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FULWLFDO GHFLVLRQV DQG FRQVWLWXWLRQDO

UXOHV�

Wrnh V1 Dlgw_

Idfxow| ri Hfrqrplfv/ Xqlyhuvlw| ri Fdpeulgjh

Iudqfhvfr Jlrydqqrqlh

Ghsduwphqw ri Hfrqrplfv/ Xqlyhuvlw| ri Eulvwro

Pd| 5338

Devwudfw

Pdq| frqvwlwxwlrqv vshfli| surfhgxuhv wkdw doorz fulwlfdo ghflvlrqv wr eh pdgh zlwk d
gl�huhqw uxoh wkdq gd|0wr0gd| ghflvlrqv1 Zh sursrvh d wkhru| ri frqvwlwxwlrqdo uxohv wkdw
h{sodlqv zk|1 Wkh wkhru| lv edvhg rq wkh dvvxpswlrq wkdw wkh w|sh ri d ghflvlrq fdq eh
revhuyhg/ exw qrw yhul�hg1 Zh fkdudfwhul}h wzr fodvvhv ri vhfrqg0ehvw frqvwlwxwlrqv/ erwk zlwk
fohdu dqdorjxhv lq uhdo zruog frqvwlwxwlrqv= l, lqfhqwlyh vfkhph +LV, frqvwlwxwlrqv wkdw holflw
lqirupdwlrq derxw wkh w|sh ri d ghflvlrq wkurxjk d frvwo| ghflvlrq uxoh vzlwfklqj surfhgxuh
dqg ll, olqnlqj vfkhph +OV, frqvwlwxwlrqv wkdw judqw olplwhg yhwr srzhuv wr lqwhuhvwhg sduwlhv1
Zh h{soruh krz wkh uhodwlyh shuirupdqfh ri wkh LV dqg wkh OV frqvwlwxwlrq ghshqgv rq wkh
hfrqrplf hqylurqphqw1

Nh|zrugv= Frqvwlwxwlrqv/ vrfldo frqwudfwv/ pdmrulw| uxohv/ yhwrhv/ uhihuhqgd1
MHO Fodvvl�fdwlrq= K43> K441

WZh zrxog olnh wr wkdqn Ideul}lr Dguldql/ Mrugl Eodqhv l Ylgdo/ Gkdpplnd Gkdupdsdod/ Pdwwkhz Mdfnvrq/

Pdwwkldv Phvvqhu/ Plowrv Pdnulv/ Jlrydqqd Ldqqdqwxrql/ vhplqdu sduwlflsdqwv dw Eulvwro/ LJLHU0Erffrql/ Orqgrq

Vfkrro ri Hfrqrplfv/ Xqlyhuvlw| Froohjh Gxeolq/ Xqlyhuvlw| ri Eluplqjkdp iru khosixo frpphqwv dqg vxjjhvwlrqv1

Wkh xvxdo txdol�hu dssolhv1

_Xqlyhuvlw| ri Fdpeulgjh/ Idfxow| ri Hfrqrplfv/ Dxvwlq Urelqvrq Exloglqj/ Vlgjzlfn Dyh1/ Fdpeulgjh FE6

<GG/ XN1 H0pdlo= wrnh1dlgwChfrq1fdp1df1xn

hGhsduwphqw ri Hfrqrplfv dqg FPSR/ Xqlyhuvlw| ri Eulvwro/ ; Zrrgodqg Ug1/ Eulvwro/ EV; 4WQ/ XN1 H0pdlo=

iudqfhvfr1jlrydqqrqlCeulvwro1df1xn



41 Lqwurgxfwlrq

D frqvwlwxwlrq fdq eh xqghuvwrrg dv d vrfldo frqwudfw wkdw vhwv rxw wkh uxohv wkdw jryhuq wkh

zd| d vrflhw| pdnhv froohfwlyh ghflvlrqv1 Wkh ghwdlov ri wkhvh frqwudfwv ydu| iurp vrflhw| wr

vrflhw|1 Ghvslwh wklv/ wkh zruog*v frqvwlwxwlrqv vkduh/ lq rqh zd| ru wkh rwkhu/ d frpprq ihdwxuh=

surfhgxuhv wkdw doorz fulwlfdo ghflvlrqv � ghflvlrqv wkdw/ li dssuryhg/ lq lfw odujh orvvhv rq vrph

lqglylgxdov � wr eh pdgh xvlqj d gl�huhqw dqg vwulfwhu ghflvlrq uxoh wkdq wkdw xvhg iru gd|0wr0gd|

ghflvlrqv1 Wkh XV Frqvwlwxwlrq/ iru h{dpsoh/ doorzv wkh Suhvlghqw wr yhwr ghflvlrqv pdgh e|

Frqjuhvv/ dqg d yhwr fdq rqo| eh ryhuuxohg e| dw 526 pdmrulw| ri wkh phpehuv ri Frqjuhvv1

Vlplodu v|vwhpv duh xvhg lq pdq| rwkhu frxqwulhv +Vkxjduw dqg Fduh| ^4;`,1 Lq rwkhu fdvhv/ wkh

frqvwlwxwlrq doorzv flwl}hqv/ wkurxjk wkh froohfwlrq ri d vx!flhqw qxpehu ri vljqdwxuhv/ wr uhtxhvw

wkdw vrph srolflhv duh vxemhfwhg wr d uhihuhqgxp1 Wkh Lwdoldq dqg Vzlvv frqvwlwxwlrq surylgh

wzr h{dpsohv ri wklv1 D wklug h{dpsoh lv wkh �olexvwhu0forwxuh surfhgxuh lq wkh XV Vhqdwh1 Wklv

surfhgxuh doorzv ghwhuplqhg vhqdwruv wr revwuxfw wkh yrwlqj rq d eloo wkurxjk surorqjhg vshhfkhv

+�olexvwhu,/ dqg d wlph olplw rq wkh vshhfkhv fdq rqo| eh lpsrvhg zlwk wkh frqvhqw ri 93 vhqdwruv

rxw ri 433 +forwxuh,1

Wkh sulqflsoh ehklqg wkhvh h{dpsohv lv wkdw lqglylgxdov fdq uhtxhvw wkdw fulwlfdo ghflvlrqv

duh pdgh e| d vwulfwhu ghflvlrq uxoh/ h1j1/ d vxshupdmrulw| uxoh ru duh vxemhfwhg wr d uhihuhqgxp/

wkdq wkh gd|0wr0gd| ghflvlrq uxoh1 Wkh fkdoohqjh lq lpsohphqwlqj wklv sulqflsoh/ ri frxuvh/ lv wr

lghqwli| zklfk ghflvlrqv duh fulwlfdo1 Jlyhq wkdw lqglylgxdov zkr vwdqg wr orvh iurp d sduwlfxodu

ghflvlrq zrxog dozd|v kdyh dq lqfhqwlyh wr fodlp wkdw wkh ghflvlrq lv fulwlfdo/ wkh frqvwlwxwlrqdo

uxohv pxvw eh ghvljqhg wr lqvxuh wkdw d uhtxhvw wr wudqvihu d ghflvlrq iurp wkh grpdlq ri wkh

gd|0wr0gd| ghflvlrq uxoh wr wkh grpdlq ri wkh vwulfwhu uxoh lv pdgh rqo| li wkh ghflvlrq lv wuxo|

fulwlfdo1 Wklv sdshu sursrvhv d wkhru| ri frqvwlwxwlrqdo uxohv wkdw vkrzv krz wklv fdq eh dfklhyhg

dqg dujxhv wkdw uxohv revhuyhg lq dfwxdo frqvwlwxwlrqv gr/ lq idfw/ dfklhyh wklv remhfwlyh1

Zh frqvlghu d vrflhw| zlwk d frqwlqxxp ri lqglylgxdov1 Wkhvh lqglylgxdov pxvw fkrrvh ehwzhhq

wzr dowhuqdwlyhv D dqg E1 Dowhuqdwlyh E � wkh vwdwxv txr � |lhogv wkh vdph ohyho ri zhoiduh wr doo/

zkloh dowhuqdwlyh D � d uhirup � fuhdwhv zlqqhuv dqg orvhuv1 Wkh pdjqlwxgh ri wkh orvv ghshqgv

rq wkh suhflvh qdwxuh ri wkh uhirup1 Zh pdnh d glvwlqfwlrq ehwzhhq wzr w|shv ri uhirupv=

fulwlfdo dqg gd|0wr0gd| uhirupv1 Gd|0wr0gd| uhirupv duh dvvrfldwhg zlwk prghvw orvvhv dqg fdq
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eh lqwhusuhwhg dv ghflvlrqv derxw plqru fkdqjhv wr wkh vwdwxv txr1 Fulwlfdo uhirupv/ rq wkh rwkhu

kdqg/ duh dvvrfldwhg zlwk pxfk odujhu orvvhv/ h1j1/ ehfdxvh wkh| ylrodwh fhuwdlq ixqgdphqwdo

uljkwv1 Dw wkh wlph zkhq wkh frqvwlwxwlrqdo uxohv duh odlg grzq/ lqglylgxdov gr qrw |hw nqrz

zkhwkhu wkh| zloo jdlq ru orvh iurp wkh uhirup/ qru gr wkh| nqrz wkh w|sh ri uhirup1 Wkxv/ wkh

frqvwlwxwlrq lv ghvljqhg iurp wkh ruljlqdo srvlwlrq/ ehklqg d yhlo ri ljqrudqfh1 Diwhu wkh yhlo ri

ljqrudqfh lv oliwhg/ exw ehiruh yrwlqj wdnhv sodfh/ lw ehfrphv nqrzq li wkh uhirup lv fulwlfdo ru

qrw1

Zh ehjlq e| dqdo|}lqj wzr ehqfkpdunv1 Wkh �uvw ehqfkpdun fkdudfwhul}hv wkh �uvw0ehvw

frqvwlwxwlrq1 Wkh �uvw0ehvw lv dfklhyhg e| ghvljqlqj orvv0ghshqghqw pdmrulw| uxohv1 Wklv/ krz0

hyhu/ uhtxluhv wkdw wkh w|sh ri uhirup +wkh orvv, fdq eh yhul�hg1 Wklv lv riwhq lpsrvvleoh wr gr

dqg/ iru wklv uhdvrq/ wkh frqvwlwxwlrqdo uxohv fdqqrw/ lq sudfwlfh/ eh frqwlqjhqw rq wkh xwlolw|

wkdw lqglylgxdov ghulyh iurp uhirupv1 Zh lghqwli| wklv dv wkh ixqgdphqwdo sureohp wkdw frqvwl0

wxwlrqdo ghvljqhuv pxvw dgguhvv1 Wkh vhfrqg ehqfkpdun dvvxphv wkdw wkh frqvwlwxwlrqdo uxohv

duh ghvljqhg dv li lqglylgxdov gr qrw nqrz li d uhirup lv fulwlfdo ru qrw ehiruh wkh| yrwh rq lw1 Lq

wklv fdvh/ wkh frqvwlwxwlrqdo fkrlfh lv uhvwulfwhg wr d vlqjoh pdmrulw| uxoh wkdw dssolhv wr doo w|shv

ri uhirupv1 Zh uhihu wr wklv frqvwlwxwlrq dv d pdmrulw| uxoh +PU, frqvwlwxwlrq1 Wkh sureohp

zlwk wkh PU frqvwlwxwlrq lv wkdw wr pdnh lw gl!fxow wr sdvv fulwlfdo uhirupv/ wkh frqvwlwxwlrqdo

ghvljqhu pdnhv lw gl!fxow wr sdvv doo srolf| uhirupv � vrphwklqj zklfk lv fohduo| xqghvludeoh lq

lwvhoi1 Zh lqwhusuhw wkh PU frqvwlwxwlrq dv d orzhu erxqg rq zkdw frqvwlwxwlrqdo ghvljqhuv fdq

dvsluh wr dfklhyh lq wkh uhdolvwlf fdvh zkhuh wkh w|sh ri uhirup fdqqrw eh yhul�hg remhfwlyho|/ exw

zkhuh lw fdq eh revhuyhg e| lqglylgxdov ehiruh yrwlqj wdnhv sodfh1

Wkh idfw wkdw lqglylgxdov nqrz wkh w|sh ri uhirup ehiruh yrwlqj wdnhv sodfh surylghv frqvwl0

wxwlrqdo ghvljqhuv zlwk wkh rssruwxqlw| wr ghvljq uxohv wkdw holflw wklv lqirupdwlrq1 Zh frqvlghu

wzr frqvwlwxwlrqdo phfkdqlvpv wkdw fdq dfklhyh wklv= dq lqfhqwlyh vfkhph +LV, frqvwlwxwlrq dqg

d olqnlqj vfkhph +OV, frqvwlwxwlrq1 Erwk ri wkhvh hperg| wzr pdmrulw| uxohv= d ghidxow pdmrulw|

uxoh dqg d vwulfwhu dowhuqdwlyh uxoh wkdw fdq rqo| eh dssolhg xqghu fhuwdlq flufxpvwdqfhv vshfl�hg

lq wkh frqvwlwxwlrq1

Wkh LV frqvwlwxwlrq doorzv lqglylgxdov wr uhtxhvw wkdw wkh dowhuqdwlyh uxoh lv xvhg/ exw rqo|

dw d frvw/ �1 Wklv frvw lv fkrvhq e| wkh frqvwlwxwlrqdo ghvljqhu wr lqvxuh wkdw vxfk d uhtxhvw lv
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rqo| pdgh li wkh uhirup lv fulwlfdo1 Wklv frqvwlwxwlrq/ wkhq/ h�hfwlyho| holflwv lqirupdwlrq derxw

wkh w|sh ri uhirup dqg doorzv vrflhw| wr hpsor| vhfrqg0ehvw/ orvv0ghshqghqw pdmrulw| uxohv1 Wkh

grzq0vlgh lv wkdw � lv d ghdgzhljkw frvw dqg lv lqfxuuhg hyhu| wlph wkh qhhg iru d vzlwfk ri uxohv

dulvhv1 Uxohv vlplodu wr wkrvh ri wkh LV frqvwlwxwlrq fdq eh irxqg lq pdq| dfwxdo frqvwlwxwlrqv

lq wkh irup ri surfhgxuhv wkdw doorz flwl}hqv wr froohfw vljqdwxuhv wr wuljjhu uhihuhqgd ru flwl}hqv*

lqlwldwlyhv1

Wkh OV frqvwlwxwlrq wdnhv dgydqwdjh ri wkh idfw wkdw vrflhwlhv kdyh wr frqvlghu pdq| srolf|

uhirupv/ qrw mxvw rqh1 Iru hdfk uhirup/ wkh frqvwlwxwlrq doorzv lqglylgxdov wr uhtxhvw wkdw wkh

dowhuqdwlyh uxoh lv xvhg lqvwhdg ri wkh ghidxow uxoh dw qr gluhfw frvw/ exw wkh| fdq rqo| gr vr

