Selp(E/Koo) - Hl(GS (Kso), Ep°°) - @veSJv(Koo)

where the right upward map is just the restriction map. In order that F,, C K
such that the notation Gg(F,,) makes sense, we require S to contain all the
places of K that ramify over F,. In particular, we can just let S = S(K) =
S US baa US ram, Where S, denotes the singleton of unique prime of K above p,
S »aa denotes the set of primes of K where E has bad reduction, and S ,,,, denotes

the set of primes of K dividing m, where m is the positive integer which defines

Fy = Q(ﬂp‘”’ ])W)-

1.4 Pontryagin Duality and Z ,-coranks

Definition:. Let M and T be two topological spaces. For each compact subset
U C M and open subset V C T, construct a subset

def

WU, V)Z {h e CM,T) | h(U) C V}

where C(M, T) consists of all continuous map from M to T.

{h(U,V) | U C M is compact,V C T is open.}
forms a topological base for C(M, T) and we call this the compact-open topol-
0g)y.

Definition:. Give the p-primary group Q,/Z, the discrete topology and view
it as a discrete Z,-module. Hence, it is locally compact and Hausdorff. For
any topological Z,-module M, we denote the Z,-module of all continuous Z,-

homomorphisms by
Ny def

M = Homgz,(M,Q,/Z,) (1.26)

and call it the Pontryagin dual of M. We shall always endow M with the induced

13



compact-open topology. When M is a profinite, or equivalently compact and to-
tally disconnected, (or discrete torsion respectively), 7.,-module, M is discrete

torsion (or profinite respectively) as a topological Z.,-module.

Pontryagin duality is a reflexive contravariant functor between the category

of discrete torsion Z,-modules and the category of profinite Z,-modules.

Definition:. We say a discrete torsion Z,-module, M, is cofinitely generated as
a Z,-module if its Pontryagin dual M is a finitely generated Z,,-module. We can
then define its Z,-corank as the Z,-rank of its Pontryagin dual and denote the

value by corankz, M.

Let L denote an arbitrary algebraic extension of the base field k, of which

the elliptic curve E is defined over.

Definition:. Let Sel,(E/L) be the p>-Selmer group of E over L, denote by

X,(E/L) £ Homy, (Sel,(E/L),Q,/Z,) (1.27)
its Pontryagin dual. It is a compact Z,-module. Moreover, when L/k is Galois,
then the Galois group Gal(L/k) acts continuously from the left on H'(L, E ,=),
and hence Sel,(E/L) is equipped as a discrete left Z,[Gal(L/k)]-module. We
shall endow its Pontryagin dual X,(E/L) a left Z,[Gal(L/k)]-module structure
induce by the following definition:

(@f)(s) = o(f(a"s))

forany o € Gal(L/k), f € X,(E/L) and s € Sel,(E/L). In addition, when
L/k is a p-adic Lie extension, then the same expression in (1.27) gives X,(E/L)
a A(Gal(L/k))-module structure, where A(Gal(L/k)) is the Iwasawa algebra

which is define in the same fashion as (1.3).

Proposition 1.4.1. Assume that L is a finite extension of the base field k, then
H'(Gs(L),E poo) 1s a cofinitely generated Z,-module. In particular, Sel,(E/L)

is a cofinitely generated Z,-module. Moreover, for any number fields extension

14



kC L CL, wehave

corankz,Sel,(E/L) < corankz,S elp(E/L/). (1.28)

Proof. By Nakayama lemma, it is sufficient to check the finiteness of
H'(Gs(L), Ep)/p(H\(G5 (L), Ep)) = Coker (H'(Gs(L), Ep) 2 H'(Gs(L), Ep)).
This is the Pontryagin dual of

(H'(Gs (L),Epoo))p = Ker(H'(Gs (L), Ep=) —— H"(Gs(L), Ep)).

Taking the G (L)-invariants from the short exact sequence

0 — E, — Epc 2+ Epoc — 0

yields a long exact sequence which contains
H'(Gs(L), E,) — H'(Gs(L), Epe) == H'(Gs(L), Epee).

By its exactness, we get that (H'(Gs (L), E ))p is the homomorphic image of
the finite group H'(Gs(L), E ») and hence is finite.

For the second argument, it is sufficient to show that the kernel of the induced
restriction map Sel,(E/L) — Sel,(E/L’) is finite. Indeed, this kernel injects

into the kernel of the restriction map

o

H'(Gs(L), Ep) — H'(Gs(L), Epe).

When L' is Galois over L, ker(rp;;1) = H'(Gal(L'/L), E(L') ) is clearly finite.
When L’ is not Galois over L, take its Galois closure L” € kg, then ker(ry,.) C

ker(ry»,1) where the latter is finite since L” is Galois over L.
[

Looking at the short exact sequence (1.23)

0— EL)®Q,/Z, — Sel,(E/L) — LI(E/L)(p) — 0.

15



Hence, the Z,-corank of Sel,(E/L) is an upper bound of the Mordell-Weil
rank of E over L. Since conjecturally III(E/L)(p) is finite, the Z,-corank of
Sel,(E/L) should actually reflect the Mordell-Weil rank over L.

However, when L is an infinite extension of k, Sel,(E/L) is not in general a
cofinitely generated Z,-module. For instance when L = k““ is the p-cyclotomic
extension of k, we shall later see in Lemma 2.1.2 that S el ,(E/k“°) is a co-finitely
generated A(I'y)-module. Even if its A(I'y)-corank vanishes, we can observe
from (1.6) that the positivity of the u-invariant of its Pontryagin dual would pre-

vent Sel,(E/k9¢) from being a cofinitely generated Z,-module.
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Chapter 2

The Category Iy (G)

2.1 Mazur Conjecture

Within this section, k always denotes an arbitrary number field, i.e a finite

extension of Q.

In this section, I will mainly state some results and conjectures regarding
the A(I'y)-rank of the compact profinite group X,(E/k“), where p is a rational

prime and E is an elliptic curve defined over number field k.

Lemma 2.1.1. Nakayama [/, p.2,Theorem]
Let A be a compact topological ring with 1 and let I be a (left) ideal with I" — 0O
in A. For M any compact profinite (left) A-module, IM = M implies M = 0.

As a consequence of Nakayama lemma, if M/IM is a finitely generated Z,-

module, then M is a finitely generated A-module.

Lemma 2.1.2. [/9, Theorem 4.5 (a)]
For any prime p, X,(E/k°) is a finitely generated A(I'y)-module.

We shall see later that the nullity of the A(I'x)-rank of X,(E/k“) depends
crucially on the reduction type of the primes of k above the prime p.

Theorem 2.1.1. Mazur Control Theorem [20), c.f Proposition 6.4]
For a fixed odd prime p, and a number field k, denote by I', 4 an the open
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subgroup of Ty = Gal(k?“/k) of index p", for each integer n > 0, and let k,
denote the subfield of k°, fixed by I',. Suppose E is an elliptic curve defined
over k, with good ordinary reduction at all primes of k lying above p, then the

restriction map
Sel,(E/k,) SLIN Sel,,(E/k"y")r” (2.1)

has finite kernel and cokernel, for n > 0 and moreover, the kernels and coker-

nels are of bounded order when n varies.

Mazur conjectured the following statement [20)]

2.1.1. (Mazur)
If p is a prime such that E [k has potentially good ordinary reduction or poten-
tially multiplicative reduction at all primes of k above p, then Sel,(E/k?°) is

ATy)-cotorsion.

The same argument fails for any potentially good supersingular reduction

places above p, due at prior to Konovalov [15] and later to Schneider.

Theorem 2.1.2. [24, Corollary 5]

corankayS el ,(E/k7) > r(E, k)

where

HEK) 2 Tk 0 Q)

pss
which the sum _

tially supersingular reduction.

runs over each place v of k above p at where E has poten-

Schneider conjectured that

2.1.2. The equality always holds in the theorem above.

Under our assumption on (E, p,m) in Section 1.1, we expect the validity
of another stronger conjecture, namely Conjecture 2.2.1 introduced in the fol-

lowing section, which will implies the validity of Mazur’s Conjecture for every
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intermediate number field Q C k C F..

2.2 The category My(G)

Assume from now on that we are working over the False Tate curve ex-
tension introduced in Section 1.1 and recall the notations G = Gal(F,./Q),
H £ Gal(F./Q%°). We recall that we are assuming in particular that £ has
multiplicative reduction at p. For any A(G)-module M, M(p) denotes its sub-

module consisting of all elements of p-power order.

Definition:. Let My (G) denote the category of all finitely generated A(G)-
modules M, such that M/M(p) is finitely generated over A(H).

Throughout this paper, I will assume the validity of the following conjecture

made in [4]. .

2.2.1. Under the assumption made on (E, p, m) in Section 1.1, X,(E/F )
belongs to the category My(G).

We first derive some direct consequences from this conjecture. Write L an

arbitrary number field contained in F',, and denote

def

Hp = Gal(F . /L?°),

def

I'y = Gal(L”/ L),

def

Yp(E/Foo) = Xp(E/Foo)/Xp(E/Foo)(p)a

def

Yo (E/L) = X, (E/LY) [ X,(E/LY)(p).

Now, X,(E/F) belongs to 9 (G) means that Y,(E/F) is a finitely gen-
erated A(H)-module. Since [H : Hy] is finite, A(H) is a finitely generated
A(Hp)-module. Hence Y,(E/F) is also a finitely generated A(H;)-module.
Therefore

Y,(E/F)n, is finitely generated over Z,
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Observing from the following commutative diagram with exact rows,

Xp)(E/Foo)u,— Y (E/Foo)u,— 0
(2.2)

X,(E/L?) — Y, (E/LY) — 0
the cokernel of the first vertical map is Pontryagin dual to the kernel of the

restriction map
rrec : Sel(EJLY) — Sel,(E/Foo)™

which is a subgroup of
ker(rio) C H' (Hp, Ep=(Foo)) = Epoo(Foo)n,

where the isomorphism is due to the Poincare duality, whenever H; is pro-p,
i.e. when u, C L. Finally, we see its finiteness since E,~(F) is cofinitely
generated over Z, and E o (Fx)™ = E (L) is finite by Ribet’s Theorem
[22, Theorem 1.1]. Hence, for any intermediate field L containing y,, both the

vertical maps in the commutative diagram (2.2) above have finite cokernels, and
Consequence 1: Y,(E/L?) is finitely generated over Z,,.
Consequence 2: X,(E/L?¢) 1s A(I'p)-torsion.

In fact, these two consequences hold for any intermediate number field L C
F.. Indeed, they hold for L' = L(u,). Write A, = Gal(L'*/L%) which is
a finite group of order coprime to p. Therefore the restriction map induces an
isomorphism

Sel,(E/LY) = Sel,(E/L')*

Y,(E/L') s finitely generated over Z, and so is Y,(E/L'“),, and hence Y,(E/L"°).
Similarly, X,(E/L'¢) is A(I'y/)-torsion, and so is X,(E/L'),, = X,(E/L%°)
with the same group action by I'; and I';/, so we obtain Consequence 2 for L.

The validity of Conjecture 2.2.1 is essential to define the A(Hg)-rank of
Y,(E/F), which will play a large part in the rest of this thesis.
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2.3 Computation of the Z,-coranks of some mod-

ules

In the rest of this chapter, we suppose the triple (E, p, m) satisfies the as-
sumption made in Section 1.1 and shall always assume the validity of Conjec-
ture 2.2.1. Let L denote any subfield of F., with [L : Q] < oco. From the
consequences in section 2.2, we deduce that X,(E/L%) is A(I';)-torsion and its

A-invariant is

def

Ana)(Xp(E/L7) = dimg,(X,(E/LY) @z, Q).

In the rest of this chapter, for simplicity, we shall assume further that the
subfield L contains K = Q(u,) as this implies that H; = Z,. For instance when
L = Kand L = F, forn > 1. The other cases for instance when L = L, for
n > 0 will be treated separately in Section 4.3 and we shall see then the results

are very identical.

For simplicity, we shall assume that § = S(K) = S5, U Spaa U S, as given
at the end of Section 1.3. Now, I would want to rewrite the fundamental dia-
gram (1.25) by replacing S by S (L) in the direct sum. Recall that there are
only finitely many primes of K¢ above each rational prime and [L : K] < oo,

S (LY is again a finite set.

Let us denote for any place u of L%,

def

JuFx) =  lim @HI(L;,,E(L_'W))pm,

[L':LY¢)<oc0 w/|u
L'CFs
where the limit is taken via restriction map, and

J(L2) = H' (LY, E(LD)) .,

u
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we have

H*(Hp, E oo (F o))

Hy,

A
0 ——— Sel)(E/Foo)™ — H'(Gs(Foo), Epe)™ =% @uesaoodu(Foo)™
rpeye resycyc Dyeseveyu

0 ——— Sel,(E/LY) —— H'(Gs(LY), Epoe) —> Bres oo Ju( L)

H'(Hp, Epo(F o))
(2.3)

where the vertical upward sequence is the inflation-restriction exact sequence.
This doesn’t make any difference since J,(LY¢) = @y, J, (L), J,(Foo) = @l u(Foo),
and h, = @,,h,, where u always denotes a place of L““ and v denotes a place of

K

We shall be interested at the difference between the “Z ,-coranks” of the two
terms on the left and for this, we need to apply snake lemma. We may check the
surjectivity of A, by the theorem below, which does not depend on the settings

and assumptions made at the beginning of this section.

Theorem 2.3.1. (Hachimori and Venjakob) [ 12, Theorem 7.2]

For E an elliptic curve defined over number field k and any odd prime p, assume
G = Gal(F/k) is a pro-p, p-adic Lie group with no p-torsion and E(F)p~ is
finite. If X,(E/F) is A(G)-torsion, then we have

1. H*(Gs(F),Ep<)=0
2. H(Gs(F), E,~) EELIN Pyes Jo(F) is surjective

here S is a set of primes of k containing all the primes above p, all places at

where E has bad reduction and primes which are ramified in F'|k.
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Proof. By Poitou-Tate global duality, we have the exact sequence

0 — Sel,(E/F) — H'Gs(F), Ey=) > @ J.(F) — R,(E[F)
veS
— HXGs(F),Ep=) — 0 (2.4)
where * denotes the Pontryagin dual of , and

R,(E/F) Z lim S el(E,» /M)
n,M

where the inverse limit is taken with respect to corestriction maps (c.f for in-
stance [2 1, page 232] for the definition), and the maps induced by “multiplica-
tion by p” maps E 1 — Epn.

Here,

Sel(En /M) = ker (Hl(GS (M), E,») — P JV(M)> :

veS

Since G £ Gal(F/k) is a pro-p infinite group and E(F),~ is finite, we have
lim E(M),> = 0
M
with M runs over the finite extensions of k, contained in F. Therefore,
0 — R,(E/F) — lim Homy, (S el ,(E]M), Z,)
M

follows from taking inverse limit with respect to corestriction maps from the

short exact sequence
0— E(M)p — limSel(Ey /M) — HomZP(Selp/(E\/M),Zp) — 0
Further, we see that from the restriction map

resy : Sel (E/M) — Selp(E/F)Gal(F/M)
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we have exact sequence

0 — lim Homy, ((ker(resy)), Z,)
M
— lim Homyz, (S el (E/M)), Z,)
M
— lim Homz, (S el (ETF)) oy L) (25)
M

and E(F),~ 1s finite again implies ker(resy) C H'(Gal(F/M), E(F),~) is finite
and hence the vanishing of the first term of this exact sequence (2.5), and thus

Ry(E/F) is a submodule of lim Homs, ((S el ETF) oy Lo)
of which the latter is isomorphic to
tim Hom (S e, (ET ), Z,[G /Gal(FIM))) = Hom (S el (ETF), AG))
via

f <x € Se@F) — Z flo %o € Z,,[G/Gal(F/M)])

oeG/Gal(F/M)

and this last term Homy)(S elp/(E\/F),A(G)) = 0, and hence R,(E/F) = 0,
when X,(E/F) is A(G)-torsion. Hence two statements of this theorem follow

from the exact sequence (2.4).
O

There are two other facts which hold regardless of the settings and validity

of Conjecture 2.2.1, and will be very useful for further computations.

