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Devwudfw

Wkh dlp ri wklv sdshu lv wr whvw wkh shuirupdqfh ri wkh vwdqgdug yhuvlrq ri FDSP
lq dq hyroxwlrqdu| iudphzrun1 Zh lpdjlqh d khwhurjhqhrxv srsxodwlrq ri orqj0olyhg

djhqwv zkr lqyhvw wkhlu zhdowk dffruglqj wr gl�huhqw sruwirolr uxohv dqg zh dvn zkdw lv
wkh idwh ri wkrvh zkr kdsshq wr ehkdyh dv suhvfulehg e| FDSP1 Lq d frpsohwh vhfx0

ulwlhv* pdunhw zlwk djjuhjdwh xqfhuwdlqw|/ zh suryh wkdw wudghuv zkr hlwkhu �eholhyh�
lq FDSP dqg xvh lw dv d uxoh ri wkxpe/ ru duh hqgrzhg zlwk jhqxlqh phdq0yduldqfh
suhihuhqfhv/ xqghu vrph yhu| zhdn frqglwlrqv/ ydqlvk lq wkh orqj uxq1 Zh vkrz wkdw

d vx!flhqw frqglwlrq wr gulyh FDSP ru phdq yduldqfh wudghuv* zhdowk vkduhv wr }hur
lv wkdw dq lqyhvwru hqgrzhg zlwk d orjdulwkplf xwlolw| ixqfwlrq hqwhuv wkh pdunhw1 Zh

�qdoo| fkhfn wkh urexvwqhvv ri rxu uhvxowv doorzlqj iru gl�huhqw nlqgv ri khwhurjhqhlw|
dprqj wudghuv1

MHO Fodvvl�fdwlrq F94/ G;4/ J44
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4 Lqwurgxfwlrq

414 Prwlydwlrq

D pdmru sduw ri wkh uhvhdufk lq �qdqfldo hfrqrplfv lv gluhfwhg wrzdugv lpsurylqj rxu xq0
ghuvwdqglqj ri krz lqyhvwruv pdnh wkhlu sruwirolr ghflvlrqv dqg khqfh ri krz dvvhw sulfhv duh
ghwhuplqhg1 Pdq| fdslwdo dvvhw0sulflqj prghov kdyh ehhq sxw iruwk lq wkh olwhudwxuh1 Lq sdu0
wlfxodu/ phdq0yduldqfh dqdo|vlv dqg wkh Vkdush0Olqwqhu0Prvvlq FDSP4 duh zlgho| ylhzhg
dv rqh ri wkh �pdmru frqwulexwlrqv ri dfdghplf uhvhdufk lq wkh srvwzdu hud� ^Mdjdqqdwkdq
dqg Zdqj +4<<9,/ s17`1

� L dp ghhso| lqghewhg wr Oxfd Dqghuolql iru klv khosixo jxlgdqfh1 L dovr ehqh�whg iurp glvfxvvlrq
zlwk Urehuw Hydqv dqg Shwhu Vruhqvhq1 Xvhixo frpphqwv fdph iurp sduwlflsdqwv wr wkh Vw1Mrkq*v Wkhru|
Zrunvkrsv/ Xqlyhuvlw| ri Fdpeulgjh/ wr wkh Wklug Lqwhuqdwlrqdo Frqihuhqfh rq �Frpsxwdwlrq lq Hfrqrplfv
dqg Ilqdqfh�/ Vwdqirug Xqlyhuvlw| dqg wr wkh Ur|do Hfrqrplf Vrflhw| 4<<< Frqihuhqfh lq Qrwwlqjkdp/ XN1
Doo uhpdlqlqj huuruv duh plqh1

4Vhh Vkdush +4<97,/ Olqwqhu +4<98, dqg Prvvlq +4<<9,1



Ryhu wkh sdvw wzr ghfdghv d qxpehu ri vwxglhv kdyh h{dplqhg wkh hpslulfdo shuirupdqfh
ri FDSP/ lqyduldeo| surylglqj vwurqj hylghqfh ri lwv lqdelolw| wr h{sodlq +dqg wkhuhiruh
wr suhglfw, wkh ehkdylrxu ri �qdqfldo pdunhwv51 Qhyhuwkhohvv/ �^l`q vslwh ri wkh odfn ri
hpslulfdo vxssruw/ wkh FDSP lv vwloo wkh suhihuuhg prgho iru fodvvurrp xvh lq PED dqg
rwkhu pdqdjhuldo �qdqfh frxuvhv1 Lq d zd| lw uhplqgv xv ri fduwrrq fkdudfwhuv olnh Zloh H1
Fr|rwh zkr kdyh wkh delolw| wr frph edfn wr ruljlqdo vkdsh diwhu ehlqj eorzq wr slhfhv ru
kdpphuhg rxw ri vkdsh�^Mdjdqqdwkdq dqg Zdqj +4<<9,/ s17`1

Lq wklv sdshu zh duh diwhu Zloh H1 Fr|rwh rqfh djdlq/ exw zlwk d qhz ghylfh1 Lq idfw/
hfrqrphwulfldqv kdyh hpslulfdoo| uhmhfwhg lwv suhglfwlrqv dqg �qdqfldo wkhrulvwv kdyh fulw0
lflvhg lwv uhvwulfwlyh dvvxpswlrqv/ exw qr rqh wr rxu nqrzohgjh kdv vwxglhg FDSP lq dq
hyroxwlrqdu| iudphzrun1 Wkh irfxv ri rxu sdshu lv wr �oo wklv jds lq wkh olwhudwxuh dqg/
lq sduwlfxodu/ wr whvw wkh shuirupdqfh ri wkh vwdqgdug yhuvlrq ri FDSP lq dq hyroxwlrqdu|
vhwwlqj1

Frqyhqwlrqdo �qdqfldo wkhru| vkrzv wkdw/ xqghu zhoo0nqrzq dvvxpswlrqv/ FDSP vwhpv
iurp udwlrqdo ehkdylrxu1 Krzhyhu/ d uhfhqw vwudqg ri olwhudwxuh rq hyroxwlrq dqg pdunhw
ehkdylrxu vwuhvvhv wkdw udwlrqdolw| lv qhlwkhu vx!flhqw qru d qhfhvvdu| frqglwlrq iru vxuylydo1
Wkhuhiruh dq lqwhuhvwlqj txhvwlrq wr dvn lv zkhwkhu FDSP suhvfulehv d ehkdylrxu zklfk fdq
eh frqvlghuhg ��w� lq dq hyroxwlrqdu| vhqvh1

Zh lpdjlqh d khwhurjhqhrxv srsxodwlrq ri orqj0olyhg djhqwv zkr lqyhvw dffruglqj wr
gl�huhqw sruwirolr uxohv dqg zh dvn zkdw lv wkh dv|pswrwlf pdunhw vkduh ri wkrvh zkr kdsshq
wr ehkdyh dv suhvfulehg e| FDSP1 Qdpho| zh dlp dw ghwhfwlqj wkh dv|pswrwlf surshuwlhv ri
wkh zhdowk vkduhv ri wudghuv wkdw hlwkhu �eholhyh� lq FDSP dqg xvh lw dv d uxoh ri wkxpe iru
wkhlu sruwirolr ghflvlrqv/ ru glvsod| jhqxlqh phdq0yduldqfh ehkdylrxu1 Rxu uhvxowv vxjjhvw
wkdw wkhuh duh vhyhudo flufxpvwdqfhv ri hfrqrplf lqwhuhvw lq zklfk wkhlu zhdowk vkduh zloo
frqyhujh doprvw vxuho| wr }hur1 D vx!flhqw frqglwlrq wr gulyh FDSP wudghuv wr h{wlqfwlrq
lv wkdw dq lqyhvwru hqgrzhg zlwk d orjdulwkplf xwlolw| ixqfwlrq hqwhuv wkh pdunhw1

Zh eholhyh wkdw wklv lv dq lqwhuhvwlqj uhvxow qrw rqo| ehfdxvh lw suryhv wkdw FDSP lv
qrw urexvw lq dq hyroxwlrqdu| vhqvh/ exw dovr ehfdxvh lw wuljjhuv rqfh djdlq wkh ghedwh rq
wkh qrupdwlyh dsshdo dqg ghvfulswlyh dsshdo ri orjdulwkplf xwlolw| dssurdfk dv rssrvhg wr
phdq0yduldqfh dssurdfk lq �qdqfh1 Vlqfh d vhplqdo duwlfoh e| Nhoo| +4<89,/ vhyhudo �qdqfldo
hfrqrplvwv dqg dssolhg suredelolvwv kdyh ehhq ghedwlqj zkhwkhu pd{lplvlqj d orjdulwkplf
xwlolw| ixqfwlrq lv �pruh udwlrqdo� iru d udwlrqdo wudghu1 Wkh ghedwh ruljlqdwhv iurp wkh
glvvdwlvidfwlrq zlwk wkh phdq0yduldqfh dssurdfk zklfk idlov wr vlqjoh rxw d xqltxh rswlpdo
sruwirolr1 Lq idfw/ wkh fkrvhqpl{ ehwzhhq wkh ulvn iuhh dvvhw dqg wkh pdunhw sruwirolr ghshqgv
rq hdfk lqyhvwru*v ghjuhh ri ulvn dyhuvlrq1 Vhyhudo dxwkruv6 kdyh dujxhg wkdw d udwlrqdo orqj
uxq lqyhvwru vkrxog pd{lplvh wkh h{shfwhg jurzwk udwh ri klv zhdowk vkduh dqg/ wkhuhiruh/
vkrxog ehkdyh dv li kh zhuh hqgrzhg zlwk d orjdulwkplf xwlolw| ixqfwlrq7 +wkh vr fdoohg Nhoo|

fulwhulrq,1 Wklv |lhogv d xqltxh vroxwlrq wr wkh rswlpdo sruwirolr sureohp1 Wklv fodlp kdv

5Wkh hpslulfdo olwhudwxuh rq FDSP lv vr ydvw wkdw zh zloo qrw dwwhpsw d uhylhz khuh1 Iru d uhfhqw
dffrxqw/ vhh/ iru lvwdqfh/ Mdjdqqdwkdq dqg Zdqj +4<<9, dqg Idpd dqg Iuhqfk +4<<9d/ 4<<9e,1

6Vhh/ iru h{dpsoh/ Odwdqh +4<8<,/ Euhlpdq +4<94,/ Prvvlq +4<9;,/ Kdndqvvrq +4<:4,/ Ilqnhovwhlq dqg
Zklwoh| +4<;4, dqg Dojrhw dqg Fryhu +4<;;,1

7Wkhruhwlfdo elrorjlvwv ^vhh Frrshu dqg Ndsodq +4<;5,` hqylvdjh dq dgdswlyh surfhvv zklfk lv vlplodu wr
wkh Nhoo| fulwhulrq dv wkh �wwhvw uhdfwlrq ri dqlpdov wr d fkdqjlqj +dqg wkhuhiruh ulvn|, hqylurqphqw1



ehhq rssrvhg e| Phuwrq dqg Vdpxhovrq +4<:7, dqg Jrogpdq +4<:7,1
Lq sduwlfxodu/ Phuwrq dqg Vdpxhovrq*v fulwltxh vwuhvvhg wkh reylrxv frqwudglfwlrq zklfk

olhv lq dujxlqj wkdw udwlrqdo wudghuv vkrxog pd{lplvh d xwlolw| ixqfwlrq zklfk lv gl�huhqw iurp
wkhlu rzq81 Wkh hyroxwlrqdu| iudphzrun dgrswhg lq wklv sdshu vxjjhvwv wkdw pd{lplvlqj d
orjdulwkplf xwlolw| ixqfwlrq pljkw qrw pdnh |rx kdss|/ exw zloo gh�qlwho| nhhs |rx dolyh$

415 Uhodwhg Olwhudwxuh

Wkh olwhudwxuh rq hyroxwlrq dqg pdunhw ehkdylrxu lv lq lwv uhodwlyh lqidqf|1 Wkh lghd wkdw
hfrqrplf lqvwlwxwlrqv frxog eh prghohg dv elrorjlfdo rujdqlvpv lv qrw dw doo qhz1 Dv H1
Shqurvh srlqwv rxw= �Hfrqrplfv kdv dozd|v gudzq khdylo| rq wkh qdwxudo vflhqfhv iru dqdor0
jlhv ghvljqhg wr khos lq wkh xqghuvwdqglqj ri hfrqrplf skhqrphqd1 Elrorjlfdo dqdorjlhv
lq sduwlfxodu kdyh ehhq zlgho| xvhg lq glvfxvvlrqv ri wkh �up�^H1 Shqurvh +4<85,/ s1 ;37`1
Krzhyhu/ wkh olwhudwxuh dgguhvvlqj surgxfhu9 dqg frqvxphu: wkhru| zlwk hyroxwlrqdu| whfk0
qltxhv kdv qrwdeo| lqfuhdvhg lq uhfhqw |hduv1 Wkh uhvhdufk h�ruw lq wklv gluhfwlrq kdv/ lq
idfw/ ehfrph vr lpsuhvvlyh dqg glyhuvh wkdw zh zloo qrw dwwhpsw d uhylhz khuh1 Zh zloo/
lqvwhdg/ frqfhqwudwh rq wkh pruh vhoi0frqwdlqhg vwudqg ri olwhudwxuh wr zklfk wkh suhvhqw
sdshu vshfl�fdoo| frqwulexwhv1 Lq sduwlfxodu/ zh zloo irfxv rq wkh olwhudwxuh wkdw dlpv dw
vwxg|lqj pdunhw irufhv dv hyroxwlrqdu| irufhv dqg orqj uxq pdunhw rxwfrphv dv wkh uhvxow ri
d surfhvv dnlq wr qdwxudo vhohfwlrq1

Prvw ri wkh olwhudwxuh rq hyroxwlrq dqg pdunhw ehkdylrxu vwhpv iurp wkh ghedwh rq
erxqghg udwlrqdolw| lq hfrqrplfv dqg �qgv prwlydwlrq lq wkh vlpsoh lghd wkdw lqglylgxdov
�pd| eh luudwlrqdo dqg |hw pdunhwv txlwh udwlrqdo�^J1 Ehfnhu +4<95,/ s1 ;`1 Ehfnhu suryhg
wkdw vhyhudo edvlf ihdwxuhv ri ruwkrgr{ hfrqrplf wkhru| fdq eh ghulyhg dv djjuhjdwh0ohyho
frqvhtxhqfhv ri djhqwv* ehkdylrxu/ zklfk qhhg qrw wr eh udwlrqdo lq d vwulfw vhqvh dqg fdq/
lq idfw/ hyhq eh udqgrp1 Wklv lqvljkw kdv ehhq riwhq edfnhg xs e| h{shulphqwdo hylghqfh1
Qxphurxv vwxglhv rq frpshwlwlyh pdunhw ehkdylrxu; vxjjhvwhg wkdw wkh surfhvv zklfk jxlghv
pdunhwv +qhdu, wr htxloleulxp grhv qrw uhvw xsrq djhqwv* udwlrqdolw|1

D uhfhqw vwxg| e| Oxr +4<<8, suryhv wkdw/ lq dq hyroxwlrqdu| prgho ri dq lqgxvwu| zkhuh
�upv fkrrvh wkhlu rxwsxw udqgrpo|/ surylghg wkdw wkhuh duh qr eduulhuv wr hqwu| dqg wkdw
h{lw dxwrpdwlfdoo| rffxuv zkhq d �up pdnhv qhjdwlyh sur�wv/ wkh lqgxvwu| frqyhujhv lq
suredelolw| wr d shuihfwo| frpshwlwlyh htxloleulxp1

Ixuwkhupruh/ d uhodwhg vwudqg ri olwhudwxuh kdv ehhq frqfhqwudwlqj rq qrlvh wudglqj1 Qrlvh
wudghuv lq �qdqfldo pdunhwv kdyh ehhq qrw rqo| dqdo|vhg iurp d zhoiduh shuvshfwlyh/ exw dovr

8Dqrwkhu lqwhuhvwlqj frqwulexwlrq wr wklv ghedwh lv gxh wr Oxhqehujhu +4<<6,1 Kh ghyhorsv d prgho zkhuh
lqyhvwruv kdyh suhihuhqfhv rq lq�qlwh vhtxhqfhv ri zhdowk udwkhu wkdq zhdowk dw d �{hg +exw odwhu wdnhq wr
wkh olplw, whuplqdo wlph> kh dvvxphv wkdw wkrvh suhihuhqfhv glvsod| d wdlo surshuw|/ vr wkdw lqyhvwruv duh
lqwhuhvwhg rqo| lq wkh orqj uxq> dqg �qdoo| kh vkrzv wkdw wkhvh dv|pswrwlf suhihuhqfhv fdq eh uhsuhvhqwhg
e| wkh h{shfwhg orjdulwkp ri uhwxuqv1

9Iroorzlqj Shqurvh +4<85,*v vhplqdo duwlfoh/ vhyhudo dxwkruv kdyh dgguhvvhg wkh sureohp ri �upv* vxu0
ylydo lq dq hyroxwlrqdu| vhwwlqj1 Erwk Zlww +4<;9, dqg Vfkd�hu +4<;<, whvw wkh frpprq eholhi wkdw sur�w
pd{lplvlqj �upv h{lelw vxshulru vxuylydo shuirupdqfh1

:Iru lqvwdqfh/ Urjhuv +4<<7, vwxglhv wkh hyroxwlrq ri wlph0suhihuhqfh e| qdwxudo vhohfwlrq1 D uhfhqw sdshu
e| Urevrq +4<<9, ghyhorsv d elrorjlfdo prgho wr ghwhuplqh wkh �wwhvw dwwlwxgh wr ulvn1