d vshfl�f qxpehu ri wlphv1 Zh lqwhusuhw d uhtxhvw iru d fkdqjh ri uxoh dv d yhwr dqg wkh

dowhuqdwlyh uxoh dv wkh pdmrulw| uhtxluhg wr ryhuuxoh d yhwr1 E| udwlrqlqj wkh qxpehu ri yhwrhv/

wkh frqvwlwxwlrqdo ghvljqhu surylghv lqfhqwlyhv iru uhyhodwlrq ri wkh dfwxdo orvvhv1 Wkh srlqw lv

wkdw lqglylgxdov/ nqrzlqj wkdw wkhuh duh pruh ghflvlrqv wr eh pdgh wkdq yhwrhv doorzhg e| wkh

frqvwlwxwlrq/ duh pruh olnho| wr yhwr d fulwlfdo uhirup wkdq d gd|0wr0gd| uhirup1 Zh dujxh wkdw

wkh OV frqvwlwxwlrq fdswxuhv/ lq uhgxfhg irup/ wkh yhwr srzhuv judqwhg wr lqvwlwxwlrqv vxfk dv d

suhvlghqw ru d ohjlvodwlyh erg| e| dfwxdo frqvwlwxwlrqv1

Wkh remhfwlyh ri erwk wkhvh frqvwlwxwlrqv lv wr hvwdeolvk li d uhirup lv fulwlfdo ru qrw ehiruh lw lv

sxw wr d yrwh/ exw wkh| gr vr lq yhu| gl�huhqw zd|v dqg zlwk gl�huhqw frvwv dqg ehqh�wv1 Wkh LV

frqvwlwxwlrq dfklhyhv ixoo uhyhodwlrq/ exw grhv vr dw wkh frvw �1 Wkh OV frqvwlwxwlrq/ rq wkh rwkhu

kdqg/ lv qrw dvvrfldwhg zlwk dq| gluhfw frvwv/ exw lw fdqqrw jxdudqwhh ixoo uhyhodwlrq= li wkhuh

duh wrr pdq| ru wrr ihz yhwrhv/ wkh OV frqvwlwxwlrq vrphwlphv doorzv vrflhw| wr pdnh ghflvlrqv

zlwk wkh �zurqj� pdmrulw| uxoh1 Wkh uhodwlyh shuirupdqfh ri wkh LV dqg wkh OV frqvwlwxwlrq

dqg/ xowlpdwho|/ wkh fkrlfh ri frqvwlwxwlrqdo uxohv/ ghshqg rq wkh xqghuo|lqj ixqgdphqwdov1 Zh

xqghuwdnh d ghwdlohg zhoiduh frpsdulvrq ri wkh wzr w|shv ri frqvwlwxwlrqv dqg �qg wkdw wkh

LV frqvwlwxwlrq shuirupv zhoo frpsduhg wr wkh OV frqvwlwxwlrq lq vlwxdwlrqv zkhuh l, ghflvlrq

pdnhuv/ diwhu wkh yhlo ri ljqrudqfh kdv ehhq oliwhg/ duh uhodwlyho| lpsdwlhqw> ll, fulwlfdo uhirupv

uduho| dsshdu rq wkh djhqgd> dqg lll, vxssruw iru uhirup lv/ rq dyhudjh/ kljk1

Wkh sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 5/ zh surylgh d eulhi olwhudwxuh uhylhz1 Lq

Vhfwlrq 6/ zh lqwurgxfh rxu prgho1 Lq Vhfwlrq 7/ zh frqvlghu wkh wzr ehqfkpdunv +wkh �uvw0
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ehvw dqg wkh PU frqvwlwxwlrq,1 Lq Vhfwlrq 8/ zh dqdo|}h wkh LV frqvwlwxwlrq1 Lq Vhfwlrq 9/ zh

dqdo|}h wkh OV frqvwlwxwlrq1 Lq Vhfwlrq :/ zh frpsduh wkh zhoiduh surshuwlhv ri wkh LV dqg wkh

OV frqvwlwxwlrq dqg vwxg| wkh frqglwlrqv xqghu zklfk hdfk frqvwlwxwlrq shuirupv ehwwhu wkdq wkh

rwkhu1 Lq Vhfwlrq ;/ zh surylgh vrph glvfxvvlrq ri wkh uhvxowv dqg d frqfoxvlrq1 Wkh dsshqgl{

dw wkh hqg frqwdlqv vrph ri wkh surriv1

51 Uhodwhg Olwhudwxuh

Lq uhfhqw |hduv/ wkhuh kdv ehhq d uhqhzhg lqwhuhvw lq wkh ixqgdphqwdo txhvwlrqv uhodwhg wr frq0

vwlwxwlrqdo ghvljq14 Rqh vwudqg ri wklv olwhudwxuh dujxhv wkdw frqvwlwxwlrqv duh lqfrpsohwh vrfldo

frqwudfwv1 Dffruglqj wr wklv ylhz/ frqvwlwxwlrqv fdqqrw eh ghvljqhg wr pdnh srolf| ghflvlrqv gl0

uhfwo| ehfdxvh frqvwlwxwlrqdo ghvljqhuv fdqqrw iruhvhh doo ixwxuh vwdwhv ri qdwxuh dqg2ru ehfdxvh

wkhvh vwdwhv ri qdwxuh fdqqrw eh yhul�hg h{ srvw1 Wklv pdnhv lw lpsrvvleoh ru h{wuhpho| frvwo| wr

zulwh d ixoo vwdwh0frqwlqjhqw sodq lqwr wkh frqvwlwxwlrq1 Dv d frqvhtxhqfh/ wkh dujxphqw jrhv/ wkh

uroh ri frqvwlwxwlrqv lv wr gh�qh wkh uxohv wkdw jryhuq srolf| pdnlqj15 Zlwklq wklv iudphzrun/

vhyhudo sdshuv kdyh/ xqghu wkh +lpsolflw, dvvxpswlrq wkdw rqo| yrwlqj rxwfrphv duh h{ srvw frq0

wudfwleoh/ dqdo|}hg frqvwlwxwlrqv wkdw vshfli| d vlqjoh +pdmrulw|, uxoh dqg kdyh fkdudfwhul}hg krz

wkh rswlpdo uxoh ghshqgv rq wkh sdudphwhuv ri wkh hqylurqphqw1 Djklrq dqg Erowrq ^4` vkrz

wkdw wkh rswlpdo fkrlfh ri d pdmrulw| uxoh iurp ehklqg wkh yhlo ri ljqrudqfh lv ghwhuplqhg e| d

wudgh0r� ehwzhhq wzr frqvlghudwlrqv1 Rq wkh rqh kdqg/ wr olplw h{fhvvlyh h{ srvw uhglvwulexwlrq

+wkh pdmrulw| h{sursuldwhv wkh plqrulw|,/ d vwulfw pdmrulw| uxoh ghvludeoh1 Rq wkh rwkhu kdqg/

wr pdnh lw kdughu iru wkrvh zkr orvh rxw +h{ srvw yhvwhg lqwhuhvwv, wr eorfn vrfldoo| ghvludeoh

uhirupv/ d od{ pdmrulw| uxoh lv ghvludeoh16 Djklrq hw do1 ^5` irfxv rq d uxoh wkdw frqwdlqv wkh srzhu

ri srolwlfdo ohdghuv1 Wkh| vkrz wkdw wkh rswlpdo ghjuhh ri �lqvxodwlrq� phdvxuhg dv wkh vkduh

ri yrwhv qhhghg wr eorfn ohjlvodwlrq lv ghwhuplqhg e| d wudgh0r� ehwzhhq doorzlqj wkh srolwlfdo

ohdghu hqrxjk ohhzd| wr uxoh dqg uhvwulfwlqj wkh vfrsh iru plvxvh ri srzhu1

4Wkh fodvvlfdo zrun lq wkh duhd lv Exfkdqdq dqg Wxoorfn ^9`1 Vhh dovr Pxhoohu ^49`1
5Gl{lw ^;` suhvhqwv dq ryhuylhz ri wklv dssurdfk1 Vhh Od�rqw ^46` iru dq h{srvlwlrq ri wkh dowhuqdwlyh ylhz wkdw

frqvlghuv frqvwlwxwlrqv dv frpsohwh frqwudfwv dqg dujxhv wkdw wkh qhhg iru frqvwlwxwlrqv dulvhv iurp lqirupdwlrq
dv|pphwulhv1 Iru d wkhruhwlfdo ghihqfh ri wkh lqfrpsohwh frqwudfw dssurdfk/ vhh Kduw dqg Prruh ^44`1

6Wklv dssurdfk kdv ehhq ixuwkhu ghyhorshg e| Jhuvedfk ^<`1 Pdjjl dqg Pruhool ^47` frqvlghu d vlplodu sureohp
lq wkh frqwh{w ri lqwhuqdwlrqdo rujdql}dwlrqv1

8



Zh vkduh zlwk wkhvh sdshuv wkh lqfrpsohwh frqwudfwv dssurdfk dqg wkh dvvxpswlrq wkdw

frqvwlwxwlrqdo fkrlfhv duh pdgh iurp ehklqg wkh yhlo ri ljqrudqfh/ |hw rxu jrdov duh gl�huhqw1

Wkh h{lvwlqj olwhudwxuh irfxvhv sulpdulo| rq wkh sureohp ri +h{fhvvlyh, h{ srvw uhglvwulexwlrq/

dqg/ lq grlqj vr/ lw pdnhv wkh vlpsoli|lqj dvvxpswlrq wkdw wkh frvw +dqg ehqh�w, ri uhirup

lv fhuwdlq dqg wkdw doo uhirupv duh lghqwlfdo1 Zh/ lq frqwudvw/ dujxh wkdw xqfhuwdlqw| derxw

wkh w|sh ri uhirupv lv dq lpsruwdqw frqvlghudwlrq lq frqvwlwxwlrqdo ghvljq dqg wkdw vrflhwlhv

kdyh wr wdnh lqwr dffrxqw wkh idfw wkdw vrph uhirupv � wkrvh zklfk duh fulwlfdo � lq lfw pxfk

odujhu frvwv rq wkrvh zkr orvh wkdq gd|0wr0gd| uhirupv1 Wkh frqvwlwxwlrqdo sureohp/ wkhuhiruh/

ehfrphv rqh ri ghvljqlqj uxohv wkdw h�hfwlyho| vhsdudwh fulwlfdo iurp qrq0fulwlfdo uhirupv dqg

doorz gl�huhqw w|shv ri uhirupv wr eh pdgh zlwk gl�huhqw uxohv1 Zkloh wkh suhylrxv olwhudwxuh

frxog uhsuhvhqw frqvwlwxwlrqv dv d vlqjoh uxoh dqg vwxg| krz wklv sduwlfxodu uxoh ydulhv zlwk

fkdqjhv lq wkh xqghuo|lqj ixqgdphqwdov/ zh pxvw/ dv d frqvhtxhqfh ri wklv/ ghdo zlwk wkh fkrlfh

ehwzhhq sdfndjhv ri uxohv dqg vwxg| krz wklv fkrlfh ydulhv zlwk fkdqjhv lq wkh ixqgdphqwdov17 Wr

kljkoljkw wklv ghsduwxuh iurp wkh h{lvwlqj olwhudwxuh/ zh gr qrw doorz iru h{ srvw uhglvwulexwlrq1

Wklv/ krzhyhu/ lv d vlpsoli|lqj dvvxpswlrq zlwkrxw txdolwdwlyh lpsolfdwlrqv iru rxu uhvxowv= dv zh

glvfxvv lq pruh ghwdlo lq vhfwlrq 714/ rxu dqdo|vlv fdq dw wkh frvw ri frqvlghudeoh h{wud frpsoh{lw|

eh h{whqghg wr doorz iru h{ srvw uhglvwulexwlrq1 Lq rwkhu zrugv/ wkh lvvxh ri krz frqvwlwxwlrqdo

ghvljqhuv ghdo zlwk vlwxdwlrqv zlwk h{ srvw uhglvwulexwlrq dqg wkh lvvxh ri krz wkh| ghdo zlwk

vlwxdwlrqv zlwk xqfhuwdlqw| derxw wkh zhoiduh frqvhtxhqfhv ri uhirup duh lq d vhqvh ruwkrjrqdo

dqg fdq eh dqdo|}hg vhsdudwho|1

Dqrwkhu vwudqg ri wkh olwhudwxuh kdv dujxhg wkdw frqvwlwxwlrqv duh qrw zulwwhq ehklqg wkh

yhlo ri ljqrudqfh exw e| lqglylgxdov zkr nqrz wkhlu srvlwlrq lq vrflhw|18 Phvvqhu dqg Sroeruq

^48`/ iru h{dpsoh/ vwxg| d vlwxdwlrq zkhuh wkh ghflvlrq uxoh xvhg wr jryhuq ixwxuh ghflvlrqv lv

lwvhoi ghflghg e| wkh vlpsoh pdmrulw| uxoh1 Wkh| vkrz krz vxshupdmrulw| uxohv hphujh lq dq

ryhuodsslqj jhqhudwlrqv iudphzrun zkhuh wkh |rxqj fdq ghflgh rq wkh vl}h ri wkh pdmrulw| wkdw

lv jrlqj wr eh xvhg wr pdnh ghflvlrqv zkhq wkh| ehfrph rog1 Prvw sxeolf srolflhv lqwurgxfh

lpphgldwh frvwv zkloh ehqh�wv duulyh odwhu1 Roghu yrwhuv/ wkhuhiruh/ vx�hu pruh iurp uhirup

7
Djklrq dqg Erowrq ^4` wdnh vwhsv lq wklv gluhfwlrq e| dqdo|}lqj zkhq lw zrxog eh ghvludeoh wr lqwurgxfwlrq

ydulrxv plqrulw| surwhfwlrq uxohv1

8
Vhh Yrljw ^53` iru d vxuyh| ri srvlwlyh frqvwlwxwlrqdo hfrqrplfv1

9



wkdq |rxqj yrwhuv dqg wklv surylghv dq lqfhqwlyh iru |rxqj yrwhuv wr fkrrvh d vxshupdmrulw|

uxoh1 Eduehud dqg Mdfnvrq ^8` vwxg| wkh eurdghu txhvwlrq ri zkhq yrwlqj uxohv duh vhoi0vxvwdlqlqj

dqg/ wkhuhiruh/ olnho| wr hqgxuh1 Wkh| vkrz wkdw frqvwlwxwlrqv zlwk wzr ghflvlrq uxohv duh riwhq

pruh vwdeoh wkhq frqvwlwxwlrqv zlwk d vlqjoh uxoh1 Ilqdoo|/ Wlffkl dqg Ylqgljql ^4<` dqdo|}h krz

hfrqrplf idfwruv +dqg lq sduwlfxodu uhglvwulexwlyh frqfhuqv, lq xhqfh wkh fkrlfh ri d pdmrulwduldq

yhuvxv d frqvhqvxdo frqvwlwxwlrq1

Zh kdyh fkrvhq wr prgho frqvwlwxwlrqdo ghvljq ehklqg d yhlo ri ljqrudqfh iru d ydulhw| ri

uhdvrqv1 Iluvwo|/ wklv dvvxpswlrq pdsv qlfho| zlwk wkh qrwlrq wkdw frqvwlwxwlrqdo ghvljqhuv duh