Theorem 2.3.2. (Ribet)

For A an abelian variety defined over a number field k. Let k> be the com-
positum of k() for all rational primes p. The torsion subgroup of A(k>) is
finite.

Proof. See [22, Theorem 1.1].
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Lemma 2.3.1. (Hachimori-Matsuno)
Let K, be a finite extension of Q,, containing 1, with p # q are distinct primes,

p is odd. For any elliptic curve E defined over Ky, we have
1. If E has good reduction over Ki 2 Ky(i1,), then

Epe if E(K)p= #0,

E(KY ) =
0 ifE(Kyy~ =0.

cyc

2. If E has split multiplicative reduction over K", then

E has split multiplicative reduction over K, and
E(KY) = K2 /g"
as Gal(Kg'“ | Ky)-modules for some g € Kg, and
E(KZ)po =< oo, 817" > [ g"

as Gal(Kg" | Ky)-submodules, for some integer n > 0 such that g''"" &
K9 but g7 o K<

3. If E has non-split multiplicative reduction over K3, then

E(K9)p = 0.

Proof. See [ 1, Proposition 5.1]
Il

Let us resume the settings and assumptions from the beginning of this sec-

tion from now on.

Corollary 2.3.1. Assuming Conjecture 2.2.1, we have
1. H(Gs(L),Ep=) =0
/1Lcyc

2. HY(Gg (L), E <) — @ues oo (L) is surjective

Proof. This is merely a check of the validity of the criterions of the theorem

of Hachimori and Venjakob in the settings as given in section 1.1. The elliptic
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def

curve E is defined over Q and hence over L. Also, I'y = Gal(L°/L) = 7Z, is
a pro-p, p-adic Lie group without p-torsion and E(LY),~ is finite by Ribet’s
theorem. Lastly, X,(E/L?¢) is A(I';)-torsion by the validity of Conjecture 2.2.1.

Il

Corollary 2.3.2. Assuming Conjecture 2.2.1, the co-finitely generated A(I'y)-

module S elp(E/FOO)HL is cotorsion over A(I'r) and

Ay (Xp(E/Fo)n,) = Anay (Xp(E/L7)) + Z coranky, ker(h,). (2.6)

u€eS (L)

Proof. By snake lemma, we have an exact sequence
0 — ker(rpac) — H'(Hp, Epoo(Foo)) — @uesooker(h,) — coker(rpoc) — H*(Hp, Epx(Fo0)) = 0.

The nullity on the right is due to H; = Z, having p-cohomological dimen-
sion 1. Since E,~(F) is co-finitely generated over Z,, by Poincare duality,
H'(Hp, Ep=(F)) = (E = (Foo))n, has vanishing Z,-corank since (E o (F o))t =
E ,(L?¢) 1s finite again by Ribet’s theorem. Hence we proved this corollary
by assuming the next proposition and the deeply ramified theorem later, which
show each ker(h,) has finite Z,-corank.

[

Let S go0a, S ns» S s denote the set of good, non-split multiplicative, split multi-
plicative reduction primes of E over K respectively. The notation S ,.(L““) means
the set of places of L above S ., for x = p, bad, good, s, ns, and ram. 1t is
clear to see that S .(L?°) is the set of *-reduction primes of E over L?¢ for * =
bad, good, s or ns, because Gal(L”°/K) is a pro-p group and p > 5, hence the
reduction type doesn’t change within this pro-p extension L“¢/K.

Proposition 2.3.1. Foru € S(LY¢) — § ,(L?°),

1. fudS,um(LF), then

ker(h,) = 0.
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2. If u € §,am(L) NS (L), then

ker(h,) = 0.

3. Ifu € S,un(LY) NS ((LYC), then

ker(h,) = Q,/Z, ® A,,
where A, is some abelian group of finite order.

4. Ifu € S, un(L) NS gooa(LYC), then

(a) if E(LY¢)pee =0, then

ker(h,) = 0,

(b) if ECLG)pe # 0, then

ker(h,) = (Q,/Z,)*.

Proof. Let H;,, be the decomposition subgroup of H;, at w, a place of F, above
u. Foru € §(LY°),
JL) 5 T (Foo)™

has kernel
ker(hu) = HI(HL,ua E(Foo,w))p°°~

When u ¢ S ,(L?), by Lutz’s Theorem E(L*) ®z, Q,/Z, = 0, hence
ker(h,) = H'(Hpu» E(Foo ) p)
by Kummer Theory.
e When u € S(LY) — S,qm(LY) — S p(L°),
u is unramified over F /L7

= u splits completely over F,/L?¢
= HL,u = O
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= ker(h,) =0

o When u € § (L) — S ,(L),

then w is the unique prime of F., above u. Look at the tower of fields

below:-
F
L 1y def Lcyc
Lo L' = L,L

L, = Q"""

N

Write g; the rational prime lying below w, this is a prime divisor of m
which is distinct from p. For each n > 0, write «”, «’ and u; the prime of
L', L! and L respectively, which lies below w. Since the triple (E, p, m)
satisfies the assumption made in Section 1.1, according to the final state-
ment in the assumption, E does not have additive reduction at u, u/, u/,

and u;.

In order to understand E(F,,),~, we apply the theorem of Hachimori-
Matsuno, quoted as Lemma 2.3.1 above, with K; = L’ for all n > 0.
Noticing that since u, C L by assumption, we have y,, C L’ », and L’

’
Ln,u,’l (IUPOO)

nu” -
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— When E has non-split multiplicative reduction at u, then
E has non-split multiplicative reduction at «/ and u/, since L/ /L®*
and L'/ L] are pro-p extension and p is odd for all n > 0. By part(3)

of Lemma 2.3.1, we see

E( Z,u;/)pw =0
for all n > 0, and hence
E(Fooy)pe =0
and finally
ker(h,) = 0.

— When E has good reduction at u, then
E has good reduction at ¢; by semistability and the assumption that

E has no additive reduction at g;. Furthermore,

s if E(LY) e = 0, then

E(Ly,)p~ = 0.

Since u; is totally ramified in L/ for all n > 0, L;;,u,g and L,
have the same residue field, denoted by /. Since [ has finite
characteristic coprime to p, write E the reduction of E modulo

uy, we have
E(Li)p= = By = E(L, )
and hence for all n > 0,
E(L;,u;,)p‘” =0
and by part(1) of Lemma 2.3.1,

E(L:/l/’ullll )poo = 0
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Therefore, we have again
E(Foo,w)poo =0

and
ker(h,) = 0.

* if E(L) e # 0, then
by part(1) of Lemma 2.3.1, we have

E(Foop)pe = E(Ly y)pee = E(LY ) poe = Epoo = (Q,/Zy)?

as Hy, = Gal(F,/L?)-modules with trivial action. There-

fore,
ker(hu) = Hl (HL,u’ E(Foo,w)poo) = Hom(HL,m E(Foo,w)poo) = (Qp/Zp)z-

— When FE has split multiplicative reduction at u, then

for all n > 0, E has split multiplicative reduction at u//. By
E(LY )y = Q,/Z, @ finite group
and since by Poincare duality,
H' (Hpu» E(Foos)p=) = (E(Foo)pe=)t,
the statement follows since
(E(Foo)p)™ = E(L)pe = Q,/Z, & finite group

by part(2) of Lemma 2.3.1 again.
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2.4 Deeply Ramified Theorem

In this section, we continue assuming the same settings as the previous sec-
tion. We have given the description of ker(h,) for all u € S(L) — § ,(LY).
The main purpose of this section is to complete the description of ker(h,) when
u € §,(L). Let us denote by p a place of L9 above p, by p a place of F,

above p and denote by H; ;, the corresponding decomposition group.

Theorem 2.4.1. For any p € S ,(L9°), we have

1 if E has split multiplicative reduction at p,
corankz ker(h,) =
0 if E has non-split multiplicative reduction at p.

(2.7)

This result is just a simple consequence of Coates-Greenberg [5, Proposition

4.3] and Greenberg [9, Section 3]. We recall the proof.
Let h, be the map
Jo(L) = H\(LY, E) o —2 H'(Foop B2 = Jy(Fo)™. (2.8)
Using the local Kummer exact sequence,
0 — EF®Q,/Z, L H'(F,Epe) — H(F,E)po — 0
for any local field F, we can rewrite the map A, in (2.8) as
H\LE*, Epe) [ Im(ky) —2 (H'(Foc s ) Imikr )™ (2.9)

Throughout this section, we shall be dealing with the case where J is an alge-

braic extension of Q,, for the particular fixed odd prime p.

We shall use a very important theorem by Coates-Greenberg about deeply

ramified extensions to eventually show the main theorem of this section.

For an elliptic curve E of semistable reduction over local field J, and let E
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be the formal group over O attached to the minimal model of E over . We

have an G g-invariant submodule

def

CE EMg)po C Epee

where Mg denotes the maximal ideal of the ring of integers of a separable clo-

sure of the local field F. Hence, we obtain a short exact sequence of G y-modules
0 —C—FEw—D—0
where D denotes E,~ /C. This deduces a long exact sequence
5 H'(F,0) 25 H' (F,Epe) 25 H\(F, D) — - -- (2.10)

Theorem 2.4.2. (Coates-Greenberg)
Assume that E is defined over local field F, a finite extension of Q,. Then for

any deeply ramified extension F|F, we have

Im(Kg) = Im(/lg)

Proof. See [5, Proposition 4.3].
O

Proof of Theorem 2.4.1. Since F = F, LY are deeply ramified extensions

over ,, by the theorem of Coates-Greenberg, we have
Im(ryoe) = Im(nr, )™

which is actually the restricted map of d,, which lives in the commutative dia-
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gram below:-

/{Foo,' "Foo,’
Hl(Foo,ﬁa e) — Hl(Foo,ﬁvEp‘x’) — Hl(Foo,ﬁ,D)

dp

A, cye ncye

Hl (Lcyc, e) P Hl (Lcyc’ Epoo) P Hl (Lcyc’ .D)

Hence, we have identified the following

ker(hy,) = Im(nL;;yc) N ker(d,)
= ker(d,)

(2.11)

as mpoe is surjective since GL;yc has p-cohomological dimension 1.
From the knowledge about Tate curves,
e when E has split multiplicative reduction at p, we have

as Gg,-modules and
D=Q,/Z,

as Gg,-modules with trivial action. So
ker(d,) = Hom(H.,,Q,/7,) = Q,/Z,

as groups, and the theorem follows in this case.
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e when E has non-split multiplicative reduction at p, we have
C=ppo @

as Gg,-modules and
D=Q,/Z,® ¢

as Gg,-modules with ¢ the unramified non-trivial quadratic character of

Gq,. Since F, 5/Q, is totally ramified, we have
Drep =0

and hence
ker(dy,) = 0.

2.5 Subconclusion

We continue to assume that the triple (E, p,m) satisfies the assumptions
made in Section 1.1 and that Y,(E/F) is finitely generated over A(H). Again,
write L to denote any subfield of F, which is a finite extension over K = Q(u,).
Recall that in this case, H; is always isomorphic to Z,. We shall apply the re-
sults here in later chapters for L = K and F, forn > 1.

Proposition 2.5.1. We have

rankA(HL)Yp(E/Foo) = AaTy) (Xp(E/Foo)HL> (2.12)

Proof. Considering cd,(H;) = 1, Howson’s formula (1.8) gives

rankaw,Y,(E/Fo) = rankz,Y,(E/F o)y, — rankz, H, (HL, YI,(E/FOO)) (2.13)
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On the other hand, we have an exact sequence

0 — H\(Hp, X,(E/Fo)(p)) — H\(HL, X, (E/F)) — Hi(Hp, Y)(E/F)) —
Hoy(Hp, X, (E/F)(p)) — Ho(Hp, X, (E/Fx)) — Ho(HL, Y)(E/Fx)) — 0.

Since Hi(H, X,(E/F)(p)) being p-primary for i = 0, 1, we conclude that
rankz, Hy(Hy,Y,(E/F)) = AznepHi(Hp, X,(E/F o))

for i = 0, 1 and the proof is complete once we prove the following lemma.

Lemma 2.5.1. We have

H'(Hp,Sel,(E/Fx)) =0 (2.14)

Proof. By definition, we have

0 — Sely(E/Fo) — H'(Gs(Fu), Ep) “= (P J(Fu0)
ves

and hence we have our target module lies in the long exact sequence

0 — Sel(E/Fo)™ — H'(Gs(Fuo), Ep)™ ™% (Im(Ar.,)) e
— H'(Hp,Sel (E/F.)) — H'(Hy, H (Gs(Fo), E,=)) (2.15)
So, it suffices to show
1. H'(Gs(F), E o)t P, (ImAr_ )Mt is surjective
2. H'(H, H(Gs(Fo0), Ep<)) =0

For 1, clearly,

Hp
Im(Ar. )" C (EB JV<FOO)>

ves

Corollary 2.3.1 says that A, is surjective, also,

coker(Duesrooyhy) C BuesFayH (Hpu, E(Fo))p~ =0
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since the p-cohomological dimension of H, ,
Cdp(HL,u) < 1

by the commutativity of the fundamental diagram eq(2.3),

Hy,

ek .
H'(Gs(Fu), Epe) ™t == (Dye5 Ju(Foo)™

1s surjective, hence so is pr__.

For 2, using the Hochschild-Serre spectral sequence,
H*(G(LY), Epoo) — H'(Hy, H'(Gs(Foo), Ep)) — H>(Hp, Epoo(Fo))

is exact. The first term H*(Gs(L9°), E p) = 0 due to Corollary 2.3.1. The last
term H>(Hy, E = (Fo,)) = Osince cd,(Hy) = 1. Hence, H'(Hy, H (G5 (Foo), Ep)) =
0.

]

We have

Proposition 2.5.2.
rankaw)Y,(E/Foo) = Anay) (S elﬁ/\LCy")) + Z corankz, ker(h,). (2.16)

ueS (L)

Proof. This is just the association of eq(2.6) and eq(2.12). L]
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Chapter 3

Root Number Computations

3.1 Root Numbers

The aim of this section is to give the definition of root numbers, more par-
ticularly the root numbers of the representations attached to elliptic curves and
their twists by self-dual representations. I shall outline these definitions with the
acknowledgement of various facts without repeating the technical proofs, which

can mostly be found in Rohrlich’s paper [23] and Deligne’s paper [6].

Definition:. Let E be an elliptic curve defined over a number field K. We define

the global root number as
w(E) = [ [wE/K.,

where w(E | K,) is the local root number and the product runs through all places
v of K. If p is a self-dual representation of Gal(K/K), we define the twisted

global root numbers similarly as
w(E,p) = [ [ WE/K.. po),

where p, denote the restricted representation of p to a pre-fixed decomposition
subgroup Gal(K,/K,) for each place v of K.

Hence, it is down to defining the local root numbers w(E/K,) and w(E/K,, p,)
for all places v of K. Let F denote the local field K,. By abuse of notation, we

still write the twisted local root number as w(E/F, p), without the subindex v
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to p, with understanding that p means here its restriction to Gal(F/F), which
can be identified as a subgroup of Gal(K/K) by choosing a place v of K above
v. The choice of ¥ will determined the subgroup Gal(F/F) up to conjugation
and hence the isomorphic class of p is determined independent of the choice of
place. The definition of the local root numbers will be given separately in the

case where either F is Archimedean or non-Archimedean.

When F is non-Archimedean: Let F be a finite extension of QQ,, and denote
by F a algebraic closure of F. We denote by O the ring of integers in F, and
nr a fixed local parameter of F. We shall also fix a ® € Gal(F/F) which acts
as the inverse of the Frobenius in the residue fields, and call ® the geometric

Frobenius.