;Vhh Sorww +4<;5, iru d uhylhz ri h{shulphqwdo uhvxowv rq frpshwlwlyh pdunhwv* ehkdylrxu1 Lqwhuhvwlqj
uhvxowv rq vlpxodwhg �qdqfldo pdunhwv duh surylghg e| Jrgh dqg Vxqghu +4<<6,1



iurp dq hyroxwlrqdu| srlqw ri ylhz1 Vkhiulq dqg Vwdwpdq +4<<7, ghyhors d prgho lq zklfk
vrsklvwlfdwhg dqg lqiruphg Ed|hvldq wudghuv lqwhudfw zlwk wudghuv wkdw pdnh v|vwhpdwlf
frjqlwlyh huuruv1 Wkh| vkrz wkdw/ surylghg wkdw qrlvh wudghuv duh sdwlhqw hqrxjk dqg wkdw
wkh| gr qrw frpplw huuruv wkdw duh �wrr vhulrxv�/ wkh| zloo qrw eh gulyhq wr h{wlqfwlrq e|
lqiruphg wudghuv1 Gh Orqj hw do1 +4<<3/ 4<<4, suryh wkdw qrlvh wudghuv fdq hyhqwxdoo| frph
wr grplqdwh wkh pdunhw/ li wkh| xqzloolqjo| kdsshq wr pdnh �jrrg� frjqlwlyh plvwdnhv1
Eldlv dqg Vkdgxu +4<<7, frqvlghu d pdunhw zkhuh qrq0ryhuodsslqj jhqhudwlrqv ri ex|huv dqg
vhoohuv wudgh wr vkduh ulvn1 Wkh| vkrz wkdw luudwlrqdo wudghuv/ zkr plvshufhlyh wkh ulvn exw
hqmr| d kljkhu edujdlqlqj srzhu/ pljkw rxwshuirup udwlrqdo wudghuv zkr fruuhfwo| dvvhvv wkh
glvwulexwlrq ri ulvn1

Wklv sdshu lv yhu| forvh lq vslulw wr Eoxph dqg Hdvoh| +4<<5/ 4<<6,1 Wkh| ghyhors dq
hyroxwlrqdu| prgho ri d �qdqfldo pdunhw/ lghqwli| frqglwlrqv iru vxuylydo dqg suryh idovh
wkh frpprq eholhi wkdw udwlrqdo ehkdylrxu lv dozd|v vhohfwhg iru dqg luudwlrqdo ehkdylrxu lv
dozd|v vhohfwhg djdlqvw e| pdunhw irufhv1 Lq sduwlfxodu/ wkh| vkrz wkdw wkh �wwhvw ehkdylrxu
lq d ulvn| vhfxulw| pdunhw lv suhvfulehg e| d orjdulwkplf xwlolw| ixqfwlrq<1 Qdpho|/ wudghuv
zkr iroorz wkh Nhoo| fulwhulrq grplqdwh dqg ghwhuplqh htxloleulxp sulfhv dv|pswrwlfdoo|1
Rq wkh rwkhu kdqg/ zkhqhyhu d orjdulwkplf xwlolw| pd{lplvhu hqwhuv wkh pdunhw/ doo rwkhu
w|shv ri wudghuv duh gulyhq wr h{wlqfwlrq xqohvv wkh| dv|pswrwlfdoo| ehkdyh dv li wkh| zhuh
orjdulwkplf xwlolw| pd{lplvhuv1 Dv d uhvxow/ lq wkh orqj uxq/ wudghuv zkr duh hqgrzhg zlwk
d orjdulwkplf xwlolw| ixqfwlrq zloo vxuylyh/ dv zhoo dv vxffhvvixo lplwdwruv1

Lq wklv sdshu/ zh dgrsw Eoxph dqg Hdvoh|*v iudphzrun dqg gh�qlwlrqv ri grplqdqfh/
vxuylydo dqg h{wlqfwlrq ri wudghuv1 Krzhyhu/ lq rughu wr vkrz wkdw orjdulwkplf wudghuv
grplqdwh dqg FDSP dqg phdq0yduldqfh wudghuv ydqlvk/ zh fdqqrw gluhfwo| dsso| wkhlu
uhvxowv1 Wklv lv ehfdxvh ri wzr pdmru uhdvrqv1

Lq wkh �uvw sodfh/ Eoxph dqg Hdvoh|*v uhvxowv rq orjdulwkplf wudghuv* grplqdqfh gr qrw
qhfhvvdulo| lpso| wkdw FDSP wudghuv zrxog ydqlvk1 Lq idfw/ qrwklqj lq sulqflsoh h{foxghv
wkdw FDSP wudghuv zloo dv|pswrwlfdoo| ehkdyh dv orjdulwkplf xwlolw| pd{lplvhuv1 Wklv
uhpdun/ zklfk lv fhuwdlqo| wuxh iru dq| jhqhudo wudglqj ehkdylrxu/ lv sduwlfxoduo| elwlqj
iru FDSP ehkdylrxu ehfdxvh ri lwv lplwdwlyh qdwxuh1 Lq idfw/ d wudghu zkr eholhyhv lq
FDSP lqyhvwv dffruglqj wr d ulvn0iuhh dqg d pdunhw sruwirolr/ zkhuh wkh prvw vxffhvvixo
wudglqj vwudwhjlhv duh ehwwhu uhsuhvhqwhg1 Wkhuh lv/ wkhuhiruh/ vrph vruw ri lplwdwlyh ehkdylrxu
lpsolflw lq FDSP1

D vhfrqg uhdvrq zk| rxu uhvxowv gr qrw vwhp iurp d gluhfw dssolfdwlrq ri Eoxph dqg
Hdvoh|/ lv wkdw erwk FDSP dqg phdq0yduldqfh wudglqj uxohv gr qrw vdwlvi| d fuxfldo erxqg0
hgqhvv dvvxpswlrq zklfk Eoxph dqg Hdvoh| lpsrvh1 Wkhlu pdlq wkhruhp43/ lq idfw/ uhtxluhv
wkdw wkh dprxqw ri zhdowk hdfk wudghu lqyhvwv lq hdfk dvvhw kdv d xqlirup vwulfwo| srvlwlyh
orzhu erxqg1 Wklv whfkqlfdo dvvxpswlrq lv qrw h{dfwo| kdupohvv vlqfh lw suhyhqwv xv iurp
dsso|lqj wkhlu uhvxowv wr pdq| lqwhuhvwlqj hfrqrplf vlwxdwlrqv lq zklfk sruwirolr zhljkwv gr
qrw glvsod| xqlirup erxqghgqhvv44 ri wklv w|sh1 Lq rxu vhwwlqj/ iru lqvwdqfh/ lw suhyhqwv xv
iurp frpsdulqj wkh uhodwlyh �wqhvv ri FDSP dqg phdq0yduldqfh ehkdylrxu dv rssrvhg wr

<Lq d uhfhqw sdshu/ Fdqqlqj +4<<:, ghyhorsv d prgho ri vhohfwlrq ri fkrlfh uxohv e| phdqv ri lplwdwlrq1
Kh vkrzv wkdw wkh �wwhvw fkrlfh uxoh lv frqvlvwhqw zlwk orjdulwkplf xwlolw| pd{lplvdwlrq1

43Wkhruhp 714 lq Eoxph dqg Hdvoh| +4<<5,/ s1 4;1
44Zlwkrxw wklv erxqghgqhvv dvvxpswlrq qrw hyhq h{lvwhqfh ri htxloleulxp lv jxdudqwhhg lq wkhlu iudphzrun1



orjdulwkplf xwlolw| pd{lplvdwlrq1

416 Ryhuylhz

Wkh vwuxfwxuh ri wkh sdshu lv dv iroorzv1 Lq vhfwlrq 5 zh suhvhqw wkh prgho dqg ghyhors wkh
hyroxwlrqdu| vhwwlqj1 Vhfwlrq 6 frqwdlqv wkh pdlq uhvxowv iru wudghuv zkr eholhyh lq FDSP=
�uvw ri doo vrph wulyldo fdvhv duh glvfxvvhg/ wkhq rxu pdlq uhvxow lv suryhg lq d vlpsoh vhwwlqj/
dqg vxevhtxhqwo| lwv urexvwqhvv lv fkhfnhg uhprylqj vrph vlpsoli|lqj dvvxpswlrqv1

Lq sduwlfxodu/ vxevhfwlrq 614 uxohv rxw wzr wulyldo vshfldo fdvhv= lq wkh devhqfh ri dj0
juhjdwh xqfhuwdlqw| dqg2ru zkhq FDSP wudghuv* ghjuhh ri ulvn dyhuvlrq lv vxfk wkdw wkh|
lqyhvw doo wkhlu zhdowk lq wkh pdunhw sruwirolr/ FDSP wudghuv ehkdyh h{dfwo| dv orjdulwkplf
xwlolw| pd{lplvhuv dqg/ dv lpphgldwh frqvhtxhqfh/ wkh| vxuylyh1 Vxevhfwlrq 615 ghdov zlwk
h{lvwhqfh ri htxloleulxp lq wklv vlpsoh hfrqrp|= zh vkrz wkdw wkhuh lv qr pdunhw fohdulqj
htxloleulxp lq d srsxodwlrq ri wudghuv zkr eholhyh lq FDSP> rq wkh frqwudu|/ h{lvwhqfh dqg
xqltxhqhvv duh jxdudqwhhg zkhqhyhu erwk orjdulwkplf xwlolw| pd{lplvhuv dqg FDSP wudghuv
duh suhvhqw lq wkh pdunhw1 Htxloleulxp sulfhv duh wkhq fkdudfwhulvhg1 Vxevhfwlrq 616 frq0
wdlqv wkh pdlq uhvxowv= zh suryh wkdw orjdulwkplf wudghuv grplqdwh/ ghwhuplqh htxloleulxp
sulfhv dv|pswrwlfdoo|/ dqg gulyh wr h{wlqfwlrq wkh srsxodwlrq ri FDSP wudghuv1 Vxevhfwlrq
617 h{whqgv wkhvh uhvxowv wr ? w|shv ri wudghuv/ wr wudghuv zlwk khwhurjhqhrxv ulvn dwwlwxghv
dqg �qdoo| wr wudghuv zlwk gl�huhqw vdylqjv udwhv1

Lq vhfwlrq 7 zh suryh rxu pdlq uhvxow iru wudghuv zkr glvsod| d jhqxlqh phdq0yduldqfh
ehkdylrxu1 Vhfwlrq 8 frqfoxghv wkh sdshu1

Iru hdvh ri h{srvlwlrq/ surriv duh lq wkh dsshqgl{1

5 Wkh Prgho

Frqvlghu d frpsohwh vhfxulwlhv pdunhw1 Wlph lv glvfuhwh dqg lqgh{hg e| | ' fc �c 2c ���1 Wkhuh
duh 7 vwdwhv ri wkh zruog lqgh{hg e| r ' �c2c ���c 7/ rqh ri zklfk zloo rffxu dw hdfk gdwh1
Vwdwhv iroorz dq l1l1g1 surfhvv zlwk glvwulexwlrq R ' ER�c R2c ���c R7� zkhuh Rr : f iru doo r1 Ohw
l ' �"

f
i�c2c ���c 7j zlwk uhsuhvhqwdwlyh hohphqw / ' E/fc /�c ���c /|c ���� zkhuh /| lv wkh vwdwh

dw gdwh |1 Gh�qh l| ' �|

f
i�c 2c ���c 7j zlwk w|slfdo hohphqw /| iru hdfk | ' fc �c 2c ��� 1 Ohw

@ ghqrwh wkh surgxfw0j0�hog rq l> �qdoo| ohw @| ghqrwh wkh vxe0j0�hog jE/|� ri @/ vr wkdw
i@|c | � fj lv d qdwxudo �owudwlrq1

Dvvhw r 5 i�c 2c ���c 7j sd|v �r : f zkhq vwdwh r 5 i�c 2c ���c 7j rffxuv dqg f rwkhuzlvh1
Dw hdfk gdwh wkhuh lv rqo| rqh xqlw ri hdfk dvvhw dydlodeoh/ vr wkdw �r| ' �r zloo eh wkh wrwdo
zhdowk lq wkh hfrqrp| dw gdwh | li vwdwh r rffxuv1 Wklv zhdowk zloo eh glvwulexwhg dprqj
wkh wudghuv sursruwlrqdwho| dffruglqj wr wkh vkduh ri dvvhw r hdfk wudghu rzqv1 Zh dvvxph/
xqohvv rwkhuzlvh vwdwhg/ wkdw wkhuh lv djjuhjdwh xqfhuwdlqw| vr wkdw �r 9' �5 iru r 9' 5= dv
vkrzq lq vhfwlrq 61414 wkh hyroxwlrq ri wkh v|vwhp ehfrphv wulyldo lq devhqfh ri djjuhjdwh
ulvn1 Pruhryhu/ zlwkrxw orvv ri jhqhudolw|/ zh dvvxph= �� 	 �2 	 ��� 	 �71 Ohw 4

r|
eh wkh

pdunhw sulfh ri +rqh xqlw ri, dvvhw r dw gdwh |1
Wkhuh lv d �qlwh qxpehu ri wudghuv lq wklv hfrqrp|/ lqgh{hg e| � 5 i�c 2c ���c Uj1 Dw gdwh |/

wudghu � lqyhvwv klv vdylqjv iurp wlph |� �/ ��

|3�
/ lq wkh 7 dydlodeoh dvvhwv1 Kh wdnhv pdunhw



sulfhv dv jlyhq dqg fkrrvhv d sruwirolr i^�
r|
j
7

r'�
zkhuh ^�

r|
ghqrwhv klv ghpdqg ri +vkduhv45 ri,

dvvhw r dw wlph |1 Lw lv riwhq frqyhqlhqw wr h{suhvv klv sruwirolr fkrlfh dv d yhfwru ri sruwirolr
zhljkwv ik�

r|
j
7

r'�
zkhuh k�

r|
ghqrwhv wkh shufhqwdjh ri zhdowk dydlodeoh iru lqyhvwphqw dw wlph

| iru wudghu �/ ��

|3�
/ wkdw kh lqyhvwv lq dvvhw r1 Fohduo|/ e| gh�qlwlrq/ wkh iroorzlqj uhodwlrq

krogv=

k�

r|
�

^�
r|
4
r|

��

|3�

+4,

1
Fdoo o�

r|
wudghu �*v lqyhvwphqw lqfrph dw gdwh | li vwdwh r rffxuv dqg ghqrwh e| B�

r|
wudghu

�*v vdylqjv udwh/ gh�qhg dv wkh shufhqwdjh o�
r|
/ vdyhg iru lqyhvwphqw dw gdwh |n �=

B�
r|
'

��

|

o�
r|

+5,

Lq rughu wr hqvxuh wkdw wudghuv dozd|v kdyh srvlwlyh zhdowk/ zh dvvxph wkdw hyhu| djhqw
lqyhvwv d vwulfwo| srvlwlyh dprxqw ri vdylqjv lq hdfk ri wkh dydlodeoh dvvhwv46/ vr wkdw ^�

r|
c

k�

r|
: f/ ;�/ ;r/ ;|1 Iru wkh vdph uhdvrq/ zh dvvxph wkdw wudghu �*v vdylqjv udwh B�

r|
lv vxfk

wkdw B�
r|
5 Efc �o/ ;�/ ;r/ ;|1

Ilqdoo| ohw k�

|
�+k�

�|
c k�

2|
/ 111/ k�

7|
,/ B�

|
�+B�

�|
c B�

2|
/ 111/ B�

7|
, dqg 4

|
�+4

�|
c 4

2|
/ 111/ 4

7|
,> zh uhihu

wr ik�

|
j
"

|'�
dv wudghu �*v sruwirolr uxoh dqg wr wkh sdlu

�
k�

|
c B�

|

�
"

|'�
dv wudghu �*v lqyhvwphqw uxoh1

Uhfdoo wkdw zh gh�qhg ��

|3�
dv wkh zhdowk wkdw lv dydlodeoh iru lqyhvwphqw lq shulrg | iru

wudghu �/ diwhu klv vdylqjv ghflvlrq> wkhuhiruh/ e| gh�qlwlrq/ lw zloo eh hqwluho| lqyhvwhg lq wkh
dydlodeoh dvvhwv/ vr wkdw

S
7

r'�
k�

r|
' �/ ;�/ ;|1 Vlploduo|=

S
7

r'�
^�
r|
4
r|

' ��

|3�
/ ;�/ ;|1 Dw dq

djjuhjdwh ohyho/ wklv lpsolhv=
7[

r'�

4
r|
'

U[
�'�

��

|3�
' �|3� +6,

Htxdwlrq 6 surylghv xv zlwk d frqyhqlhqw qrupdolvdwlrq iru sulfhv1 Zh fdq/ lq idfw/ fdoo
Zr| wkh qrupdolvhg pdunhw sulfh ri dvvhw r dw gdwh | dqg gh�qh lw dv iroorzv=

Zr| �
4
r|S

7

r'�
4
r|

'
4
r|

�|3�

+7,

Ilqdoo| gh�qh= Z| � EZ�|c Z2|c ���c Z7|�1
Lq htxloleulxp/ sulfhv pxvw eh vxfk wkdw pdunhwv fohdu/ l1h1 wrwdo ghpdqg htxdov wrwdo

vxsso|=
U[

�'�

k�

r|
��

|3�

4
r|

' � +8,

Uhzulwlqj htxdwlrq 8 zh jhw=

4
r|
'

U[
�'�

k�

r|
��

|3�
+9,

45Vlqfh dw hdfk gdwh wkhuh lv rqo| rqh xqlw ri hdfk dvvhw dydlodeoh/ wudghuv* sruwirolrv frqwdlq vkduhv udwkhu

wkdq xqlwv ri dvvhwv1
46Lq wklv prgho/ zh duh prvwo| lqwhuhvwhg lq ghwhfwlqj wkh orqj uxq g|qdplfv ri zhdowk vkduhv> wkhuhiruh

zh zrxog olnh wr uxoh rxw wkh srvvlelolw| ri dq| wudghu jrlqj edqnuxsw lq �qlwh wlph1



ru/ htxlydohqwo|=

Zr| '
U[

�'�

k�

r|

��

|3�

�|3�

+:,

Htxdwlrq :/ zklfk lv fhqwudo wr wkh ixqfwlrqlqj ri rxu prgho/ vkrzv xv krz pdunhw sulfhv
duh uhodwhg wr zhdowk vkduhv1

t-1

  t

t+1

savings available for
investment at date t

traders make portfolio
decisions taking market-
clearing prices as given

state s is realised;
traders cash their

investment income

traders make their consumption
and savings decisions: the

remaining wealth is available for
investment at date t+1

Iljxuh 4= Wlph olqh1

514 Wkh G|qdplfv ri Zhdowk Vkduhv

Lq wklv pdunhw wkhuh lv d qdwxudo srsxodwlrq g|qdplf wkdw hphujhv iurp wkh surfhvv ri
zhdowk dffxpxodwlrq1 Lq sduwlfxodu/ wkh hyroxwlrq ri zhdowk vkduhv hqgrjhqrxvo| ghwhuplqhv
dq dgdswlyh g|qdplf1