�irxqglqj idwkhuv�1 Li wkh lqglylgxdov zkr ghvljq frqvwlwxwlrqv fduh vx!flhqwo| derxw wkh ixwxuh/

wkh| zloo eh fduhixo qrw wr ghvljq d frqvwlwxwlrq wkdw pdnhv lw hlwkhu wrr hdv| ru wrr gl!fxow wr sdvv

uhirupv ehfdxvh zkloh wkh| pljkw/ iru h{dpsoh/ jdlq iurp wrgd|*v uhirupv/ wkh| pljkw orvh iurp

wrpruurz*v uhirupv1 Vhfrqgo|/ dq| wuxo| srvlwlyh wkhru| ri frqvwlwxwlrqdo ghvljq uholhv khdylo|

rq wkh ghwdlov ri wkh dvvxphg frqvwlwxwlrqdo edujdlqlqj surfhvv1 Lq frqwudvw/ zh rewdlq uhvxowv

wkdw gr qrw uho| rq dq|wklqj hovh exw wkh yhlo ri ljqrudqfh dvvxpswlrq1 Wklugo|/ rxu dssurdfk

surylghv d ehqfkpdun djdlqvw zklfk dfwxdo rxwfrphv pljkw eh phdvxuhg dqg/ dv zh vkdoo glvfxvv

lq ghwdlo ehorz/ wkh frqvwlwxwlrqdo uxohv wkdw dulvh iurp rxu prgho kdyh fohdu frxqwhusduwv lq uhdo

zruog frqvwlwxwlrqv1

Rxu dqdo|vlv lv dovr uhodwhg wr d uhfhqw olwhudwxuh rq lqfhqwlyh frqvwudlqwv dqg ghflvlrq olqnlqj/

dqg lq rxu dqdo|vlv ri olqnlqj vfkhph frqvwlwxwlrqv/ zh gudz rq wkh iudphzrun ghyhorshg e|

Mdfnvrq dqg Vrqqhqvfkhlq ^45`1 Wkh| ghprqvwudwh krz d sulqflsdo/ e| olqnlqj ghflvlrqv/ fdq

holflw wkh djhqwv* sulydwh lqirupdwlrq1 Zh dujxh wkdw vxfk vfkhphv sod| dq lpsruwdqw uroh lq

frqvwlwxwlrqdo ghvljq1

61 Wkh Edvlf Vhwxs

Zh frqvlghu d vrflhw| wkdw lv srsxodwhg e| d frqwlqxxp ri lqglylgxdov ri pdvv rqh/ lqgh{hg e|

l1 Lqglylgxdov pxvw fkrrvh ehwzhhq wzr srolflhv/ { 5 iD>Ej1 Srolf| E lv wkh vwdwxv txr dqg

|lhogv }hur xwlolw| wr doo1 Srolf| D lv dq dowhuqdwlyh wr wkh vwdwxv txr dqg vkrxog eh lqwhusuhwhg

dv d uhirup/ dv lq Djklrq hw do1 ^5`1 Lqglylgxdov duh sduwlwlrqhg lqwr wzr idfwlrqv1 Lqglylgxdov lq

idfwlrqZ � wkh zlqqhuv � suhihu D wr E dqg jdlq xwlolw| z A 3 li wkh uhirup lv fkrvhq1 Zh dvvxph

:



wkdw iru hdfk lqglylgxdo/ Qdwxuh ghwhuplqhv lqghshqghqwo| dqg zlwk suredelolw| s zkhwkhu vkh lv

d zlqqhu ru qrw1 Lqglylgxdov lq idfwlrq ZF � wkh orvhuv � suhihu E wr D1

Krz odujh d orvv wkh orvhuv h{shulhqfh li srolf| D lv fkrvhq ghshqgv rq wkh w|sh ri uhirup1

Wkh w|sh ri uhirup lv ghwhuplqhg e| wkh uhdol}dwlrq ri wkh udqgrp yduldeoh f 5 if> fj zkhuh

Su^f @ f` @ � dqg Su^f @ f` @ 4 � �1 Uhirupv ri w|sh f duh dvvrfldwhg zlwk vpdoo orvvhv +|,

zkloh uhirupv ri w|sh f duh dvvrfldwhg zlwk odujh orvvhv +},1 Zh lqwhusuhw uhirupv ri w|sh f dv

qrq0fulwlfdo/ gd|0wr0gd| uhirupv wkdw lq lfw rqo| prghvw orvvhv/ zkloh uhirupv ri w|sh f duh fulwlfdo

uhirupv wkdw/ h1j1/ ehfdxvh wkh| ylrodwh vrph edvlf uljkwv/ lq lfw pxfk odujhu orvvhv1 Wkxv/ wkh

fdvh zh kdyh lq plqg lv rqh lq zklfk } lv vxevwdqwldoo| odujhu wkdq |1 Wkh w|sh ri uhirup fdqqrw

eh nqrzq xqwlo diwhu f kdv ehhq uhdol}hg1 Zh fdq qrz zulwh wkh xwlolw| ixqfwlrq ri lqglylgxdo l

dv iroorzv

xl +{> f, @

;AAAAAAAAAA?
AAAAAAAAAA=

z li { @ D dqg l 5Z

�| li { @ D> l 5ZF dqg f @ f
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zkhuh z A 3 dqg } A | A 31 Hdfk idfwlrq kdv d uhsuhvhqwdwlyh zlwk wkh vdph srolf| suhihuhqfhv dv

wkh lqglylgxdov lq wkdw idfwlrq1 Wkhvh pd| eh fdoohg xsrq e| wkh frqvwlwxwlrq wr pdnh ghflvlrqv

rq ehkdoi ri wkhlu idfwlrq1 Wkh uhsuhvhqwdwlyhv fdq eh lqwhusuhwhg dv srolwlfdo sduwlhv/ exw rwkhu

lqwhusuhwdwlrqv duh srvvleoh1

Zh gh�qh d frqvwlwxwlrq dv d pdsslqj iurp l, wkh vhw ri vwudwhjlhv ri lqglylgxdov dqg wkhlu

uhsuhvhqwdwlyhv dqg ll, wkrvh ihdwxuhv ri wkh hqylurqphqw wkdw duh yhul�deoh lqwr wkh vhw iD>Ej1

Wkh wlplqj ri hyhqwv lv vxppdul}hg e| wkh iroorzlqj wlph olqh=

41 Iurp ehklqg wkh yhlo ri ljqrudqfh/ rqh ri wkh uhsuhvhqwdwlyhv +wkh frqvwlwxwlrqdo ghvljqhu,

ghvljqv d frqvwlwxwlrq zlwkrxw nqrzlqj l, zklfk idfwlrq kh uhsuhvhqwv/ ll, wkh vl}h ri hdfk

idfwlrq/ dqg lll, wkh w|sh ri srolf| uhirup19

51 Qdwxuh vhohfwv d ydoxh s iurp d fxpxodwlyh glvwulexwlrq ixqfwlrq I zlwk vxssruw rq wkh

9
Lw grhv qrw pdwwhu zklfk ri wkh wzr uhsuhvhqwdwlyhv ghvljqv wkh frqvwlwxwlrqv/ vr zh fdq wklqn ri wkh frqvwl0

wxwlrqdo ghvljqhu dv ehlqj vhohfwhg dw udqgrp1

;



xqlw lqwhuydo dqg vwulfwo| srvlwlyh ghqvlw| i 1 Wkh ydoxh ri s lv qrw revhuyhg e| dq|rqh1

61 Jlyhq s/ Qdwxuh ghwhuplqhv zklfk idfwlrq wkh frqvwlwxwlrqdo ghvljqhu uhsuhvhqwv1 E| ghidxow/

wkh rwkhu uhsuhvhqwdwlyh uhsuhvhqwv wkh rwkhu idfwlrq1 Zkhwkhu d jlyhq uhsuhvhqwdwlyh lv d

zlqqhu ru d orvhu lv qrw yhul�deoh1 Ixuwkhupruh/ lqglylgxdov duh sduwlwlrqhg lq wkh wzr

vhwv Z dqg ZF 1 Lqglylgxdov nqrz wr zklfk vhw wkh| ehorqj/ exw wklv lqirupdwlrq lv qrw

yhul�deoh1 Ilqdoo|/ Qdwxuh vhohfwv f zklfk lv revhuydeoh/ exw qrw yhul�deoh1

71 Wkh frqvwlwxwlrq pd| fdoo xsrq wkh uhsuhvhqwdwlyhv wr wdnh vrph dfwlrq1

81 Lqglylgxdov yrwh iru ru djdlqvw srolf| D1 Wkh yrwh uhvxow lv revhuyhg e| hyhu|rqh dqg lv

yhul�deoh1

91 Wkh srolf| rxwfrph lv ghwhuplqhg dffruglqj wr wkh frqvwlwxwlrqdo uxohv odlg grzq lq 41

Wkh lqwhusuhwdwlrq ri wkh wlph olqh lv wkh iroorzlqj1 Dw wkh frqvwlwxwlrqdo vwdjh/ wkh wzr

uhsuhvhqwdwlyhv gr qrw |hw nqrz zklfk idfwlrq wkh| uhsuhvhqw/ qru gr wkh| nqrz wkh vl}h ri hdfk

idfwlrq ru wkh w|sh ri srolf| D +l1h1/ wkh uhdol}dwlrq ri f,1 Dv d frqvhtxhqfh/ wkh frqvwlwxwlrqdo

uxohv duh odlg grzq iurp ehklqg wkh yhlo ri ljqrudqfh/ dqg lw grhv qrw pdwwhu zklfk ri wkh wzr

uhsuhvhqwdwlyhv lv fkrvhq wr ghvljq wkh frqvwlwxwlrq1 Rqfh wkh frqvwlwxwlrq kdv ehhq ghvljqhg

lq vwdjh 4/ zlqqhuv dqg orvhuv duh ghwhuplqhg dqg wkh uhsuhvhqwdwlyhv ohduq zklfk idfwlrq wkh|

uhsuhvhqw1 Wklv wdnhv sodfh lq wzr vwdjhv1 Lq vwdjh 5/ Qdwxuh gudzv d ydoxh s iurp wkh fxpxodwlyh

glvwulexwlrq ixqfwlrq I zlwk vxssruw rq ^3> 4`1 Lq vwdjh 6/ Qdwxuh ghwhuplqhv iru hdfk lqglylgxdo

l li l lv d zlqqhu +l 5 Z , ru d orvhu +l 5 ZF,1 Wklv lv grqh e| d vhtxhqfh ri lqghshqghqw gudzv

iurp d Ehuqrxool glvwulexwlrq zlwk s @ Su+l 5 Z ,1 Qdwxuh pdnhv rqh ixuwkhu +lqghshqghqw,

gudz iurp wkh Ehuqrxool glvwulexwlrq wr ghwhuplqh zkhwkhu wkh frqvwlwxwlrqdo ghvljqhu uhsuhvhqwv

idfwlrq Z +zlwk suredelolw| s, ru idfwlrq ZF +zlwk suredelolw| 4 � s,1 E| ghidxow/ wkh rwkhu

uhsuhvhqwdwlyh uhsuhvhqwv wkh rwkhu idfwlrq1 Qrqh ri wklv lv yhul�deoh1 Zlwk d frqwlqxxp ri

lqglylgxdov/ s dovr uhsuhvhqwv wkh iudfwlrq ri lqglylgxdov zkr idyruv srolf| D ryhu wkh vwdwxv txr

E1: Ilqdoo|/ f lv fkrvhq e| Qdwxuh dqg revhuyhg e| lqglylgxdov dqg uhsuhvhqwdwlyhv1 Wklv wlplqj

:Vlqfh wkh glvwulexwlrq ri s fdq qhyhu eh ghwhuplqlvwlf/ wklv lv dq dexvh ri wkh odz ri odujh qxpehuv1 Vhh Juhhq
^43` iru ghwdlov1

<



lpsolhv wkdw wkh zhoiduh frqvhtxhqfh ri srolf| D lv nqrzq ehiruh yrwlqj wdnhv sodfh/ exw diwhu

wkh frqvwlwxwlrq lv ghvljqhg1 Pruh lpsruwdqwo|/ zh dvvxph wkdw wkh w|sh ri uhirup fdqqrw eh

yhul�hg e| d frxuw1 Wkh frqvwlwxwlrqdo ghvljqhu/ wkhuhiruh/ kdv wr �qg zd|v wr flufxpyhqw wkh

idfw wkdw wkh frqvwlwxwlrqdo uxohv fdqqrw eh pdgh gluhfwo| ghshqghqw rq d nh| ghwhuplqdqw ri

wkh ghvludelolw| ri uhirup +wkh uhdol}dwlrq ri f,1 Lq vwdjh 7/ wkh frqvwlwxwlrq pd| doorz ru uhtxluh

wkh uhsuhvhqwdwlyhv wr wdnh fhuwdlq dfwlrqv wkdw pd| uhyhdo lqirupdwlrq derxw wkh uhohydqw orvvhv

dqg ghwhuplqh zklfk frqvwlwxwlrqdo uxoh lv xvhg wr pdnh wkh srolf| ghflvlrq1 Lq vwdjh 8/ yrwlqj

wdnhv sodfh1 Lqglylgxdov yrwh lq d vwdwh ri djjuhjdwh xqfhuwdlqw|= wkh| nqrz zkhwkhu wkh| duh

zlqqhuv ru orvhuv/ exw wkh| gr qrw nqrz krz pdq| zlqqhuv ru orvhuv wkhuh duh xqwlo diwhu wkh yrwh

kdv wdnhq sodfh1 Zh dvvxph wkh qxpehu ri yrwhv lq idyru ri srolf| D fdq eh yhul�hg dqg wkdw

yrwlqj lv vlqfhuh1; Wklv phdqv wkdw s ehfrphv yhul�deoh diwhu yrwlqj wdnhv sodfh dqg uhsuhvhqwv

wkh phdvxuh ri yrwhv lq idyru ri srolf| D= Ilqdoo|/ jlyhq wkh uxohv odlg grzq e| wkh frqvwlwxwlrq/

srolf| { lv ghwhuplqhg lq vwdjh 91 Zh dvvxph wkdw d frxuw jxdudqwhhv wkdw wkh frqvwlwxwlrqdo

uxohv duh hqirufhg1

71 Ehqfkpdun Frqvwlwxwlrqv

Zh ehjlq e| frqvlghulqj wzr ehqfkpdun frqvwlwxwlrqv1 Wkh �uvw ehqfkpdun dvvxphv wkdw wkh

w|sh ri wkh uhirup +f, lv yhul�deoh1 Lq wklv fdvh/ wkh �uvw0ehvw lv dwwdlqdeoh dqg fdq eh lpsohphqwhg

e| orvv0ghshqghqw pdmrulw| uxohv1 Wkh vhfrqg ehqfkpdun ljqruhv wkh idfw wkdw f fdq/ lq idfw/ eh

revhuyhg/ dqg uhvwulfwv wkh frqvwlwxwlrqdo uxohv wr ghshqg rq wkh qxpehu ri lqglylgxdov lq idyru

ri uhirup +s,1 Lq wklv fdvh/ wkh rswlpdo frqvwlwxwlrqdo uxoh lv d vlqjoh pdmrulw| uxoh dssolhg wr doo

w|shv ri uhirupv1

7141 Iluvw0Ehvw Frqvwlwxwlrqdo Uxohv

Xqghu wkh dvvxpswlrq wkdw orvvhv fdq eh yhul�hg e| wkh frxuwv/ lw lv srvvleoh wr zulwh frqvwlwxwlrqv

wkdw ghshqg gluhfwo| rq f dv zhoo dv s1 Zh fdq gh�qh d orvv0ghshqghqw frqvwlwxwlrq dv iroorzv=