Definition: (Weil groups and Weil-Deligne groups). The Weil group of F, de-
noted by Wr e W(F|F) is the subgroup of Gal(F |F) generated by the inertia
subgroup 1 2 Ir and the geometric Frobenius ®. The Weil-Deligne group of F,
denoted by W1, is defined to be the group:

W2 C x Wr
where Wi the Weil group of F acts on C by
828 ' =wr(@)z, g€ Wr, z€C

where wr : Wrp — C* is the unramified character, which sends ® to the
reciprocal of the order of the residue field of F.
The Weil group Wp is equipped with a topology satisfying:-

1. The subgroup I is open in Wp,
2. The relative topology on I coincides to the one from Gal(F/F),
3. Left multiplication by @ is a homeomorphism.

The topology of the Weil-Deligne group W, is regarded as the product topology
of the Cartesian product of W and C.
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Definition:. A representation p' = (p, N) of W}, is a continuous homomorphism
o Wi — GL(V)

where V is a finite dimensional vector space over C, such that p' |c is analytic.

Here, the correspondent pair (p, N) is given by

(0, N) = (0 |w, (logp'(2))/2)

for any z € C*. Conversely, given any p a representation of Wr on V, that is
a continuous homomorphism from Wr to GL(V), and N any nilpotent endomor-
phism on V, satisfying

p(@Np()™" = wr(g)N

forall g € Wr, then p' can be recovered by

p'(82) = p(g)exp(zN)

where 7 € C.

In [23, section 4], Rohrlich explains a recipe to obtain C representations of
Weil-Deligne group from /-adic Galois representations. Let / be a rational prime
different from p and choose a nontrivial character ¢, : I — Q,. The recipe is

from the following:-

Proposition 3.1.1. /23, p.131] Let 7; : Gal(F/F) — GL(V)) be an l-adic

representation, where V, is a finite dimensional vector space over Q.

1. There is a unique nilpotent endomorphism N; of V, such that

7(i) = exp(t;(i))N)

foriin some open subgroup of I and furthermore, T,(g)N;t(2)~" = wr(g)N;
forall g € Wg.

2. The map o, : Wrg — GL(V)) defined by sending g = ®"i withm € Z
andi € I to T/(g)exp(—t,(i)N,), is a homomorphism which is trivial on an

open subgroup of 1.
3. oi(g)Nio(g)~! = wr(g)N, for all g € Wp.
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4. Pick an embedding + : Q; — C and consider the extension of scalars
of the vector space V; via 1, we can associate N; and o from 1 and 2
above canonically to N;, and o, as endomorphism and representation
on V; ®, C respectively, and the isomorphic class of the representation

O';’L = (o7, Ny,) is independent on the choice of ® and t,.

Definition:. Suppose that E is an elliptic curve defined over F, pick | a prime
different from p and an embedding v : Q; < C. Let tg/r; : Gal(F|F) —
GL((T/(E)® Q))*) be the contragredient of the natural Galois representation on
the Tate-module T/(E) ® Q,. Denote by o i1 = (OE/F16 NEska,) the associated
C-representation of W}. defined by the recipe above. The isomorphic class of
O%/r1, 1S independent of the choice of | and « and hence we shall just denote by
0 as we will only be interested in the isomorphic classes of representations

from now on.

We shall define the e-factor of any representation p’ = (p, N) of the Weil-
Deligne group W}, which at last will lead to the definition of root number. This
definition goes very deep into a theorem of Langlands [|7] regarding the exis-

tence of a function e.

For any non-trivial additive character ¢ : FF — C*, let ng(y) denote the
largest integer n such that y(n;"Ofp) = 1. For any quasicharacter y : F* —
C*, denote ar(x) as 0if y(O5) = 1 or otherwise the smallest integer m such that
XUg,) = 1, where Ug, is the subgroup of units in F that are congruent to 1

modulo 7%%. By fixing a Haar measure dxy on F, we can define

Definition: (Local e-factors for quasicharacter y). Let ¢ denote any element of

F>* with valuation equals to ng(¥) + ap(x). Then we define

X0 o dx if yisunramified
€(y, ¥, dxr) df ) wr(c) fOF F Ix f
fc—lo; x 'O (x)dxp  if xisramified.

(3.1)

We can identify any quasicharacter y : F* — C* with a one dimensional
representation of the Weil group W, since any of the latter must factor through
the abelian quotient W¢ which is isomorphic to F* via the Artin reciprocity

map.
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We shall need a corollary of Brauer Induction Theorem and an existence
theorem due to Langlands and Deligne [6] to generalize the definition above to

arbitrary virtual C-representations of Weil group.

Proposition 3.1.2. [23, Corollary 2 of Section 2] Let p be a representation of Wg
and denote by [p] its class in the Grothendieck group of virtual representations.

Then we have
o] = (dimp) - (] + Y crylndp(x — X)) (32)
(Lxx")

where the sum runs over triples with L all finite extensions of F in F, y and y' all
quasicharacters of L*, with almost all ¢y, € 7 are zero. Here, the notation
[Indfp()( — X))] denotes the class [Indfp)(] — [Indfp)(’ | and 1 denotes the trivial

quasicharacter of Wr.

Theorem 3.1.1. There exists a unique function €(*, *, x) satisfying the follow-
ing

€(02, ¥, dxr) = €(p1, ¥, dxr) - €(p3, ¥, dxr)

for any short exact sequence 0 — p; — p, — p3 — 0 of representations

of the Weil group Wg.

ii For any finite extension L of F in F, and any Haar measure dx; of L,

e(Indbp, y,dxp) ( e(Ind=1,, , dxp) )""’"”
€(o, Yo tryp,dxy) €1y, otryp,dxg)

for any virtual representation p of Weil group W, = WrNGal(F /L), where
1, denotes the trivial quasicharacter of Wy and tryp is the trace map from
LtoF.

iii For any finite extension L of F in F, the e-factor of any quasicharacter y
of L, €(x,¥,dxy) is given by the formula in (3.1) with all the factors
considered as defined with respect to field L.
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This theorem of Langlands in fact holds for all local fields, including the
Archimedean fields R and C. The only difference when dealing with Archimedean
fields is on the criterion iii, which appoints the values of the € for quasicharacter
differently. See below (3.7) and (3.9).

We can now explicitly give a formula for €(p, ¢, dxr) as a result of this the-

orem.

Definition: (Local e-factors for representations of Weil groups). Let p be as
given in the proposition above (3.2), we define its e-factor as the one which

exists as described in the Theorem above. Namely,

e(p.y.dxp) £ e(lp, . dxp)™ - [

(Lxx")

e(y, ¥ otryp,dxg) Lo’ (3.3)
e, Yo tryp,dxg) ’

where each term on the right hand side is given in (3.1).

Definition: (Local e-factors for representations of Weil-Deligne group). The
local e-factor of o' = (p, N) is defined by

e, ¥, dx) Z €(p, iy, dx)5(p)

where
5(p") == det (=@ | VI V)

with V{, = VI N ker(N).

A representation p’ of Wi is called essentially symplectic if there exists a
0’ ® wh-invariant bilinear non-degenerate symplectic form on V for certain real

number k.

The representation o, that defined earlier is essentially symplectic. For

the dual of the Weil-pairing, which is symplectic, is W.-invariant under the rep-

12 [

resentation o @ wy . [23, c.f section 16] .
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Definition: (Local root numbers). The root number of o’ = (o, N) is defined as

E(pla lr//, d-xF)

wr(p', ) = —| (0, v, dxr) |

This value is independent on the choice of the Haar measure dxp on F, and
furthermore independent on the choice of the additive character s, if p' is es-
sentially symplectic, and we shall simplify the notation by just wr(0") and in this

case, it takes value £1.

Definition: (Local root numbers for elliptic curves). The (local) root number

for an elliptic curve E defined over a non-Archimedean local field F is
W(E/F) Z wp(ay p)-

For any orthogonal C-representation p of Gal(F|F), we can also define the
twisted (local) root number, which is again independent of the choice of the

additive character by

W(E/F,p) £ wp(op r @ p).

When F is Archimedean: Let F be R or C here.

Definition: (Weil groups and Weil-Deligne groups). When F = C, we define its
Weil-Deligne group W¢. and its Weil group W as

W(E = W(c ‘gf (CX;
when F = R, we define its Weil-Deligne group Wy and its Weil group Wy as
Wi = We £C* U JCX,

where J* = —1, and JzJ ' = Z for all z € C*.

Definition:. When E is an elliptic curve defined over C, we define a represen-

tation
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o = oEic : We — GL(CY)

1/z 0
I >
0 1/z
when E is an elliptic curve defined over R, we define a representation

oo = 0wt Wi — GL(C?)

< 1/z 0 )
Vllamsd
0 1/z

Jz— 0 l/z
—-1/z 0
forz e C~.
Definition:. Let
Yg,y(x) = ™%, (3.4)
Yy (2) = eHered (3.5)

be additive characters on R and C respectively, withy € R* andy € C* respec-
tively, and let dy denote the Lebesgue measure on R and dc the twice Lebesgue

measure on C.

In contrast to the non-Archimedean case (3.1), we can define the e-factor for
quasicharacter of Wy where F is R or C. Firstly, it is easily seen that in both
cases, we have canonical isomorphisms F* = W% . Hence we can identify any
quasi-character of F* with an isomorphic class of one-dimensional representa-

tions of the Weil-group Wr.

Definition: (Local e-factors of Archimedean fields). When F' = R, all the quasi-
characters x ., of R* are parameterized by a pair (m,r) € {0,1} x C, given
as

Xom.r(X) = (sgnx)™|x|" (3.6)

and we define
Omr Wiy dr) = (i - sgny)"|y|" (3.7)

where y € R* as appeared in (3.4).
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When F = C, all the quasi-characters x, ., of C* are parameterized by a triple

(t, m, r) € {identity, complex conjugation}xN x C, given as

de

Xemr(@) Z1(2)"|2Z)" (3.8)

and we define
X Uey de) Z (- 1)) |y3|" (3.9)

wherey € C* as appeared in (3.5).

According to the remark after Theorem 3.1.1, when we replace criterion iii
by (3.7) and (3.9), we can define a unique function e(*, ¥ r,, dr) for every vir-
tual representation of the Weil-group (or equivalently the Weil-Deligne group)
Wr, where F is R and C, in view of the corollary of the Brauer Theorem stated
earlier. Finally, we can define the local root numbers w(x, ¢r,,) for every virtual
representation of Wy exactly the same as the non-Archimedean case. Similarly,
when p' is essentially symplectic, w(p’, ¥r,) takes value £1 and is independent
of the choice of y € F*. The Weil group Wr is of no difference to the Weil-
Deligne group W} when F is Archimedean, and hence the notation p’ = (o, N)
will always mean N = 0 and p’ = p in this case.

Proposition 3.1.3. We have

@) WE/C) Z wioge) = —1

(i) WE/R) = wiogm) = —1

(i) W(E/C,p) £ w(ogic ® p) = (— 1)

(i) W(E/R.p) 2 w(oge ®p) = (1"

for any elliptic curve E defined over C and any self-dual representation p of W¢

and Wy in (iii) and (iv) respectively.

We conclude this section by quoting a formula by V.Dokchitser, of which I

shall apply to compute certain root numbers in next chapter.
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Theorem 3.1.2. (V.Dokchitser)

Let E be an elliptic curve defined over Q, and p an Artin representation which
is self-dual. Let S .40 and S ;i be the set of rational primes at where E has
additive reduction and multiplicative reduction respectively. If p is unramified

at all places of S 444, then

W(E.p) = B (=)™ T sy " det(@,lp")- [ det(@,]p)"*

pES multi PGS add

where p~ denotes the eigenspace of p(7) of eigenvalue -1, where T is the complex
conjugation, and the conductor of E has prime factorization | | » p"'E). Here @,

is an geometric Frobenius element, 1, is the corresponding inertia subgroup and

—1 if E has split multiplicative reduction at p,
Sp
1 if E has non-split multiplicative reduction at p.

Proof. See [&].

3.2 Computations of Root Numbers

Recall the tower of fields:-

F, = Q(ﬂp”’ ml/p”)

K, = Q(/Jp")

Ky =Q

def

and we denote N, = Gal(F,/K,), G, = Gal(F,/Q) and H, = Gal(K,/Q).
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Using external semi-direct product
G, =N, x,, H,

where

©n H, — Aut(N,)

h »—>(n|—>nh~n~n;1)

where n;, € G, is a lifting of /.

Definition:. Let
def

K,
Pyn = IndQ s

where y, denotes any character of exact order p" of the Galois group Gal(F,/K,).

We will have deeper discussions on these Artin representations p,, in Sec-
tion 3.4. We shall see, in Proposition 3.4.1 that p,, are self dual and we shall

assume this fact in this section.

Throughout this section, we shall assume again that (E, p, m) satisfies the
assumptions made in Section 1.1. It is clear to see that the criteria in Theorem
3.1.2 are met for p = px = Indﬁ 1 and p,,, since they are unramified outside
p - m and by the assumption, E has semistable reduction at all the prime divisors
of p - m. We shall apply the formula in Theorem 3.1.2 in computing the quotient

between root numbers
w(E/K) = w(E, Indg1) and w(E, p,).

Let us first compute the terms appearing in the formula in Theorem 3.1.2 for

p = px and p, respectively.

Proposition 3.2.1. We have

1. dimpy = %dimpK = %(p —1)

5 dimpﬁ? =1,
' dimpﬁ? =dimpg =p—1, whenq#p
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; det(®,|p}) = 1,
det(@q|py) = (1), whengq # p

where I, and 1, denotes the inertia subgroups at primes p and q respectively of
the abelian extension K/Q.

Proof. Fix an embedding K < C and pick &,, a fixed primitive p” root of unity.
Let g; € Gal(K/Q) such that g;(£,) = .f;', with i a primitive root modulo p. Then
gi generates Gal(K/Q) and we denote g; = (g)! for any [ modulo p — 1.

Px = Indg lx acts on the vector space spanned by {g;,...... ,gn—1}. Since

gi - 8ii = gi+i, the matrix of px(g;) under this basis is

0 1,1
I 0

where [ denotes the k x k identity matrix.

In particular, since the image of complex conjugation in Gal(K/Q) takes &, —

=1
g;l = gg—l =(£,)' ° henceitis 8.rs1s and the corresponding matrix is
0 I
2
I-+ 0
2

1 1
dimpy = dimpy = EdimpK = E(p —1)

which has zero trace. Therefore

which justifies part(1).
Since pg factors through K, it can be viewed as a representation of Gal(K/Q).
Since p is totally ramified over K/Q, the inertia subgroup I, = Gal(K/Q). Sup-

pose
p—1

I
ch'gik € px

k=1

i.e

p—1 p—1
px(gn) - O g =D ek g
k=1 k=1
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forevery 1 </ <p—1,ie

(Cp—ts e s Cpe1,C1,Coy ey Cpi—) = (Cly e ey Cpei)
When [ runs over 1,2,3,..., p — 1, we see this criterion is equivalent to
ClL=C =...=Cp1

ie dimpﬁ? = 1. Since prime g # p is unramified over K/Q, the inertia subgroup
I, = {id} C Gal(K/Q). Hence,

dimpﬁ? =dimpg = p — 1

that shows part(2).

For prime g # p, denote ¢!

D&, =&
of px(®,) is

as the inverse of the residue of ¢ modulo p. Since

= gg”’ where g = i mod p for some d modulo p — 1. The matrix

0 I
I,ig O

by picking the least positive residue of d modulo p — 1.
This matrix has

determinant = (—1)P4atily ol permulalon ol p—d.p—d+l....

(_ 1)(p—1—d)><d

(—1)¢
&)
p

The image of @, in Gal(K/Q) is trivial, since p is totally ramified over K/Q
hence
det(®,|p) = 1

Recall that the notion m = [[ ¢/, p 1 1.

49



Proposition 3.2.2. We have

1.
. - _ 1 . _ 1 n—1
dimp;, = Sdimp,, = 3p""'(p = 1)
2. e For prime p,
— if p | m, then
dimp)l(’; =0.
— if ptm, then

dimol 1, forr>n,
imp,p =
P 0, forn>r.

where r > 0 be the integer such that p™*' || m"~' — 1.

e For prime q; | m but q; # p,

q

dimpl = 0.
e For prime q { mp,

dimp)l(n = dimp,, = p"'(p — 1).