Wudghu �*v zhdowk vkduh dw gdwh | lv gh�qhg dv iroorzv=

0�
|
�

��

|

�|

+;,

Uhfdoo wkdw �| �
S

�
��

|
ghqrwhv wrwdo zhdowk dydlodeoh iru lqyhvwphqw dw wlph | n �> iru

h{dpsoh/ li vwdwh r rffxuv dw wlph |/ wkhq �| zloo eh htxdo wr Br|�r|/ zkhuh Br| lv wkh pdunhw
vdylqjv udwh dqg uhsuhvhqwv wkh vkduh ri wrwdo dvvhw sd|rxw �r| zklfk lv vdyhg iru lqyhvwphqw=

Br| �
[
�

B�
r|

k�

r|
��

|3�

4
r|

+<,

Xvlqj ; dqg < dqg uhfdoolqj wkdw/ li vwdwh r rffxuv dw gdwh |/ wudghu �*v zhdowk dydlodeoh
iru lqyhvwphqw dw wkh ehjlqqlqj ri gdwh |n � zloo eh=

��

|
' B�

r|

k�

r|
��

|3�

�
r|

�r| +43,



zh rewdlq wkdw=

0�
|
'

B�
r|
k�

r|

Br|�r|
��

|3�
+44,

dqg/ xvlqj rxu sulfh qrupdolvdwlrq=

0�
|
'

B�
r|
k�

r|

Br|Zr|

0�
|3�

� +45,

Htxdwlrq 45 fohduo| uhsuhvhqwv d �wqhvv0prqrwrqlf g|qdplf= wudghu �*v zhdowk vkduh zloo
lqfuhdvh li dqg rqo| li kh vfruhv d sd|r� zklfk lv kljkhu wkdq wkh dyhudjh srsxodwlrq sd|r�1
Lq idfw/ li vwdwh r rffxuv dw gdwh |/ Zr| jlyhv xv d phdvxuh ri wkh dyhudjh srsxodwlrq sd|r�1
Wkh �wwhvw ehkdylrxu/ lv wkhuhiruh/ wkdw zklfk pd{lplvhv wkh h{shfwhg jurzwk udwh ri zhdowk
vkduh dffxpxodwlrq1 Zh duh qrz uhdg| wr gh�qh d irupdo qrwlrq ri �grplqdqfh� lq rxu
prgho1 Zh eruurz wkh iroorzlqj gh�qlwlrq iurp Eoxph dqg Hdvoh| +4<<5,1

Gh�qlwlrq 4 +d, Wudghu � grplqdwhv rq wkh vhw ri vdpsoh sdwkv ' 5 @ li =

*�4
|<"

�?u 0�
|
: f d1v1 rq '>

+e, Wudghu � vxuylyhv rq wkh vhw ri vdpsoh sdwkv ' 5 @ li =

*�4
|<"

t�T 0�
|
: f d1v1 rq '>

+f, Wudghu � ydqlvkhv rq wkh vhw ri vdpsoh sdwkv ' 5 @ li =

*�4
|<"

t�T 0�
|
' f d1v1 rq '1

Wkhuhiruh/ lq rughu wr hvwdeolvk li wudghu � grplqdwhv rq d vdpsoh sdwk / ' E/fc /�c ���c /|c ����
zh qhhg wr frqvlghu wkh dv|pswrwlf ehkdylrxu ri klv zhdowk vkduh= qdpho| zh kdyh wr fkhfn
zkhwkhu lw lv erxqghg dzd| iurp }hur ru qrw1 Qrwh wkdw wkh zhdowk vkduh ri d grplqdwlqj
wudghu grhv qrw qhfhvvdulo| frqyhujh wr 4/ dv wkhuh pljkw eh rwkhu vxuylylqj wudghuv1

Pruhryhu/ pdunhw grplqdqfh lv fohduo| uhodwhg wr wkh surfhvv ri sulfh ghwhuplqdwlrq=
gl�huhqwldo udwhv ri zhdowk dffxpxodwlrq lqfuhdvh wkh uhodwlyh vljql�fdqfh ri vrph lqglylgxdov
lq ghwhuplqlqj pdunhw rxwfrphv dqg qdpho| htxloleulxp sulfhv1 Lq sduwlfxodu/ Eoxph dqg
Hdvoh| mxvwli| wkhlu xvh ri wkh zrug �grplqdwhv� dv iroorzv= �Zkhq vdylqjv udwhv duh lghqwlfdo/
d wudghu zkr grplqdwhv dfwxdoo| ghwhuplqhv wkh sulfh dv|pswrwlfdoo|1 Klv zhdowk vkduh qhhg
qrw frqyhujh wr rqh ehfdxvh wkhuh pd| eh rwkhu wudghuv zkr dv|pswrwlfdoo| kdyh wkh vdph
sruwirolr uxoh/ exw sulfhv dgmxvw vr wkdw klv frqglwlrqdo h{shfwhg jdlqv frqyhujh wr }hur�
^Eoxph dqg Hdvoh| +4<<5,/ s1 4<`1 Wklv frqvlghudwlrq dovr mxvwl�hv wkh glvwlqfwlrq ehwzhhq
grplqdqfh dqg phuh vxuylydo1

Xqghu wkh dvvxpswlrq wkdw lqyhvwphqw uxohv duh phdvxudeoh dqg vdwlvi| d erxqghgqhvv
surshuw|/ Eoxph dqg Hdvoh| +4<<5, �qg vx!flhqw frqglwlrqv iru grplqdqfh/ vxuylydo dqg
h{wlqfwlrq1

Dvvxpswlrq 4 Iru doo | dqg doo �/ k�

|
lv @|3�0phdvxudeoh dqg B�

r|
lv @|0phdvxudeoh1



Dvvxpswlrq 5 Wkhuh h{lvwv d uhdo qxpehu ) : f vxfk wkdw/ iru doo �/ B�
r|
/ k�

r|
� ) iru doo r

dqg |/ d1v1

Wkh g|qdplfv ri zhdowk vkduhv lv pruh hdvlo| ghvfulehg e| lqwurgxflqj vrph dgglwlrqdo
qrwdwlrq= ohw f �

|
'
S

r

r| *L} B

�

r|
k�

r|
dqg t| '

S
r

r| *L} Br|Zr| zkhuh 
r| lv wkh lqglfdwru

ixqfwlrq wkdw lv htxdo wr 4 li vwdwh r rffxuv dw gdwh | dqg htxdo wr 3 rwkhuzlvh1 Wkh h{shfwhg
ydoxhv ri f�

|
dqg t| frqglwlrqdo rq wkh lqirupdwlrq dydlodeoh dw wlph |� �/ fdq eh frpsxwhg

dv iroorzv=
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f�
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m @|3�
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r'�

Rr *L} B
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r|
k�

r|
+46,

. dt| m @|3�o '
7[

r'�

Rr *L} Br|Zr| +47,

. df�

|
m @|3�o lv d vwdwlvwlf wkdw vxppdulvhv lqirupdwlrq derxw wudghu �*v lqyhvwphqw uxoh

dw gdwh |= lw fdq eh lqwhusuhwhg dv dq lqgh{ wkdw whoov xv krz jrrg sod|hu � lv lq pd{lplvlqj
wkh h{shfwhg jurzwk udwh ri klv zhdowk vkduh471

Vlploduo|/ zh fdq lqwhusuhw . dt| m @|3�o dv dq lqgh{ wkdw whoov xv krz jrrg sod|huv duh
�rq dyhudjh� lq pd{lplvlqj wkh h{shfwhg jurzwk udwh ri wkhlu zhdowk vkduh1 Lq idfw=
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+48,

l1h1 Br|Zr| lv dfwxdoo| d zhljkwhg dyhudjh dfurvv wudghuv ri B�
r|
k�

r|
/ zkhuh zhljkwv duh jlyhq e|

zhdowk vkduhv dw wkh ehjlqqlqj ri shulrg |1
Zh duh qrz uhdg| wr vwdwh wkh iroorzlqj=

Wkhruhp 4 Xqghu dvvxpswlrqv 4 dqg 5/
+d, Wudghu � grplqdwhv rq=+

/ 5 l G *�4
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dqg/ li doo wudghuv kdyh wkh vdph vdylqjv udwh/ wkhq= *�4|<" Z| ' k�
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+e, Wudghu � vxuylyhv rq=+
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+f, Wudghu � ydqlvkhv rq=�
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47Qrwh wkdw H
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lv joredoo| frqfdyh dqg dwwdlqv d joredo pd{lpxp dw
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vw
@ sv/ ;v 5 i4> 5> ===> Vj1



Wkh lqwxlwlrq ehklqg frqglwlrqv +d,/ +e, dqg +f, lq wkhruhp 4 lv dv iroorzv= wkh grplqdwlqj
wudghuv duh wkrvh zkr duh uhodwlyho| ehwwhu wkdq wkh rwkhuv lq pd{lplvlqj wkh h{shfwhg jurzwk
udwh ri wkhlu zhdowk vkduhv> wklv �delolw|� lv/ wkhuhiruh/ wkh �wqhvv fulwhulrq wkh pdunhw vhohfwv
iru1 Qrwh wkdw frqglwlrq +f, lpsolhv wkdw frqglwlrqv +e, dqg/ d iruwlrul/ +d, idlo1 Lq dgglwlrq/
frqglwlrq +f, sxwv d uhvwulfwlrq rq wkh udwh dw zklfk Z| dqg k�| glyhujh1

Wkhruhp 4 dovr vwdwhv wkdw/ li doo wudghuv kdyh wkh vdph vdylqjv udwh48/ wkh grplqdwlqj
wudghu ghwhuplqhv pdunhw sulfhv dv|pswrwlfdoo|1 Klv zhdowk vkduh/ rq wkh rwkhu kdqg/ qhhg
qrw frqyhujh wr 4 ehfdxvh wkhuh pljkw eh rwkhu vxuylylqj wudghuv1

D irupdo surri ri wkhruhp 4 fdq eh irxqg lq Eoxph dqg Hdvoh| +4<<5,1 Khuh/ zh jlyh
dq lqwxlwlyh dffrxqw ri wkh nh| vwhsv lq wkhlu dujxphqw1 Ohw xv frqvlghu/ iru h{dpsoh/ wkh
grplqdqfh frqglwlrq xqghu wkh vlpsoli|lqj dvvxpswlrq wkdw doo wudghuv kdyh lghqwlfdo vdylqjv
udwhv1 Zkdw wkh wkhruhp whoov xv lv wkdw li *�4 �?u|<"

S|

�'�. if�
� � t� m @�3�j : �4/ wkhq

*�4 �?u|<" 0�| : f doprvw vxuho|1 Lq rwkhu zrugv/ wudghu � grplqdwhv1
Wr xqghuvwdqg wklv uhvxow lqwxlwlyho| uhfdoo wkdw/ li vwdwh r rffxuv dw gdwh |/ wkhq=
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Dv d uhvxow/ rq wkrvh vdpsoh sdwkv zkhuh *�4 �?u|<"
S|

�'�.if
�
� � t� m @�3�j : �4/

orj0�| lv erxqghg dzd| iurp �4 dqg wkhuhiruh 0�| lv erxqghg dzd| iurp 3/ zklfk lpsolhv
grplqdqfh ri � e| gh�qlwlrq1

515 W|shv ri Wudghuv

Lq rxu dqdo|vlv zh zloo frqvlghu wkuhh gl�huhqw w|shv ri wudghuv1
Wkh �uvw w|sh ri djhqwv lv jlyhq e| lqyhvwruv zkr eholhyh lq FDSP +w|sh ����, dqg

xvh lw dv d uxoh ri wkxpe49= dw wkh ehjlqqlqj ri hdfk shulrg/ wkh| revhuyh sd|r�v dqg pdunhw
sulfhv dqg zrun rxw wkh frpsrvlwlrq ri wkh pdunhw dqg wkh ulvn0iuhh sruwirolrv1 Ilqdoo|/
dffruglqj wr wkhlu ghjuhh ri ulvn dyhuvlrq wkh| fkrrvh wkhlu suhihuuhg frpelqdwlrq ehwzhhq

48Eoxph dqg Hdvoh| +4<<5, dovr suryh wkdw wkh vdph uhvxow dssolhv li wudghuv gr qrw kdyh htxdo vdylqjv
udwhv exw �l

vw
� �vw d1v1

49Zh fdq wklqn ri wkhp dv ri wudghuv zkr kdyh ehhq hgxfdwhg lq exvlqhvv vfkrrov1 Wkh| kdyh ehhq wdxjkw
wkh prgho vr zhoo lq wkhlu �qdqfh frxuvhv wkdw wkh| eholhyh lw uhdoo| zrunv1



wkh wzr1 Lqgh{ FDSP wudghuv e| �> dw gdwh |/ lqyhvwru � fkrrvhv ��| 5 dfc �o dqg lqyhvwv lq

dvvhw r d sruwlrq k����E��
r| ri klv zhdowk vxfk wkdw=

k
����E��
r| ' ��|k

8
r| n

�
� � ��|

�
k�r| +4<,

zkhuh=

k8r| �
4r|*�r|S
5 45|*�5|

'
Zr|*�r|S
5 Z5|*�5|

+53,

dqg
k�r| �

4r|S
5
45|

' Zr| +54,

Wkh vhfrqg w|sh ri wudghuv lv jlyhq e| lqyhvwruv zkr duh hqgrzhg zlwk d orjdulwkplf
xwlolw| ixqfwlrq +w|sh u, dqg zkr dfwxdoo| pd{lplvh wkh jurzwk udwh ri wkhlu zhdowk vkduh
dqg lqyhvw dffruglqj wr d �vlpsoh� sruwirolr uxoh=

kur| ' Rr +55,

Pruh jhqhudoo|/ dw hdfk gdwh |/ d udwlrqdo wudghu � zloo fkrrvh i^�r|j
7

r'� vr dv wr pd{lplvh=

7[

r'�

Rr�
�
�
^�r|�r

�
+56,

vxemhfw wr wkh frqvwudlqw wkdw lqyhvwphqw h{shqglwxuh dw hdfk gdwh lv ohvv wkdq ru htxdo wr
wkh dprxqw ri zhdowk vdyhg lq wkh suhylrxv shulrg1 Li �� E�� lv orjdulwkplf/ lw iroorzv wkdw
^ur| ' ERr*4r|��

u
|3� dqg wkdw4: kur| ' Rr1

Ilqdoo|/ zh vkdoo frqvlghu wudghuv zkr glvsod| d jhqxlqh phdq0yduldqfh ehkdylrxu +w|sh
�T ,/ qdpho| wudghuv hqgrzhg zlwk d txdgudwlf xwlolw| ixqfwlrq=

� E h�� ' h� � @

2
h�2 +57,

zkhuh4; @ 	 �*�71
Vxevwlwxwlqj 57 lqwr 56 dqg vroylqj iru ^�T

r| xvlqj wkh �uvw rughu frqglwlrqv/ zh rewdlq=

^�T
r| '

�

@�r

�
&| � @0�T

|3�

@�|Rr�2
r

Zr| +58,

zkhuh=

&| '
7[
r'�

Zr|
�r

dqg �| '
7[
r'�

Z2r|
Rr�2

r

+59,

dqg 0�T
|3� lv wkh zhdowk vkduh ri phdq0yduldqfh wudghuv dw +wkh ehjlqqlqj ri, gdwh |1 Wkhuhiruh=

k�T
r| '

Zr|
@0�T

|3��r

�
&| � @0�T

|3�

@�|Rr�2
r0

�T
|3�

Z2r| +5:,

Fohduo|/ li Zr| $ f iru vrph r/ wkhq erwk k����r| $ f dqg k�T
r| $ f vr wkdw wkhruhp 4

lq vhfwlrq 514 ^l1h1 Wkhruhp 714 ri Eoxph dqg Hdvoh| +4<<5,/ s14;` grhv qrw dsso|1

4:Qrwh wkdw zh duh dvvxplqj wkdw wudghuv nqrz wkh suredelolw| glvwulexwlrq s ryhu wkh vwdwh vsdfh V1 Lq

d pruh jhqhudo iudphzrun/ d wudghu zkr glvsod|v d orjdulwkplf xwlolw| ixqfwlrq ehwv klv eholhiv1
4;Wklv erxqg jxdudqwhhv wkdw wudghuv gr qrw dwwdlq vdwldwlrq1



6 G|qdplfv zlwk Wudghuv zkr Eholhyh lq FDSP

Vxssrvh wkdw wkhuh duh rqo| wzr w|shv ri wudghuv lq wkh hfrqrp|= wudghuv zkr eholhyh lq
FDSP dqg wudghuv zkr duh hqgrzhg zlwk d orjdulwkplf xwlolw| ixqfwlrq1 Dv xvxdo/ ghqrwh
e| ^�r| : f wkh txdqwlw| +vkduh, ri hdfk dvvhw r wkdw wudghu � ghpdqgv dw wlph | : f1 Ghqrwh/
dv lq wkh pruh jhqhudo fdvh/ wrwdo zhdowk dydlodeoh iru lqyhvwphqw dw wlph |/ e| �|3�1 Ilqdoo|/
ghqrwh e| 0|3� wkh vkduh ri djjuhjdwh zhdowk �|3� zklfk ehorqjv wr w|sh u/ dqg e| E�� 0|3��
wkh iudfwlrq ri �|3� zklfk ehorqjv wr w|sh ���� dw wkh ehjlqqlqj ri shulrg |1

Dv d whpsrudu| vlpsoli|lqj dvvxpswlrq/ zh zloo dvvxph wkdw wkh ghjuhh ri ulvn dyhuvlrq
lv krprjhqhrxv lq wkh srsxodwlrq ri wudghuv zkr eholhyh lq FDSP/ vr wkdw ��| ' �| 5 dfc�o/