;Wklv dvvxpswlrq lv qhhghg rqo| ehfdxvh wkhuh lv d frqwlqxxp ri yrwhuv1 Dv d frqvhtxhqfh/ qr lqglylgxdo yrwhu

lv hyhu slyrwdo dqg dq| yrwlqj vwudwhj|/ wkhuhiruh/ frqvwlwxwhv htxloleulxp ehkdylru/ lqfoxglqj qrq0vlqfhuh rqhv1 Li/

krzhyhu/ wkh suredelolw| ri ehlqj slyrwdo zhuh srvlwlyh/ vlqfhuh yrwlqj zrxog iroorz iurp wkh idfw wkdw wkhuh duh

rqo| wzr dowhuqdwlyhv1

43



Gh�qlwlrq 4 D orvv0ghshqghqw +OG, frqvwlwxwlrq lv d sdlu ri pdmrulw| uxohv +p>q, zlwk p 5

^3> 4` dqg q 5 ^3> 4` vxfk wkdw< >43

{ @
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AA=

D lii ++s �p, a +f @ f,, b ++s � q, a +f @ f,,

E rwkhuzlvh

Wkh OG frqvwlwxwlrq hpsor|v wzr orvv0ghshqghqw pdmrulw| uxohv1 Qrq0fulwlfdo uhirupv fdq sdvv

zlwk dp0pdmrulw|/ zkloh fulwlfdo uhirupv fdq sdvv zlwk d q0pdmrulw|1 Wkh �uvw0ehvw frqvwlwxwlrqdo

phfkdqlvp pd{lpl}hv wkh h{shfwhg xwlolw| ri d uhsuhvhqwdwlyh lqglylgxdo iurp ehklqg wkh yhlo ri

ljqrudqfh1 Wkh iroorzlqj sursrvlwlrq vkrzv wkdw wkh �uvw0ehvw frqvwlwxwlrq lv d OG frqvwlwxwlrq1

Sursrvlwlrq 4 Wkh OG frqvwlwxwlrq zlwk pdmrulw| uxohv

pW

IE @
|

z . |
?

}

z . }
@ qWIE

lv wkh �uvw0ehvw frqvwlwxwlrq1

Surri1 Iurp ehklqg wkh yhlo ri ljqrudqfh/ wkh h{shfwhg xwlolw| ri erwk uhsuhvhqwdwlyhv frlqflghv

zlwk wkdw ri d uhsuhvhqwdwlyh lqglylgxdo dqg fdq eh zulwwhq dv

�

]
�

f

Su +{ @ Dmf> s,xf +s, gI +s, . +4� �,

]
�

f

Su +{ @ Dmf> s,xf +s,gI +s,

zkhuh Su +{ @ Dmf> s, lv wkh suredelolw| wkdw srolf| D zloo sdvv xqghu wkh jlyhq frqvwlwxwlrqdo

phfkdqlvp/ frqglwlrqdo rq s dqg f/ dqg zkhuh

xf +s, @ sz � +4� s,|>

xf+s, @ sz � +4� s,}=

<Vlqfh zh dvvxph wkdw yrwlqj lv vlqfhuh/ zh fdq uhsodfh/ zlwkrxw orvv ri jhqhudolw|/ wkh phdvxuh ri yrwhv lq idyru

ri srolf| D zlwk wkh phdvxuh s ri lqglylgxdov lq idyru ri srolf| D1

43Wkh v|pero �2� vkrxog eh uhdg dv �dqg� zkloh wkh v|pero �j� vkrxog eh uhdg dv �ru�1
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Wklv h{shfwhg xwlolw| lv pd{lpl}hg e| dq| frqvwlwxwlrqdo phfkdqlvp wkdw vdwlv�hv wkh iroorzlqj

frqglwlrqv=
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Vlqfh zh dvvxphg wkdw lqglylgxdov yrwh vlqfhuho|/ wkh OG frqvwlwxwlrq zlwk uxohv +pW

IE> q
W

IE,

lpsohphqwv wklv rxwfrph �

Wkh sursrvlwlrq vkrzv wkdw wkh frqvwlwxwlrqdo ghvljqhu vhohfwv d ohqlhqw pdmrulw| uxoh pW

IE

iru qrq0fulwlfdo uhirupv dqg d vwulfw pdmrulw| uxoh qWIE iru fulwlfdo uhirupv lqyroylqj odujh orvvhv1

Wkhvh uxohv duh fkrvhq vr wkdw wkh �uvw0ehvw lv dfklhyhg1 Zh qrwlfh wkdw wkhvh uxohv duh lqghshq0

ghqw ri wkh glvwulexwlrq ixqfwlrq I 1 Lqwxlwlyho|/ wklv lv ehfdxvh wkh �uvw0ehvw frqvwlwxwlrq uhtxluhv

wkdw uhirupv duh h{0srvw h!flhqw/ d uhtxluhphqw zklfk lv lqghshqghqw ri I 144

Wkh dqdo|vlv deryh dvvxphv wkdw h{ srvw uhglvwulexwlrq lv qrw srvvleoh1 Lq vlwxdwlrqv zkhuh

zlqqhuv frxog frpshqvdwh orvhuv h{ srvw/ lw zrxog vhhp wkdw wkh rswlpdo frqvwlwxwlrqdo uxoh zrxog

eh xqdqlplw| uhjdugohvv ri wkh uhdol}dwlrq ri f= rqo| h!flhqw srolflhv zrxog dfklhyh xqdqlprxv

frqvhqw1 Wklv/ krzhyhu/ lv rqo| wuxh li h{ srvw uhglvwulexwlrq fdq eh fduulhg rxw dw }hur ghdgzhljkw

frvw1 Li zh zhuh wr h{whqg wkh dqdo|vlv dorqj wkh olqhv ri Djklrq dqg Erowrq ^4` dqg/ olnh wkhp/

dvvxph wkdw h{ srvw uhglvwulexwlrq lv dvvrfldwhg zlwk vrph ghdgzhljkw frvw/ h1j1/ ehfdxvh ri

wkh frvw ri froohfwlqj wkh wudqvihuv wkhpvhoyhv ru wkh frvwv dvvrfldwhg zlwk lghqwli|lqj suhflvho|

zkr lv d zlqqhu dqg zkr lv d orvhu/ wkh �uvw0ehvw zrxog vwloo uhtxluh gl�huhqw pdmrulw| uxohv iru

gl�huhqw w|shv ri uhirupv145>46 Wkh lqwxlwlrq lv vlpsoh1 Iurp ehklqg wkh yhlo ri ljqrudqfh/ lw lv

qrw rswlpdo wr xvh wkh xqdqlplw| uxoh zkhq wudqvihuv duh glvwruwlrqdu|= wkh ghdgzhljkw orvv lv

wrr odujh ehfdxvh wrr pdq| orvhuv zrxog kdyh wr eh frpshqvdwhg wr sdvv d uhirup1 Wkxv/ lw lv

44Qrwlfh wkdw wkh �uvw0ehvw frqvwlwxwlrq grhv qrw uhtxluh ru doorz uhsuhvhqwdwlyhv wr wdnh dfwlrqv lq vwdjh 7= wkhuh
lv qr qhhg iru wklv zkhq f lv yhul�deoh1

45D irupdo dqdo|vlv lv dydlodeoh xsrq uhtxhvw1
46Wklv uhvxow iroorzv doprvw lpphgldwho| iurp wkh dqdo|vlv lq Djklrq dqg Erowrq ^4`1 Wkh rswlpdo pdmrulw| uxoh

ghvfulehg wkhuh lv d ixqfwlrq ri wkh orvv wkdw dffuxhv wr orvhuv li d uhirup sdvvhv1
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rswlpdo wr doorz uhirupv wr sdvv zlwk ohvv wkdq xqdqlplw|1 Lpsruwdqwo|/ krz od{ wkh pdmrulw|

uxoh vkrxog eh uhodwlyh wr xqdqlplw| ghshqgv rq wkh vl}h ri wkh orvv dvvrfldwhg zlwk wkh w|sh ri

uhirup iru zklfk lw lv lqwhqghg1

Wklv dujxphqw ghprqvwudwhv wkdw wkh txhvwlrq ri krz h{ srvw uhglvwulexwlrq d�hfwv wkh ghvljq

ri wkh rswlpdo frqvwlwxwlrqdo uxohv lv ruwkrjrqdo wr wkh txhvwlrq ri krz frqvwlwxwlrqdo ghvljqhuv

ghdo zlwk xqfhuwdlqw| derxw wkh frvwv ri gl�huhqw w|shv ri uhirup1 Wkh txhvwlrq ri h{ srvw

uhglvwulexwlrq lv wkh pdlq irfxv ri suhylrxv zrun rq frqvwlwxwlrqdo uxohv zkloh wkh irfxv ri wklv

sdshu lv rq wkh frqvwlwxwlrqdo lpsolfdwlrqv ri xqfhuwdlqw| derxw wkh frvw ri uhirup1 Iru wklv

uhdvrq dqg wr nhhs wkh dqdo|vlv dv vlpsoh dv srvvleoh/ zh dvvxph iru wkh uhvw ri wkh sdshu wkdw

h{ srvw uhglvwulexwlrq wr �ex|� d pdmrulw| +ru wr h{sursuldwh wkh uhvrxufhv ri lqglylgxdov rxwvlgh

wkh pdmrulw| frdolwlrq, lv qrw srvvleoh1 Wklv dvvxpswlrq grhv qrw d�hfw wkh txdolwdwlyh qdwxuh ri

rxu uhvxowv147

7151 Vlqjoh Pdmrulw| Uxohv

Xqghu wkh dvvxpswlrq wkdw wkh frqvwlwxwlrqdo uxohv fdq rqo| ghshqg rq wkh qxpehu ri lqglylgxdov

lq idyru ri uhirup +s,/ d vlqjoh pdmrulw| uxoh pxvw eh dssolhg wr doo ghflvlrqv zkhwkhu fulwlfdo

ru qrw dqg doo lqirupdwlrq derxw wkh w|sh ri uhirup +f, lv ljqruhg1 Irupdoo|/ zh frqvlghu wkh

iroorzlqj fodvv ri frqvwlwxwlrqv=

Gh�qlwlrq 5 D Pdmrulw|0Uxoh +PU, frqvwlwxwlrq lv d pdmrulw| uxoh p 5 ^3> 4` vxfk wkdw

{ @

;AA?
AA=

D lii s �p

E rwkhuzlvh

=

Wkh qh{w sursrvlwlrq vkrzv wkdw dq dssursuldwho| fkrvhq PU frqvwlwxwlrq lv wkh rswlpdo

frqvwlwxwlrq zlwklq wkh fodvv ri frqvwlwxwlrqv wkdw vroho| ghshqg rq s1

Sursrvlwlrq 5 Wkh PU frqvwlwxwlrq zlwk pdmrulw| uxoh

p
W

PU @
} � � +} � |,

z . } � � +} � |,

lv wkh rswlpdo s0ghshqghqw frqvwlwxwlrq1

47 Lw lv fohdu/ krzhyhu/ wkdw wkh vshfl�f ydoxhv ri wkh pdmrulw| uxohv zrxog eh gl�huhqw lq dq h{whqghg prgho zlwk

glvwruwlrqdu| h{ srvw uhglvwulexwlrq1
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Surri1 Zulwh h{shfwhg xwlolw| iru d uhsuhvhqwdwlyh lqglylgxdo iurp ehklqg wkh yhlo ri ljqrudqfh

dv ] �

f

Su +{ @ Dms,
�
�xf +s, . +4� �,xf+s,

�
gI +s,

zkhuh Su +{ @ Dms, lv wkh suredelolw| wkdw srolf| D zloo sdvv xqghu wkh jlyhq frqvwlwxwlrqdo phfk0

dqlvp/ frqglwlrqdo rq s dorqh1 H{shfwhg xwlolw| lv pd{lpl}hg e| dq| frqvwlwxwlrqdo phfkdqlvp

wkdw vdwlv�hv wkh iroorzlqj frqglwlrq=

Su +{ @ Dms, @

;AA?
AA=

4 li �xf +s, . +4� �,xf+s, � 3/ s �
}3�E}3|�

zn}3�E}3|�

3 rwkhuzlvh

=

Jlyhq wkdw lqglylgxdov yrwh vlqfhuho|/ wkh PU frqvwlwxwlrq zlwk p
W

PU lpsohphqwv wklv rxwfrph

�

Wkh rswlpdo PU frqvwlwxwlrq dssolhv wkh vdph pdmrulw| uxoh wr doo w|shv ri uhirupv1 Wklv

uhgxfhv h{shfwhg xwlolw| ehorz wkh �uvw0ehvw ohyho1 Wkh zhoiduh orvv lv sduwlfxoduo| odujh zkhq }

lv odujh uhodwlyh wr |1 Lq wkdw fdvh/ wkh PU frqvwlwxwlrq rqo| doorzv d uhirup wr sdvv li vxssruwhg

e| d odujh pdmrulw| +pW

PU lv lqfuhdvlqj lq }, dqg wkh dgdswdwlrq ri doo w|shv ri uhirupv/ fulwlfdo

dv zhoo dv qrq0fulwlfdo rqhv/ ehfrphv gl!fxow1

Wdnhq wrjhwkhu wkh wzr ehqfkpdunv lpso| wkdw frqvwlwxwlrqdo ghvljqhuv vkrxog vwulyh wr xvh

orvv0ghshqghqw pdmrulw| uxohv wr dyrlg wkh zhoiduh orvv dvvrfldwhg zlwk d vlqjoh pdmrulw| uxoh1