1, for prime q | mp,

det(®,|pl) =
( q’p n) { (%), forprimequp-

where I, and 1, denotes the inertia subgroups at primes p and q respectively of

the extension F,/Q.

Proof. Fix an embedding F, < C, and pick &, a fixed primitive p"-th root

of unity. Let o; € H,, such that o(£,,) = fj,,, with i a primitive root modulo

p", then o; generates H,, a cyclic group of order p"~!(p — 1), and we denote

o = (o) for any I modulo p"~!(p — 1).

There is a canonical isomorphism between Gal(F,/K,) and Z/p"Z, n; € Gal(F,/K,)
is correspondent to k modulo p", via the relation n( 8/m) = f’;n - R/m.
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The multiplication in G, is carried out in the following fashion:-
(g, o) X (M, 0 0) = (Mg X (o)), o5 X O r)

Suppose y, is a character of Gal(F,/K,) = Z/p"Z of exact order p", i.e x, 18
fully determined by e,, = ya(n), a primitive element in g,.
Denote g; =1, 1) € Gy, py, acts on the vector space spanned by {g;, g2, ..., ;11 }-

Since

(mx X @p(op)(1), o)

(nk? O-il) X (17 O-if)

(nk > O jl+j )

(1 X @u(0e)(Ti) ™ (1)), Ties)

(g, o +7)

(1, 01) X (palTie) ™ (), 1)

hence p,, ((nx, o)) acts on the vector space C-linearly via sending
81— Xn(@n(0psn) ™ () X g

Computation of the dimension of subspaces of p,,

e dimp, :-
i ,1)"712(17—1)
. . . - _ i n
Since complex conjugation takes &, +— &, = &, and fixes X/m €

R, hence the image of complex conjugation in G, is correspondent to

(1,01 =(, (7.,,”_12(,,_])) and the correspondent matrix is
l

O Ipn—l(p_l)
2
Iy 0
2

which has zero trace. Hence,

: S 1,
dimp; = dimp, = Ea’zmp)(n = 5P ‘-1

° dimp)l(r:ertia -
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— For prime g t mp,

g is unramified over F,/Q, hence the inertia subgroup I, = {id} and

dimpy. = dimp,, = p"~'(p — 1)

— For prime ¢; | m but ¢; # p,

g; 1s unramified over K,/Q, but totally ramified over F,/K, hence

I, ¥ N, CG,.
Let
P (p—1)
IlIi
> cigi€py
=1
i.e
Pl p—1) P p—1D)
P DC Y cjg)=C Y ¢ gn)
j=1 j=1

for all Kk modulo p", i.e
i X xu(@i ' mg T = ¢

for each j and all k modulo p", where o7; is any lifting in G,, of ;.
For each j, since y, is of exact order p”, )(n(&\ﬁfl ng-0y) = lifand
only if &' - ny - 7 = id which holds if and only if n; = id. Taking
k # 0 modulo p" implies that ¢; = 0 for each j, therefore
dimpl”,j =0.
— For prime p,
« if p | m,
then p is totally ramified over F,/Q, and the inertia subgroup

I, =G,
I,
Hence pi”n C pyi =0, s0
dimplr =
imp? = 0.
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« if p 4 m, let r > 0 be the largest integer such that p"™*! | mP~1 -1,
then it is shown in [28, Theorem 5.2 and Theorem 5.5] that

- forn > r > 0, there are p” distinct primes of F, above p.
Each of these has residue degree 1 and ramification degree
p"" x p" !(p — 1) and the inertia subgroup I, contains the

subgroup N¥'.

- for r > n > 1, there are p” distinct primes of F, above
p. Each of these has residue degree 1 and ramification de-
gree p"~!(p — 1). Let o be one of these primes, the corre-
sponding inertia subgroup /7, is just the decomposition sub-
group, which consists of pairs (n,, 0;1), indexed by / modulo
p""'(p — 1), where ny, is the unique element in N,, such that

ny, - (02(0)) = o, where op = (1,04) € G,.

Again let
P p-1)
Iy
> cirgiepy
j=1
i.e
Pl -1

P D e =( Y ¢ gn)

j=1 J=1
for all (ng, o) € I,.
In the case when n > r > 0, since there exists an non-trivial

element n; € N2 C I,,. For the same reason as before, we have
. I, _
dimp,” = 0.

In the case when r > n > 1, (nt, o) € I, if and only if ny = ny,.

Hence, for any / modulo p"~!(p — 1) we have

P -1 P p—1)
—1
D> i xalpn(Ti) ) g = Y ¢ g
j=1 j=1

I claim the equality

/\/}’l(‘)an(o-ij”)ilnkjﬂ)
Xn(gon(o-i/)_lnkj) ,

Xo(pn(Tii) " my,) =
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from which we deduce that Zf;l(p Ve i 8ii € p)](”n if and only
if
Cj _ Cy
Xn(n(oi) ™) xupn(o) ™ )

for all j, I modulo p"~!(p — 1), and thus
dimp)l('; =1.
The claim follows from the equality

Qpn(o-if”)_lnkl ' ()Dn(o-i.f)_lnkj = ()Dn(o-if”)_lnk#,

—~ —~—1
= Ny, o - nij',-z = Ny.

< Nog - N0 i+ O jjst il

. . — — —_—1 . .
which clearly holds since n, 0 - ng; 07 - 0= is an element in

N, which maps o;+(0) to o.
When g = p, since the residue degree over F), is trivial, ®,, is trivial and
det(®,|plr) = 1.
When g = ¢; | mbut ¢; # p, we have shown that pl"n" = 0 and hence

det(®, |py) = 1.

How does @, act on F,, g { mp.
The aim here is to compute det(®,|p,,) which takes value 1. Hence this is

equal to computing det(¢,|p,,) where ¢, is an arithmetic Frobenius element. As
. q i
bg & = Epn = G
for some d modulo p"~!(p — 1) such that ¢ = i mod p", hence
¢q = (l’lk,O'id) €N, X o, H,=G,
for some k£ modulo p". Since

(e, 0710) - (1, 040) = (Mg, 030+1) = (1, 0jasi) - (@u(0ae1) " 1, 1)
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the matrix of p,, (¢,) under basis {g;, g2, ..., &m1p-1 } is

0 . . 0 Xn(@n (:rl_Ll D) 0 . 0

0 S .. . 0 )(,,(«p,,((r’_;rlz ) 0 0

0 0 X"(‘p"((r‘_;nl—l(p,l),l)nk) 0

—1
0 I 0 X"(¢”([rip”*1(p—l))nk)
Xalen(@y o) 0 0

0 Xnlnoy )0 0

0 . 0 xnlenloy Y 0 0
This matrix has

P p—1)
. _ arity of permutation of d+1,d+2,...p" '(p—1),1,2,....d -1
determinant (—1)party ot p : Xn(@n(o i+ )
J=1

(=)@ w=D=dxd 1 (Applying the lemma below)
(—1)?
(4

p

]

Lemma 3.2.1. Choose g 2,00 asa lifting of o, we have gljl SNy g =

N~k oa pr- AN further

P (p=1)

H Xn(‘pn(o-l;jj)nk) = 1

J=1

Proof.

—1
—1 . n 8l n ny k n 8 i~k n
gl me- g Nm— K/m— &, - K/m—— &,° - X/m
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hence gljl Mg git = Mi—lgmea pn- Lherefore

P Hp—1) P p—1)
-1 -1
H Xn((pn(o-l'dﬁ)nk) Xn H gil sy - gt
J=1

J=1

P"lp=1

= Xn H ni_l~km0d p"

j=1

= a0 (e, o)
= Xn (I’l())
= 1

]

Theorem 3.2.1. Suppose the triple (E, p, m) satisfies the assumptions made in
Section 1.1. We have

i —dimp”,
wE.p,) =wE.px) - [] (i) sy o) (3.10)

qi#PGS multi

forn > 1. Moreover; if we assume further that p || m?~' — 1 if (p,m) = 1, then

W(E.py,) = wEp) - ] (@)-sp (3.11)

Qi#pes multi
forn > 1.

Proof. Applying the formula of Theorem 3.1.2, by Proposition 3.2.1 and Propo-
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sition 3.2.2, we have

. L
w(E, an) _ W(E)dimp“ (— 1)dimp);1 H si]llmp)m —dimp,!, a’et((Dq |p)[(‘1n) H (a’et((Dq |p)(n)

W(E,pK) W(E)dimpk (_1)dimpE 4ES i S;limpk—dimpﬁg det((I)q ’pﬁg

I
= H det(®, |p)1(qn) . silmp“ . 1 . H (det((l)q |an)) Nat®
det(q)q|pl<) Sp det(d)p|p§§ det((Dq|pK)

9ES add

q#PGS multi qesadd

(dimpi?—1)

det(®,|ox)

_ H 1 ' H det(@y|py,)  sp ' H (det(CDq|an)
det(®,, |pk) det(®,|ok) a’et(d)p|p1” det(®,4|pk)

K/ q€Saua

= ay . <%>.S<dimp;1;—1). (%) e
1 (p) 11 <%> P qgﬂd (g)

GiFPES mulri AmpES i

SO
p

qi;«!pES multi

lIi?(PES multi quPGS multi

3.3 Parity Conjecture

In this section, we continue from the previous section in assuming that the

triple (E, p, m) satisfies the assumption in Section 1.1.

Lemma 3.3.1. Let p be an odd prime and K e Q(uyp), for any rational prime

(—1)#SaK) = (ﬁ)
p

where S ,(K) is the set of primes of K above q.

q # p, we have

Proof. Since K/Q is a cyclic extension of even order, namely p — 1, there is

a unique quadratic intermediate extension R = Q(,/p*), where p* = +p s.t.
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p* = 1mod 4.

g # p splits into even many primes over K/Q
& The decomposition subgroup of g is of even index in Gal(K/Q)
< The decomposition subgroup of g is a subgroup of Gal(K/R)
& g splits in R

-()-

hence the lemma follows since (”q—*> = (%) by Quadratic Reciprocity Law.

]

Proposition 3.3.1. Suppose the triple (E, p, m) satisfies the assumptions made
in Section 1.1. Write K, = Q(up=), then we have

(_1)#{Sram(Koo)ﬁSs(Koo)—Sp(Koo)} — H @) ) (3.12)
qi#pesmulri

where the sets S ;un(Koo), S s(Ko) and S ,(Ko,) are as defined in the paragraph

preceding Proposition 2.3.1, in the case LY° = K.

Proof. Since K, /K is a pro-p extension with p > 5 an odd prime, the reduction
type is invariant over this extension and there are only odd many primes of K,

above each prime of K. Hence

(_ 1)#{Sram(Koo)ﬂSs(Koo)_Sp(Koo)} - (_ 1)#{Smm(K)ﬁSJ(K)_Sp(K)}

By assumption (£, p, m), none of the prime divisors g; of m is of additive reduc-
tion type for E, hence any q; € S ,,,(K) N S (K) — § ,(K) is lying above some
rational prime ¢; | m, ¢; # p, at where E/Q has split or non-split multiplicative

reduction. Therefore we have plainly the partition

S ram(K) NS o(K) — S p(K) = H S ¢:(K) NS (K)
qi #pes multi

For each q,(# p) | m, ¢i € S yuinis

e If E has split multiplicative reduction at g;,

then E has split multiplicative reduction at all primes g;’s of K above g;
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and hence S ,,(K) C S ((K) and by the lemma above,

(—1)#Sa®NSsK) — (1 y#Sa() = (@)
p

e [f E has non-split multiplicative reduction at ¢;, then

— if g; is inert over R = Q(y/p*), we have

£)- ()

On the other hand, E attains split multiplicative reduction at the
prime of R above g; and hence S ,,(K) C S ((K). Thus,

(—1)Sa®ONSsE) = (_1)#aK) = (&) =—1
p

— if g; splits over R = Q(/p%),
we have .
5)-()-
qi p
and also, #S ,,(K) is even and so is S ;,(K) N S ((K) and hence

(_ 1)#54'.([()053([() =1

We see the proposition follows by multiplying through all such g;’s.
]

Theorem 3.3.1. Under the assumptions of the triple (E, p, m) made in Section
1.1, assume further that p || mP~' — 1 if E has split multiplicative reduction at

p and (p,m) = 1. Assuming the validity of Conjecture 2.2.1, we have
(= 1y EF) = ()

forall p, as defined in Section 3.2.

We shall apply two theorems below to k = K = Q(u,,) to finally filling up
the gaps to the proof of Theorem 3.3.1.
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Theorem 3.3.2. (Greenberg-Guo)[Y, Proposition 3.10][ 10, Section 5]
Assume that E is an elliptic curve defined over a number field k and that S el ,(E /k®°)

is A(I'y)-cotorsion, where p is any odd prime, then

AaTy) (Xp(E/kCyc)) = corankgz,S el ,(E[k) mod 2 (3.13)

Proof. Let us use the notations introduced in Theorem 2.1.1. For brevity, we
denote 1 = Anr, (X,(E/k?)); for each n > 0, we denote S, = Sel,(E/ky),
def

= S,/D,, which

is a finite abelian p-group. Since Cassels-Tate pairing on Q, is non-degenerate

its maximal divisible subgroup by D, £ el,(E/ky)aiv and Q,

and skew-symmetric, we can write Q, = M, & M, for M, a maximal isotropic
subgroup of Q,.

Since the restriction map
H' (K", E o) =5 H'(K%, E poo)

has kernel ker(ry,) = H'(T,, E(k™) o) = E(k™) e /(7" — 1)E(k®°) 0 Which
is clearly of finite order, bounded by the order of E(k“¢),~ which is finite by
Ribet’s Theorem. Therefore we have an upper bound corankz,S, < A for all

n>1 Letd = mg(.)x{corankZpS .}, then there exists some integer ng > 0
n

such that for all n > ny, we have corankz,S, = A'. Let Qs = So/Do =

def

lim Q,,, where S o, = Sel,(E/k”°) = 1lim S, and D, = lim D,. We have D, &
(@,,/Zp)l and hence

corankz, Qoo = 1 — A'.

We shall go on and prove that corankz, Q. is even and A" has the same parity as
corankz,S o.

For any finite abelian p-group Q, write uniquely Q = Z/ p“(l)Z P 7/ p“(z)Z &)
oo @ Z)p™Z with a® > 4@ > ... > a» > 0. We call this sequence
(@,a®,---,a") the index of Q and the largest r such that a” # 0 the number
of generators of Q. Since O has finite Z,-corank, all the finite subgroup i,(Q,)
has bounded number of generators, say /. Using the canonical map Q, i, Osos
we have 7,,(0,) C i,+1(0,+1) and hence foreach 1 <i <, bﬁf) is non-decreasing
when n increases and hence either converges to infinity or to a finite bound,
where the sequence (b,0?,--- ,b") denotes the index of i,(Q,). The Z,-

n°>“n ?
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corank of Q. is just the number of
#{1<i<Il|b? — c}.

For n > ny, since D, — D, is surjective, we can lift each element in the

kernel of O, — Q. to an element in the kernel of S, — § ., hence we have
# (ker(Qy = 0x)) < #(ker(S, — S)) < # (ker(ri,)

which is finite, bounded independent on n > ng by |E(k“),~|, and therefore

ker(i,), and hence Q, have bounded numbers of generators. Without loss of
generality, by increasing the value / above, let us assume / is a bound for the
number of generators of Q, for all n > ny. Suppose p" is an exponent of
ker(i,) for all n > ny and N is an integer, and denote by (a'",a?, - - ,a?) and
(D, @, -+, D) the index of Q, and Q,/(Q,),~ respectively, then obviously,

¢ = max{a? — N,0} forall 1 < i < I. We have surjections Q,, — i,(Q,) and
i,(Qn) — Q,/(Qy),~ since ker(i,) € (Q,),~ for n > ny, hence we have

a? > b >0 >0 N
forall 1 <i < /andn > ny. This implies the equality
#1<i<l|ad? — oo} =#{1 <i<I|b? — o0},

since we have 0 < a — b < N for all the i’s and n’s above. Thus, we showed
that corankz,Q« is even since @\ = a? > a) =aP > -+ > a7~V = d}) =
-++ > a¥ by the decomposition Q, = M, & M, above.