;�/ ;| dqg/ frqvhtxhqwo|/ k����E��
r| ' k����r| / ;�/ ;r/ ;|1

Lq wklv vhfwlrq zh zloo dqdo|vh erwk wkh vwdwlf htxloleulxp ri wklv vlpsoh hfrqrp| dqg
wkh lqwhuwhpsrudo g|qdplf ri zhdowk vkduhv dqg sulfhv1 Ehiruh surfhhglqj dq| ixuwkhu/ zh
uxoh rxw wzr vshfldo fdvhv wkdw |lhog wulyldo uhvxowv1

614 Wulyldo Fdvhv

61414 Qr Djjuhjdwh Ulvn

Li wkhuh lv qr djjuhjdwh xqfhuwdlqw|/ l1h1 li �r| ' �r�| / ;rc r� 5 7/ zh fdq vwdwh wkh iroorzlqj=

Uhpdun 4 Zlwk qr djjuhjdwh ulvn/ lq d srsxodwlrq ri wudghuv zkr eholhyh lq FDSP dqg

wudghuv zlwk orjdulwkplf xwlolw| ixqfwlrq/ wkh ehkdylrxu ri wudghuv zkr eholhyh lq FDSP dqg

wudghuv zlwk d orjdulwkplf xwlolw| ixqfwlrq frlqflghv1 Irupdoo|/ li �r| ' �r�|/ ;| � f/ ;rc r� 5
i�c ���c 7j/ wkhq k����r| ' Rr/ ;| : f/ ;r 5 i�c ���c 7j1

Wkh surri ri uhpdun 4 lv vwudljkwiruzdug1 Wkh lqwxlwlrq lv wkdw lq wkh devhqfh ri djjuhjdwh
ulvn/ pdunhw dqg ulvn0iuhh sruwirolr frlqflgh/ wkhuhiruh wudghuv zkr eholhyh lq FDSP dfwxdoo|
lqyhvw rqo| dffruglqj wr wkh pdunhw sruwirolr/ vr wkdw wkhlu ehkdylrxu lv sxuho| lplwdwlyh1 Dv
d uhvxow/ zkhq d orjdulwkplf xwlolw| pd{lplvhu hqwhuv wkh hfrqrp|/ hyhu|rqh lqyhvwv dffruglqj
wr klv sruwirolr uxoh1

61415 Frqvwdqw Devroxwh Ulvn Dyhuvlrq

Wkh ghjuhh ri ulvn dyhuvlrq d�hfwv wkh fkrlfh ri �| 5 dfc�o1 Zh zloo dvvxph wkurxjkrxw
wkdw doo lqyhvwruv duh ulvn dyhuvh1 Li wudghuv zkr eholhyh lq FDSP duh yhu| ulvn dyhuvh/ wkh|
zloo lqyhvw prvw ri wkhlu zhdowk lq wkh ulvnohvv sruwirolr> dv d uhvxow/ d kljkhu ghjuhh ri ulvn
dyhuvlrq lpsolhv d odujhu ydoxh ri �|1

Zh zloo h{dplqh wkh lpsolfdwlrqv ri krz ulvn dyhuvlrq ydulhv zlwk zhdowk lq pruh ghwdlo
lq wkh iroorzlqj vhfwlrqv1 Khuh zh frqfhqwudwh rq d wulyldo fdvh1 Lq sduwlfxodu/ dvvxph wkdw
wkh ghjuhh ri ulvn dyhuvlrq grhv qrw fkdqjh zlwk zhdowk vr wkdw wudghuv glvsod| frqvwdqw
devroxwh ulvn dyhuvlrq1 Zh fdq wkhq vwdwh wkh iroorzlqj=

Uhpdun 5 Xqghu wkh FDUD dvvxpswlrq/ lq d srsxodwlrq ri wudghuv zkr eholhyh lq FDSP

dqg wudghuv zlwk orjdulwkplf xwlolw| ixqfwlrq/ li �| ' � ' fc ;|/ wkh ehkdylrxu ri wudghuv zkr

eholhyh lq FDSP dqg wudghuv zlwk d orjdulwkplf xwlolw| ixqfwlrq frlqflghv/ l1h1 k����r| ' Rr/
;r/ ;|1



Wkhuhiruh wudghuv zkr eholhyh lq FDSP zloo ehkdyh dv orjdulwkplf xwlolw| pd{lplvhuv1
Rq wkh rwkhu kdqg/ lw lv vwudljkwiruzdug wr fkhfn wkdw iru dq| rwkhu ydoxh ri � 9' f/ lw iroorzv
wkdw k����r| 9' Rr dqg wkhuhiruh wudghuv zkr eholhyh lq FDSP zloo ehkdyh gl�huhqwo| iurp
orjdulwkplf xwlolw| pd{lplvhuv1

615 H{lvwhqfh ri Htxloleulxp

Frqvlghu d srsxodwlrq zkhuh wkhuh duh wzr w|shv ri wudghuv= wudghuv zkr eholhyh lq FDSP
dqg wudghuv zkr duh hqgrzhg zlwk d orjdulwkplf xwlolw| ixqfwlrq1 Wkhlu zhdowk vkduhv dw
+wkh ehjlqqlqj ri, gdwh | duh uhvshfwlyho| E�� 0|3�� dqg 0|3�1 Zh zloo vkrz wkdw/ dw hdfk
gdwh | � f/ d pdunhw fohdulqj htxloleulxp h{lvwv/ surylghg wkdw 0|3� : f zklfk/ lq wxuq/ lv
jxdudqwhhg iru doo | � � surylghg wkdw 0f : f1

Wudghuv* ghpdqgv4< duh dv iroorzv=

^ur| '
Rr0|3��|3�

4r|
+5;,

^����r| ' E�� 0|3�� �|
�|3�

�r

S
5 45|*�5

n E�� 0|3�� E� � �|� +5<,

Uhfdoo wkdw dw hdfk gdwh wkhuh lv rqo| rqh xqlw dydlodeoh ri hdfk dvvhw/ vr wkdw pdunhw
fohdulqj uhtxluhv=

^ur| n ^����r| ' �c ;r 5 i�c 2c ���c 7j +63,

zklfk lpsolhv=

4r| '
Rr0|3��|3��r

S
5 45|*�5

d� � E�� 0|3�� E�� �|�o�r

S
5 45|*�5 � E�� 0|3�� �|�|3�

+64,

Zh fdq vkrz wkdw wkhuh h{lvwv d xqltxh qrq0qhjdwlyh sulfh yhfwru wkdw vdwlv�hv 64 iru doo
r 5 i�c ���c 7j dqg wkhuhiruh d xqltxh pdunhw fohdulqj htxloleulxp1

Gh�qlwlrq 6 Pdunhw fohdulqj htxloleulxp dw gdwh | iru wklv hfrqrp| lv dq duud| ri sruwirolrv

dqg dvvhwv* sulfhv
��
^ur|c ^

����
r|

�
c 4r|

�7
r'�

vxfk wkdw/ ;r 5 i�c 2c ���c 7j=

� ^ur| vdwlv�hv 5;>

� ^����r| vdwlv�hv 5<>

� ^ur| n ^����r| ' �>

� sulfhv duh qrq0qhjdwlyh= 4r| � f1

Sursrvlwlrq 5 Surylghg wkdw 0f : f/ dw hdfk gdwh | � f wkhuh h{lvwv d xqltxh pdunhw

fohdulqj htxloleulxp1

4<Qrwh wkdw wudghu l*v ghpdqg ri dvvhw v dw gdwh w lv htxdo wr=

tl
vw
@

�l

vw
zl

vw

�
vw

zkhuh �l

vw
lv wudghu l*v sruwirolr zhljkw lq dvvhw v1



Surri1 Vhh dsshqgl{1
Dq lpphgldwh fruroodu| ri htxdwlrq 64 lv wkdw wkhuh lv qr pdunhw fohdulqj htxloleulxp

li doo wudghuv ehkdyh dffruglqj wr FDSP uxoh1 D fohdu lqwxlwlrq iru wklv uhvxow lv wkdw lq
vxfk dq hfrqrp| hyhu| wudghu zrxog olnh wr lqyhvw klv zkroh zhdowk lq wkh ulvn0iuhh sruwirolr1
Krzhyhu/ lq d ulvn| zruog/ qrw hyhu|erg| fdq eh ixoo| lqvxuhg= dv orqj dv wkhuh lv djjuhjdwh
xqfhuwdlqw|/ iru dq htxloleulxp wr h{lvw vrph wudghuv pxvw ehdu wkh ulvn1

Rq wkh rwkhu kdqg/ d xqltxh htxloleulxp dozd|v h{lvwv lq dq hfrqrp| srsxodwhg rqo| e|
wudghuv zkr duh hqgrzhg zlwk d orjdulwkplf xwlolw| ixqfwlrq1 Lq vxfk d zruog/ dw hdfk gdwh/
+qrupdolvhg, htxloleulxp sulfhv duh htxdo wr suredelolwlhv= Zr| ' Rr ;rc |1

Zh fdq fkdudfwhulvh wkh olplwlqj ehkdylrxu ri sulfhv dv 0| $ f1 Zkhq wkh zhdowk vkduh
ri orjdulwkplf xwlolw| pd{lplvhuv dssurdfkhv }hur/ htxloleulxp sulfhv pryh wrzdugv d yhuwh{
ri wkh sulfh vlpsoh{1 Lq sduwlfxodu/ lq wkh olplw/ rqo| wkh pdunhw ri dvvhw � +lq rxu qrwdwlrq/
wkh dvvhw zlwk wkh orzhvw sd|rxw, fohduv zlwk d vwulfwo| srvlwlyh sulfh1

Sursrvlwlrq 6 Zkhq 0| $ f/ Z�| $ � zkloh Zr| $ f/ ;r 5 i2c ���c 7j1 Lq frpsdfw qrwdwlrq=

*�4
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Surri1 Vhh dsshqgl{1
Lq idfw/ lq wkh olplw/ qrq0qhjdwlylw| ri sulfhv uhtxluhv

S
7

r'�
Zr|*�r � �*��/ zkloh pdunhw

fohdulqj uhtxluhv
S

7

r'�
Zr|*�r � �*��1 Wkh xqltxh olplwlqj ydoxh iru
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Zr|*�r wkdw

vdwlv�hv erwk lv=
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0|<f

7[
r'�

Zr|
�r

'
�

��

+65,

zklfk/ lq wxuq/ lpsolhv53 *�40|<f Z| ' E�c fc ���c f�1
Zh fdq/ �qdoo|/ fkdudfwhulvh wudghuv* ghpdqgv dv 0| $ f1

Fruroodu| 7

*�4
0|<f

^u
r|
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|
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�r

*�4
0|<f
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r|
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|
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Surri1 Vhh dsshqgl{1
Qrwlfh wkdw *�40|<f

�
^u
r|
n ^����

r|

�
' �/ vr wkdw wkhuh lv pdunhw fohdulqj ;r 5 i�c ���c 7j1

Erwk w|shv ri wudghuv lqyhvw lq dvvhwv r 5 i2c ���c 7j> rqo| FDSP wudghuv lqyhvw lq dvvhw 41

53Wkh idfw wkdw doo sulfhv/ h{fhsw wkh sulfh ri wkh dvvhw zlwk wkh orzhvw sd|rxw/ jr wr }hur pljkw vhhp
frxqwhu0lqwxlwlyh1 Krzhyhu/ frqvlghu wkdw/ dv %w $ 3/ zh duh ohiw zlwk dq hfrqrp| zklfk lv +doprvw, hqwluho|
srsxodwhg e| wudghuv zkr lqyhvw wkhlu +doprvw, zkroh zhdowk lq wkh ulvn0iuhh sruwirolr1 Lq rughu wr lqvxuh
wkhpvhoyhv djdlqvw djjuhjdwh ulvn/ wudghuv lqyhvw frpsdudwlyho| pruh lq dvvhwv zlwk orzhu sd|rxwv dqg kljkhu
sulfhv1 Dv d uhvxow/ wkh djjuhdwh ghpdqg iru wkh dvvhw zlwk wkh orzhvw sd|rxw lqfuhdvhv dv %w $ 3/ zkloh
ghpdqg iru wkh rwkhu dvvhwv ghfuhdvhv1



Dq lpphgldwh frqvhtxhqfh ri sursrvlwlrq 6 lv wkdw sruwirolr zhljkwv ri wudghuv zkr eholhyh
lq FDSP duh qrw erxqghg dzd| iurp }hur rq wkrvh vdpsoh sdwkv zkhuh 0| $ f1 Dv d uhvxow/
wkhruhp 4 e| Eoxph dqg Hdvoh| grhv qrw dsso|1 Lq sduwlfxodu/ zh fdqqrw xvh lw wr vkrz wkdw
orjdulwkplf wudghuv grplqdwh/ vlqfh zh zrxog qhhg wr dvvxph wkhlu grplqdqfh +dqg qdpho|
wkdw 0| < f, lq rughu wr dsso| wkh wkhruhp1

616 Wkh Pdlq Uhvxow

Lq wklv vhfwlrq zh suryh rxu uhvxowv xqghu d vlpsoli|lqj dvvxpswlrq zklfk zh zloo uhpryh
lq wkh iroorzlqj vhfwlrqv1 Lq sduwlfxodu/ lq rughu wr frqfhqwudwh rq sruwirolr udwkhu wkdq rq
lqyhvwphqw uxohv/ zh zloo dvvxph wkdw/ doprvw vxuho|/ dw hyhu| gdwh dqg lq hyhu| vwdwh ri
qdwxuh/ orjdulwkplf xwlolw| pd{lplvhuv dqg wudghuv zkr eholhyh lq FDSP glvsod| wkh vdph
vdylqjv udwh1

Dvvxpswlrq 6 Iru doo � 5 iuc����j/ doo r 5 i�c ���c 7j dqg doo | : f/ B�
r|
' Br| d1v1

Zh suhvhqw rxu pdlq uhvxow dv wzr vhsdudwh sursrvlwlrqv1 Wkh �uvw rqh +sursrvlwlrq 8,
fodlpv wkdw lq d srsxodwlrq ri wudghuv zkr eholhyh lq FDSP dqg wudghuv zkr duh hqgrzhg
zlwk d orjdulwkplf xwlolw| ixqfwlrq/ wkh odwwhu grplqdwh doprvw vxuho|1 Wklv uhvxow |lhogv/
dv pdlq lpsolfdwlrq/ wkdw htxloleulxp sulfhv frqyhujh d1v1 wr suredelolwlhv1 Wkh vhfrqg
sursrvlwlrq +sursrvlwlrq :, fodlpv wkdw lq d srsxodwlrq ri wudghuv zkr eholhyh lq FDSP dqg
wudghuv zkr duh hqgrzhg zlwk d orjdulwkplf xwlolw| ixqfwlrq/ lq wkh suhvhqfh ri djjuhjdwh
xqfhuwdlqw| +dqg xqohvv zh duh lq wkh FDUD vshfldo fdvh ri uhpdun 5,/ wkh iruphu ydqlvk
doprvw vxuho|1 Lq idfw/ wkh zhdowk vkduh ri wudghuv zkr eholhyh lq FDSP frqyhujhv d1v1 wr
}hur= pdunhw irufhv gulyh wkhp wr h{wlqfwlrq1

Wkh �uvw ri wkhvh wzr uhvxowv dffrugv zlwk Eoxph dqg Hdvoh| +4<<5,= orjdulwkplf xwlolw|
pd{lplvhuv grplqdwh dqg ghwhuplqh htxloleulxp sulfhv dv|pswrwlfdoo|1 Wklv fohduo| edfnv
xs wkh lqwxlwlrq wkdw wkh �wqhvv fulwhulrq pdunhw vhohfwv iru lv wkh �delolw|� wr pd{lplvh wkh
h{shfwhg jurzwk udwh ri zhdowk vkduhv1 Wkh �wwhvw sruwirolr uxoh lv/ lqghhg/ wkh rqh dgrswhg
e| orjdulwkplf xwlolw| pd{lplvhuv1

Sursrvlwlrq 8 Xqghu dvvxpswlrqv 4 dqg 6/ lq d srsxodwlrq ri wudghuv zkr eholhyh lq FDSP
dqg wudghuv zkr duh hqgrzhg zlwk d orjdulwkplf xwlolw| ixqfwlrq/ wkh odwwhu grplqdwh doprvw
vxuho|1 Irupdoo|= *�4 �?u |<" 0| : f d1v1

Surri1 Vhh dsshqgl{1
Wkh surri ri sursrvlwlrq 8 frqvlvwv ri wzr vwhsv1 Zh �uvw vkrz wkdw wkh hyroxwlrq ri

orjdulwkplf xwlolw| pd{lplvhuv* zhdowk vkduh=

0| '
Rr

Zr|
0|3� +66,

iroorzv d vxepduwlqjdoh/ vr wkdw iru hdfk gdwh | : f/ . d0| m '|3�o � 0|3�1 Wklv uhvxow +ohppd
4< lq wkh dsshqgl{, doorzv xv wr fodlp wkdw 0| zloo frqyhujh doprvw vxuho| wr vrph ydoxh
0W1 Ilqdoo|/ zh suryh wkdw/ lq suhvhqfh ri djjuhjdwh xqfhuwdlqw|/ 0W E/� 9' f d1v1/ vr wkdw
*�4|<" 0| : f doprvw vxuho| dqg/ e| gh�qlwlrq/ orjdulwkplf xwlolw| pd{lplvhuv grplqdwh1

Wkh qh{w sursrvlwlrq fodlpv wkdw dq lpsruwdqw lpsolfdwlrq ri orjdulwkplf xwlolw| pd{0
lplvhuv* grplqdqfh lv wkdw wkh| ghwhuplqh htxloleulxp sulfhv dv|pswrwlfdoo|1



Sursrvlwlrq 9 Xqghu dvvxpswlrqv 4 dqg 6/ lq d srsxodwlrq ri wudghuv zkr eholhyh lq FDSP
dqg wudghuv zkr duh hqgrzhg zlwk d orjdulwkplf xwlolw| ixqfwlrq/ wkh odwwhu ghwhuplqh dvvhw
sulfhv dv|pswrwlfdoo|/ vr wkdw/ ;r 5 i�c ���c 7j=