Wkh sureohp/ ri frxuvh/ lv wkdw orvv0ghshqghqw frqvwlwxwlrqdo uxohv duh qrw ihdvleoh zkhq f lv

xqyhul�deoh= zkdwhyhu wkh w|sh ri uhirup lv/ zlqqhuv kdyh dq lqfhqwlyh wr fodlp wkdw wkh uhirup

lv qrq0fulwlfdo dqg wkdw wkh ghflvlrq vkrxog eh pdgh zlwk wkh ohqlhqw uxoh +pW

IE,/ zkloh wkh

orvhuv kdyh dq lqfhqwlyh wr fodlp wkdw doo uhirupv duh fulwlfdo1 Dffruglqjo|/ zkhq wkh w|sh ri

uhirup lv revhuydeoh/ exw qrw yhul�deoh/ wkh fkdoohqjh iru wkh frqvwlwxwlrqdo ghvljqhu lv wr �qg

zd|v wr vhsdudwh fulwlfdo uhirupv iurp gd|0wr0gd| uhirupv dqg lq wkdw zd| dwwhpsw wr lpsuryh

rq wkh rswlpdo PU frqvwlwxwlrq1 Zh fkdudfwhul}h dqg frpsduh wzr dowhuqdwlyh frqvwlwxwlrqdo

phfkdqlvpv � dq lqfhqwlyh vfkhph dqg d olqnlqj vfkhph � wkdw lq gl�huhqw zd|v dgguhvv wklv

lvvxh1 Zh dujxh wkdw wkhvh dowhuqdwlyhv hpsor| frqvwlwxwlrqdo uxohv wkdw fruuhvsrqg forvho| wr

vroxwlrqv irxqg lq dfwxdo frqvwlwxwlrqv dqg lghqwli| wkh flufxpvwdqfhv xqghu zklfk hdfk ri wkh

dowhuqdwlyhv lv suhihuuhg wr wkh rwkhu dqg wr wkh rswlpdo PU frqvwlwxwlrq1
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81 Lqfhqwlyh Vfkhphv

Lw lv frpprq wr �qg lq dfwxdo frqvwlwxwlrqv surylvlrqv wkdw doorz srolf| ghflvlrqv wr eh wudqv0

ihuuhg iurp rqh ghflvlrq0pdnlqj surfhgxuh wr dqrwkhu1 D fodvvlf h{dpsoh ri wklv lv surylvlrqv iru

uhihuhqgd ru flwl}hqv lqlwldwlyhv1 Iru h{dpsoh/ wkh Vzlvv Ihghudo Frqvwlwxwlrq vd|v wkdw ghflvlrqv

rq Ihghudo Vwdwxhv dqg vrph lqwhuqdwlrqdo wuhdwlhv fdq eh vxeplwwhg wr d uhihuhqgxp dw wkh

uhtxhvw ri 83/333 flwl}hqv1 Olnhzlvh/ wkh Lwdoldq Frqvwlwxwlrq vd|v wkdw 833/333 yrwhuv fdq uhtxhvw

d srsxodu uhihuhqgxp wr ghflgh rq d wrwdo ru sduwldo uhshdo ri d odz1 Dqrwkhu h{dpsoh lv re0

vwuxfwlrqlvp lq dvvhpeolhv1 Wkh prvw idprxv h{dpsoh ri wklv lv wkh �olexvwhu0forwxuh phfkdqlvp

lq wkh XV Vhqdwh wkdw doorzv plqrulw| vhqdwruv wr revwuxfw sdvvlqj ri eloov wkurxjk surorqjhg

vshhfkhv +�olexvwhu,148 D wlph olplw rq wkhvh vshhfkhv fdq rqo| eh lpsrvhg zlwk wkh frqvhqw ri

93 vhqdwruv rxw ri 433 +forwxuh,/ wkxv h�hfwlyho| pdnlqj 93 shu fhqw wkh pdmrulw| uxoh wr sdvv

vxfk eloov1 Zkdw lv lpsruwdqw derxw wkhvh surfhgxuhv lv/ �uvwo|/ wkdw wkh dowhuqdwlyh surfhgxuh/

h{solflwo| ru lpsolflwo|/ dssolhv d vwulfwhu wkuhvkrog iru dssurylqj srolf| ru doorzv suhylrxv srolf|

ghflvlrqv wr eh ryhuuxohg/ dqg/ vhfrqgo|/ wkdw d frvw kdv wr eh lqfxuuhg lq rughu wr wuljjhu wkh

fkdqjh lq surfhgxuhv1 Lq wkh wzr uhihuhqgd h{dpsohv jlyhq deryh/ wkh frvw lv wkdw dvvrfldwhg zlwk

froohfwlqj wkh uhtxluhg vljqdwxuhv> lq wkh �olexvwhu0forwxuh h{dpsoh/ plqrulw| vhqdwruv pxvw eh

zloolqj wr vshqg frqvlghudeoh wlph dqg h�ruw vshdnlqj rq wkh  rru wr dyrlg d yrwh rq wkh eloo wkdw

wkh| zdqw wr revwuxfw1 Wkh idfw wkdw lw lv frvwo| wr wudqvihu d srolf| ghflvlrq iurp wkh uhodwlyho|

ohqlhqw gd|0wr0gd| ghflvlrq uxoh +w|slfdoo| wkh vlpsoh pdmrulw| uxoh, wr wkh vwulfwhu dowhuqdwlyh uxoh

+wkh pdmrulw| uxoh soxv wkh uhihuhqgxp ru wkh forwxuh, kdv dq lpsruwdqw lpsolfdwlrq= dwwhpswv

wr wuljjhu d fkdqjh lq surfhgxuhv duh pruh olnho| wr kdsshq zkhq wkh uhirup lv fulwlfdo1 Wklv/

wkhq/ vxjjhvwv wkdw wkh sxusrvh ri wkhvh uxohv lv wr holflw lqirupdwlrq derxw wkh zhoiduh orvvhv

ri srolf| uhirupv> wkh| duh vlpsoh lqfhqwlyh vfkhphv iru wuxwkixo uhyhodwlrq ri lqirupdwlrq derxw

wkhvh orvvhv1 Dq lpsolfdwlrq lv wkdw lw pd| eh srvvleoh wr ghvljq orvv0ghshqghqw frqvwlwxwlrqdo

uxohv wkdw dssur{lpdwh wkh �uvw0ehvw uxohv1

Wr lqyhvwljdwh wklv/ zh frqvlghu frqvwlwxwlrqv wkdw suhvfuleh uxohv ri wkh iroorzlqj w|sh= d

ghidxow pdmrulw| uxoh wkdw lv xvhg wr pdnh ghflvlrqv xqohvv rqh ri wkh uhsuhvhqwdwlyhv/ dw d frvw

48
Dowkrxjk wklv surfhgxuh lv qrw zulwwhq grzq lq wkh XV frqvwlwxwlrq/ lw lv d frqvwlwxwlrqdo uxoh lq wkh vhqvh

wkdw lw lv d uxoh wkdw jryhuqv krz ghflvlrqv lq wkh Vhqdwh duh pdgh1
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gh�qhg lq wkh frqvwlwxwlrq/ uhtxhvwv wkdw wkh ghflvlrq lv pdgh xvlqj d gl�huhqw suh0vshfl�hg

uxoh1 Zkhq wkh frvw ri vzlwfklqj iurp wkh ghidxow wr wkh dowhuqdwlyh uxoh lv fkrvhq dssursuldwho|/

lqirupdwlrq derxw wkh w|sh ri uhirup fdq eh holflwhg wuxwkixoo|/ dqg ghflvlrqv fdq eh pdgh

xvlqj orvv0ghshqghqw uxohv1 Wkh h{dpsohv deryh vxjjhvw wkdw wkh vzlwfklqj frvw/ lq uhdo zruog

frqvwlwxwlrqv/ lv d sxuh ghdgzhljkw frvw/ dqg zh ehjlq e| vwxg|lqj wklv fdvh1 Wklv/ ri frxuvh/

udlvhv wkh txhvwlrq zkhwkhu lqirupdwlrq derxw wkh w|sh ri uhirup frxog qrw eh holflwhg wuxwkixoo|

dw orzhu vrfldo frvw e| doorzlqj wkh vzlwfklqj frvw wr eh d wudqvihu iurp rqh idfwlrq wr wkh rwkhu1

Zh glvfxvv wklv txhvwlrq lq vhfwlrq 8151

8141 Qrq0Wudqvihudeoh Uhvrxufhv

Zh ehjlq zlwk wkh fdvh zkhuh wkh vzlwfklqj frvw lv d sxuh ghdgzhljkw orvv1 Wkh wlph olqh lv dv

lq Vhfwlrq 6/ h{fhsw wkdw zh qhhg wr vshfli| lq pruh ghwdlo zkdw kdsshqv lq vwdjh 7=

71 Wkh uhsuhvhqwdwlyh iru wkh zlqqhuv m dqg wkh uhsuhvhqwdwlyh iru wkh orvhuv n vlpxowdqhrxvo|

ghflgh krz odujh d frvw �m � 3 dqg �n � 3 wkh| duh zloolqj wr ehdu wr fkdqjh wkh ghidxow

ghflvlrq uxoh wr wkh dowhuqdwlyh ghflvlrq uxoh/ erwk odlg grzq lq vwdjh 41

Vwdjh 7 ghvfulehv krz odujh d frvw wkh uhsuhvhqwdwlyhv iru wkh wzr idfwlrqv duh zloolqj wr ehdu wr

fkdqjh wkh ghflvlrq uxoh iurp wkh ghidxow wr wkh dowhuqdwlyh uxoh1 Zh dvvxph wkh uhsuhvhqwdwlyhv

krog hqrxjk uhvrxufhv wr fryhu wkh frvw ri fkdqjlqj wkh pdmrulw| uxoh/ li wkh| vr ghvluh1 Wklv

dvvxpswlrq doorzv xv wr devwudfw iurp iuhh0ulghu sureohpv/ dowkrxjk rqh frxog dujxh wkdw wkh

frvwv ri fkdqjlqj wkh pdmrulw| uxoh lqfoxgh wkh frvwv dvvrfldwhg zlwk wkh iuhh0ulghu sureohp lwvhoi/

dqg lpsolhv wkdw wkh uhvrxufhv uhtxluhg wr wuljjhu d vzlwfk ri uxohv duh hyhqo| glvwulexwhg dfurvv

lqglylgxdov1 Zh frqvlghu wkh iroorzlqj fodvv ri frqvwlwxwlrqv=

Gh�qlwlrq 6 Dq lqfhqwlyh vfkhph +LV, frqvwlwxwlrq lv d wulsohw +p>q>�, vxfk wkdw

{ @

;AAAAAA?
AAAAAA=

D lii

;AA?
AA=

+s �p, a +�m a �n ? �,

+s � q, a +�m b �n � �,

E rwkhuzlvh
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zkhuh p 5 ^3> 4` dqg q 5 ^3> 4` duh pdmrulw| uxohv dqg � � 3 lv wkh frvw ri fkdqjlqj wkh ghflvlrq

uxoh iurp p wr q149

Vlqfh wkh jdlq +z, iurp d uhirup lv lqghshqghqw rq lwv w|sh/ rqo| wkh uhsuhvhqwdwlyh iru wkh

orvlqj idfwlrq kdv dq lqfhqwlyh wr vshqg uhvrxufhv wuljjhulqj d vzlwfk ri uxohv dqg rqo| li wkh

dowhuqdwlyh uxoh lv vwulfwhu wkdq wkh ghidxow uxoh14: Wkh fuxfldo wdvn ri wkh frqvwlwxwlrqdo ghvljqhu

lv wr fkrrvh �/ p/ dqg q wr jxdudqwhh wuxwkixo uhyhodwlrq ri wkh orvvhv/ xqghu wkh frqvwudlqw wkdw

� kdv wr eh qrq0qhjdwlyh1 Zh vwxg| vxejdph0shuihfw htxloleuld dqg dvvxph wkdw d uhsuhvhqwdwlyh

zkr lv lqgl�huhqw ehwzhhq ehdulqj dqg qrw ehdulqj wkh frvw � ghflghv qrw wr ehdu lw1 Wkh qh{w

sursrvlwlrq fkdudfwhul}hv wkh rswlpdo LV frqvwlwxwlrq1

Sursrvlwlrq 6 Gh�qh

�W @
+4� #, | +z . },

+} � |, ++4� #,| .z,

zkhuh # @ HI +s,1

41 Iru � A �W/ wkh LV frqvwlwxwlrq zlwk pdmrulw| uxohv

+pW

LV
> qW

LV
, @

�
| � #+4� �,|

� +z . |,
>
} � |+4� #,

z. }

�

dqg vzlwfklqj frvw

�W
LV

@ | ^I +qW
LV
,� I +pW

LV
,`

lv rswlpdo1

51 Iru � � �W/ dq| LV frqvwlwxwlrq wkdw lv rxwfrph htxlydohqw wr wkh rswlpdo PU frqvwlwxwlrq

lv dq rswlpdo LV frqvwlwxwlrq14;

61 �W lv d ghfuhdvlqj ixqfwlrq ri #/ z dqg } zlwk olp}<" �W @
E�3#�|

zn|E�3#�
/ olpz<" �W @

+4� #,
|

}3|
dqg �W @ 4 iru } @

zE23#�n|E�3#�

z
|1

49Whfkqlfdoo| vshdnlqj/ wkh LV frqvwlwxwlrq frqvlvwv ri wkh zkroh frqvwlwxwlrqdo phfkdqlvp/ qrw mxvw wkh pdmrulw|

uxohv dqg wkh frvw �1 Krzhyhu/ iru vlpsolflw|/ zh khqfhiruwk ghvfuleh hdfk frqvwlwxwlrqdo phfkdqlvp e| wkh hohphqwv

ri wkh phfkdqlvp wkdw wkh frqvwlwxwlrqdo ghvljqhu rswlpl}hv1

4:Wkh orjlf fdq/ krzhyhu/ eh h{whqghg wr wkh fdvh lq zklfk z lv dovr d ixqfwlrq ri f1

4;Wzr frqvwlwxwlrqv duh rxwfrph htxlydohqw li wkh| lqgxfh wkh vdph suredelolw| glvwulexwlrq ryhu rxwfrphv1 Iru

h{dpsoh/ dq LV frqvwlwxwlrq zlwk p ' p
W

PU/ q ' � dqg � A } d�3 I EpW

PU�o lv rxwfrph0htxlydohqw wr wkh rswlpdo

PU frqvwlwxwlrq zlwk p ' q ' p
W

PU dqg � ' f ehfdxvh wkhvh frqvwlwxwlrqv vkduh wkh surshuw| wkdw rqo| rqh uxoh

lv hyhu xvhg dqg wkdw uxoh lv pW

PU1

4:



Surri1 Vhh Dsshqgl{ D1

Wkh sursrvlwlrq kljkoljkwv dq lpsruwdqw glvwlqfwlrq ehwzhhq vlwxdwlrqv lq zklfk fulwlfdo uh0

irupv duh olnho| +� � �W, dqg vlwxdwlrqv lq zklfk vxfk uhirupv duh xqolnho| +� A �W,1 Lq wkh

odwwhu fdvh/ wkh frqvwlwxwlrqdo ghvljqhu vhohfwv uxohv wkdw holflw wkh lqirupdwlrq derxw wkh orvvhv

wuxwkixoo|1 E| gh�qlqj wkh vzlwfklqj frvw � lq vxfk d zd| wkdw wkh uhsuhvhqwdwlyh iru wkh orvhuv

zdqwv wr ehdu lw li dqg rqo| li srolf| D lv lqghhg fulwlfdo/ orvv0ghshqghqw uxohv fdq eh ghvljqhg

dqg xvhg wr pdnh ghflvlrqv1 Wklv lv zkdw pdnhv wkh LV frqvwlwxwlrq dwwudfwlyh1 Wkh grzqvlgh/

ri frxuvh/ lv wkdw wkh frvw �W
LV lv lqfxuuhg zkhqhyhu d fulwlfdo uhirup dsshduv rq wkh djhqgd1

Pruhryhu/ vlqfh wkh vzlwfklqj ghflvlrq lv pdgh ehiruh yrwlqj uhyhdov wkh ydoxh ri s � wkh iudfwlrq

ri zlqqhuv � wklv frvw kdv wr eh sdlg hyhq li s A qW
LV

+vr wkdw wkh uhirup zrxog sdvv ghvslwh

wkh vzlwfk ri uxoh, ru s ? pW

LV
+vr wkdw wkh uhirup zrxog qrw hyhq kdyh sdvvhg zlwk wkh ghidxow

uxoh,1 Ilqdoo|/ wkh orvv0ghshqghqw uxohv duh rqo| vhfrqg0ehvw dv pW

LV
�pW

IE
dqg qW

LV
� qW

IE
1 Wr

vhh zk|/ zh qrwlfh wkdw wkh frqvwlwxwlrqdo ghvljqhu frxog/ li kh vr ghvluhg/ hpsor| wkh �uvw0ehvw

uxohv/ exw rqo| e| lqfuhdvlqj wkh vzlwfklqj frvw wr | ^I +qW
IE

,� I +pW

IE
,` A �WLV 1 Sduw 4 ri wkh

sursrvlwlrq vkrzv wkdw lw lv lqvwhdg rswlpdo wr glvwruw wkh wzr pdmrulw| uxohv lq rughu wr uhgxfh

wkh vzlwfklqj frvw1 Wkxv/ wkh frqvwlwxwlrqdo ghvljqhu wudghv r� wkh xwlolw| frvw ri uhgxflqj wkh

gl�huhqfh ehwzhhq wkh wzr pdmrulw| uxohv djdlqvw wkh ehqh�w ri uhgxflqj wkh vzlwfklqj frvw1

Sduw 5 ri wkh sursrvlwlrq vkrzv wkdw lw lv qrw dozd|v rswlpdo wr holflw lqirupdwlrq derxw wkh

orvvhv1 Dv qrwhg deryh/ wkh frqvwlwxwlrqdo ghvljqhu wudghv r� wkh gl�huhqfh ehwzhhq wkh wzr orvv0

ghshqghqw pdmrulw| uxohv dqg wkh vzlwfklqj frvw1 Zkhq lw lv olnho| wkdw uhirupv duh fulwlfdo dqg

dvvrfldwhg zlwk odujh orvvhv +� � �W, dqg wkh vzlwfklqj frvw lv lqfxuuhg iuhtxhqwo|/ uhgxflqj wkh

vzlwfklqj frvw ehfrphv wkh grplqdqw frqfhuq1 Dq lpsolfdwlrq/ wkhq/ lv wkdw wkh frqvwlwxwlrqdo

ghvljqhu zdqwv wr uhgxfh wkh vzlwfklqj frvw wr }hur e| hpsor|lqj wkh vdph pdmrulw| uxoh wr

doo ghflvlrqv1 Wklv h�hfwlyho| pdnhv wkh LV frqvwlwxwlrq rxwfrph htxlydohqw wr wkh rswlpdo PU

frqvwlwxwlrq1

Sduw 6 ri wkh sursrvlwlrq vkrzv wkdw wkh fulwlfdo ydoxh �W � wkdw ghwhuplqhv zkhwkhu lw lv

zruwkzkloh wr doorz vzlwfklqj � lv ghfuhdvlqj lq #/ z dqg }1 Wkh �uvw h�hfw lv gxh wr wkh idfw

wkdw iurp ehklqg wkh yhlo ri ljqrudqfh/ dq lqfuhdvh lq # � wkh h{shfwhg iudfwlrq ri zlqqhuv �

pdnhv lw pruh olnho| wkdw wkh frqvwlwxwlrqdo ghvljqhu uhsuhvhqwv wkh zlqqhuv dqg/ wkxv/ grhv qrw
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kdyh wr sd| wkh frvw �1 Wkh vhfrqg h�hfw lv gxh wr wkh idfw wkdw dq lqfuhdvh lq z pdnhv uhirupv

pruh ghvludeoh dqg uhgxfhv wkh uhodwlyh lpsruwdqfh ri wkh orvvhv dvvrfldwhg zlwk srolf| D1 Wkh

wklug h�hfw lv gxh wr wkh idfw wkdw wkh ehqh�wv ri xvlqj vhsdudwh orvv0ghshqghqw uxohv lv odujhu

zkhq wkh wzr w|shv ri uhirupv duh dvvrfldwhg zlwk yhu| gl�huhqw orvvhv1 Krzhyhu/ wkhuh lv d olplw

wr zkdw dq lqfuhdvh lq } fdq gr= li � lv wrr vpdoo +� ?
E�3#�|

zn|E�3#�
,/ hyhq yhu| odujh ydoxhv ri }

+uhodwlyh wr |, duh qrw vx!flhqw wr pdnh d frqvwlwxwlrq zlwk wzr vhsdudwh uxohv rswlpdo1

8151 Wudqvihudeoh Uhvrxufhv

Dq lpsruwdqw ihdwxuh ri wkh LV frqvwlwxwlrq ghvfulehg deryh lv wkdw wkh vzlwfklqj frvw � lv d

ghdgzhljkw frvw/ vxfk dv wkh frvw ri froohfwlqj vljqdwxuhv ru wkh wlph dqg h�ruw vshqw rq vhwwlqj

xs d �olexvwhu/ dqg qrw d wudqvihu iurp rqh idfwlrq wr wkh rwkhu1 Dq dowhuqdwlyh zrxog eh iru

wkh frqvwlwxwlrq wr vshfli| � lq xqlwv ri d uhvrxufh/ vxfk dv prqh|/ zklfk lv wudqvihudeoh ehwzhhq

uhsuhvhqwdwlyhv/ dqg wr doorz d vzlwfk wr wkh dowhuqdwlyh uxoh li rqh uhsuhvhqwdwlyh sd|v � wr wkh

rwkhu uhsuhvhqwdwlyh1 Xvlqj wudqvihuv dv d zd| ri vzlwfklqj ehwzhhq pdmrulw| uxohv zrxog vhhp

wr eh wkh h!flhqw zd| wr ghdo zlwk wkh sureohp ri holflwlqj wkh wuxwk derxw wkh frvw ri uhirup14<

Iru wklv uhdvrq/ lw lv lpsruwdqw wr dvn zk| uhdo zruog frqvwlwxwlrqv rqo| doorz d vzlwfk ri

uxohv dw d vxevwdqwldo ghdgzhljkw frvw1 Zh eholhyh wkh pdlq uhdvrq lv wkdw uhvrxufhv zklfk fdq

eh wudqvihuuhg dw orz ghdgzhljkw frvw +h1j1/ prqh| ru surplvhv ri yrwhv, duh dovr uhvrxufhv zklfk

duh olnho| wr eh xqhyhqo| glvwulexwhg lq vrflhw| dqg iru zklfk lw lv gl!fxow ru lpsrvvleoh wr yhuli|

gl�huhqfhv lq uhvrxufh hqgrzphqwv remhfwlyho|1 Dv d frqvhtxhqfh ri wklv/ wkh frqvwlwxwlrqdo

ghvljqhu fdqqrw wdloru wkh wudqvihu +�, wr uh hfw delolw| wr sd| ri wkh idfwlrq wkdw vhhnv wkh vzlwfk

ri uxohv1 Vrph idfwlrq pd|/ wkhuhiruh/ rffdvlrqdoo| qrw eh deoh wr sd| dqg zkhq wklv kdsshqv

ghflvlrqv pd| qrw eh fruuhfwo| vhsdudwhg1 D wudgh0r� ehwzhhq orzhu ghdgzhljkw frvwv dqg uxqqlqj

wkh ulvn ri plvdoorfdwlqj ghflvlrqv wr wkh �zurqj� ghflvlrq surfhgxuh wkhuhiruh hphujhv1 Frqvlghu/

iru h{dpsoh/ dq hohfwhg dvvhpeo| zkhuh wkh frqvwlwxwlrqdo uxohv doorz iru d irup ri revwuxfwlrqlvp

wuljjhuhg e| d wudqvihu ri d fhuwdlq dprxqw ri prqh| iurp wkh plqrulw| wr wkh pdmrulw|1 Vxssrvh

d uhirup frphv xs iru d yrwh1 Wkhq/ li wkh dprxqw ri prqh| lv vxevwdqwldo/ d plqrulw| edfnhg e|

d �qdqfldoo| zhdn oree| pljkw idlo wr wuljjhu d vzlwfk wr wkh vwulfwhu uxoh hyhq zkhq wkh uhirup

4<
Zh qrwlfh wkdw wklv lv frqfhswxdoo| yhu| gl�huhqw iurp h{ srvw uhglvwulexwlrq zkhuh wudqvihuv duh qrw sduw ri

wkh frqvwlwxwlrq dqg duh xvhg dv d zd| ri ryhufrplqj d jlyhq pdmrulw| uxoh1

4<



lv fulwlfdo zkloh li wkh dprxqw ri prqh| qhhghg lv vpdoo/ d plqrulw| edfnhg e| d �qdqfldoo|

vwurqj oree| zrxog eh vxffhvvixo lq fkdqjlqj wkh uxohv hyhq zkhq wkh uhirup lv qrw fulwlfdo1 Dv d

frqvhtxhqfh/ lq erwk fdvhv wkh ghflvlrq zrxog eh pdgh e| wkh �zurqj� uxoh1 D vlplodu sureohp

dulvhv zkhq wkh wudqvihu lv vshfl�hg lq whupv ri srolwlfdo dssrlqwphqwv ru frpplwphqwv wr yrwh

lq d fhuwdlq zd| lq wkh ixwxuh1

Irupdoo|/ frqvlghu wkh fdvh lq zklfk � lv iuhho| wudqvihudeoh ehwzhhq wkh wzr idfwlrqv exw zlwk

wzr fdyhdwv1 Iluvw/ d iudfwlrq � 5 ^3> 4` ri wkh wudqvihu lv orvw= li d uhsuhvhqwdwlyh pdnhv d sd|phqw

� lq rughu wr vzlwfk pdmrulw| uxoh/ wkh rwkhu uhsuhvhqwdwlyh rqo| jhwv +4� �,�1 Wkh fdvh � @ 3

fruuhvsrqgv wr wkh fdvh zlwk shuihfw wudqvihudelolw|/ zkloh � @ 4 fruuhvsrqgv wr wkh fdvh zkhuh �

lv d ghdgzhljkw frvw/ dv lq wkh h{dpsohv zlwk vljqdwxuhv ru wkh �olexvwhu1 Vhfrqg/ uhvrxufhv duh

xqhyhqo| glvwulexwhg lq vrflhw|1 Zh prgho wklv zlwk wkh sdudphwhu � 5 ^3> 4`1 Lw uhsuhvhqwv wkh

suredelolw| wkdw d uhsuhvhqwdwlyh kdv wkh uhvrxufhv qhfhvvdu| wr sd| wkh wudqvihu �1 Wkh fulwlfdo

dvvxpswlrq lv wkdw qrq0wudqvihudeoh uhvrxufhv/ vxfk dv wkh delolw| wr jdwkhu vljqdwxuhv ru wkh wlph

wr pdnh surorqj vshhfkhv/ duh htxdoo| glvwulexwhg lq vrflhw| +� @ 4, zkloh wudqvihudeoh uhvrxufhv/

vxfk dv prqh| ru fdelqhw srvwv/ duh qrw +� ? 4,153

Zh duh lqwhuhvwhg lq frpsdulqj wkh h{shfwhg xwlolw| ri dq LV frqvwlwxwlrq zlwk hyhqo| glv0

wulexwhg/ exw qrq0wudqvihudeoh uhvrxufhv +� @ � @ 4, zlwk dq LV frqvwlwxwlrq zlwk xqhyhqo| glv0

wulexwhg/ exw wudqvihudeoh uhvrxufhv +� ? 4> � ? 4,1 Ohw �HX +�> �, eh wkh gl�huhqfh lq h{shfwhg

xwlolw| ehwzhhq wkh rswlpdo LV frqvwlwxwlrq zlwk jhqhulf ydoxhv ri � dqg � dqg wkh rswlpdo LV

frqvwlwxwlrq zlwk � @ � @ 41 Zh fdq vwdwh wkh iroorzlqj sursrvlwlrq=

Sursrvlwlrq 7 Ohw I eh xqlirup dqg ohw � � �W1

41 �HX +�> �, lv ghfuhdvlqj lq � dqg lqfuhdvlqj lq �1

51 Wkhuh h{lvwv d } vxfk wkdw iru doo } A }/ �HX +�> �, ? 31

Surri1 Wkh rswlpdo LV frqvwlwxwlrq zlwk �> � ? 4 fdq eh ghulyhg e| jrlqj wkurxjk wkh vdph vwhsv

dv lq wkh surri ri sursrvlwlrq 61 Wkh wzr sduwv ri wkh sursrvlwlrq iroorz e| vwxg|lqj �HX +�> �,

53 Wkhvh duh vw|ol}hg dvvxpswlrqv1 Rqh frxog/ iru h{dpsoh/ dujxh wkdw lqglylgxdov zlwk d odujh hqgrzphqw ri

prqh| pd| �qg lw hdvlhu wr froohfw vljqdwxuhv1 Qrqhwkhohvv/ wkh idfw uhpdlqv wkdw xvlqj vljqdwxuhv lqvwhdg ri prqh|

jlyhv wkh srru d ehwwhu fkdqfh ri xvlqj wkh phfkdqlvp1
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dqg lwv ghulydwlyhv dv d ixqfwlrq ri wkh uhohydqw sdudphwhuv54 �

Sduw 4 ri wkh sursrvlwlrq vkrzv/ dv rqh zrxog h{shfw/ wkdw wkh h{shfwhg xwlolw| ri wkh LV frq0

vwlwxwlrq zlwk wudqvihudeoh/ exw xqhyhqo| glvwulexwhg uhvrxufhv lv ghfuhdvlqj lq wkh ghdgzhljkw

frvw dvvrfldwhg zlwk wudqvihuv dqg lqfuhdvlqj zkhq uhvrxufhv ehfrph pruh hyhqo| glvwulexwhg lq

vrflhw|1 Pruh lpsruwdqwo|/ sduw 5 ri wkh sursrvlwlrq vkrzv wkdw uhjdugohvv ri wkh ydoxhv ri wkh

rwkhu sdudphwhuv ri wkh prgho/ wkh LV frqvwlwxwlrq zlwk qrq0wudqvihudeoh/ exw hyhqo| glvwule0

xwhg uhvrxufhv lv rswlpdo iru odujh hqrxjk ydoxhv ri }1 Wkh uhdvrq lv wkdw wkh LV frqvwlwxwlrq

zlwk wudqvihudeoh/ exw xqhyhqo| glvwulexwhg uhvrxufhv fdqqrw jxdudqwhh wkdw ghflvlrqv duh pdgh

zlwk wkh fruuhfw surfhgxuh1 Lq sduwlfxodu/ wkh idlwk ri fulwlfdo uhirupv zlwk kljk frvwv duh rf0

fdvlrqdoo| ghflghg zlwk wkh ghidxow uxoh udwkhu wkdq wkh dowhuqdwlyh uxoh dqg/ zkhq } lv odujh/

wkh lpsolhg zhoiduh orvv grplqdwhv wkh ghdgzhljkw frvw dvvrfldwhg zlwk wkh LV frqvwlwxwlrq zlwk

qrq0wudqvihudeoh/ exw hyhqo| glvwulexwhg uhvrxufhv1

Wkh sudfwlfdo lpsolfdwlrqv ri sursrvlwlrq 7 duh fohdu1 Lq uhdolw| vrflhwlhv rffdvlrqdoo| kdyh wr

pdnh ghflvlrqv rq fulwlfdo uhirupv wkdw/ li dgrswhg/ jhqhudwh odujh orvvhv +} lv odujh,1 Lw lv suhflvho|

lq wklv vlwxdwlrq/ zklfk zh dujxh lv wkh rqh zlwk prvw hpslulfdo uhohydqfh/ wkdw wkh qhhg iru d

sdfndjh ri frqvwlwxwlrqdo uxohv wkdw doorzv vxfk ghflvlrqv wr eh wudqvihuuhg wr d vhsdudwh +dqg

vwulfwhu, ghflvlrq surfhgxuh lq d uholdeoh zd| lv juhdwhvw1 Wkh LV frqvwlwxwlrq zlwk wudqvihudeoh/

exw xqhyhqo| glvwulexwhg uhvrxufh/ fdqqrw gr wklv1 Zh eholhyh wkdw wklv lv rqh nh| uhdvrq zk|

dfwxdo frqvwlwxwlrqv idyru wkh xvh ri zkdw h�hfwlyho| fruuhvsrqgv wr dq LV frqvwlwxwlrq zlwk qrq0

wudqvihudeoh/ exw hyhqo| glvwulexwhg uhvrxufhv1 Wkhuh duh rwkhu uhdvrqv dv zhoo/ ri frxuvh1 Iru

h{dpsoh/ lw lv hdv| wr vhh wkdw wudqvihuv zrxog surylgh shuyhuvh lqfhqwlyhv iru djhqgd0vhwwlqj=

wkrvh zkr krog djhqgd0vhwwlqj srzhuv frxog jdlq vlpso| e| wkuhdwhqlqj wkhlu rssrvlwlrq zlwk

kljk0orvv srolflhv1 Wkhvh lqfhqwlyhv duh devhqw zkhq wkh vzlwfklqj frvw lv d ghdgzhljkw frvw1 Dovr/

wudqvihuv pljkw eh shufhlyhg dv xqidlu dqg wkxv xqghuplqh vxssruw iru wkh frqvwlwxwlrq1 Iru doo

wkhvh uhdvrqv/ zh irfxv rq wkh LV frqvwlwxwlrq zlwk qrq0wudqvihudeoh uhvrxufhv lq zkdw iroorzv

dqg frpsduh lw wr zkdw vhhpv wkh hpslulfdoo| uhohydqw dowhuqdwlyh= olqnlqj vfkhph frqvwlwxwlrqv1

54D frpshwh surri lv dydlodeoh xsrq uhtxhvw1
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91 Olqnlqj Vfkhphv

Pdq| frqvwlwxwlrqv doorz vrph srolwlfdo erglhv ru r!fh kroghuv wr yhwr ghflvlrqv pdgh e| rwkhu

srolwlfdo erglhv1 Wkh ohdglqj h{dpsoh frphv iurp wkh Xqlwhg Vwdwhv1 Wkh XV frqvwlwxwlrq +duwlfoh

L/ vhfwlrq :, doorzv wkh Suhvlghqw wr yhwr ohjlvodwlrq pdgh e| Frqjuhvv/ dqg wkh yhwr fdq rqo| eh

ryhuuxohg e| d 526 pdmrulw| lq Frqjuhvv1 Wkh frqvwlwxwlrq ri wkh Sklolsslqhv surylghv dqrwkhu

h{dpsoh155 Khuh/ wkh Suhvlghqw fdq yhwr d frpsohwh slhfh ri ohjlvodwlrq � d sdfndjh yhwr � xqohvv

wkh sdfndjh frppdqgv d 526 pdmrulw| ri doo phpehuv ri wkh Frqjuhvv1 Krzhyhu/ wkh Sklolsslqh

suhvlghqw lv/ lq frqwudvw wr wkh XV suhvlghqw/ dovr doorzhg wr yhwr vshfl�f lwhpv ri +vrph, sdfndjhv

ri ohjlvodwlrq � d vr0fdoohg olqh0lwhp yhwr1 Erwk ri wkhvh h{dpsohv duh iurp suhvlghqwldo v|vwhpv/

exw vlplodu yhwr surfhgxuhv fdq eh irxqg lq vrph sduoldphqwduldq v|vwhpv1 Qruzd| surylghv

rqh h{dpsoh1 Wkh Qruzhjldq frqvwlwxwlrq uhtxluhv wkdw ohjlvodwlrq eh dssuryhg vhsdudwho| e| d

pdmrulw| lq wkh �Odjwlqj� dqg wkh �Roghovwlqj�1 Wklv h�hfwlyho| jlyhv hdfk ri wkh wzr �wlqj�

yhwr srzhu ryhu ohjlvodwlrq/ dowkrxjk wkh yhwr lv qrw devroxwh= li rqh ri wkh wzr �wlqj� fdoov d

�yhwr�/ wkh sursrvhg ohjlvodwlrq pxvw eh frqvlghuhg lq wkh �Vwruwlqj� dqg fdq rqo| sdvv zlwk d

526 pdmrulw|156

Lq doo wkhvh h{dpsohv/ d yhwr fduulhv qr gluhfw frvw iru wkh erg| ru r!fh kroghu wkdw fdoov lw1

\hw/ ehfdxvh ri gdpdjh wr uhsxwdwlrq dqg rwkhu lqgluhfw frvwv/ suhvlghqwv ru sduwlfxodu sduold0

phqwdu| erglhv duh fduhixo qrw wr yhwr hdfk dqg hyhu| ghflvlrq wkdw wkh| glvolnh1 Wkh| zdqw wr

hfrqrpl}h dqg rqo| yhwr ohjlvodwlrq wkdw wkh| uhdoo| glvolnh1 Gd|0wr0gd| uhirupv duh doorzhg wr

sdvv zlwkrxw d yhwr dqg yhwrhv duh uhvhuyhg iru fulwlfdo uhirupv wkdw duh wkhq rqo| lpsohphqwhg

li wkh| fdq sdvv wkh vwulfwhu whvw uhtxluhg wr ryhuuxoh wkh yhwr1 Lpsruwdqwo|/ wklv w|sh ri yhwr

surfhgxuh fdq eh lqwhusuhwhg dv d ghflvlrq olqnlqj vfkhph/ vlplodu wr wkdw frqvlghuhg e| Mdfnvrq

dqg Vrqqhqvfkhlq ^45`/ ghvljqhg wr holflw lqirupdwlrq derxw wkh frvw ri srolf| uhirupv1

Wr ghyhors wkh lghd ri d olqnlqj vfkhph frqvwlwxwlrq/ vxssrvh wkdw vrflhw| kdv wr pdnh w

ghflvlrqv/ rqh lq hdfk ri w shulrgv1 Wkh sdudphwhu w vkrxog qrw eh lqwhusuhwhg olwhudoo| dv wkh

qxpehu ri ghflvlrqv wkdw vrflhw| kdv wr pdnh/ exw dv d phdvxuh ri wkh wlph krul}rq ri ghflvlrq

pdnhuv1 D vrflhw| zlwk d kljk ydoxh ri w lv d vrflhw| lq zklfk ghflvlrq pdnhuv/ rqfh wkh yhlo

55Vhh Duwlfoh YL/ Vhfwlrq 5: +Frqvwlwxwlrq Ilqghu/ ^:`,
56Wkh �Vwruwlqj� frqvlvwv ri doo wkh phpehuv ri wkh �Odjwlqj� dqg wkh �Rghovwlqj� lq mrlqw vhvvlrq1
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ri ljqrudqfh kdv ehhq oliwhg/ duh uhodwlyho| sdwlhqw/ zkloh d vrflhw| zlwk d orz ydoxh ri w lv rqh

lq zklfk ghflvlrq pdnhuv duh pruh vkruw0vljkwhg1 Wkh olqnlqj vfkhph frqvwlwxwlrq suhvfulehv

wkuhh uxohv= d ghidxow pdmrulw| uxoh pOV / dq dowhuqdwlyh pdmrulw| uxoh qOV dqg d yhwr surfhgxuh1

Wkh yhwr surfhgxuh doorzv wkh uhsuhvhqwdwlyhv +lq htxloleulxp/ wkh rqh uhsuhvhqwlqj wkh orvhuv, wr

uhtxhvw wkdw ghflvlrqv duh pdgh zlwk uxoh qOV lqvwhdg ri zlwk uxoh pOV dw qr gluhfw frvw/ exw wkh|

fdq rqo| gr vr d �{hg qxpehu ri wlphv v � w1 Zh lqwhusuhw d vzlwfk ri uxohv dv d yhwr zlwk v ehlqj

wkh pd{lpxp qxpehu ri yhwrhv doorzhg e| wkh frqvwlwxwlrq dqg qOV dv wkh pdmrulw| uhtxluhg wr

ryhuuxoh wkh yhwr1 Dfwxdo frqvwlwxwlrqv gr qrw h{solflwo| suhvfuleh dq xsshu erxqg rq wkh qxpehu

ri yhwrhv wkdw fdq eh fdoohg1 Krzhyhu/ dv phqwlrqhg deryh/ uhsxwdwlrq frvwv surylgh lqfhqwlyhv

iru yhwr0kroghuv wr hfrqrpl}h rq yhwrhv dqg e| �qh wxqlqj wkh ohjlvodwlyh surfhvv/ frqvwlwxwlrqdo

ghvljqhuv fdq/ lpsolflwo| ru h{solflwo|/ d�hfw wkh uhsxwdwlrq frvwv1 Iru h{dpsoh/ e| uhvwulfwlqj

wkh yhwr0kroghu*v delolw| wr sursrvh ohjlvodwlrq/ wkh lqfhqwlyh wr hfrqrpl}h rq yhwrhv lv hqkdqfhg

vlpso| ehfdxvh lw lv lq wkh lqwhuhvw ri wkh yhwr0kroghu wr suhvhuyh d jrrg zrunlqj uhodwlrqvkls zlwk

wkh erg| wkdw krogv wkh uljkw wr sursrvh srolflhv1 Dqrwkhu h{dpsoh lv wkh glvwlqfwlrq ehwzhhq

olqh0lwhp dqg sdfndjh yhwrhv1 E| doorzlqj rqo| sdfndjh yhwrhv/ wkh frqvwlwxwlrqdo ghvljqhu pdnhv

lw kdughu iru wkh yhwr0kroghu wr h{huflvh klv uljkw wr yhwr dqg/ djdlq/ wkh lqfhqwlyh wr hfrqrpl}h

lv hqkdqfhg1 Wkhvh h{dpsohv looxvwudwh zkdw zh dwwhpsw wr fdswxuh/ lq uhgxfhg irup/ zlwk wkh

�{hg qxpehu ri yhwrhv1 E| �{lqj wkh qxpehu ri yhwrhv dssursuldwho| dqg wkhuhe| olqnlqj wkh

gl�huhqw ghflvlrqv/ wkh frqvwlwxwlrqdo ghvljqhu fdq surylgh lqfhqwlyhv iru wuxwkixo uhyhodwlrq ri

wkh w|sh ri uhirup1 Wkh srlqw lv wkdw orvhuv/ nqrzlqj wkdw wkhuh duh pruh ghflvlrqv wr eh pdgh

wkdq yhwrhv/ duh pruh olnho| wr yhwr d fulwlfdo uhirup wkdq d gd|0wr0gd| uhirup1

Zh ehjlq wkh dqdo|vlv e| prgli|lqj wkh wlph olqh iurp Vhfwlrq 6 e|/ �uvwo|/ vsolwwlqj vwdjh 6

lqwr wzr vxe0vwdjhv wr fdswxuh wkh qrwlrq wkdw ghflvlrqv duh pdgh uhshdwhgo| dqg/ vhfrqgo|/ e|

ghvfulelqj wkh ghwdlov ri zkdw kdsshqv lq vwdjh 7=

6d1 Jlyhq s/ Qdwxuh ghwhuplqhv zklfk idfwlrq wkh frqvwlwxwlrqdo ghvljqhu uhsuhvhqwv dqg lqgl0

ylgxdov duh sduwlwlrqhg lq wkh wzr vhwv Z dqg ZF 1 E| ghidxow/ wkh rwkhu uhsuhvhqwdwlyh

uhsuhvhqwv wkh rwkhu idfwlrq1 Lqglylgxdov nqrz wr zklfk vhw wkh| ehorqj dqg wkh uhsuhvhq0

wdwlyhv nqrz zklfk idfwlrq wkh| uhsuhvhqw/ exw wklv lqirupdwlrq lv qrw yhul�deoh1

Diwhu vwdjh 6d/ wkhuh duh w A 4 srolf| ghflvlrqv wr eh pdgh1 Iru hdfk srolf| ghflvlrq  5
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i4> ===> wj/ wkh vwdjhv 6e wr 9 wdnh sodfh vhtxhqwldoo| xqwlo  @ w=

6e1 Qdwxuh pdnhv d gudz ri wkh udqgrp yduldeoh f wr ghwhuplqh wkh w|sh ri uhirup dw wlph y1