On the other hand, the restriction map S, — §9@//k) hag finite kernel and
cokernel and hence so is the kernel and cokernel of D, — DS/ Since
the degree of any non-trivial irreducible representation over Q, of Gal(k,/k) =

7./ p"Z is divisible by p — 1, we have

mod(p—1)
coranky So = coranky; Dy =  coranky D, = coranky S,
P P 4 P

since p is odd, this implies that the Z,-corank of Sel,(E/k) has the same parity
as that of Sel,(E/k,) which the latter equals A’ when n > n.
]

61



Theorem 3.3.3 (T,V. Dokchitser). [/, Theorem 1.2]
Let E be an elliptic curve defined over Q. For every abelian extension k/(Q and
every prime p,

W(E k) = (—1)corankz,Selp(E/R) (3.14)

Proof. See the proof of [7, Theorem 2.8].

Proof of Theorem 3.3.1

Proof. From Proposition 2.5.2, eq(2.16) for L = K, we have

(_l)mﬂk/\(HK)Yp(E/Foo) — (_1)/1A(rk)(X1,(E/KOO)) . (_1)Zu€S(KOO)c()rankzpker(hu)

The former term of the right hand side, by the two theorems eq(3.13) and
eq(3.14) above, for k = K, is

(_l)ﬂA(rK)(Xp(E/Koo)) - W(E/K) (315)

The latter term of the right hand side, by Theorem 2.4.1 eq(2.7), Proposition
2.3.1 and Proposition 3.3.1 eq(3.12), is

(_1)lees(Koc)comnkzpker(hu) =5, (_1)#{Smm(Koo)ﬂSS(Koo)—Sp(Koo)}
gi (3.16)
- 11 (5):
qi #pes multi

Lastly, the product of eq(3.15) and eq(3.16) is given in Theorem 3.2.1 eq(3.11)
and hence proved

(_1)rankA(HK)Yp(E/Foo) — W(E, p)(,,)-
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3.4 More on the representations p,,

In [26, Proposition 25], Serre provides a recipe to constructively list out all

of the isomorphic classes of representations of any finite group of the form
G=NxH

with N an abelian normal subgroup of G and H a subgroup of G. The arguments
are subject to representations over C but in fact, they hold in general over any
algebraically closed field K, of characteristic 0, for instance Qp. I shall rephrase
the recipe here.

Firstly, any irreducible representation of N is one dimensional since N is abelian.
Hence, we can identify them as elements in Hom(N, @;). Since N is normal in

G, there’s a G-action on it, namely

(g)n) = x(g"'ng) (3.17)

forge G,n e N, y € Hom(N, @;).

Choose a system of representatives for the H-orbits in Hom(N, QQ;;), denoted by
{xo}. Let H, < H denote the stabilizer subgroup of y,, then we can extend y,
to a representation y, of G, =N xH, by

Xo(nhe) = Xo(n)
forn € N, h, € H,. Indeed, plainly we have

Xo(nhon'h) = Yo(nhon'hy ™ hohl)
= Xo(hon'hy ")
= Xo(WXa(ha'he ™)
= Xa(he)(ha ™ xo)()
= Xa(nho)Xo(n'hy,)
On the other hand, composing the canonical projection G, — H, with any

irreducible representation n, of H,, we obtain another irreducible representation

N« of G,. Eventually, we obtain a representation py,, ,,) of G by induction:

def

p(Xﬂu’]a) = Ind(G;n(/%:l ® ),7;)
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Lemma 3.4.1 (J-P. Serre). [26, Proposition 25]

Plyans) TUns over all isomorphic classes of irreducible @p—representations of
G when y, runs over the representatives of the H-orbits of Hom(N, Q[f) and
ne runs over all the isomorphic classes of irreducible representations of the

stabilizer subgroup H,.

Proof. Since both y, and 7, are irreducible, their tensor product y, ® 7, is

irreducible. Using Frobenius reciprocity, we have
< Indg, (e @ ). Indg, (e @ 1) >6=< X @ 1o Resc, Indg, (Yo @ 1) >a,

where < V, W >4 denotes the inner product of the characters of the representa-
tions V and W of G. Let T, = {t; € G} be a left transversal for G,, G has a left
action on 7, induced by left multiplication. This G-action inscribes the induced
module

Indg, (da © 112) = yer, ie © 1a)- (3.18)

The direct summands #;(y, ® 7n,) on the right are not G-stable, but permuted
under the left action of G. Restricted to the action by G,, we may rewrite the

above decomposition courser with regard to their G,-orbits, we have

Resg,Indg, (4o ® 1la) = EP(@rc,t (o @ 1a)-

Go t;

where G,t; C T, runs over all G,-orbits in T,. Each of the summand @,c¢,,,{(xe @ 74)
is now G,-stable and hence this is a decomposition of representations of G,. For
each t; € T,, it is easily seen that its stabilizer subgroup in G, is G, N ;G t; .
Hence it is obvious that ®,c¢,.1(¥e ® 7,) is an induced representation from the

subgroup G, N t;G,t;~'. More precisely,

P 1t @) = @ sti(te @ 1)

t€Gyt; SGS,JJZ.

= InngﬂtiGnti_l(ti()Zl ® 77;2))

where S, is a left transversal of G, N 1;G,t;~"' in G,. Applying Frobenius

reciprocity again, we obtain from the above that

< Indga% ® 7,7:1)’ Indg‘y()’(:y ® 7’7;) >G: Z < ReSG(yﬂtiGati_l()’(:Y(gﬁ;’)’ tl()’(tl®7’i:1) >GamliGali_l
G(yti

64



The G, N ;G,t;~'-action on t;(y, ® 1) is by the following:

For g, € G, such that 1,7 'g,t; € G,, g, = tity 'gotit;"! maps t;(x, ® 1,) to
ti(ti 7 gatiXe @ ti7'gotin,). Hence if we let (y, @ 1,), denote the vector space
(Yo ®@1a), With g, above sending (y, @1,) to (i gotixe Rt gotiny), then (i, ®
Na):; s equipped as a G, N 1;Got;~ '-module which is G, N #;G,t;~'-isomorphic
to t;(xo ® 7,), given by left multiplication by ¢; .

Let f, be the unique element in T, that lies in G,. Clearly, #,G,t,~' = G, and so

the summand with regard to the orbit G, is

< ReSGqﬂl‘oG(yt()fl(/gl/l & f’;)’ to% X ﬁ;l) >G(ymt0G(yt071 :</\;;l/ X ﬁ(/l/’ (/\Zl X ﬁ(/l/)lo >Ga
< R ® e ® 7 6= .

The last equality holds because y, ® 7, is an irreducible representation of G,,
and the second equality holds because (v, ® 7a);, is G4-isomorphic to (Y, @ 1)
since they share the same character.

For the summand with regard to other orbits, say G,t; with #; # t;, when re-
stricted further to N < G, N t;Gt; ",

~ o~ o~ degna
Resy(Xo ® Na) = xa© "
and since N is normal in G, t,”'Nt, = N
9l g Y d o
ReSN(X(l X na)ti = ti/\/aea e8lher

Since G, is the stabilizer subgroup of y, in G, t;y, # x. for all t; # t,. Therefore,

their restrictions to N are disjoint implying they are disjoint, and

< Resg,ruGai-1 Yo © M) tiXa © 1Me) >GaniGa-1= 0

for ; < ty. As aresult, < Py, 1) Pives) >6= 1, hence pg, . 18 irreducible.

Look at the restriction of Ind§ (Yo ® 1) = ®yer,ti(Xo @ M) to N, each of the
summands #,(y, ® 1,) is isomorphic to (y, ® 1,), as N-modules, since N < G.
Hence, Resnpoy, ) = Srer, (o @ M)y = (Brer,tixa) ¥ which only involves
the G-orbit of y, in Hom(N, @;) and so it decides the representative y,. Once
this is decided, the subspace (v, ®1,), is identify as the N-submodule of p(,., ..,
which N acts via the character y,. As obtained earlier, (Yo ® o)1, = Xa @ o as
G, = NH,-modules. Restricted to the H,, this is simply 7, and hence distinct
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pair of (x4, 7,) give non-isomorphic p(,, ».)-
Lastly, to prove that these {0, .., } give a complete set of irreducible Q,-representations
of G up to isomorphism, it is sufficient to check if the sum of the squares of the

degrees of these representations equals to |G|. Easily, we have

D0 degpnn))’ =Y (IG/Galdegna)’
Ne

[0 a Na
= |G/G|* ) (degn.)’

Na

= Z |H/Ha|2|Ha|
~ |H|S |H/H,)

= |H||Hom(N, @;)]
= |H||N|
= |G|

]

Now I would like to apply this argument to give a collective description of
the representations p,, of the Galois group G, = Gal(F,/Q), defined in Section
3.2.

Allowing the abuse of notation, we denote again by p,, the composition of
itself to the canonical projection G = Gal(F ,/Q) — G, = Gal(F,/Q).

Proposition 3.4.1. The irreducible self-dual Artin representations of G of de-
gree greater than 1 are all orthogonal. Namely, up to G-isomorphism, these
representations are precisely given by p,, where x, is any character of exact
order p" of the Galois group N, = Gal(F,/K,), with n runs over all positive

integers.

Lemma 3.4.2. Up to G,-isomorphism, p,, is the unique Q,-representation of
G, which does not factor through F,_(u,).
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Proof of lemma. Identifying the galois groups Gal(F,/L,) and Gal(K,/Q) by
their actions on u,» and still refer the former by H,. From the argument above,
more precisely eq(3.17), we know that G, = N, H,, acts on Hom(N,, @;) from
the left, where N, acts trivially and so most of the time, we just focus on the
H,-action.

For 0 < k <n,

Orb; = {characters of exact order p"~*} C Hom(N,, Q;)

forms a H,-orbit. Since H, is a finite cyclic group of order p"~!'(p — 1), all
characters in Orb; share the same stabilizer subgroup H;’"*k*l(f’_”, when k < n;
whereas Orb, = {trivial character} has stabilizer subgroup H,

For k = 0, from the recipe in the lemma above, the stabilizer subgroup is trivial
1 < H,, and this leaves no other choice for the corresponding 7y but 1y = id, the

trivial representation of degree 1. Picking any y, € Orb,, we have

Pxn = Plnno)-

This obviously does not factor through F,_(u,»). In fact, not even the N,-
submodule y, of p,, factors through F,_;(u,"), because y, is of exact order p"
hence the it cannot be trivial over subgroup N2~

For 0 < k < n, we shall see that for any irreducible Q,-representation 7; of
the stabilizer subgroup Hf;"_k_l(pfl) < H, and any y € Orb, the corresponding
induced representation p, »,) is factored through F,_,(u,). To see this, we can
choose Ty = {t; € H,} be a left transversal for H”"~*~'®~D_ This could serve too
as a left transversal for subgroup N,H?"~*~'?~D < N,H,. In view of the decom-
position (3.18), each of the direct summand #,(y ® 1) of p(,.,) 18 N,-invariant
and hence a subspace of representation of N,,. As seen before, the representation
t;(y ® n) is isomorphic to (y ® 7n;),. Since N, acts trivially on 7, this direct
summand, when viewed as a representation of N,, is isomorphic to (1)) P8
by the notation in (3.17). With t,y € Orby, (tx)(N?"™") = ()" (N,) = 1 since
t;x has exact order p"~* dividing p"~!

Lastly for k = n, y = id € Orb,. The corresponding induced representation
Py 18 just 1, which is trivial when restricted to the whole N, for any irre-

ducible representation 7,, of H,,. [

Lemma 3.4.3. Let char, denote the character of a representation ¢ of subgroup
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H < G, then the character of Ind%¢ is given by

t~lgtcH

chary,,(8) = Z char,(t™' gt)

teT

for any g € G and any given set T of coset representatives of H in G.

Lemma 3.4.4. [26, Proposition 39]
Let char, denote the character of an irreducible representation p of a finite

group G, then the value

0, if p is not self-dual,

1
Gl Z char,(g") =< 1,  ifp is self-dual and orthogonal, (3.19)
G
5 —1, if pis self-dual and symplectic.
Proof. Proof omitted. [

Proof of Proposition 3.4.1. Since F, is the direct limit of F,, any Artin repre-
sentation of G must factor through G, for certainn > 1. Therefore, it is sufficient
to search among the irreducible representations of G, for a fixed n > 1.

As seen in the proof of Lemma 3.4.2, for k=n, p(a,,, = 1, is of dimension 1.

For 0 < k < n, I want to compute the summation

1
|G, | Z charp(gwk)(gz) (3.20)

g:n/hil/ EN,H,

As before, n; € N, denotes the element which sends 3/m to §ﬁ,n %/m and leaves
&,» unchanged; hy € H, denotes the element which sends &, to f}f and leaves
/munchanged, where i € Z is a chosen primitive root modulo p“ for all @ > 1.

By the formula in Lemma 3.4.3, we can rewrite the sum in (3.20) as
~1geN,Hy o=

1 ~ ~
2= 1) Z Z 0t~ g Dmt~ ' g%1)

g:n,hi,/ teTy

68



where 6, € Orby, n; is an irreducible representation of H”' ™ '?=D T is a left

transversal of H,’l’"fkfl(”*” in H,,, which can hence be treated as a left transversal
n—k—1..,__ . . n—k—1¢,,__ . N

of N.H? " #»=Yin N,H,. Since N,H?" " »~V is normal in N, H,,

{te T |t (why)’t € NH' W00 = {r € Ty | (mhy)?> € N,HY 07D}

T, when(hy)* € H''""'@=D
0 when(hy)* ¢ HY' ' ®=D
(3.21)

Simple computation gives h nlhij1 = n,». Hence, the summation above can

be further rewritten as

n—k—l( -1 20
1 p p=1)|

AT 2 2 2 )

ez p—1(p—1)Z t€Ty I€Z/p"Z
pn_k_l(p—l)|21’

1
T O M) DD b

rez/p—Y(p-1Z 0€Orby IEZ|p'L (3.22)
1
= nhpn)|Orby||Z] p"Z|
A Ve
1
= Z nk(hl-zl/)
P

where the summation ) _, runs over /' in the set

def

L E{I'modp"'(p—1): p" | 1+i" and p" " (p—1) | 2I'}.

Since

P 1+ & i = —1Lmodp"™*
e l=p ' (p—1)2modp"*(p—1)
Sl=p ™ p-D12+b-p" " (p—Dmodp"'(p—1)
=2 =Q2b+ 1)p" Y (p— Dmod p"~'(p— 1)
= plp -1 |2,
(3.23)
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where b runs over integers 0 < b < p* — 1, the set L can be rephrased by
Le={l'=p" ' (p—1)/2+b-p" ' (p—Dymod p" ' (p—1): 0 < b < p—1}.

Noticing that when /' runs over residues in Ly, i, runs over all the elements of
the cyclic subgroup H?”' ™~ '?=1 of order p¥, the summation in the last line of
(3.22) is hence equal to 1 when 7, is the trivial representation of degree 1; and
equal to O otherwise.

In conclusion, the self-dual irreducible representations of G, are p,, , s, Where
XYn_i is any character of N, of exact order p"~*, for all 0 < k < n. These are all

orthogonal in view of the Lemma 3.4.4.
O

I shall conclude this section with yet another proposition which will be

needed in a proof in next chapter.

Gal(Fu/Ln) .

Proposition 3.4.2. The fixed subspace (pXk) is one dimensional for n >

k> 1.

Proof. Since Gal(F,/L,) is a cyclic group generated by o; as given in the proof

Gal(Fp/Ly) . .
) AlFalln) 5 just the fixed subspace of

of Proposition 3.2.2, it is clear that (py,
Py, by the generator o;. Recall again the notation o from proof of the same
theorem, Gal(F,/L,) = {oa | L € Z/(p" ' (p — 1))Z}.

Let T denote a left transversal of Gal(F;/Q) for Gal(F/K}), we can actually

pick a nice choice here with
Tk = Gal(Fk/Lk).