Zr| $ Rr d1v1

Surri1 Vhh dsshqgl{1
Wklv uhvxow lv dq lpphgldwh frqvhtxhqfh ri wkh idfw wkdw wkh zhdowk vkduh ri wudghuv zkr

duh hqgrzhg zlwk d orjdulwkplf xwlolw| ixqfwlrq lv erxqghg dzd| iurp }hur doprvw vxuho|1
Qrwh wkdw wkh frqyhuvh lv qrw wuxh= qdpho|/ wkh idfw wkdw sulfhv frqyhujh wr suredelolwlhv
grhv qrw jxdudqwhh wkdw wkh zhdowk vkduh ri orjdulwkplf xwlolw| pd{lplvhuv lv erxqghg dzd|
iurp }hur541 Lw lv lq idfw srvvleoh wkdw=

0|

0|3�
'

Rr

Zr|
$ � +67,

dqg |hw 0| $ f1
H{wlqfwlrq ri wudghuv zkr eholhyh lq FDSP lv d uhvxow wkdw rqh frxog qrw gluhfwo| dq0

wlflsdwh wkurxjk Eoxph dqg Hdvoh|*v wkhruhp 41 Iru h{dpsoh/ d yhu| vhqvleoh k|srwkhvlv
frxog kdyh ehhq wkdw wudghuv zkr xvh FDSP dv d uxoh ri wkxpe vxuylyh ehfdxvh wkh| dv0
|pswrwlfdoo| ehkdyh dv orjdulwkplf xwlolw| pd{lplvhuv1 Dv d pdwwhu ri idfw/ zh kdyh douhdg|
h{dplqhg wzr wulyldo fdvhv55 lq zklfk wklv dfwxdoo| kdsshqv qrw rqo| dv|pswrwlfdoo|/ exw dw
hyhu| gdwh1 Zkdw zh qhhg wr suryh khuh lv wkdw wkh lplwdwlyh ehkdylrxu lpsolflw lq FDSP
lv qrw srzhuixo hqrxjk wr suhyhqw wudghuv iurp ydqlvklqj1

Lq rughu wr suryh wkh qh{w uhvxow/ zh qhhg wr pdnh d ixuwkhu dvvxpswlrq56 rq wudghuv*
ehkdylrxu wrzdugv ulvn1

Dvvxpswlrq 7 Wkh sruwlrq ri zhdowk wkdw wudghuv zkr eholhyh lq FDSP ghflgh wr lqyhvw lq
wkh ulvn iuhh sruwirolr/ �

|
/ lv d prqrwrqlf +lqfuhdvlqj ru ghfuhdvlqj, ixqfwlrq ri wkhlu ohyho ri

zhdowk/ �����

|3�
1

Sursrvlwlrq : Xqghu dvvxpswlrqv 4/ 6 dqg 7 dqg lq suhvhqfh ri djjuhjdwh xqfhuwdlqw|/ lq
d srsxodwlrq ri wudghuv zkr eholhyh lq FDSP dqg wudghuv zkr duh hqgrzhg zlwk d orjdulwkplf
xwlolw| ixqfwlrq/ wkh iruphu ydqlvk doprvw vxuho|1 Qdpho|= *�4|<" 0| ' �/ doprvw vxuho|1

Surri1 Vhh dsshqgl{1
Lqwxlwlyho|/ wkh surri ri sursrvlwlrq : uxqv dv iroorzv1 Grplqdqfh ri orjdulwkplf xwlolw|

pd{lplvhuv dqg sulfh frqyhujhqfh wr suredelolwlhv uhtxluhv wkdw lq wkh orqj uxq doo vxuylylqj

54Rqh frxog dovr gluhfwo| suryh sulfh frqyhujhqfh wr suredelolwlhv wkurxjk ohppd D14 lq Eoxph dqg Hdvoh|
+4<<5,/ s1 671 Krzhyhu/ dv zh qrwhg deryh/ wklv zrxog qhlwkhu lpso| wkdw orjdulwkplf xwlolw| pd{lplvhuv
grplqdwh/ qru gluhfwo| uhvxow lq FDSP wudghuv* h{wlqfwlrq1 Wkh surri ri sursrvlwlrq 9 zklfk zh surylgh
lq wkh dsshqgl{ lv vkruwhu dqg pruh vwudljkwiruzdug wkdq wkh rqh lpsolflw lq Eoxph dqg Hdvoh| +4<<5,1
Pruhryhu/ zh eholhyh wkdw wkh hfrqrplf lqwxlwlrq ehklqg sursrvlwlrq 9 lv ehwwhu fdswxuhg e| rxu surri/
zklfk vkrzv krz pdunhw grplqdqfh lpsolhv htxloleulxp sulfh ghwhuplqdwlrq lq wkh orqj uxq1

55Vhh vhfwlrq 6141
56Zh eholhyh wkdw dvvxpswlrq 7 frxog eh ixuwkhu uhod{hg= lw frqvwlwxwhv d vx!flhqw exw qrw qhfhvvdu|

frqglwlrq iru sursrvlwlrq : wr krog1



wudghuv lqyhvw dffruglqj wr wkh Nhoo| fulwhulrq1 Zh suryh wkdw wkh FDSP uxoh grhv qrw
vxffhhg lq ixoo| lplwdwlqj wkh ehkdylrxu ri u wudghuv/ vr wkdw FDSP wudghuv gr qrw vxuylyh1

Wr fkdudfwhulvh wkh orqj uxq ehkdylrxu suhvfulehg e| FDSP/ zh orrn dw wkh dv|pswrwlf
zhljkwv lq wkh pdunhw dqg lq wkh ulvn0iuhh sruwirolrv1 Zh �qg wkdw wkh pdunhw sruwirolr
zhljkwv frqyhujh d1v1 wr suredelolwlhv> wkh ulvn0iuhh sruwirolr zhljkwv/ rq wkh frqwudu|/ frq0
yhujh d1v1 wr ydoxhv zklfk duh gl�huhqw iurp suredelolwlhv li wkhuh lv djjuhjdwh xqfhuwdlqw|1

Wkh vhfrqg vwhs ri wkh surri vkrzv wkdw/ xqghu dvvxpswlrq 7/ wkhuh lv qr vdpsoh sdwk
iru �| vxfk wkdw FDSP wudghuv dv|pswrwlfdoo| lqyhvw rqo| dffruglqj wr wkh pdunhw sruwirolr1
Dv d uhvxow/ FDSP wudghuv duh gulyhq wr h{wlqfwlrq1

617 H{whqvlrqv

Zh suryhg sursrvlwlrq 8 dqg sursrvlwlrq : xqghu vrph vlpsoli|lqj dvvxpswlrqv1 Lq zkdw
iroorzv/ rxu dlp lv wr fkhfn wkh urexvwqhvv ri rxu pdlq uhvxowv/ qdpho| wkh grplqdqfh ri
orjdulwkplf xwlolw| pd{lplvhuv dqg wkh h{wlqfwlrq ri wudghuv zkr eholhyh lq FDSP/ lq wkuhh
pruh jhqhudo vhwwlqjv/ doorzlqj iru ydulrxv nlqgv ri khwhurjhqhlw| dprqj wudghuv1

Lq wkh �uvw sodfh/ zh whvw zkhwkhu wkh vdph uhvxow rewdlqv zkhq zh frqvlghu d glyhuvl�hg
hqylurqphqw zkhuh lq dgglwlrq wr orjdulwkplf xwlolw| pd{lplvhuv dqg wudghuv zkr eholhyh lq
FDSP wkhuh duh rwkhu w|shv ri wudghuv dv zhoo1

Vhfrqgo|/ zh uhpryh rxu lqlwldo vlpsoli|lqj dvvxpswlrq rq lghqwlfdo suhihuhqfhv zlwklq
wkh srsxodwlrq ri wudghuv zkr eholhyh lq FDSP dqg dvn zkhwkhu rxu uhvxowv vwloo rewdlq
zkhq zh frqvlghu khwhurjhqhrxv ulvn dwwlwxghv1

Ilqdoo|/ zh fkhfn wr zkdw h{whqw rxu suhylrxv dqdo|vlv krogv zkhq khwhurjhqhrxv vdylqjv
udwhv dfurvv wudghuv duh doorzhg1

61714 D Pxowlsrsxodwlrq Prgho

Frqvlghu d ulfkhu hqylurqphqw zkhuh wkhuh duh � n 2/ zlwk f 	 � 	 4/ w|shv ri wudghuv=
wudghuv zkr eholhyh lq FDSP/ wudghuv zlwk orjdulwkplf xwlolw| ixqfwlrq dqg/ �qdoo|/ � rwkhu
w|shv ri wudghuv zkr ehkdyh dffruglqj wr rwkhu sruwirolr uxohv wkdw d1v1 gr qrw frqyhujh wr
dq| ri wkh suhylrxv wzr1

Dv lq wkh wzr srsxodwlrq iudphzrun/ wkh wudghu zlwk orjdulwkplf xwlolw| ixqfwlrq zloo
grplqdwh dqg sulfhv zloo hyhqwxdoo| frqyhujh d1v1 wr suredelolwlhv1 Pruhryhu/ li zh h{foxgh
vshfldo fdvhv/ grplqdqfh ri u wudghuv gulyhv wr h{wlqfwlrq wudghuv zkr eholhyh lq FDSP/ qr
pdwwhu zklfk rwkhu w|shv ri wudghuv pljkw eh durxqg lq wkh pdunhw1

Frqvlghu d srsxodwlrq ri wudghuv zkr eholhyh lq FDSP dqg vxssrvh wkdw d wudghu zlwk
orjdulwkplf xwlolw| ixqfwlrq hqwhuv wkh pdunhw dorqj zlwk � rwkhu w|shv ri wudghuv zlwk
sruwirolr uxohv ik?

r|
j7
r'�

dqg ? ' �c 2c ���c � 1 Iru vlpsolflw| zh dovr dvvxph wkdw=

Dvvxpswlrq 8 <) : f m k?
r|
� )/ ;rc |c ? d1v1

Dvvxpswlrq 9 ;? 5 i�c ���c�j/ ;r 5 i�c ���7j/ k?
r|

frqyhujhv wr Rr ru wr k����
r|

zlwk
suredelolw| 3= �h i/ 5 l m k?

r|
$ Rrj ' f dqg �h

�
/ 5 l m k?

r|
$ k����

r|

�
' f�

Wkh �uvw dvvxpswlrq lv whfkqlfdo= lw lv wkh vdph dvvxpswlrq wkdw Eoxph dqg Hdvoh|
+4<<5, lpsrvh rq hdfk wudghu*v lqyhvwphqw uxohv dqg doorzv xv wr dsso| fruroodu| 714 lq
Eoxph dqg Hdvoh| +4<<5,/ s1 531 Wkh vhfrqg dvvxpswlrq uhtxluhv wkdw wkh rwkhu � wudghuv*



sruwirolr uxohv doprvw vxuho| gr qrw frqyhujh hlwkhu wr orjdulwkplf xwlolw| pd{lplvhuv* ru wr
FDSP wudghuv* sruwirolr uxohv1 Dvvxpswlrq 9 lv zlwkrxw orvv ri jhqhudolw|= vxssrvh wkdw
zlwk srvlwlyh suredelolw|/ iru vrph ?/ hlwkhu k?

|
$ R ru k?

|
$ k����

|
/ wkhq rq wkrvh vdpsoh

sdwkv zkhuh wklv kdsshqv/ doo wkh uhvxowv lq wklv vhfwlrq zrxog vwloo dsso| e| sursrvlwlrqv 8/
9 dqg :1 Wkhuhiruh rqh frxog lghdoo| vsolw wkh vdpsoh vsdfh lq wzr vhwv= wkh vhw ri vdpsoh
sdwkv zkhuh dvvxpswlrq 9 krogv dqg wkh vhw ri vdpsoh sdwkv zkhuh lw grhvq*w/ dqg vwloo wkh
sursrvlwlrqv lq wklv vhfwlrq zrxog krog rq wkh zkroh vdpsoh vsdfh1

Ghqrwh e| 0u
|
dqg 0����

|
wkh zhdowk vkduhv dw +wkh hqg ri, gdwh | ri wudghuv zlwk orjd0

ulwkplf xwlolw| ixqfwlrq dqg ri wudghuv zkr eholhyh lq FDSP uhvshfwlyho|1 Ghqrwh e| 0?
|
wkh

zhdowk vkduh ri wudghuv ri w|sh ?/ iru ? 5 i�c ���c �j1 Fohduo|=

�[

?'�

0?
|
' �� 0u

|
� 0����

|
/ ;| � f1 +68,

Lw lv srvvleoh wr vkrz57 wkdw/ surylghg wkdw 0u
f
: f/ wkhq d pdunhw fohdulqj htxloleulxp

h{lvwv dw hdfk gdwh1 Lq sduwlfxodu/ dv 0u
|
$ f/ htxloleulxp sulfhv Zr| $ f iru vrph r dqg

wkhuhiruh sruwirolr uxohv k����
r|

$ f iru vrph r/ vr wkdw/ ghvslwh dvvxpswlrq 8/ wkhruhp 4
e| Eoxph dqg Hdvoh| lv qrw dssolfdeoh581

Krzhyhu/ zh fdq h{whqg wr wklv pxowlsrsxodwlrq iudphzrun wkh uhvxow ri sursrvlwlrq 8=

Sursrvlwlrq ; Xqghu dvvxpswlrqv 4/ 6 dqg 8/ jlyhq d srsxodwlrq ri wudghuv zkr eholhyh
lq FDSP/ vxssrvh wkdw d wudghu zlwk orjdulwkplf xwlolw| ixqfwlrq dqg � rwkhu wudghuv/ zlwk
sruwirolr uxohv k?

r|
dqg ? ' �c ���c � / hqwhu wkh pdunhw1 Wudghuv hqgrzhg zlwk d orjdulwkplf

xwlolw| ixqfwlrq zloo grplqdwh doprvw vxuho| dqg ghwhuplqh dvvhw sulfhv dv|pswrwlfdoo|1

Surri1 Vhh dsshqgl{1
Wkh surri ri sursrvlwlrq ; lv lq wkuhh vwhsv1 Zh �uvw vkrz wkdw orjdulwkplf xwlolw|

pd{lplvhuv rxwshuirup hdfk ri wkh � qhz w|shv ri wudghuv1 Lq idfw/ iru doo ?/ wkh udwlr
ehwzhhq ri wkh zhdowk vkduh ri wudghu ? dqg wkh zhdowk vkduh ri u�C wudghuv frqyhujhv
doprvw vxuho| wr }hur1 Zh wkhq suryh wkdw u�C wudghuv grplqdwh e| vlplodu dujxphqwv wr
wkrvh xvhg iru sursrvlwlrq 81 Ilqdoo| grplqdqfh ri orjdulwkplf xwlolw| pd{lplvhuv lpsolhv
wkdw sulfhv frqyhujh d1v1 wr suredelolwlhv1

Rxu qh{w sursrvlwlrq vkrzv wkdw zkhq orjdulwkplf wudghuv grplqdwh/ h{wlqfwlrq ri FDSP
wudghuv lv �jhqhulf� lq d vhqvh wr eh glvfxvvhg ehorz1 Lq sduwlfxodu/ FDSP wudghuv zloo vxuylyh
rqo| li wkh rwkhu sruwirolr uxohv uhsuhvhqwhg lq wkh pdunhw duh vxfk wkdw doo wudghuv/ lq wkh
djjuhjdwh/ dv|pswrwlfdoo| ehkdyh dv orjdulwkplf xwlolw| pd{lplvhuv1

Ohw 0uW/ 0����W dqg 0?W ghqrwh wkh olplwlqj ydoxhv59 ri 0u
|
/ 0����

|
dqg 0?

|
uhvshfwlyho|/ dv

|$41 Zh fdq wkhq vwdwh wkh iroorzlqj=

57Wkh surri lv vlplodu wr wkh surri ri sursrvlwlrq 5 dqg lv wkhuhiruh rplwwhg1
58Wkh uhvxow olp

%
O

w
$3 �vw @ 3 vwhpv iurp wkh idfw wkdw orjdulwkplf xwlolw| pd{lplvhuv grplqdwh hdfk ri

wkh Q srsxodwlrqv ri wudghuv ^fruroodu| 714 lq Eoxph dqg Hdvoh| +4<<5,/ s1 53`1 Wkhuhiruh/ zkhq wkh zhdowk
vkduh ri orjdulwkplf xwlolw| pd{lplvhuv jrhv wr }hur/ d iruwlrul wkh zhdowk vkduhv ri wkh rwkhu Q srsxodwlrqv
jr wr }hur +vhh dovr wkh surri ri sursrvlwlrq ;,/ vr wkdw wkh hfrqrp| lv rqo| ohiw zlwk FDSP wudghuv1

59Zh suryhg wkdw %Ow $ %O� d1v1/ vr wkdw vxfk d olplwlqj ydoxh iru O wudghuv* zhdowk vkduh h{lvwv1 Zh zloo
vkrz wkdw %FDSPw dqg %qw > ;q/ doprvw vxuho| frqyhujh wr vrph ydoxhv dv zhoo1



Sursrvlwlrq < Xqghu dvvxpswlrqv 4/ 6/ 7/ 8 dqg 9/ jlyhq d srsxodwlrq ri wudghuv zkr eholhyh

lq FDSP/ vxssrvh wkdw d wudghu zlwk orjdulwkplf xwlolw| ixqfwlrq dqg � rwkhu wudghuv/ zlwk

sruwirolr uxohv k?r|c zkhuh ? ' �c ���c � / hqwhu wkh pdunhw1 Xqohvv wkh hyroxwlrq ri wkh v|vwhp

lv vxfk wkdw/ ;r 5 i�c ���c 7j=

�[
?'�

0?Wk?r| $ Rr
�
� � 0uW

�
� 0����Wk����r| d1v1 +69,

wudghuv zkr eholhyh lq FDSP ydqlvk1 Irupdoo|= *�4|<" 0����| ' f doprvw vxuho|1

Surri1 Vhh dsshqgl{1
Qrwh wkdw wkh frqglwlrq 69 lq sursrvlwlrq < fdq dovr eh h{suhvvhg dv iroorzv=

S�

?'� 0
?Wk?r| n 0����Wk����r|

�� 0uW
$ Rr d1v1

Zkhq wklv uhodwlrq krogv/ hyhq li qrqh ri wkh wudghuv dv|pswrwlfdoo| ehkdyhv dv d orjdulwkplf
xwlolw| pd{lplvhu/ wkh pdunhw dv d zkroh grhv1 Lq idfw/ zkdw htxdwlrq 69 uhtxluhv lv wkdw
wkh � qhz uxohv uhsuhvhqwhg lq wkh pdunhw vkrxog frpsohphqw ���� ehkdylrxu vr wkdw
zh frxog wklqn ri wkh � wudghuv wrjhwkhu zlwk ���� wudghuv dv ri d vlqjoh wudghu zkrvh
sruwirolr uxohv duh dv|pswrwlfdoo| htxdo wr suredelolwlhv1 Dv d uhvxow/ doo wudghuv vxuylyh1

Wklv frqglwlrq fohduo| lpsrvhv vhyhuh uhvwulfwlrqv rq wkh fodvv ri sruwirolr uxohv wkdw
vkrxog eh uhsuhvhqwhg lq wkh pdunhw1 Iru wklv uhdvrq/ zh fodlp wkdw h{wlqfwlrq ri wudghuv
zkr ehkdyh dv suhvfulehg e| FDSP lv �jhqhulf�1 Lq idfw/ vxssrvh zh vwduw zlwk � w|shv
ri wudghuv vxfk wkdw frqglwlrq 69 krogv1 Lq fdvh rqh ri wkhp/ vd| wudghu e?/ lv uhsodfhg e| d
qhz w|sh ri wudghu zlwk sruwirolr uxoh ke?

r| ' k?r| n _r| vxfk wkdw
S

r
_r| ' f/ wkhq frqglwlrq

69 lv qrw qhfhvvdulo| vdwlv�hg1 Wkhuhiruh vxuylydo ri ���� wudghuv lv qrw urexvw wr �vpdoo�
fkdqjhv wr wkh vhw ri wkh qhz � w|shv ri wudghuv lqwurgxfhg lq wkh pdunhw1

61715 Khwhurjhqhrxv Ulvn Dwwlwxghv

Xqwlo qrz zh kdyh dvvxphg wkdw wudghuv zkr eholhyh lq FDSP vkduh wkh vdph ghjuhh ri ulvn
dyhuvlrq1 Qdpho|/ zh kdyh ehhq frqvlghulqj wudghuv zlwk lghqwlfdo suhihuhqfhv wkdw zrxog
fkrrvh wkh vdph frpelqdwlrq ri vdih dqg ulvn| sruwirolrv1 Dq lqwhuhvwlqj txhvwlrq wr dvn lv
zkhwkhu rxu uhvxowv duh urexvw zkhq zh doorz iru khwhurjhqhlw| lq wkh ghjuhh ri ulvn dyhuvlrq
dprqj wkh srsxodwlrq ri wudghuv zkr eholhyh lq FDSP1

Zh vkrz wkdw rxu uhvxowv krog lq wklv qhz vhwwlqj1 Lq idfw/ zh fdq ghdo zlwk khwhurjhqhlw|
wklqnlqj ri d srsxodwlrq ri wudghuv hqgrzhg zlwk gl�huhqw ghjuhhv ri ulvn dyhuvlrq dv ri d
vlqjoh �dyhudjh� wudghu zkrvh sruwirolr uxohv duh jlyhq e| dq dssursuldwh zhljkwhg dyhudjh
ri hdfk wudghu*v sruwirolr uxohv1

Frqvlghu d srsxodwlrq ri wudghuv zkr eholhyh lq FDSP/ lqgh{hg e| � 5 i�c ���c aj/ dqg
zkr kdyh khwhurjhqhrxv ulvn dwwlwxghv> wudghu �*v sruwirolr uxohv dw wlph | zloo eh=
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����E��
r| ' �
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k�r| +6:,



zkhuh dvvxpswlrq 7 krogv5: iru hdfk � 5 i�c ���c aj1
Dv xvxdo zh dvvxph wkdw d orjdulwkplf xwlolw| pd{lplvhu hqwhuv wkh pdunhw zlwk sruwirolr

uxoh kur| ' Rr1 Ghqrwh e| 0| dqg 0
�
| wkh zhdowk vkduhv dw +wkh hqg ri, gdwh | ri u�C wudghuv

dqg ri FDSP wudghu �/ uhvshfwlyho|1 Zh fdq fodlp wkh iroorzlqj=

Sursrvlwlrq 43 Xqghu dvvxpswlrqv 4/ 6 dqg 7/ orjdulwkplf xwlolw| pd{lplvhuv grplqdwh
dqg gulyh wr h{wlqfwlrq d srsxodwlrq ri khwhurjhqhrxv wudghuv zkr eholhyh lq FDSP1 Irupdoo|/
*�4 t�T|<" 0

�
| ' f/ iru doo � 5 i�c ���c aj1

Surri1 Vhh dsshqgl{1
Wkh surri ri sursrvlwlrq 43 lv lq wkuhh vwhsv1 Zh �uvw vkrz wkdw orjdulwkplf xwlolw|

pd{lplvhuv grplqdwh lq d zruog ri djjuhjdwh xqfhuwdlqw|1 Djdlq/ dq lpphgldwh fruroodu| ri
wklv uhvxow lv wkdw sulfhv frqyhujh d1v1 wr suredelolwlhv1 Wkh �qdo sduw ri wkh surri vkrzv wkdw/
dvvxplqj wkdw ��| lv d prqrwrqlf +lqfuhdvlqj ru ghfuhdvlqj, ixqfwlrq ri zhdowk/ ;� 5 i�c ���c aj
lv d vx!flhqw frqglwlrq iru doo FDSP wudghuv wr ydqlvk1 Lq idfw/ grplqdqfh ri orjdulwkplf
xwlolw| pd{lplvhuv dqg sulfh frqyhujhqfh wr suredelolwlhv lpso|=

U3�[
�'�

0�|3��
�
| $ f d1v1 +6;,

dqg/ vlqfh iru hdfk � wkh vhw ri vdpsoh sdwkv zkhuh ��| $ f kdv phdvxuh }hur/ frqglwlrq 6;
uhtxluhv 0�| $ f d1v1 iru doo � 5 i�c ���c aj1

61716 Wudghuv zlwk Gl�huhqw Vdylqjv Udwhv

Li vdylqjv udwhv duh gl�huhqw dfurvv wudghuv/ e| wkhruhp 4/ wudghu � grplqdwhv rq wkrvh vdpsoh
sdwkv zkhuh=
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Qrw vxusulvlqjo|/ rwkhu wklqjv ehlqj htxdo/ wkh pdunhw vhohfwv iru wkh prvw sdwlhqw lqyhvwruv/
l1h1 wkrvh lqyhvwruv zkrvh vdylqjv udwh B�r| lv odujhu zlwk uhvshfw wr wkh dyhudjh Br|1

Ohw xv frqvlghu qrz rxu ruljlqdo sureohp dqg qdpho|= zkdw fdq eh vdlg derxw wkh
dv|pswrwlf ehkdylrxu ri zhdowk vkduhv lq d srsxodwlrq ri wudghuv zkr eholhyh lq FDSP dqg
ri orjdulwkplf xwlolw| pd{lplvhuvB Li wkh vdylqjv udwh ri orjdulwkplf xwlolw| pd{lplvhuv +Bur|,
lv vxfk wkdw Bur| � Br| d1v1/ wkhq d �uvw dqvzhu wr wklv txhvwlrq lv wulyldo= wkh| zloo grplqdwh
dqg gulyh wr h{wlqfwlrq wudghuv zkr eholhyh lq FDSP1

Sursrvlwlrq 44 Xqghu dvvxpswlrqv 4 dqg 7/ lq d srsxodwlrq ri wudghuv zkr eholhyh lq
FDSP dqg ri orjdulwkplf xwlolw| pd{lplvhuv/ wkh odwwhu grplqdwh/ surylghg wkdw wkhlu vdylqjv
udwh lv dw ohdvw dv odujh dv wkh dyhudjh vdylqjv udwh/ dqg gulyh wr h{wlqfwlrq wkh srsxodwlrq
ri wudghuv zkr eholhyh lq FDSP1 Irupdoo|/ li Bur| � Br| d1v1 ;r 5 i�c ���c 7j/ ;| : f/ wkhq
*�4|<" 0| ' �1

5:Zh qhhg �
m
w wr eh hlwkhu dq lqfuhdvlqj ixqfwlrq ru d ghfuhdvlqj ixqfwlrq ri hdfk wudghu*v zhdowk ohyho/ iru

doo m1



Surri1 Vhh dsshqgl{1
Krzhyhu/ e| dvvxplqj wkdw Bur| � Br| d1v1/ zh dfwxdoo| ljqruh wkh idfw wkdw orjdulwkplf

xwlolw| pd{lplvhuv kdyh d �frpsdudwlyh dgydqwdjh� iurp dq hyroxwlrqdu| srlqw ri ylhz zlwk
uhvshfw wr dq| rwkhu wudghu/ lq wkdw wkh| dgrsw wkh �wwhvw sruwirolr uxoh1 Lq zkdw iroorzv/
zh suryh wkh grplqdqfh ri orjdulwkplf xwlolw| pd{lplvhuv xqghu d zhdnhu dvvxpswlrq rq
vdylqjv udwhv1

Zh fdq lq idfw suryh wkdw orjdulwkplf xwlolw| pd{lplvhuv grplqdwh rq wkrvh vdpsoh sdwkv
zkhuh=

7[
r'�

k����r| B����r|

Bur|
� � +73,

Dv zh vxjjhvwhg/ wklv frqglwlrq lv zhdnhu wkdq uhtxlulqj Bur| � Br|1 Qdpho|=

Bur| � Br| d1v1 ,
7[
r'�

k����
r| B����r|

Bur|
� � d1v1 +74,

zkloh wkh frqyhuvh lv qrw wuxh1

Sursrvlwlrq 45 Xqghu dvvxpswlrqv 4 dqg 7/ lq d srsxodwlrq ri wudghuv zkr eholhyh lq
FDSP dqg wudghuv zkr duh hqgrzhg zlwk d orjdulwkplf xwlolw| ixqfwlrq/ wkh odwwhu grplqdwh
dqg gulyh FDSP wudghuv wr h{wlqfwlrq li=

7[
r'�

k����
r| B����r|

Bur|
� � d1v1 +75,

Surri1 Vhh dsshqgl{1
Lw vkrxog eh qrwhg wkdw frqglwlrq 75 lv qrw wkh zhdnhvw rqh frxog lpsrvh1 Krzhyhu/

sursrvlwlrq 45 vkrzv wkdw wkh frqglwlrq Bur| � Br| d1v1 lq Eoxph dqg Hdvoh| +4<<5, fdq eh
uhod{hg1

7 Jhqxlqh Phdq0Yduldqfh Ehkdylrxu

Wudghuv zkr eholhyh lq FDSP gr qrw glvsod| d jhqxlqh phdq0yduldqfh ehkdylrxu= wkh|
nqrz zkdw wkh wzr0ixqg vhsdudwlrq wkhruhp suhvfulehv/ eholhyh lw zrunv lq uhdolw| dqg rqo|
sduwldoo| rswlplvh lq wkhlu fkrlfh ehwzhhq wkh ulvn0iuhh dqg wkh pdunhw sruwirolrv1

Lq wklv vhfwlrq zh frqvlghu d srsxodwlrq ri udwlrqdo wudghuv hqgrzhg zlwk phdq0yduldqfh
suhihuhqfhv dqg zh vkrz wkdw/ lq dq hyroxwlrqdu| iudphzrun/ wkh| zloo qrw gr dq| ehwwhu
wkdq wudghuv zkr eholhyh lq FDSP dqg xvh zkdw wkh prgho suhvfulehv dv d uxoh ri wkxpe1

714 H{lvwhqfh ri Htxloleulxp

Vxssrvh wkdw wkhuh duh wzr w|shv ri udwlrqdo wudghuv lq wkh pdunhw= wudghuv zkr duh hqgrzhg
zlwk d txdgudwlf xwlolw| ixqfwlrq +dqg wkhuhiruh glvsod| d jhqxlqh phdq0yduldqfh ehkdylrxu,
dqg wudghuv zkr duh hqgrzhg zlwk d orjdulwkplf xwlolw| ixqfwlrq1 Jlyhq wkhlu ohyho ri zhdowk
dqg pdunhw sulfhv/ wudghuv fkrrvh wkhlu rswlpdo sruwirolr frpsrvlwlrq lq wkh dydlodeoh dvvhwv1



D �uvw txhvwlrq zh dvn lv zkhwkhu d pdunhw fohdulqj htxloleulxp dozd|v h{lvwv lq wklv
hfrqrp|1 Iurp dq dqdo|wlfdo srlqw ri ylhz/ wkh htxloleulxp h{lvwhqfh sureohp lq wklv vhwwlqj
lv htxlydohqw wr wkh jhqhudo htxloleulxp h{lvwhqfh sureohp lq d sxuh h{fkdqjh hfrqrp|1

Gh�qlwlrq 46 Dw hdfk gdwh | � f/ dq htxloleulxp iru wklv hfrqrp| lv dq duud| ri sruwirolr
frpsrvlwlrqv i^�|j�'�Tcu�C 5 {7f23� dqg d sulfh yhfwru 4| 5 {73� vxfk wkdw=

^�| ' @h} 4@ 

+
.
�
��
�
^�r|�r

��
v1w1

7[
r'�

4r|^
�
r| � ��

|3�

,
c ;� ' i�Tcu�Cj +S4,

dqg pdunhwv fohdu= [
�'�Tcu�C

^�r| ' �/ ;r 5 i�c 2c ���c 7j

Wklv lv fohduo| qrw d sxuh h{fkdqjh hfrqrp|= wudghuv duh qrw hqgrzhg zlwk dvvhwv*
vkduhv exw zlwk h{rjhqrxv zhdowk1 Wkh| rqo| h{suhvv ghpdqgv/ zkloh vxsso| lv h{rjhqrxv1
Krzhyhu/ zh fdq frqvlghu

�
0�|3�c 0

�
|3�c ���c 0

�
|3�

�
5 {73� dv li lw zdv dq hqgrzphqw yhfwru lq

dvvhwv* vkduhv iru wudghu � dqg zh fdq vwxg| htxloleulxp h{lvwhqfh dv li zh zhuh idflqj d sxuh
h{fkdqjh jhqhudo htxloleulxp prgho1

Zh fdq wkhuhiruh vwdwh wkh iroorzlqj=

Sursrvlwlrq 47 Zkhq wkhuh duh wzr w|shv ri wudghuv 0 wudghuv zkr duh hqgrzhg zlwk d
orjdulwkplf xwlolw| ixqfwlrq +wudghuv ri w|sh u, dqg wudghuv zkr glvsod| d jhqxlqh phdq0
yduldqfh ehkdylrxu +wudghuv ri w|sh �T , 0 wkhuh dozd|v h{lvwv dq htxloleulxp1

Surri1 Vhh dsshqgl{1
Zh fdq dfwxdoo| fkdudfwhulvh htxloleulxp sulfhv/ dqg suryh wkh iroorzlqj=

Sursrvlwlrq 48 Htxloleulxp sulfhv kdyh d vwulfwo| srvlwlyh orzhu erxqg1 Irupdoo|/ <D :

f m Zr| � D/ ;r 5 i�c ���c 7j dqg ;| � f1

Surri1 Vhh dsshqgl{1

715 Wkh Hyroxwlrq ri Zhdowk Vkduhv

Uhfdoo wkdw d udwlrqdo wudghu hqgrzhg zlwk d txdgudwlf xwlolw| ixqfwlrq fkrrvhv d sruwirolr=

k�T
r| '

Zr|
�r E� � 0|3�� @

�
&| � E� � 0|3�� @

@�|Rr�2
r E� � 0|3��

Z2r| +76,

zkhuh 0|3� lv wkh zhdowk vkduh ri orjdulwkplf xwlolw| pd{lplvhuv dw +wkh ehjlqqlqj ri, gdwh |1
Sursrvlwlrq 48 doorzv xv wr fodlp wkdw wkh sruwirolr uxohv ri wudghuv zkr glvsod| d jhqxlqh

phdq0yduldqfh ehkdylrxu duh erxqghg dzd| iurp }hur1 Wkhuhiruh wkhruhp 4 dssolhv1

Sursrvlwlrq 49 Xqghu dvvxpswlrq 4 dqg dvvxplqj wkdw Bur| � B�T
r| d1v1 iru doo r dqg

|/ lq d srsxodwlrq ri orjdulwkplf xwlolw| pd{lplvhuv dqg ri wudghuv zkr glvsod| d jhqxlqh

phdq yduldqfh ehkdylrxu/ wkh iruphu grplqdwh dqg ghwhuplqh dvvhw sulfhv dv|pswrwlfdoo|1

Irupdoo|= *�4 �?u |<" 0| : f dqg Z| $ R doprvw vxuho|1



Surri1 E| sursrvlwlrq 48 dqg wkhruhp 41
Rxu qh{w uhvxow vkrzv wkdw phdq0yduldqfh wudghuv ydqlvk doprvw vxuho|1

Sursrvlwlrq 4: Xqghu dvvxpswlrq 4 dqg dvvxplqj wkdw Bur| � B�T
r| d1v1 iru doo r dqg |/

d srsxodwlrq ri wudghuv zkr glvsod| phdq0yduldqfh ehkdylrxu zloo eh gulyhq wr h{wlqfwlrq e|

wudghuv zkr ehkdyh dv orjdulwkplf xwlolw| pd{lplvhuv1 Irupdoo|= *�4 t�T|<" 0�T
| ' f doprvw

vxuho|1

Surri1 Vhh dsshqgl{1
Wkh surri ri sursrvlwlrq 4: uholhv rq wzr vwhsv1 Zh �uvw vkrz +ohppd 53 lq wkh dsshqgl{,

wkdw/ lq suhvhqfh ri djjuhjdwh xqfhuwdlqw|/ k�T
r| d1v1 zloo qrw frqyhujh wr suredelolwlhv1