We can then write
Py = @ 7(xk)-
€Ty
When k = n, we have Ty = {7;} = {07}, so we can shuffle the order of {7;} of
the decomposition above by {o;} and denote by an (p*~!(p — 1))-tuple {a;} a
general vector in the vector space underlying p,,, with each a; a general vector
(and in this case a field element) of the underlying space o (y) (which is one-

dimensional, hence in this case it is just @p). Notice that for each / modulo
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Pl -1,
g; 0 = 0j+,

this shows that the action of o-; via the representation p,, is taking

(al, ar,as, .-, Clpk—l(p_l)_l, apk—l(p_l)) — (apk—l(p_l), ap,ay,: .- apk_l(p—l)—Z’apk_'(p—l)—l)'
Therefore the fixed vector space consists of the diagonal tuples

(Cl,a,a,"',a,a), vae@p

Gal(Fy /Ly =
hence (py,) """ = Q.

When n > k, since the representation p,, factors through Gal(F;/Q), the action
of o; € Gal(F,/L,) < Gal(F,/Q) via this representation is the corresponding

action of its image in the canonical surjection
Gal(F,/Q) — Gal(Fi/Q).

This shows that the image of o; can be determined by its Galois action on Fy,
or more precisely, on X/m and on any primitive p*-th root of unity &, and
in particular a particular choice fﬁ:ik. Since o; fixes A/m, it must fix X/m =
(K/m)y”""; and it takes &, to ¢, with i modulo p*. Since i is a primitive root
modulo p", it is also a primitive root modulo p* and hence the image of ¢; in
Gal(F;/Q) is a generator of the cyclic subgroup Gal(F; /L) which reduces to

the case when n = k. O]
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Chapter 4

Homological Ranks and Rank
Growth

4.1 Homological Ranks

In this section, I am to establish some knowledge of the growth of the
Mordell-Weil ranks of E over the fields within the False Tate curve extension
tower. The methods are similar to those used in [3], but we deal with the case of

multiplicative reduction at p.

We assume throughout this chapter again the validity of Conjecture 2.2.1,
which claims that X,(E/F.) belongs to the category 9My(G) for any triple
(E, p,m) satisfying the assumptions made in Section 1.1. This implies that
Y,(E/F) is a finitely generated A(H)-module, and hence is finitely generated
A(H,)-module for any H, a subgroup of H of finite index. Moreover, for each
number field L C F,,, we have seen that the validity of Conjecture 2.2.1 implies

the validity of Mazur’s Conjecture over L.

Definition:. Put
¥ ranka Y, (E/Foo)

SE/L e corankz,S el ,(E/L) = dimg, (XP(E/L) ®z, @p)

for any number field L C F ..
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Recall the notations L, = Q( R/m) and L/ « Qu,p, &/m).

def

Definition:. For n > 0, let Hj, £ Gal(F/LY), Hyy = Gal(F /L)) its

maximal pro-p subgroup, and denote the A-invariant by

def

Ay = Anay) (Xp(EJLY)) = rankg, Y,(E/LY°).

Let us once and for all, introduce the same notation A for all of the cyclic
Galois groups of order p — 1 appearing in the tower, they can be identified by
their action on the group u,,. For instance:

AE Gal(F/LY) = Gal(K./Q7) = Gal(K/Q).
Meanwhile, denote by AZ Hom(A, Z;) the dual of A, and by 1 the trivial ele-

ment of A.

Definition:. For a ring R, we can define Ky(R), the Grothendieck group of R
being the abelian group with generators [ P), one for each isomorphism class in

the category of finitely generated projective R-modules with relations
[P2] = [P1] + [P5]
if there is a short exact sequence of finitely generated projective R-modules

O—>P1—>P2—>P3—>O.

Definition:. Let M be a finitely generated A(H)-module and
-— Py —P—Py— - —Pyp—M-—0 4.1)
be a finite projective resolution of M, that is P; = 0 for j > 0. We denote by

[M]2) (—D[P;] (4.2)

i>0
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the formal alternating series, which is a finite sum.
Proposition 4.1.1. This well-defines an element [M] € Ko(A(H)).

Proof. Clearly, since A(H) has finite global homological dimension, such an
finite projective resolution eq(4.1) exists for the finitely generated module M.
We need to show that the right side of eq(4.2), as an element of Ky(A(H)), is
independent on the choice of finite projective resolution of M. Take any finite

projective resolution of M:
-—>P;-+1—>P;—>P;_1—>-~'—>P6—>M—>O- (4.3)

We may assume P; = P, = 0 for j > 0. By long Schanuel’s lemma, [16,
Corollary (5.5)] since P;, P; are all projective, we have

PhOP OP,OP,OP, D - 2PyOP OP,OP;OP, D

which yields the equality

> DRI =) (1P
i>0 i>0
in Ko(A(H)). O
Lemma 4.1.1. There is a canonical isomorphism
Ir: Ko(AH)) — Pz (4.4)

x€A

where [A(H) ®z,1a1 Zy(x)] is correspondent to (0,---,0,1,0,---,0) where 1

appears in the y-component.

Proof. This isomorphism is in fact the composition of the following isomor-
phisms:
Firstly, we have H = Hg < A. Let J denote the kernel of the canonical surjection

A(H) — Zp[A]. This surjection induces a group homomorphism
Ko(AH)) — Ko(Z,[A])
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which sends the isomorphic class of any finitely generated projective A(H)-
module M to the isomorphic class of the module M/JM. The injectivity of
this homomorphism is proved in [4, Lemma 3.5], using Nakayama’s lemma
by the fact that Hy = 7, is a pro-p open normal subgroup of H and hence
J is an ideal of A(H) with J* — 0. The surjectivity of this group homo-
morphism is proved in [2, Chapter III Proposition 2.12] that we can write any
finitely generated projective Z,[A]-module as Im(e,) for some idempotent e, in
M,(Z,[A]), the endomorphism ring of Z,[A]" for some integer n > 1. In [2,
Chapter III Proposition 2.10], since A(H) 1s J-adically complete, e, has a idem-
potent lifting ey in M,(A(H)), the endomorphism ring of A(H)". So, we have
Im(ey)/J(Im(en)) = Im(en).

Secondly since the ring homomorphism

Z,IN) — ]z,

x€A

induced by sending
6 — (x(6))yer

is an isomorphism too, (indeed, this Z,-modules homomorphism is given by a
Vandermonde matrix of determinant = [[,__,_ ., (a; — @) € Z] for {e;} the
set of (p — 1)~ roots of unity in Z;.) Ko(Z,[A]) is hence further isomorphic
to @Xe i Ko(Z,) = ®X€ A Z. From this construction, we see that this homo-
morphism [, sends [M], for any finitely generated projective A(H) module, to
(Zizo(—l)irankZpH,-(H M )CY))XE - The second argument is trivial by the con-
struction of the homomorphism. O

Definition:. Let h;, be the group homomorphism
hi, : Ko(A(H)) — Z

defined by
[M] — > (=1)ranks, H(H,, M)

i>0
for M any finitely generated A(H)-module, and being extended to the Grothendieck

group linearly.

This term Zizo(_ 1)irankZpH,-(H 1,» M) appears in [ 13, Section 2] where it is
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denoted as y.(Hy,, M) or hmranky g, ,(M) which is called the homological rank
of M if this value is finite.

Let us check that this homomorphism #,, is well defined. Since H;, (and
H) has no non-trivial element of order p, A(H,) (and A(H)) has finite p-
homological dimension. So the sum Zi>0(— l)irankZPHi(H 1,» M) is a finite sum
for any finitely generated A(H )-module_M. When M is a finitely generated pro-
jective A(H)-module, suppose we have the relation [M] = [M'] + [M"], which
by the definition of Ky(A(H)), is a short exact sequence of finitely generated
projective A(H)-modules

O—M —M-—M —0.
From this, we get a long exact sequence

- — H,(H;,,M") — H,(H,,M) — H,(H,,M") —
— HI(HL,,»M,) — Hl(HLn,M) — Hl(HL,l,M”)
— Hy(Hy,,M') — Hy(H,, M) — Hy(H,,M") — 0

and H,,(H;,,M") = H,(H;,, M) = H,,(H,, M") = 0 for m > 0. The alternating
sum of the Z,-ranks along this long exact sequence is zero, and this yields

> (=V'ranks, H(Hy,. M) =y (—1)rankz, H(Hy,, M)+ _(—1)ranks, H/Hy,. M")
i>0 i>0 i>0

hence this #;, is well-defined in Ko(A(H)). By Proposition 4.1.1, when M is

a finitely generated A(H)-module, having a finite projective resolution as in
eq(4.1), we can split up this resolution into short exact sequences and hence

obtain long exact sequences of the corresponding H;, homology groups. Gath-

ering these together, we have

> (=Vranks, HHy,. M) =Y (=1Y Y (—1)ranky,H(H,,, P)).

i>0 >0 i>0

On the other hand, since [M] = ijo(_ 1)/ [P;] we have also

he, (IM) =) (=1 > (= D)iranky, H(Hy,, P)).

j=0 iz0

76



Hence A, is well-defined by in the definition above.

Now, although Y, (E/F ) is not a projective A(H)-module, we can still com-
pute the value Ay ([Y,(E/F)]) since Y,(E/F) is a finitely generated A(H)-
module by assuming Conjecture 2.2.1. In the next two sections, we shall carry
out this computation in two different approaches, leading to its relation to T and

A, respectively.

4.2 Computation of Homological Ranks of Y ,(E/F )
I

Proposition 4.2.1. Forn > 0, we have

n_ ]
o1 x AL (4.5)

hy,([AH) @z,1a) Zp,(X)]) = n_q
‘;_1+1, y=1 (4.6)

Proof. Since A(H) ®z,1a) Z,(x) 1s a projective A(H[,)-module,
Hi(Hy,, A(H) ®z,15 Z,(x)) = 0
for i > 1. Hence, by the definition, it remains to compute the Z,-rank of
Ho(Hy,, A(H) @z,71 Z,(X)) = L), @n,,) ANH) @z,181 Zp(x) 4.7

where Z, @m,,) A(H) clearly is a free Z,-module on generators the right cosets
of H;, in H, hence is endowed naturally with an action of A from the right. To
compute the Z,-rank of the module in eq(4.7), we first partition Z, @, ) AH)
by its A-orbits.

Zp @y, AH) = EB Ry (4.8)

A—orbitsZ
where Rz is a free Z,-module of rank the length of the orbit Z. In fact, apart
from the singleton orbit {H,,}, the rest of the A-orbits are faithful. Hence we
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have

1%

{ Z,1),  whenZ = singleton {H, }, 4.9)
Rz

Zy[A],  when Z # singleton {H/, }, (4.10)

and there are % copies of Z,[A] and one copy of Z,(1). Hence, the result

follows from the trivial facts that

Z,(1),  wheny =1, 4.11)
Zy(1) @z,1a Zp(x) = {
0, when y # 1. (4.12)
and
Zp[A] ®z,18) Zp(x) = Zp(x) (4.13)
as Z,[A]-modules.
O

Proposition 4.2.2. Forn > 0, we have

. 1
hi, ([Y(E[F-)]) =Y (—1)ranks, (H;(Hy. Yp(E/FOO))(l))+T-I;j. (4.14)

i>0

Proof. Let Y denote Y,(E/F.). From the construction of the group isomor-

phism /, in the proof of Lemma 4.1.1, by linearity we have

IA([Y]) = (Z(—l)"mnkz,,Hi(HK, Y)W>
xeA

i>0

or equivalently,

Y1=>" <Z(—1)irankszi(HK, Y)‘”) [A(H) @z, Z,00)] € Ko(ACH))

veh \i0
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Applying the formula in Proposition 4.2.1, we get

(Z(— 1) ranks, Hy(H, Y)W)

i>0

-1
e, (1Y) = —) >

x#1

+ (p —1 +1)- (Z(_l)irankZpH"(HK’ Y)(1)>

p—1 i>0
no__ 1 )
=T ST S Dranks, HiHy, )
p—1 A \i>0
XEA 12
+1- (Z(—l)imnksz,-(HK, Y)(1)>
i>0

and the summation

> (Z(—l)l’mnkzp (H{(Hy, Y))(X)> =N (=1 ranks, (HiHg, 1))

yeh \i>0 i>0 veA

= Z(—])irankzl, @(Hi(HK’ Y))(X)

i>0 veA

= Z(—l)irankzp (Hi(HK’ Y))

i>0

and the right hand side is just the A(Hg)-rank of Y by Howson’s formula eq(1.8).
Hence eq(4.14) follows. 0

4.3 Computation of Homological Ranks of Y ,(E/F )
I1

On the other hand, we can relate 4, ([Y,(E/F)]) with the invariant 4,,. Let
S , denote the singleton {p}, S, denote the set of primes {g; : ¢; | m}. Let
S «(F) denote the set of primes of F' lying above S ., for any algebraic extension
FoverQandS, =S, orS,,,. Foreachinteger n > 0, we denote by w,, a fixed
place of F, lying above u,, which denote a place of LJ“. We shall denote the

corresponding decomposition subgroup by H;, .

Let us introduce the following notation.

Definition:. For any odd prime p, positive integer m > 1 and integer n > 0,
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define an integer

ﬁ d:Lf O’ lfp ‘ m,
e min{n,r}, if ptfmand p™" || mP~1 — 1.

We saw before that the prime p decomposes into pPrm totally ramified primes
over Q(uy, X/m). We say the pair (p, m) satisfies assumption "3 = 0" if either
p | morp || mP~! — 1. Clearly, p totally ramifies to a unique prime of F, when

assuming " =0".

Theorem 4.3.1. Suppose the triple (E, p, m) satisfies the assumption made in
Section 1.1 and assuming the validity of Conjecture 2.2.1. When E has split
multiplicative reduction at p, we further assume "3 = 0”. Then for n > 0, we

have

h, (Y (E/Fo)]) = Ay + > _ ranks, (T,(E)™) +6, (4.15)

where the u, runs over all places of S ,ou(L;)) — S ,(L;)°) in the sum, J,,, denotes

the absolute Galois group of LS , and

n,un’

def { 1, if E has split multiplicative reduction at p; 4.16)

0, if E has non-split multiplicative reduction at p.

Applying the fundamental diagram (2.3) with L replaced by number field L,
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for n > 0, we have

H2 (HL,,a Ep‘”(Foo)>

H, AIF{L" H,
L o L
’ e9Ltn€S(L§;~v")Jun (Foo) "

0 —— Sel(E/Foo)™ — H'(Gs(Fx), Epe< )

r Lzryc res. cyc
n n

I cye hy n

Ounes s

A cye

0 ——— Sel,(E/LY) —— H'(Gs(LY), Epe) —— @y, cs019%Ju (L)

Hl (HLn’Epoo(Foo)) (4 17)

where S = S/(Q) =S » U S paa U S am denotes finite set of rational primes con-
sist of p and all the other primes where the elliptic curve E has bad reduction
and all the prime divisors of m; and S (F) denotes the set of primes of F lying
above S, for any algebraic extension F over Q. Applying Theorem 2.3.1 again
to F/k = L°/L,, since Ribet’s theorem implies the finiteness of E(L;“),~ and
the validity of 915(G) conjecture ensures that X,(E/L;) is A(I'z,,)-torsion, we
deduce that H*(Gs(LY), Ep=) = 0 and A0« is surjective.

Lemma 4.3.1. Foreachn > 0, H! (HLH, E o (Foo)) has vanishing Z,-corank.

Proof. Let A denote the Galois group Gal(L/*“/L?¢), we have the following

inflation-restriction exact sequence

0 — H' (A, Epoo(L9)) — H'(Hy,, Epe(Foo)) — H' (Hyy, Epe(Foo))”
(4.18)
By Ribet’s theorem again, E ,~(L/*°) is finite, and thus H' (A, E (L;fyc)) is fi-
nite. On the other hand, by Poincare duality, H ! (H 15 Epoc (F oo)) = E,o(Fu) Hy s

which has vanishing Z,-corank since E o (F o) = E o (L¢) is again finite.

Consequently, corankz, H' (HL E,(F OO)) =0. O

n?

We will later see in Lemma 4.3.3 that ker(h,,) is a co-finitely generated Z,-
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module, for each u,, € S (L)°).