Qdpho|=
�h
�
/ 5 l m k�T

r| $ Rr
�
' f iru doo r +77,

Zh wkhq suryh wkdw grplqdqfh ri orjdulwkplf wudghuv dqg sulfh frqyhujhqfh wr suredelolwlhv
lpsolhv wkdw wkh zhdowk vkduh ri phdq0yduldqfh wudghuv pxvw frqyhujh wr }hur doprvw vxuho|1

Fruroodu| 4; Lq dq hfrqrp| zkhuh vrph wudghuv glvsod| d jhqxlqh phdq0yduldqfh ehkdy0

lrxu dqg rwkhuv eholhyh lq FDSP/ erwk w|shv zloo eh gulyhq wr h{wlqfwlrq/ vkrxog d orjdulwkplf

xwlolw| pd{lplvhu hqwhu wkh pdunhw1 Irupdoo| *�4 t�T|<" 0�T
| ' f dqg *�4 t�T|<" 0����| '

f doprvw vxuho|1

Wkh surri ri fruroodu| 4; lv vwudljkwiruzdug vlqfh wkh uhvxowv zh suryhg lq wkh pxowlsrs0
xodwlrq iudphzrun dsso|1

8 Frqfoxglqj Uhpdunv

Lq wkh hyroxwlrqdu| vhwwlqj iru d �qdqfldo pdunhw ghyhorshg lq Eoxph dqg Hdvoh| +4<<5,/ zh
frqvlghu wkuhh w|shv ri wudghuv= wudghuv zkr �eholhyh� lq FDSP dqg xvh lwv suhglfwlrqv dv
d uxoh ri wkxpe> wudghuv zkr duh hqgrzhg zlwk d txdgudwlf xwlolw| ixqfwlrq dqg/ wkhuhiruh/
glvsod| d jhqxlqh phdq0yduldqfh ehkdylrxu> �qdoo|/ wudghuv zkr duh hqgrzhg zlwk d orjd0
ulwkplf xwlolw| ixqfwlrq dqg wkhuhiruh dgrsw wkh fhoheudwhg Nhoo| fulwhulrq iru lqyhvwphqw1
Zh duh lqwhuhvwhg lq wkh dv|pswrwlf ehkdylrxu ri wkh zhdowk vkduhv ri wkhvh wkuhh w|shv ri
wudghuv1 Iroorzlqj Eoxph dqg Hdvoh| +4<<5,/ zh gh�qh qrwlrqv ri grplqdqfh/ vxuylydo dqg
h{wlqfwlrq lq wkh pdunhw wkurxjk wkh olplwlqj ydoxh ri hdfk wudghu*v zhdowk vkduh1 Lq sdu0
wlfxodu/ wkh zhdowk vkduh ri d grplqdwlqj wudghu lv dv|pswrwlfdoo| erxqghg dzd| iurp }hur/
zkloh h{wlqfwlrq rffxuv zkhq wkh zhdowk vkduh frqyhujhv doprvw vxuho| wr }hur1

Rxu pdlq uhvxowv duh rewdlqhg lq d vlpsoh vhwwlqj zkhuh wudghuv kdyh frqvwdqw dqg lghq0
wlfdo vdylqjv udwhv1 Xqghu wklv dvvxpswlrq zh duh deoh wr suryh wkdw orjdulwkplf xwlolw|
pd{lplvhuv grplqdwh rq dq| vdpsoh sdwk1 Ixuwkhupruh/ lq suhvhqfh ri djjuhjdwh xqfhu0
wdlqw|/ wudghuv zkr eholhyh lq FDSP duh gulyhq wr h{wlqfwlrq1

Zh wkhq fkhfn wkh urexvwqhvv ri wkhvh uhvxowv uhprylqj vrph ri wkh lqlwldo vlpsoli|lqj
dvvxpswlrqv1 Iluvwo|/ zh doorz iru pruh wkdq wzr w|shv ri wudghuv lq wkh pdunhw dqg suryh
wkdw/ jhqhulfdoo|/ rxu uhvxowv duh urexvw lq d pxowlsrsxodwlrq iudphzrun1 Vhfrqgo|/ zh doorz
iru khwhurjhqhlw| dprqj FDSP wudghuv lq wkhlu ghjuhh ri ulvn dyhuvlrq dqg zh suryh wkdw



rxu uhvxowv duh urexvw lq wklv vhwwlqj1 Ilqdoo|/ zh doorz iru gl�huhqw vdylqjv udwhv dfurvv
wudghuv1 Zh �qg wkdw wkh pdunhw vhohfwv iru wkh prvw sdwlhqw lqyhvwru1 Wkhuhiruh rxu uhvxowv
duh reylrxvo| urexvw vr orqj dv orjdulwkplf xwlolw| pd{lplvhuv duh uhodwlyho| pruh sdwlhqw
wkdq FDSP wudghuv1 Zh suryh/ krzhyhu/ wkdw wklv erxqg fdq eh �uhod{hg�1

Ilqdoo|/ zh ghdo zlwk dq hfrqrp| srsxodwhg e| jhqxlqh phdq0yduldqfh wudghuv1 Zh vkrz
wkdw/ li d orjdulwkplf xwlolw| pd{lplvhu hqwhuv wkh pdunhw/ kh grplqdwhv/ ghwhuplqhv pdunhw
sulfhv dv|pswrwlfdoo| dqg gulyhv wr h{wlqfwlrq wkh srsxodwlrq ri phdq0yduldqfh wudghuv1

Dsshqgl{

Surri ri sursrvlwlrq 51 Gh�qh &| '
S7

r'� Zr|*�r1 Htxdwlrq 64 ehfrphv=

4r| '
Rr0|3��|3��r&|

d�� E�� 0|3�� E� � �|�o�r&| � E� � 0|3�� �|
+78,

Glylgh wkurxjk e| �r dqg vxp ryhu r wr jhw=

8| E&|� �
7[
r'�

Rr0|3��|3�

d�� E�� 0|3�� E�� �|�o�r&| � E� � 0|3�� �|
' � +79,

D vroxwlrq iru &| wr=

8| E&|� '
7[
r'�

sr| E&|� ' � +7:,

zloo eh pdunhw fohdulqj1 Dvvxplqj wkdw 0|3� : f/ wkhuh lv rqo| rqh ydoxh iru &| vxfk wkdw
htxdwlrq 7: krogv dqg sulfhv duh qrq0qhjdwlyh1 Wkh judsk ri 8| E&|� lv vkrzq lq �jxuh 51
Wkhuh duh 7 yhuwlfdo dv|pswrwhv/ uhvshfwlyho| lq

0

Ft(kt)

kt
k*

t

1

xSt x1tx(S-1)t

Iljxuh 5= Pdunhw fohdulqj1



%r| �
E�� 0|3�� �|

d�� E�� 0|3�� E�� �|�o�r

+7;,

iru hdfk r 5 i�c 2c ���c 7j1 Qrq0qhjdwlylw| ri sulfhv uhtxluhv=

&| :
E� � 0|3�� �|

d� � E�� 0|3�� E�� �|�o�r

;r 5 i�c ���c 7j +7<,

Wkhuhiruh=

&| :
E�� 0|3�� �|

d� � E� � 0|3�� E�� �|�o��

' %�| +83,

Lq wkh rshq lqwhuydo �
E�� 0|3�� �|

d� � E�� 0|3�� E�� �|�o��

c4

�
+84,

8| E&|� lv prqrwrqlf ghfuhdvlqj ehwzhhq4 dqg 3/ vr wkdw wkhuh lv d xqltxh ydoxh f 	 &W| 	4
vxfk wkdw 7: krogv dqg sulfhv duh qrq0qhjdwlyh1 Vr orqj dv 0|3� : f/ vxfk d ydoxh iru &| zloo
dozd|v h{lvw1 Rq wkh rwkhu kdqg/ li 0|3� ' f wkhq htxdwlrq 7: fdqqrw eh vdwlv�hg1 Ilqdoo|=

0| '
|\

�'�

7\
r'�


r�
Rr
Zr�

0f � 0f/ ;| � f +85,

vr wkdw/ li 0f : f/ wkhq 0| : f/ ;|1

Surri ri sursrvlwlrq 61 Wr fkdudfwhulvh htxloleulxp sulfhv dv 0| $ f/ zh qhhg wr nqrz
wkh ydoxh ri *�40|<f &|1 Qrwlfh wkdw/ e| gh�qlwlrq ri &| dqg pdunhw fohdulqj/ zh nqrz wkdw=

�

�7

� *�4
0|<f

&| �
�

��

+86,

Rq wkh rwkhu kdqg/ qrq0qhjdwlylw| ri sulfhv uhtxluhv=

*�4
0|<f

Rr0|3��|3��r&|
d�� E�� 0|3�� E� � �|�o�r&| � E� � 0|3�� �|

� f/ ;r 5 i�c ���c 7j +87,

Wkhuhiruh=

*�4
0|<f

&| � *�4
0|<f

E�� 0|3�� �|
d�� E� � 0|3�� E� � �|�o��

'
�

��

+88,

Wkh rqo| ydoxh iru *�40|<f &| wkdw vdwlv�hv erwk 86 dqg 88 lv=

*�4
0|<f

&| '
�

��

+89,

zklfk/ lq wxuq/ lpsolhv *�40|<f Z| ' E�c fc ���c f�1

Surri ri fruroodu| 71 Uhfdoo wkdw=

^ur| '
Rr0|3��|3�

4r|
' +8:,

'

�
� � E�� 0|3��

�
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�r&| � E�� 0|3�� �|

�r&|



Wkhuhiruh=

*�4
0|<f

^ur| '
�|�r*�� � �|

�r*��

' �| � �|
��

�r

+8;,

Uhfdoo qrz wkdw=

^����r| ' E�� 0|3�� �|
�

�r&|
n E� � 0|3�� E�� �|� +8<,

vr wkdw/ �qdoo|=

*�4
0|<f

^����r| ' � � �| n �|
��

�r

� +93,

Ohppd 4< Xqghu dvvxpswlrqv 4 dqg 6/ wkh zhdowk vkduh ri orjdulwkplf xwlolw| pd{lplvhuv

0| lv d vxepduwlqjdoh/ vr wkdw . d0| m @|3�o � 0|3� iru doo | � f1

Surri ri ohppd 4<1 Li vwdwh r rffxuv dw gdwh |/ wkh zhdowk vkduh ri u wudghuv fdq eh
h{suhvvhg dv iroorzv=

0| '
Rr
Zr|

0|3� +94,

Frqvlghu/ qrz/ . d*L} 0| m @|3�o '
S7

r'� Rr *L} Rr*Zr|n*L} 0|3� � *L} 0|3�1 Vlqfh
S7

r'� Rr *L} Rr*Zr|
lv dozd|v qrq0qhjdwlyh dqg *L} 0| lv d frqfdyh dqg lqfuhdvlqj ixqfwlrq ri 0|/ e| Mhqvhq*v lq0
htxdolw| dqg vlpsoh dojheud lw iroorzv wkdw=

. d0| m @|3�o � 0|3�c ; | � f +95,

l1h1 wkh surfhvv i0|c | � fj lv d vxepduwlqjdoh1

Surri ri sursrvlwlrq 81 E| ohppd 4< dqg wkh frqyhujhqfh wkhruhp iru vxepduwlqjdohv
zh nqrz wkdw=

�h i<0W m ;1 : fc<A : fc;| � Ac m0| � 0Wm 	 1j ' � +96,

ru/ htxlydohqwo|/ 0| $ 0W doprvw vxuho|1 Fdoo � � l wkh vhw ri vdpsoh sdwkv / 5 l vxfk wkdw/
rq // 0| frqyhujhv> fdoo � � l wkh vhw ri vdpsoh sdwkv / 5 l vxfk wkdw/ rq // hdfk vwdwh
r 5 i�c ���c 7j rffxuv lq�qlwho| riwhq> fdoo � � � _ �1 Fohduo|= �h E�� ' �/ �h E�� ' � dqg
�h E�� ' �1 Wr suryh rxu fodlp lw lv vx!flhqw wr vkrz wkdw ;/ 5 �/ *�4|<" 0| E/� : f1 E|
zd| ri frqwudglfwlrq vxssrvh wkdw < e/ 5 � vxfk wkdw=

*�4
|<"

0| Ee/� ' f +97,

Wklv lpsolhv wkdw/ jlyhq e/=
*�4
|<"

Rr
Zr|

0|3� ' f +98,

Uhfdoo wkdw ^ur| ' ERr*Zr|� 0|3� dqg wkdw e| fruroodu| 7=

*�4
0|<f

^ur| ' �| � �|
��

�r

+99,



Jlyhq e// frqvlghu qrz d vxevhtxhqfh |> vxfk wkdw /|> 9' � ;>1 +Vlqfh e/ 5 � wkh vxevhtxhqfh
|> lv lq�qlwh,1 Xvlqj 99/ vlqfh zh duh dvvxplqj wkdw 97 krogv/ zh rewdlq wkdw iru dq| r 9' �=

*�4
><"

Rr
Zr|>

0|>3� : f +9:,

zklfk frqwudglfwv 981

Surri ri sursrvlwlrq 91 Uhfdoo wkdw/ li vwdwh r rffxuuhg dw gdwh |/ wkhq=

0| E/� '
Rr

Zr| E/�
0|3� E/� +9;,

ru/ htxlydohqwo|=
0| E/�

0|3� E/�
'

Rr
Zr| E/�

� +9<,

Vlqfh 0| frqyhujhv doprvw vxuho| dqg vlqfh i/ 5 l m 0| E/�$ fj kdv phdvxuh }hur/ wkhq=

0| E/�

0|3� E/�
$ � d1v1 +:3,

zklfk/ �qdoo|/ lpsolhv= Zr| E/�$ Rr d1v1

Surri ri sursrvlwlrq :1 Pdunhw fohdulqj uhtxluhv=

Zr| ' 0|Rr n E�� 0|3��
�
�|k

8
r| n E� � �|� Zr|

�
+:4,

Gh�qh=

q| �
E�� 0|3�� �|

E� � 0|3�� �| n 0|3�
+:5,

dqg wkhuhiruh uhzulwh htxdwlrq :4 dv=

Zr| ' Rr n q|
�
k8r| � Rr

�
+:6,

Uhfdoo wkdw u wudghuv grplqdwh dqg/ e| sursrvlwlrq 9= Zr| $ Rr doprvw vxuho|1 E| ht1 :6
zh rewdlq wkdw=

Zr| � Rr ' q|
�
k8r| � Rr

�
+:7,

dqg vlqfh Zr| � Rr $ f d1v1 zh qhhg q|
�
k8r| � Rr

�
$ f doprvw vxuho| dv zhoo1 Qrwh wkdw�

k8r| � Rr
�
frqyhujhv doprvw vxuho| wr

Rr*�rS7

5'� R5*�5

� Rr +:8,

zklfk lv gl�huhqw iurp }hur xqohvv wkhuh lv qr djjuhjdwh xqfhuwdlqw|1 Wkhuhiruh/ zh zloo
kdyh q|

�
k8r| � Rr

�
$ f d1v1 l� q| $ f doprvw vxuho|1 E| htxdwlrq :5=

E�� 0|3�� �|q| n 0|3�q| ' E�� 0|3�� �| +:9,



Li q| $ f d1v1/ wkhq/ vlqfh E�� 0|3�� dqg �| duh erxqghg/ E�� 0|3�� �|q| n 0|3�q| $ f d1v1
dv zhoo dqg wkhuhiruh=

E� � 0|3�� �| $ f d1v1 +::,

Fdoo � � l wkh vhw ri vdpsoh sdwkv / 5 l vxfk wkdw/ rq // 0| frqyhujhv> fdoo � � l wkh vhw
ri vdpsoh sdwkv / 5 l vxfk wkdw/ rq // hdfk vwdwh r 5 i�c ���c 7j rffxuv lq�qlwho| riwhq> fdoo
( � l wkh vhw ri vdpsoh sdwkv / 5 l vxfk wkdw/ rq // E�� 0|3�� �| $ f> fdoo . � �_�_(1
Fohduo|= �h E�� ' �h E�� ' �h E(� ' �h E.� ' �1 Wr suryh rxu fodlp lw lv vx!flhqw wr
vkrz wkdw ;/ 5 ./ *�4|<" 0| E/� ' �1 E| zd| ri frqwudglfwlrq vxssrvh wkdw < e/ 5 . vxfk
wkdw 0W Ee/� 9' �1 Lq rughu wr kdyh E�� 0|3�� �| $ f/ zh qhhg �| Ee/� $ f1 E| dvvxpswlrq
7/ �|

�
�����
|3�

�
lv d prqrwrqlf ixqfwlrq ri �����

|3� �Fdoo � wkdw ohyho ri zhdowk vxfk wkdw
�| E�� ' f1 Li �| Ee/� $ f/ wkhq htxlydohqwo| �����

|3� Ee/� $ �1 Uhfdoo wkdw �����
|3� Ee/� '

d�� 0|3� Ee/�o�|3� Ee/�1 Wkhuhiruh/ li �| Ee/� $ f/ wkhq d�� 0|3� Ee/�o�|3� Ee/� $ �1 Zh nqrz
wkdw 0| Ee/� frqyhujhv wr 0W Ee/� : f1 Krzhyhu �|/ lq suhvhqfh ri djjuhjdwh ulvn/ grhv qrw
frqyhujh1 Dv d uhvxow �| Ee/� grhv qrw frqyhujh wr f1 Ilqdoo|/ wklv lpsolhv wkdw/ lq rughu wr
kdyhd �� 0|3� Ee/�o �| Ee/�$ f zh qhhg d�� 0|3� Ee/�o$ f zklfk frqwudglfwv 0W Ee/� 9' �1

Surri ri sursrvlwlrq ;1 Zulwh wkh sruwirolr uxoh ri FDSP wudghuv dv iroorzv=

k����r| ' �|
Zr|*�r

&|
n E� � �|� Zr| ' 6r|Zr| +:;,

zkhuh &| '
S7

r'� Zr|*�r dqg 6r| � �|*�r&| n E� � �|�1 Pdunhw fohdulqj uhtxluhv=

Zr| ' 0����|3� k����r| n 0ur|Rr n
�[
?'�

0?|3�k
?
r| +:<,

zklfk fdq eh uhzulwwhq dv iroorzv=

Zr| '
0u|3�Rr n

S�

?'� 0
?
|3�k

?
r|

� � 0����|3� 6r|

+;3,

Uhfdoo wkdw=

0u| '
Rr
Zr|

0u|3� ' Rr
�� 0����|3� 6r|

0u|3�Rr n
S

? 0
?
|3�k

?
r|

0u|3� +;4,

Gh�qh/ iru � 5 iuc i�c ���c �jj=

,�|3� �
0�|3�

� � 0����|3�

+;5,

vr wkdw htxdwlrq ;4 ehfrphv=

0u| '
Rr,

u
|3�

�
�� 0����|3� 6r|

�
,u|3�Rr n

S
? ,

?
|3�k

?
r|

'
Rr
�
�� 0����|3� 6r|

�
Rr n

S
?