Proposition 4.3.1. For each n > 0, Sel,(E/F)" is a finitely generated

AI';,)-cotorsion module and the A-invariant of its Pontryagin dual is

A S el (/o)) = Ana, S el (EJLYY + Y coranky ker(h,,)
U €S (Lﬁyc)

(4.19)

Proof. Since

HL,, = HLQ X A

with A a cyclic group of order p— 1, which is coprime to p, H;, and H;; have the
same p-cohomological dimension, which is equal to 1 since H;; = Z,. Hence,
H?(H,,, E~(Fo)) vanishes. The rest of the proof is identical to the proof of
Corollary 2.3.2. 0

Similarly to Lemma 2.5.1, we have

Lemma 4.3.2.
H,\(H;,,X,(E/F)) =0 (4.20)

Proof. Since the validity of Conjecture 2.2.1 and Ribet’s theorem enable one to
checks the surjectivity of 4,0« by Theorem 2.3.1. Together with cd,(H,) = 1,

this is essentially the same proof of Lemma 2.5.1. [

Proposition 4.3.2. For any n > 0, we have
H;(H.,, Y,(E/Fx)) =0, for i>1; 4.21)

rankz,Ho(Hy,, Y,(E/Fo0)) = Az, yHo(Hy,, X,(E/F ). (4.22)

Proof. By assumption, Y,(E/F) is a finitely generated A(H)-module and hence
a finitely generated A(H},)-module. By Proposition 1.2.2, H; (HLn, Y, (E/F Oo))

is a finitely generated Z,-module for each i > 0. Since H;, has p-cohomological
dimension 1, plainly H;(H,,,Y,(E/F)) = 0 for i > 2. To observe the case
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when i = 1, take the H; -homology of the canonical short exact sequence of
A(H},)-modules

0 — X,(E/Foo)(p) = Xp(E/Fo) = Y,(E/Foo) — 0. (4.23)
It yields an exact sequence of A(I';,)-modules

0= H, (HL,,’ Xp(E/Foo)) — H, (HLn, Yp(E/Foo)) - HO (HLn’Xp(E/Foo)(p))
— Ho(Hy,,X,(E/F)) — Ho(Hy,,Y,(E/F)) — 0. (4.24)

n?

In fact, each term in this exact sequence is A(I';, )-torsion. Indeed, the valid-
ity of Conjecture 2.2.1 implies that Sel,(E/L;°) is a finitely generated A(I';,)-
cotorsion module. Together with the remark preceding of Proposition 4.3.1,
H, (HLA, X,,(E/Foo)) is A(I'y,)-torsion, hence so is H (HL”, Y,,(E/Foo)). On the
other hand, X,(E/F)(p) is annihilated by some power of p and hence the ho-
mology group H; (H Lis Xp(EJF oo)(p)) will be annihilated by this power of p, for
each i > 0. In particular, they are A(I',)-torsion, with trivial A, y-invariants
and so is the submodule H, (Hy,,Y,(E/F.)). Moreover, since multiplying by
p, (and hence by any power of p) is injective in Y,(E/F,), the induced multi-
plying by p in H, (H L Yp(E/F oo)) 1s again injective, (so is the multiplying by a
power of p map). Hence, H, (Hy,, Y,(E/Fs)) = 0 since it injects into a module
which is annihilated by some power of p.

Since the Ax(r, )-invariant is additive in exact sequences and it coincides the Z -
rank upon finitely generated Z,-modules, eq(4.22) follows from taking Axr,,)-
invariant along the long exact sequence above. [

Lemma 4.3.3. For n > 0 and any non-Archimedean place u, of S (L), we

have

1. Foru, € 8 un(LO) U S ,(LY°),
ker(h,,) =0
2. Foru, € S ,(LY°),

0 Un € 8ps(L7)
ker(h,,) = (4.25)

Qp/Zy  uy € S(L7)
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3. Foru, € S ,qu(L)) — S ,(L°),
say u, = ug, being a place lying above some rational prime q; # p
dividing m, we have
ker(hy,,) = Ty(E)"u (4.26)

and this latter module remain the same regardless of the choice of the
place u,,, above g; and n > 0. In particular, its Z,-rank is dependent
only on gq; but not n nor the choice of u,, ,. Here, J, - denotes the absolute

Galois group of LS

N,Ug;.n :

Proof. Trivially,
ker(hun) =H' (HL,l,un’ E(Foo,wun ))p°° .

As a result of Lutz’s theorem, this is isomorphic to H'(Hy, . Epe(Foo, ) in
case 1 and 3. Since the extension F, /L7 is unramified outside S ,,, (L) U
S p(L€), the corresponding inertia subgroup for u, & S ,.,(L7) U S ,(LY°) is
trivial and hence the corresponding decomposition subgroup H;  ,, is a subgroup
of A. Therefore

ker(hu,,) = Hl (HL,,,un, Ep°° (Foo,wun )) =0.

So proved 1.

For 3, we first notice that

Hl (HL,“ Epoo (FOO’W“qi,n )) g Hl (Juql-,n’ EPOO)

Ug;.n>

Indeed, the subgroup of J,, , which fixes F S0, has no quotient of order di-
visible by p since F' RT contains the maximal tamely ramified p-extension of
Qg as uy, , is infinitely ramified over F' sowiy, .- ON the other hand, H : (Jugns Ep)
is Pontryagin dual to

H Uy, Hom(E 1)) = H(J,,, . T,(E))

qin’

since Hom(E o, 1) = T,(E) by Weil pairing. This proves eq(4.26) and hence
shows that ker(h, w) has finite Z,-corank. Moreover, by the assumption of the
triple (E, p,m), E has semistable reduction over each u € S, — S, and hence
has semistable reduction over u, € §,,,(L;) — S ,(L;°). When E has good

reduction at ¢;, E has good reduction at u,,, for all n # 0. Since ¢; # p, the
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action of J,, , on T,(E) is unramified for every n > 0 and thus this action factors
through its quotient by the inertia, which are all isomorphic among the integers

n > 0 since {L?“},>0 is a totally ramified tower of extensions for u,, . Hence
TP(E)JquI-,)L = Tp(E Jug;0

for all n > 0. When E has multiplicative reduction at ¢;, E has multiplicative
reduction at u,, , for all n # 0, as a result of Tate curve, we see that T,,(E)I“ffiﬂ is

independent on n > 0 and
rankz, Ty(E)" i = 1,

where 1, , denotes the inertia subgroup of J,, , for each n > 0. Now, since J,, ,
acts unramifiedly on the common Z,-ranked one module T,,(E)I“‘ﬁ"’ = T,,(E)I“‘h'»"
for each n > 0, by the same argument before, {L9“},~( being a totally ramified

tower of extensions for u,, o implies that T,(E)”

» has Z,-rank at most 1 which
is independent on n, and Case 3 is proved.

For Case 2, we need to apply the argument of theorem of deeply ramified again.
Let u, = u,, denote a place in §,(L;”). Obviously, both L’} ~and F ; are
deeply ramified over Q,. Using the notations and arguments in Section 2.4,
Im(ks) = Im(Ag) for both F = L?¢ and F 5, and hence the restriction map

n,Upn

h.,, can be rewritten as

hll N H
Im(ryzs, ) == Im(ap, )

Since the absolute Galois group G;o< has p-cohomological dimension 1, ;e
n,Up.n nUp,n

is surjective and hence

ker(h,,,) = H'(Hj,,,,, D7)

Up.n

with D as defined in Section 2.4.

e When u,, € S(L}),
since p is totally ramified over L“, E has split multiplicative reduction at

p. Hence,
D=Q,/Z,
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as Gg,-modules with trivial action. We have then
Hl (HL,,,up,,,» ‘DGFOC".’) = Hom(HL,,,u,,,,,’ @p/Zp) = Qp/Zp

as groups, and hence proved the statement in this case.

e whenu,, € §,,(L°),

E has non-split multiplicative reduction at p. Hence,
D=Q,/Z,®¢

as Gg,-modules with ¢ the unramified non-trivial quadratic character of

Gq,- Since F 5/Q, is totally ramified, we have

Dros =0
and hence
ker(h,,,) = 0.
Hence proved Case 2. [
Proof of Theorem 4.3.1

Proof. Combining Proposition 4.3.1 and Proposition 4.3.2, immediately we get

h, (Y (EFa)D) = Ay Sel(E/LY) + S coranky ker(h,)  (4.27)

un €8 (L")

By Lemma 4.3.3, we can rewrite the term ) | ¢ oc) corankg, ker(h,,) as

Sp X #S (LY + > ranky, (T,(E)") (4.28)

Un €S ram(Li’)—S p(L7)

since each of the prime in S ,(F) is totally ramified over p, each of the prime
in §,(L;>°) is totally ramified over p too, hence E has the same type of multi-
plicative reduction at all primes in S ,(L“) as at p. Thus when ¢, = 0, eq(4.15)
follows. When 6, = 1, by assumption ”8 = 07, we have #S ,(L;“) = 1 and
hence eq(4.15) follows.

]
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From Proposition 4.2.2, noticing that there is a term

S " (~V)iranks, (Hi(Hx. Y,(E/Fs)))"

i>0

which is independent of n in the formula eq(4.14). We can easily get rid of this
term by taking the difference of the same equation eq(4.14) for for different n’s.

A similar phenomena actually happens to Theorem 4.3.1.

Lemma 4.3.4. For each rational prime q; # p dividing m, and any non-negative

integral pair (n,n’), we have

D ranks, (T,(EY) = 3 ranks, (T,(E)"s).

Un |qi Uy ‘qi

Proof. From the proof of Case 3 of Lemma 4.3.3, we have seen that rankyz, (Tp(E)J )
only depends on ¢;, not on n nor the choice of u,. Hence, it suffices to show that
the number of primes over L“ above g¢; is again independent on n. Indeed, this
follows from the fact that g; is totally ramified within the tower {L, },>¢ of fields
and hence there is a unique prime above g; over each number field L,, and each
of these splits into a same (finite) number of primes in its Z,-cyclotomic exten-
sion L.

]

4.4 Rank Growth in the False Tate Curve Exten-
sion

The property of having these highly complicated but n-independent terms
in both the expressions of i, ([Y,(E/F)]) essentially allows us to ’extinguish’
them and give a neat connection to link up the arithmetic invariants which at

prior seem unrelated.

From this point onward, we always assume the pair (p, m) satisfies hypothe-

sis ”B = 0” when E has split multiplicative reduction at p.
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Proposition 4.4.1. Forn > 0, we have
Apet — Ay = Tp"
Proof. From the discussion above, both sides of eq(4.29) equal to
hi,.,([Yo(E/Foo)]) — hy, ([Y,(E/Foo)])

by eq(4.15) and eq(4.14) respectively.

Corollary 4.4.1. We have
SE/Ly = SE/L, = """ = SE/Ly, = " mod 2,

and

SE/Ly, = SE/L; = = SE/Lyyyy = mod 2.

(4.29)

(4.30)

(4.31)

Moreover, the values in eq(4.30) and eq(4.31) have the same parity if and only

if T is even.

Proof. In view of Theorem 3.3.2 for k = L,, we have
Ay = Sg/, mod 2.
Hence, by taking mod 2 of eq(4.29), since p is odd, we obtain
SE/L,., = SEjL, + T mod 2,

and consequently

SE/L,., = SE/1, mod 2.

Finally the statements follow from these.

Corollary 4.4.2. When 7 is odd, we have

SE/Ly < SE/L, < SE/L, < -0 < SE/L,_1 < SE/L, < -ee
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and in particular, sg;, has a lower bound
SE/L, > Sg/Q t1n (433)

forn > 1.

Proof. By Proposition 1.4.1 eq(1.28), the p-Selmer rank never decreases over
any field extensions. From the last statement of the corollary above, we see that
when 7 is odd, the p-Selmer rank can never be unraised over the tower {L, },>o

since

SE|Lyy £ SE/L, Mod 2

for all n > 0. Therefore,
SE/Ly 2 Se/L, + 1 (434)

for all n > 0 and eq(4.32) follows. In particular, the lower bound given in
eq(4.33) is just the inductive lower bound of eq(4.34).
]

For any finite Galois extension L over (Q, since by assumption, E is defined
over Q, X,(E/L)®z, Q pisa Q ,-representation of Gal(L/(Q), and more generally,
aQ ,-representation of Gal(L/L’) for any intermediate number field L' C L. This
Q ,-representation is of finite dimension sg,;. Hence by Maschke’s theorem, this

representation is semisimple and thus we have

)Gal(L/L’)

(X,(E/L) ®z, Q, = X,(E/L) ®z, Q,

and decomposition of representation
Xp(E/L) ®Zp @p = Xp(E/L/) ®Zp @p S AL/L’

where A;,;, is the complement of X ,(E/L") ®z, @p in X,(E/L)®z, @p which can
also be characterized by being the largest Gal(L/QQ)-invariant sub-representation
of X,(E/L) ®z, Q ., that contains no non-zero sub-representation on which
Gal(L/L') acts trivially.

Using these properties of semisimple Galois representations, one can de-
duce the growth of the Z,-Selmer coranks over certain tower of finite Galois ex-

tensions, according to the respective growth over a tower of non-Galois tower.
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More specifically, given the strict growth of p-Selmer rank of E over L,, we
shall obtain certain strict growth over the tower of the respective Galois closures
F,, which inductively provides a lower bound of the growth of p-Selmer rank
of E over F,. Here F, is just the composite field K,,L,, and more generally, the
composite field K;L; is Galois over Q wheni > j.

Proposition 4.4.2. When 7 is odd, we have

SE/F, > SEikL, P (P — 1) > sgp, P (p— 1) (4.35)
foralln > 1. In particular, sgr, has a lower bound

Sgp, > Sgjx +p" — 1 (4.36)

forn > 1.

Proof. For n > 1, from the preceding discussion, we have a decomposition of
Gal(F,/Q)-representation

Xp(E/Fn) ®Zp @p = (Xp(E/KnLn—l) ®Zp @p) D AF,l/KnL,l,l .

We shall first show that when 7 is odd,

Ar, k1, 7 0.

Assume the contrary, we have

Xp(E[F)®2,Qp = (Xp(E/K,Li-1) @2, Q,) = (X,(E/F,) @z, Q,) "0

Note that Gal(F,/L,) = Gal(K,L,—/L,—), taking the Gal(F,/L,)-invariant
from the above, we get

Xp(E/Ly) @z, Qy = (X,(E/F,) @z, Q,) """

= (X, (E/F) €2,
= (X,(E/F,) @z, Qp)Gal(Fn/Ln_]) |
= p(E/Lnfl) ®Zp @p,

)Gal(Fn/KnLn—l)> Gal(KnLy—1/Ly—1)
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hence sg,;,, = Sg/1,_,» which contradicts Corollary 4.4.2 eq(4.32) as 7 is odd.

Secondly, we shall try to determine this non-zero Gal(F,/Q)-representation
Ar,/k,1,_,- By definition, A, /k,1,_, contains no non-zero Gal(F,/Q)-sub-representation

on which Gal(F,/K,L,_,) acts trivially. By semisimplicity, Ar, /k,z,_, 1 a direct

n—1

sum of irreducible Gal(F,/Q)-representations on which the subgroup Gal(F,/K,L,_)
does not act trivially. We have established in Lemma 3.4.2 that there is a unique
irreducible Q ,-representation of Gal(F,/Q) which does not factor through Gal(K,,L,—,/Q),

denoted by p,,. Therefore, we have

Dk
AFn/KnLnfl g (p)(n) "

for some integer k, > 1, as Ag, /k,1,_, # 0. Thus, we have

SE/F, = SE/KuL,_, T+ kn - P lp-1)

2 SE/KnLnfl +pn71(p - 1)

as p,, is of p"~!(p — 1) dimensional. This proves the left inequality of eq(4.35).
The right inequality of eq(4.35) is just a trivial fact since X,(E/F,_1) ®z, @p is
a Gal(K,L,_,/Q)-subrepresentation of X,(E/K,L,_) ®z, @p.