�
,?|3�*,

u
|3�

�
k?r|

+;6,

Fdoo � � l wkh vhw ri vdpsoh sdwkv / vxfk wkdw/ rq / 5 �/ 0| frqyhujhv> fdoo � � l
wkh vhw ri vdpsoh sdwkv / vxfk wkdw/ rq / 5 �/ doo vwdwhv rffxu lq�qlwho| riwhq1 Fohduo|
�h E�� ' �h E�� ' �h E� � � _�� ' �1 Wr suryh rxu fodlp lw lv vx!flhqw wr vkrz wkdw/



;/ 5 �/ *�4|<" 0| E/� : f1 E| zd| ri frqwudglfwlrq vxssrvh wkdw iru vrph e/ 5 �/ 0| Ee/�$ f1
Wklv uhtxluhv=

hlwkhu
�
�� 0����|3� Ee/� 6r| Ee/��$ f +;7,

ru
,u|3� Ee/�
,?|3� Ee/� '

0u|3� Ee/�
0?|3� Ee/� $ f iru vrph ? +;8,

Fdvh ;8 lv uxohg rxw e| fruroodu| 714 lq Eoxph dqg Hdvoh| +4<<5,/ s1 53/ zklfk fodlpv wkdw5;

*�4 �?u|<" 0u|3�*0
?
|3� : f1 Fdvh ;7 fdq eh uxohg rxw e| zkdw zulwlqj wkdw=�

�� 0����|3�

�
n 0����|3� �|

�
��

�

�r&|

�
$ f +;9,

Qrz/ vlqfh zkhq 0u| $ f/ e| fruroodu| 714 lq Eoxph dqg Hdvoh| +4<<5,/ dovr 0?| $ f/ ;?/ wkhq
fohduo| *�40u| <f

�
�� 0����|3�

�
' f/ vr wkdw ;9 uhtxluhv hlwkhu �| $ f/ ru *�40u| <f

E� � �*�r&|� '
f1 Wkh fdvh �| $ f kdv ehhq uxohg rxw lq wkh surri ri sursrvlwlrq :1 Wkh fdvh *�40u| <f

E� � �*�r&|�

' f fohduo| frqwudglfwv djjuhjdwh xqfhuwdlqw|1 Wkhuhiruh *�4|<" 0u| Ee/� : f zklfk frqwudglfwv
rxu dvvxpswlrq1 Pruhryhu 0u| *0

u
|3� ' Rr*Zr| $ �1

Surri ri sursrvlwlrq <1 Uhfdoo wkdw=

Zr| ' 0u|3�Rr n 0����|3� k����r| n
�[
?'�

0?|3�k
?
r| +;:,

Gh�qh=

@r| � k����r| � Rr +;;,

K?r| � k?r| � Rr +;<,

vr wkdw htxdwlrq ;: ehfrphv=

Zr| � Rr ' 0����|3� @r| n
�[
?'�

0?|3�K
?
r| +<3,

Sursrvlwlrq ; lpsolhv wkdw Zr| � Rr $ f d1v1 dqg wkhuhiruh=

0����|3� @r| n
�[
?'�

0?|3�K
?
r| $ f d1v1 +<4,

Zh fdq vkrz wkdw 0����|3� dqg 0?|3�c;? frqyhujh doprvw vxuho|1 Lq idfw/ iru 0�W dqg � '
����c i�c ���c�j c zh fdq suryh wkh iroorzlqj=

.
�
*L} 0�|

�
'

7[
r'�

Rr *L}
k�r|
Zr|

n *L} 0�|3� ' +<5,

' *L} 0�|3� n

%
7[
r'�

Rr *L}
Rr
Zr|

�
[
r

Rr *L}
Rr

k�r|

&
5;Fruroodu| 714 lq Eoxph dqg Hdvoh| +4<<5,/ s153 dfwxdoo| fodlpv wkdw olp lqiw$4 %Ow�4@%

q
w�4 A 3 d1v1/ exw

wkhq fdoo I � 
 wkh vhw ri vdpsoh sdwkv vxfk wkdw olp lqiw$4 %Ow�4@%
q
w�4 A 31 Fohduo| Su +I , @ 41 Wkhq wdnhe$ 5 +F _ I , dqg wkh surri iroorzv1



Qrwh wkdw
S7

r'�
Rr *L} Rr*Zr| $ f d1v1 dqg wkdw

S7

r'�
Rr *L} Rr*k

�
r| zloo dozd|v eh srvlwlyh1

Wkhuhiruh/ qr pdwwhu zkdw kdsshqv lq wkh vkruw uxq/ lq wkh orqj uxq/ ehfdxvh ri wkh frqyhu0
jhqfh ri sulfhv wr suredelolwlhv/ 0�| pxvw ehfrph d vxshupduwlqjdoh1 Lq idfw=

*�4
|<"

�
.
�
*L} 0�|

�
� *L} 0�|3�

�
	 f d1v1 +<6,

Dv d uhvxow/ 0�| frqyhujhv
5<1 Zh kdyh wkhuhiruh hvwdeolvkhg wkdw erwk 0����| dqg 0?| / ;? 5

i�c ���c �j frqyhujh doprvw vxuho|1 Fdoo 0����W dqg 0?Wc;? 5 i�c ���c�j uhvshfwlyho| wkhlu
olplwlqj ydoxhv1 Zlwk djjuhjdwh xqfhuwdlqw|/ fohduo| �h i/ 5 l m @r| E/�$ fj ' f> �qdoo|/ e|
dvvxpswlrq 9= �h~/ 5 l m K?r| E/� $ 3 � @ 3/ ;? 5 i�c ���c �j1 Wkhuhiruh <4 uhtxluhv hlwkhu
0����W ' f d1v1 dqg 0?W ' f d1v1c;? 5 i�c ���c �j/ ru=

@r| $
�[
?'�

0?W

0����W
E�K?r|� d1v1 +<7,

Htxlydohqwo|= 0����Wk����r| n
S�

?'� 0
?Wk?r| $

�
�� 0uW

�
Rr d1v1

Surri ri sursrvlwlrq 431 Zh �uvw vkrz wkdw orjdulwkplf xwlolw| pd{lplvhuv grplqdwh1
Uhfdoo wkdw/ li vwdwh r rffxuuhg dw gdwh |=

0| E/� '
Rr

Zr| E/�
0|3� E/� +<8,

Pdunhw fohdulqj uhtxluhv iru doo r 5 i�c ���c 7j=

Zr| '
Rr0|3��r&|

�r&| �
SU3�

�'�
0�|3��

�
| �

SU3�

�'�
0�|3�

�
� � ��|

�
�r&|

+<9,

zkhuh &| '
S

r
Zr|*�r1 Wkhuhiruh htxdwlrq <8 ehfrphv=

0| '

k
��

SU3�

�'� 0
�
|3�

�
�� ��|

�l
�r&| �

SU3�

�'� 0
�
|3��

�
|

�r&|
+<:,

E| ohppd 4< zh nqrz wkdw 0| $ 0W d1v1 dqg zh zdqw wr vkrz wkdw 0W : f doprvw vxuho|1
Fdoo � � l wkh vhw ri vdpsoh sdwkv / vxfk wkdw/ rq / 5 �/ 0| frqyhujhv> fdoo � � l wkh
vhw ri vdpsoh sdwkv / vxfk wkdw/ rq / 5 �/ doo vwdwhv r 5 i�c ���c 7j rffxu lq�qlwho| riwhq1
Fohduo| �h E�� ' �h E�� ' �h E� � � _�� ' �1 Wr suryh rxu fodlp lw lv vx!flhqw wr vkrz
wkdw/ ;/ 5 �/ 0W E/� : f1 E| zd| ri frqwudglfwlrq/ vxssrvh/ wkdw iru vrph e/ 5 �c 0W Ee/� ' f�
Jlyhq e// wkhq=

��
U3�[
�'�

0�|3�
�
� � ��|

�
�

SU3�

�'� 0
�
|3��

�
|

�r&|
$ f +<;,

5<Lq idfw olpw$4

k
H
�
orj %mw

�
� orj %mw�4

l
? 3 d1v1 lpsolhv wkdw zlwk suredelolw| htxdo wr 4/ <W m ;w �

W = H

k
orj %

m
w

l
? orj %

m
w�41 Ohw xv frqvlghu/ wkhq/ wkh surfhvv vwduwlqj dw W = e| wkh pduwlqjdoh frqyhujhqfh

wkhruhp/ lw zloo frqyhujh doprvw vxuho|1 Reylrxvo| wkh surfhvv vwduwlqj lq w @ 3 zloo frqyhujh d1v1 dv zhoo

dqg wr wkh vdph olplw1



ru/ htxlydohqwo|=
U3�[
�'�

0�|3��
�
| �

SU3�
�'� 0

�
|3��

�
|

�r&|
$ f +<<,

Vlqfh ��| < f +vhh surri ri sursrvlwlrq :,/ wklv fdq rqo| eh wkh fdvh li �r&| $ �1 Lq suhvhqfh
ri djjuhjdwh xqfhuwdlqw|/ wklv lv fohduo| d frqwudglfwlrq1 Grplqdqfh ri orjdulwkplf xwlolw|
pd{lplvhuv lpsolhv wkdw pdunhw sulfhv frqyhujh d1v1 wr suredelolwlhv1 Lq idfw/ e| <8 dqg e|
*�4|<" 0| : f d1v1/ zh jhw=

0| E/�

0|3� E/�
'

Rr
Zr| E/�

$ � d1v1 +433,

Zh fdq �qdoo| suryh wkdw FDSP wudghuv ydqlvk1 Zh fdq zulwh wkh sulfh htxdwlrq dv iroorzv=

Zr| ' 0|3�Rr n
[
�

0�|3�k
����E��
r| +434,

' )|3�Rr n
�
�� )|3�

�
k8r|

zkhuh )|3� ' 0|3�*
k
0|3� n

S
� 0

�
|3�

�
� � ��|

�l
1 Frqyhujhqfh ri sulfhv wr suredelolwlhv uh0

txluhv= �
� � )|3�

� �
k8
r| � Rr

�
$ f d1v1 +435,

Zh nqrz wkdw
�
k8r| � Rr

�
frqyhujhv exw qrw wr }hur/ wkhuhiruh ht1 435 uhtxluhv=

)| $ � d1v1 +436,

vr wkdw zh qhhg= [
�

0�|
�
�� ��|

�
$ f d1v1 +437,

Vlqfh zh fdqqrw kdyh63 ��| $ f iru dq| � 5 i�c ���c aj/ wkh dv|pswrwlf sulfh htxdwlrq rqo|
krogv li 0�| $ f d1v1 iru doo � 5 i�c ���c aj1

Surri ri sursrvlwlrq 441 Li Bur| � Br| d1v1/ wkhq fohduo|=

0| '
Bur|Rr
Br|Zr|

0|3� �
Rr
Zr|

0|3� d1v1 +438,

Ilqdoo|/ vlqfh e| sursrvlwlrq 8 *�4|<" ERr*Zr|� 0|3� : f d1v1/ d iruwlrul

*�4
|<"

Bur|Rr
Br|Zr|

0|3� : f d1v1 +439,

Wkhuhiruh orjdulwkplf xwlolw| pd{lplvhuv grplqdwh1 Sulfh frqyhujhqfh wr suredelolwlhv fdq
eh suryhg e| ohppd 4< lq Eoxph dqg Hdvoh| +4<<5,/ s1671 Ilqdoo|/ grplqdqfh ri orjdulwkplf
xwlolw| pd{lplvhuv dqg sulfh frqyhujhqfh wr suredelolwlhv lpso| wkdw FDSP wudghuv ydqlvk
lq wkh vdph idvklrq dv lq wkh surri ri sursrvlwlrq :1

63Vhh surri ri sursrvlwlrq :1



Surri ri sursrvlwlrq 451 Zh �uvw suryh sulfh frqyhujhqfh wr suredelolwlhv dqg wkhq
grplqdqfh ri orjdulwkplf xwlolw| pd{lplvhuv dqg h{wlqfwlrq ri FDSP wudghuv1 E| ohppd
D14 lq Eoxph dqg Hdvoh| +4<<5,/ s167/ sulfhv frqyhujh doprvw vxuho| wr suredelolwlhv li=

7[
r'�

Rr *L}
Bur|Rr
Br|Zr|

� f/ ;| � f +43:,

Uhfdoo wkdw=

Br| '
Bur|Rr0|3� n B����r| k����r| E�� 0|3��

Zr|
+43;,

vr wkdw frqglwlrq 43: ehfrphv=

7[
r'�

Rr *L}
Rr

Rr0|3� n
�
B����r| k����r| *Bur|

�
E� � 0|3��

� f/ ;| � f1 +43<,

Zh fdq vkrz wkdw d vx!flhqw frqglwlrq iru wkh ohiw0kdqg vlgh ri 43< wr dfklhyh d qrq0qhjdwlyh
plqlpxp lv wkdw=

f 	
7[
r'�

Rr0|3� n
7[
r'�

B����r| k����r|

Bur|
E� � 0|3�� � � +443,

ru htxlydohqwo|=

�
0|3�

� � 0|3�
	

7[
r'�

B����r| k����
r|

Bur|
� � +444,

Wkh �uvw frqvwudlqw grhv qrw elqg +vlqfh wkh vxppdwlrq zloo dozd|v eh srvlwlyh,1 Wkhuhiruh
wkh rqo| elqglqj lqhtxdolw| lv wkh vhfrqg rqh1 Zh fdq �qdoo| suryh h{wlqfwlrq ri FDSP
wudghuv +dqg lqgluhfwo| grplqdqfh ri orjdulwkplf xwlolw| pd{lplvhuv, vlploduo| wr sursrvlwlrq
:1

Surri ri sursrvlwlrq 471 Lq d sxuh h{fkdqjh hfrqrp|/ hdfk wudghu � kdv dq hqgrzphqw
lq dvvhwv* vkduhv i%�r|j

7

r'� dqg fkrrvhv dq rswlpdo sruwirolr vroylqj wkh iroorzlqj sureohp=

^�| ' @h}4@ 

+
.
�
��
�
^�r|�r

��
v1w1

7[
r'�

4r|
�
^�r| � %�r|

�
� f

,
+S5,

Pruhryhu/ pdunhw fohdulqj uhtxluhv iru doo r 5 i�c ���c 7j=[
�'�Tcu�C

^�r| '
[

�'�T�u�C

%�r| +445,

Krzhyhu/ jrlqj edfn wr gh�qlwlrq 46/ lw lv vwudljkwiruzdug wr vkrz wkdw sureohpv S4 dqg S5
duh htxlydohqw iurp dq dqdo|wlfdo srlqw ri ylhz/ zkhq rqh vxevwlwxwhv 0�|3� iru %

�
r|1 Lq idfw/

vlqfh �|3� '
S

r 4r|/ sureohp S4 fdq eh uhzulwwhq dv iroorzv=

^�| ' @h}4@ 

+
.
�
��
�
^�r|�r

��
v1w1

7[
r'�

4r|
�
^�r| � 0�|3�

�
� f

,
+446,



Ilqdoo|/ wkh pdunhw fohdulqj frqglwlrq uhtxluhv iru doo r 5 i�c ���c 7j=[
�'�Tcu�C

^�r| '
[

�'�T�u�C

0�|3� ' � +447,

Wkhuhiruh zh fdq frqvlghu
�
0�|3�c 0

�
|3�c ���c 0

�
|3�

�
5 {73� dv li lw zdv dq hqgrzphqw yhfwru

lq dvvhwv* vkduhv iru wudghu � dqg zh fdq vwxg| htxloleulxp h{lvwhqfh dv li zh zhuh idflqj
d sxuh h{fkdqjh jhqhudo htxloleulxp prgho1 H{lvwhqfh lv jxdudqwhhg e| vwulfwo| srvlwlyh
hqgrzphqwv dqg frqwlqxrxv/ vwurqjo| prqrwrqh dqg vwulfwo| frqyh{ suhihuhqfhv1

Surri ri sursrvlwlrq 481 Uhfdoo wkdw ghpdqgv duh dv iroorzv=

^�T

r|
'

�

@�r

�
&| � @ E�� 0|3��

@�|Rr�2
r

Zr| +448,

^u
r|

'
0|3�Rr
Zr|

+449,

zkhuh &| �
S

7

r'�
Zr|*�r dqg �| �

S
7

r'�
Z2
r|
*Rr�2

r
1 Pdunhw fohdulqj uhtxluhv/ ;r 5 i�c ���c 7j=

&| � @ E�� 0|3��

@�|Rr�2
r

Z2
r|
�

�
�

@�r

� �

�
Zr| � 0|3�Rr ' f +44:,

Vroylqj iru htxloleulxp sulfhv zh �qg=

Zr| '
E�*@�r � �� n

t
E�*@�r � ��2 n e0|3�Rr d&| � @ E�� 0|3��o *@�|Rr�2

r

2 d&| � @ E� � 0|3��o *@�|Rr�2
r

� +44;,

�
�*@�r � �
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