Lastly, eq(4.36) is just the inductive consequence of eq(4.35), as

seir, > P (p— D)+ spr,
>p N p—D+p"(p—1D+sgr,

> e
- n—1 n—2 1 (4'37)
>p"(p—D+p"(p—D+---+p(p—1+sgr
>p N p—=D+p"(p—D+-+p'(p—D+(p—1)+sgx,
:pn—l-l-SE/K

]

Definition:. Let p be an irreducible @,,—Artin representation which factors through
Gal(k/Q) for k a finite Galois extension of Q. Let s, denote the number of
copies of p occurring in the representation X ,(E/k) ®z, Q -
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Theorem 4.4.1. Suppose the triple (E, p, m) satisfies the assumption made in
Section 1.1 and assuming the validity of Conjecture 2.2.1. When E has split
multiplicative reduction at p, we further assume "8 = 07, then for all absolutely
irreducible self-dual Artin representations p of G = Gal(F ./ Q) with dimension
greater than 1, we have

w(E, p) = (—1)%, (4.38)

Proof. By Lemma 3.4.1 and Proposition 3.4.1, we have p = p, for some y,
given in Section 3.2. From the proof of Proposition 4.4.2, since up to isomor-
phism, p,, is the only irreducible representation of Gal(F,/Q) which does not
factor through Gal(K,L,_1/Q), we have

X, (E/F,) ®z, Q, = (X,(E/K,L,—1) ®z, Q,) & (0,,)"5.

Taking the Gal(F,/L,)-invariants, and compute their Q ,-dimensions, using Propo-

sition 3.4.2, and Greenberg-Guo Theorem 3.3.2, we obtain

mod 2

SEpey = SE/L, — SE/L,_, A — At

Since p is odd, by Proposition 4.4.1, we have

mod 2

T = /ln — /1,1_1.

Therefore from the proof of Theorem 3.3.1 eq(3.15) and eq(3.16), together with
Theorem 3.2.1 eq(3.10), we conclude that
SE _ T _ dim, )1(1,71
(=1 = (=17 = w(E,py,) sp "
The statement follows immediately in the case when s, = 1, that is when E has
non-split multiplicative reduction at p. In the case when E has split multiplica-

tive reduction at p, the statement follows by the description of dimp)lfn in Case
v = 0 for all

n

2 of Proposition 3.2.2, since under the assumption ”8 = 07, dimp
n>1.
O
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4.5 A(Hg)-rank 1 case

In this section, we carry on assuming ”8 = 0” when E has split multiplica-

tive reduction at p.

In this very special case when rankyu,(Y,(E/F)) = 1, we shall prove that
the lower bounds in eq(4.33) and eq(4.36) are precisely the respective p-Selmer

ranks.

Theorem 4.5.1. When T = 1, we have
Sg/L, = corankz,Sel,(E/Q) +n (4.39)

and
Sg/r, = corankz,Sel (E/K) + p" — 1 (4.40)

forn > 1.

Proof. As the restriction homomorphism
Sel,(E/K) — Sel,(E/Kx)
has finite kernel, we have
sgix = coranky, S el,(EJK) < gy <S elmoo)> .
For the same reason,
se/p, = corankg, S el,(E/F,) < Ay (S el,fEﬁ,?C)) .
By the theorem of Greenberg-Guo,
SE/k = Anco (S elﬁTKm)) mod 2.
By Proposition 2.5.2 (for L = K and L = F,),

T = rankno(Yo(E/Foo)) = Anr (Sel(E[Koo)) + > coranky, ker(h,),

ueS (Keo)
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rank ., (Yo(E/Foo)) = /lA(an)(Selp(E/FZyc)) + Z corankz, ker(h,,).
V€S (Fi)
The criterion 7 = 1 forces Axqy (S elp/(E/\Koo)) = 0 or 1. Hence, we have
equality
Se/k = Aary) <S€lp(E/Koo)> =0orl.

This again forces

> coranky ker(h,) =1 — sgjx = 1 or 0.

ueS (Koo)

I now claim that

Z corankg, ker(h,) = Z corankg, ker(h,,) mod 2.

uesS (Koo) V€S (F9)

Indeed, since F“/K, is a Galois extension of degree p" where p is an odd
prime, each u € S (K.,) will only split into an odd number of primes in S (F¢).
Moreover, the corresponding ramification degree and residue degree are both a
power of p. With p > 5, the reduction type should remain unchanged in this
extension. By Proposition 2.3.1 and Theorem 2.4.1, both sums coincide in their

parity, and moreover

Z corankz ker(h,) < Z corankg, ker(h,,).

uesS (Keo) VnES (F)

On the other hand, since [A(Hk) : A(Hf,)] = p",

ranka;, ) (Y,(E/Fo)) = P - rankagy (Yp(E/F o))

4.41)
= pn_
Hence,
SE/Fn S AA(an) (S el@,‘f‘)) = pn — Z corankzpker(hvn)
V€S (F7)
<p'-— Z corankz, ker(h,) (4.42)
ueS (Kso)

:pn—1+SE/](.
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By eq(4.36), the right hand side is also the lower bound and hence we get the
equality
SE/F, = /lA(Fp") <S€ZP(E/FZyC)> = pn — 1+ SE/K-

From the proof of Proposition 4.4.2, we see that when the lower bound eq(4.36)
is reached, every intermediate inequality in eq(4.37) is in fact equality. This
implies that the value k, = 1, that is Ag, k.., , = py, for all n > 1, and the
inequalities in eq(4.35) are equalities, except for the right inequality in n = 1

case. Hence, we have

Xp(E/Fn) ®Zp Qp = (Xp(E/Fn—l) ®Zp @p) @PX,, (443)

forn > 2 and

X, (E/F)) @z, Q, = (X,(E/K) @z, Q) @ py,- (4.44)
Thus,

Xp(E/Fn) ®Zp @p = (Xp(E/K) ®Zp @p) Doy PPy, D Dpy,
as a decomposition of Gal(F,/Q)-representation. Taking the subspace fixed by
subgroup Gal(F,/L,), we get

Gal(Fn/Ln)

Xp(E/Ln)®Z,,@p — (XP(E/K) ®Zp @p) @pglal(Fn/Ln)@ Gal(Fn/Ln)@. . '@prl(F"/L").

p)(z

Since the canonical surjection Gal(F,/Q) — Gal(K/Q) is still surjective when

restricted to subgroup Gal(F,/L,), we get

(X,(E/K) @7, Q,) """ = (X (E/K) @7, Q,)“"™? = X,(E/Q) @2, Q.

Counting dimensions, by Proposition 3.4.2, we obtain eq(4.39).

O
Corollary 4.5.1. When t = 1, we have
SE/K, L, = SE/F, = P — 1+ Sgjx (4.45)
foralln' >n>1, and
SE/K,, = SE/K (4.46)
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for n' > 1. In particular, in this case, we have the following refinements of

Greenberg-Guo:

ATy (S elp/(E/\Koo)) =sgxk=0 or 1 (4.47)
and
AN, (5 el,(E/Fy C)) = Sg/F, (4.48)
forn > 1.

Proof. In the proof of the theorem above, we showed that the inequalities in

eq(4.35) are equalities, namely we have

_ _ = \Gal(K;s,Li/K;L))
Xp(E/Kj1L)®2,Q, = X,(E/F)®2,Q, = (X,(E/Kj1 L)) ®z, Q,) "

(4.49)
for all j > 1.
Since
Gal(K;.1L;/K;\L,) = Gal(K;L;/K;L,)

for all j > n, taking the Gal(K ;. L;/K.iL,)-invariant of eq(4.49), we get

X,(E[Kji1Ly) ©z, Q, = X,(E/K;L,) @z, Q,. (4.50)
When jruns overn,n+1,--- ,n' — 1 we get

X,(E/KyLy) @z, Q, = X,(E/K,L,) @z, Qp, (4.51)
hence proved eq(4.45).

Since Gal(K,yL,/K,y) = Gal(KL,/K), eq(4.46) is just the Gal(K,/ L,/ K, )-invariant
of eq(4.51) inn = 1 case.
The refinements of Greenberg-Guo are true because both K and F, contain u,

and hence
F =) KuL,

n'>n
and
K. = K9 = U K.

n'>1
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It is never easy to find the generators of the Mordell-Weil group of an elliptic
curve over a number field. However, in each of the following two examples of
our kind (E, p,m), I managed to obtain a rational point of infinite order over
the number field Q(y/m), by using the Pari-GP package ell.gp, by Denis Simon
[27]. The level of computation becomes much more complicated and massive
in the process to go on to number field Q( W), over which we expect to reach

extra rank.

Example 1 The elliptic curve 70A1 in Cremona’s Table has Weierstrass equa-
tion

E:yV+xy+y=x—x+2x—-3 (4.52)

It has split multiplicative reduction at 2 and non-split multiplicative reduction at
5 and 7. This elliptic curve E has Mordell-Weil rank 0 over Q. Taking triple
(E, p,m) = (70A1,5,2) in our setting, then K := Q(us) and L, := Q(6) with
=2

P:= (46" —26° + 6> + 20 — 5, —36* — 66° + 176> — 200 + 17) (4.53)

is a rational point on E over L;, with height ~ 1.5505 hence is a point of infinite
order in E(L;). This indeed matches the prediction by our theorems, which tell
the Mordell-Weil rank of E over L, is 1.

In fact L(E/K, 1) # 0 hence assuming Birch and Swinnerton-Dyer Conjecture,
E has Mordell-Weil rank over K, rgk, = 0. Applying J.Jones’ formula [14,
Theorem 1], we know that (since 5 is the only prime ramified (totally) over
K¢/Q , hence e = the number of split multiplicative reduction primes of K
which ramifies in K“¢/K is equal to 0.) Rg/k, the order of vanishing at 7 = 0 of
the characteristic polynomial of Sels(E/K“¢) is > rgk). Moreover, up to mul-
tiplication by a 5-adic unit, the coefficient of the 7"*® term in the characteristic

polynomial of Sels(E/K“¢) is equal to

I1 [LLI(E/K)(p)|
m, . I 2P

4.54
EK)() (359

vfoo

The product of the Tamagawa numbers HVJ(OO m, = 8, the torsion part of
E(K) is isomorphic to Z/4Z and by assuming Birch and Swinnerton-Dyer Con-

jecture of the leading coefficient of the complex L-series of E over K at s = 1
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in terms of the product involving the order of III(E£/K), we obtain conjecturally
that III(E/K) is a trivial group. Hence, the product in (4.54) should be itself a
5-adic unit. Consequently, the coefficient of the 77%® term in the characteristic

polynomial of S els(E/K¢) should be a 5-adic unit and this forces
u(X5(E/KY)) = 0 and A(X5(E/KY)) = rgi = 0.

Since the prime m = 2 is inert over K< and E has split multiplicative reduction
at 2, by the third case of Proposition 2.3.1, together with eq(2.7) and Proposition
2.5.2 for L = K, we have

rankA(HK)YS(E/FOO) =1. (455)

So the prediction of the 5-Selmer rank of E over L, by first assertion of Theorem
4.5.1 coincides the Mordell-Weil rank of E over L, i.e sg/1, = rgq,) = 1. Hence
proved in this case that the 5-part of the ITI(E/L,) is finite.

Example 2 The elliptic curve 30A1 in Cremona’s Table has Weierstrass equa-
tion

E:yV+xy+y=x+x+23 (4.56)

It has split multiplicative reduction at 3 and non-split multiplicative reduction at
2 and 5. This elliptic curve E has Mordell-Weil rank 0 over Q. Taking triple
(E, p,m) = (30A1, 5, 3) in our setting, then K := Q(us) and L; := Q(6) with
0 =/3.

P:= (20" —20° + 26> — 3,46" — 66° + 120 — 14) (4.57)

is a rational point on E over L;, with height ~ 0.5749 hence is a point of infinite
order in E(L;). This indeed matches the prediction by our theorems, which tell
the Mordell-Weil rank of E over L; is 1.

In fact L(E/K, 1) # 0 hence assuming Birch and Swinnerton-Dyer Conjecture,
E has Mordell-Weil rank over K, rgk, = 0. Applying J.Jones’ formula [14,
Theorem 1], we know that (since 5 is the only prime ramified (totally) over
K%¢/Q , hence e = the number of split multiplicative reduction primes of K
which ramifies in K“¢/K is equal to 0.) Rg/k, the order of vanishing at 7 = 0 of

the characteristic polynomial of Sels(E/K%) is > rg,. Moreover, up to mul-
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tiplication by a 5-adic unit, the coefficient of the 77*® term in the characteristic

polynomial of Sels(E/K“¢) is equal to

11 [LLI(E/K)(p)|
m, - 2P

4.58
ER() (+:38)

vioo

The product of the Tamagawa numbers waoo m, = 24, the torsion part of
E(K) is isomorphic to Z/12Z and by assuming Birch and Swinnerton-Dyer Con-
jecture of the leading coefficient of the complex L-series of E over K at s = 1
in terms of the product involving the order of LII(E/K), we obtain conjecturally
that ITI(E/K) is a trivial group. Hence, the product in (4.58) should be itself a
5-adic unit. Consequently, the coefficient of the 77%® term in the characteristic
polynomial of Sels(E/K“) should be a 5-adic unit and this forces

u(Xs(E/KY)) = 0 and A(X5(E/K“)) = rg) = 0.

Since the prime m = 3 is inert over K¢ and E has split multiplicative reduction
at 3, by the third case of Proposition 2.3.1, together with (2.7) and Proposition
2.5.2 for L = K, we have

I"Cll’lkA(HK)Y5(E/FOO) = 1. (459)

So the prediction of the 5-Selmer rank of E over L; by first assertion of Theorem
4.5.1 coincides the Mordell-Weil rank of E over L, 1.e sg/1, = rgq,) = 1. Hence
proved in this case that the 5-part of the LLI(E/L,) is finite.

. Lapply [ 14, Theorem 1] in the case L/K replaced by K““/K. Hence,
e takes value 1 when E has a split multiplicative reduction at p and takes
value O when E has a non-split multiplicative reduction at p. Let r denote
the Mordell-Weil rank of E over K. Jones defines for each discrete A(I'k)-
module with its Pontryagin dual a compact finitely generated A(I'g)-torsion
module, an Iwasawa L-function L(G; s) = Fo(w'™* — 1), for some w € 7%,
where F(T) denotes the characteristic element of the Pontryagin dual of G. Let
G, £ H'(spec(Ogoe), ESx) and Gy 2 H'(spec(Okoc), Epec) be the fpqf coho-
mology groups, where we let E denote its Neron model over O goe, and by E° its

connected component. This G is the flat Selmer group defined by Jones, which
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he also proves to be quasi-isomorphic to Greenberg Selmer group and therefore
Fg,(T) =T° x Fg,(T), where G el Sel,(E/K°) is the classical Selmer group.
Jones shows that F,(T) = Fg,(T) and hence L(G»; s) = L(Gy; s). This theorem
[ 14, Theorem 1] asserts that the Iwasawa L-function L(G,; s) has zero of order
at least r + e at s = 1, and the corresponding (r + e)-th coefficient is up to mul-
tiplication by a p-adic unit, given by a product involving some local invariants,
Schneider’s p-adic height regulator and the p-primary part of II(E/K) and
E(K). From the construction of the Iwasawa L-function, it is clear by simple
calculus that L(Gs; s) has zero of order at least r at s = 1, and the correspond-
ing r-th coefficient is up to multiplication by a p-adic unit, given by the same
product given above. The computations in the two examples above are due to

this final statement.

. There are a lot more similar examples (E, p, m) which conjecturally
have rankawY,(E/F) = 1. However, the two examples above are the only

ones among these of which ’ell.gp’ returns a rational point of infinite order over

Q(/m).

In a forthcoming paper, I will further discuss the case left out by the re-
striction "3 = 07, which is when E has split multiplicative reduction at p but
p || mP=1 =1 with a positive integer r. 1 will describe the growth of the Selmer
ranks within the False Tate curve tower in this case which would be slightly dif-
ferent from the relevant results in Chapter 4. However, 1 will prove the validity

of Theorem 4.4.1 with the assumption "3 = 0" dropped.
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