Doo gudzv duh lqghshqghqw dqg revhuydeoh/ exw qrw yhul�deoh1

71 Li dw ohdvw rqh yhwr lv xqxvhg dw wlph y/ wkh wzr uhsuhvhqwdwlyhv m dqg n vlpxowdqhrxvo|

pdnh dqqrxqfhphqwv " m > "
 
n 5 iB> Y j1 Rwkhuzlvh/ qr dqqrxqfhphqwv duh pdgh1

Wkh wlplqj ri hyhqwv lpsolhv wkdw wkh zlqqhuv dqg orvhuv duh wkh vdph hdfk shulrg/ exw wkdw

wkh w|sh ri wkh uhirup gl�huv iurp shulrg wr shulrg157 Zh lqwhusuhw dq dqqrxqfhphqw " @ Y

dw wlph  iurp rqh ri wkh wzr uhsuhvhqwdwlyhv dv d yhwr djdlqvw wkh uhirup rq wkh djhqgd dw wlph

 zklfk fdq/ wkhq/ rqo| eh lpsohphqwhg li lw frppdqgv vx!flhqw vxssruw wr ryhuuxoh wkh yhwr1

Dq dqqrxqfhphqw " @ B fruuhvsrqgv wr d ghflvlrq qrw wr yhwr1 Ohw v eh wkh qxpehu ri yhwrhv

uhpdlqlqj dw wlph  � w/ l1h1/ wkh wrwdo qxpehu ri yhwrhv +v, plqxv wkh qxpehu ri yhwrhv douhdg|

xvhg1 Irupdoo|/ zh kdyh

v @ v�&
qe ?  m"e m b "e n @ Y

r
=

Lw lv fohdu wkdw d yhwr fdq rqo| eh fdoohg dw wlph  li v A 31 Zh fdq qrz gh�qh d olqnlqj vfkhph

frqvwlwxwlrq dv iroorzv1

Gh�qlwlrq 7 D olqnlqj vfkhph +OV, frqvwlwxwlrq lv d wulsohw +pOV> qOV > vOV, vxfk wkdw lq dq|

shulrg  iru zklfk v @ 3

{ @

;AA?
AA=

D lii +s �pOV,

E rwkhuzlvh

dqg lq dq| shulrg  iru zklfk v � 4

{ @

;AAAAAA?
AAAAAA=

D lii

;AA?
AA=

+s �pOV, a
�
" m a " n @ B

�

+s � qOV, a
�
" m b " n @ Y

�

E rwkhuzlvh

=

57
Wklv dvvxpswlrq fdq eh uhod{hg1 Li s zhuh gudzq hdfk shulrg dqg d qhz vhw ri zlqqhuv dqg orvhuv zhuh

ghwhuplqhg/ zh zrxog jhw txdolwdwlyho| vlplodu uhvxowv1
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Zlwk wkhvh gh�qlwlrqv lq sodfh/ zh fdq fkdudfwhul}h rswlpdo OV frqvwlwxwlrqv1 Zh irfxv rq

vxejdph0shuihfw htxloleuld dqg dvvxph wkdw d uhsuhvhqwdwlyh zkr lv lqgl�huhqw ehwzhhq yhwrlqj

ru qrw grhv qrw yhwr1

Sursrvlwlrq 8 Ohw HX+p>q> v, eh wkh h{shfwhg xwlolw| shu ghflvlrq dvvrfldwhg zlwk wkh OV

frqvwlwxwlrq +p>q> v,1

41 Iru dq| 4 � v � w � 4/ wkhuh h{lvw wzr vwulfwo| ghfuhdvlqj ixqfwlrqv p+v, dqg q+v, vxfk

wkdw58

pW

IE ? p +v, ? pW

PU ? q+v, ? qWIE=

Pruhryhu/ iru doo rwkhu pdmrulw| uxohv p dqg q

HX +p +v, > q +v, > v, A HX +p>q> v, =

51 Ohw

vWOV 5 duj pd{
f$v$w

HX +p +v, > q +v, > v, >

wkhq +p +vWOV, > q +v
W

OV, > v
W

OV, lv dq rswlpdo OV frqvwlwxwlrq zlwk 4 � vWOV � w�4 iru doo vWOV 1

61 Iru doo vWOV

olp
w<"

HX +p +vWOV, > q +v
W

OV, > v
W

OV, @ HX +pWIE> q
W

IE, =

Surri1 Vhh Dsshqgl{ D1

Wr ghyhors lqwxlwlrq iru wkhvh uhvxowv/ lw lv xvhixo wr ehjlq e| dvvxplqj wkdw w lv odujh hqrxjk

wr doorz dq dffxudwh dssur{lpdwlrq ri wkh elqrpldo glvwulexwlrq zlwk phdq +4� �, w dqg yduldqfh

� +4� �, w zlwk wkh fruuhvsrqglqj qrupdo glvwulexwlrq1 Wklv dqg wkh idfw wkdw w A vWOV A 3 lpso|

wkdw zh fdq dssur{lpdwh wkh rswlpdo qxpehu ri yhwrhv e| wkh vroxwlrq wr wkh iroorzlqj �uvw rughu

frqglwlrq=59

�

�
vW
OV
3E�3��ws
�E�3��w

�
&� +p +vWOV, > q+v

W

OV,, @

�
4��

�
vW
OV
3E�3��ws
�E�3��w

��
&2 +p +vWOV, > q+v

W

OV,, +914,

58Wkhvh ixqfwlrqv duh gh�qhg lq Dsshqgl{ D1

59 Lq wkh frqwlqxrxv dssur{lpdwlrq ri wkh h{shfwhg xwlolw| ixqfwlrq/ dq| pd{lpxp v
W

OV pxvw vdwlvi| wklv frqglwlrq1

Ghwdlov rq wkh ghulydwlrq ri wklv frqglwlrq duh dydlodeoh xsrq uhtxhvw1
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zkhuh �+�, lv wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri wkh vwdqgdug qrupdo glvwulexwlrq dqg

&� +p +vWOV, > q+v
W

OV,, @

]
qEvW

OV
�

p+vWOV,
+s +z . |,� |,gI +s,>

&2 +p +vWOV, > q+v
W

OV,, @ �

]
qEvW

OV
�

p+vWOV,
+s +z. },� }, gI +s,=

Htxdwlrq +914, uhyhdov dq lpsruwdqw wudgh0r�1 Wkh ohiw kdqg vlgh uhsuhvhqwv wkh h{shfwhg frvw

ri doorzlqj wrr pdq| yhwrhv1 Wklv frvw dulvhv ehfdxvh ri wkh srvvlelolw| wkdw d gd|0wr0gd| uhirup

lv yhwrhg1 Wkxv wr eh dgrswhg lw pxvw sdvv wkh vwulfw dowhuqdwlyh uxoh zkhq lw vkrxog kdyh

ehhq hqrxjk wr sdvv wkh ghidxow uxoh1 Wkh shu0shulrg frvw ri wklv lv &� +p +vW
OV
, > q+vW

OV
,, dqg wkh

sureohp dulvhv zlwk suredelolw| �+=,1 Wkh uljkw kdqg vlgh uhsuhvhqwv wkh h{shfwhg frvw ri doorzlqj

wrr ihz yhwrhv1 Wklv frvw dulvhv ehfdxvh ri wkh srvvlelolw| wkdw d fulwlfdo uhirup lv qrw yhwrhg

dqg wkxv dgrswhg li lw sdvvhv wkh wkh ghidxow uxoh exw qrw qhfhvvdulo| wkh dowhuqdwlyh uxoh1 Wkh

shu0shulrg frvw ri wklv lv jlyhq e| &2 +p +vW
OV
, > q+vW

OV
,, dqg wkh sureohp dulvhv zlwk suredelolw|

4��+=,1 Zh/ wkhuhiruh/ vhh wkdw wkh rswlpdo qxpehu ri yhwrhv edodqfhv wkhvh wzr frqfhuqv1

Lqwhuhvwlqjo|/ zkhq pruh wkdq rqh ghflvlrq kdv wr eh pdgh/ sduw 5 ri wkh sursrvlwlrq vkrzv

wkdw lw lv qhyhu rswlpdo wr holplqdwh rqh ri wkh wzr frvwv hqwluho| e| doorzlqj hlwkhu qr yhwrhv

ru d yhwr iru hyhu| ghflvlrq1 Wklv lpsolhv wkdw dq rswlpdoo| fkrvhq OV frqvwlwxwlrq lv dozd|v

dw ohdvw dv jrrg dv wkh rswlpdo PU frqvwlwxwlrq dqg vwulfwo| ehwwhu iru w A 41 Wr vhh zk|/ zh

qrwlfh wkdw wkh PU frqvwlwxwlrq lv d vshfldo fdvh ri wkh OV frqvwlwxwlrq zlwk v @ 3 ru v @ w1 Li

v @ 3/ pdmrulw| uxoh p lv xvhg iru doo ghflvlrqv ehfdxvh qr yhwrhv duh doorzhg/ zkloh li v @ w/

doo ghflvlrqv duh yhwrhg e| wkh uhsuhvhqwdwlyh ri wkh orvhuv dqg wkh dowhuqdwlyh uxoh q lv xvhg iru

doo ghflvlrqv1 Lq erwk fdvhv/ wkh dssursuldwh fkrlfh iru wkh +vlqjoh, pdmrulw| uxoh lv pW

PU
1 Wkh

frqvwlwxwlrqdo ghvljqhu fdq/ krzhyhu/ gr ehwwhu zkhq pruh wkdq rqh ghflvlrq kdv wr eh pdgh

e| doorzlqj vrph/ exw qrw doo/ ghflvlrqv wr eh yhwrhg1 Wklv lv dffrpsolvkhg e| dgmxvwlqj wkh

pdmrulw| uxohv +dqg wkxv wkh frvwv &� dqg &2, dffruglqjo|1 Iru h{dpsoh/ li v lv vpdoo frpsduhg

wr w/ wkh pdmrulw| uxoh p +v, lv fkrvhq wr eh forvh wr pW

PU
zkloh q +v, lv fkrvhq wr eh forvh wr

qW
IE

1 Lqwxlwlyho|/ wklv lv ehfdxvh lw lv olnho| wkdw wkh qxpehu ri yhwrhv lv wrr vpdoo1 Wkxv/ pdq|

ghflvlrqv/ uhjdugohvv ri wkhlu w|sh/ zloo eh pdgh zlwk p +v, dqg lw lv rswlpdo wr fkrrvh p+v, forvh

wr pW

PU
1 Dw wkh vdph wlph/ lw lv kljko| xqolnho| wkdw yhwrhv zloo eh xvhg lqdssursuldwho| dqg wklv

doorzv wkh frqvwlwxwlrqdo ghvljqhu wr vhw q+v, forvh wr wkh �uvw0ehvw uxoh qW
IE

1 Frqyhuvho|/ li v lv
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uhodwlyho| forvh wr w/ wkhq p +v, lv fkrvhq wr eh forvh wr pW

IE
zkloh q +v, lv fkrvhq wr eh forvh wr

pW

PU
1 Lq wklv fdvh/ prvw ghflvlrqv duh pdgh zlwk q +v, ehfdxvh wkh uhsuhvhqwdwlyh iru wkh orvhuv

zloo iuhtxhqwo| fdoo d yhwr/ zkloh p+v, lv olnho| wr eh xvhg rqo| iru gd|0wr0gd| ghflvlrqv dqg vr

wkh frqvwlwxwlrqdo ghvljqhu vhwv lw forvh wr wkh �uvw0ehvw uxoh pW

IE
1

Sduw 6 ri wkh sursrvlwlrq vkrzv wkdw rswlpdoo| fkrvhq OV frqvwlwxwlrqv duh dv|pswrwlfdoo|

�uvw0ehvw15: Wr vhh wkh lqwxlwlrq/ zh qrwh wkdw wkh fhqwudo olplw wkhruhp lpsolhv wkdw wkh sur0

sruwlrq ri uhdol}dwlrqv ri f @ f lv dv|pswrwlfdoo| glvwulexwhg dffruglqj wr d qrupdo glvwulexwlrq

zlwk phdq +4� �, w dqg yduldqfh w� +4� �,1 Wklv phdqv wkdw dv w lqfuhdvhv/ wkh suredelolw| ri

kdylqj wrr pdq| ru wrr ihz yhwrhv ghfuhdvhv= lq wkh olplw/ wklv suredelolw| frqyhujhv wr }hur1

Pruhryhu/ lw fdq eh vkrzq wkdw dv w lqfuhdvhv/ wkh shu0shulrg h{shfwhg xwlolw| dvvrfldwhg zlwk

dq| rswlpdoo| fkrvhq OV frqvwlwxwlrq lqfuhdvhv15; Dq lpsolfdwlrq/ wkhq/ lv wkdw rswlpdoo| fkrvhq

OV frqvwlwxwlrqv/ uhjdugohvv ri wkh rwkhu sdudphwhuv ri wkh prgho/ |lhog kljkhu h{shfwhg xwlolw|

wkdq wkh rswlpdo LV frqvwlwxwlrq/ dv orqj dv w lv vx!flhqwo| odujh1

:1 Frpsdulqj Frqvwlwxwlrqdo Uxohv

Wkh suhylrxv vhfwlrqv hvwdeolvkhg vrph idfwv derxw wkh uhodwlyh phulwv ri wkh PU/ LV dqg OV

frqvwlwxwlrqv1 Sursrvlwlrqv 6 hvwdeolvkhv wkdw wkh LV frqvwlwxwlrq fdqqrw lpsuryh xsrq wkh PU

frqvwlwxwlrq xqohvv fulwlfdo uhirupv duh uduh +� � �W,1 Lq frqwudvw/ sursrvlwlrq 8 vkrzv wkdw iru

w A 4/ wkh OV frqvwlwxwlrq lv dozd|v vxshulru wr wkh PU frqvwlwxwlrq1 Wkh lpsolfdwlrq lv wkdw

wkh OV frqvwlwxwlrq lv vxshulru wr erwk wkh LV dqg wkh PU frqvwlwxwlrq zkhq fulwlfdo uhirupv duh

olnho| +� ? �W,1 Sursrvlwlrq 8 dovr hvwdeolvkhv wkdw wkh OV frqvwlwxwlrq uhsolfdwhv dv|pswrwlfdoo|

wkh �uvw0ehvw lq vrflhwlhv zlwk lq�qlwho| sdwlhqw ghflvlrq pdnhuv +w $ 4,1 Wklv/ krzhyhu/ grhv

qrw lpso| wkdw wkh OV frqvwlwxwlrq lv dozd|v vxshulru wr wkh LV frqvwlwxwlrq1 Iluvwo|/ w � d phdvxuh

ri krz sdwlhqw ghflvlrq pdnhuv duh � lv qrw lwvhoi d fkrlfh yduldeoh/ exw d sdudphwhu ri wkh prgho/

dqg/ vhfrqgo|/ lq sudfwlfh/ uhirupv zlwk kljk frvwv duh olnho| wr eh uduh hyhqwv1 Jlyhq wkdw/ lw lv

5:Mdfnvrq dqg Vrqqhqvkhlq ^45` vkrz d vlplodu uhvxow1 Wkh pdlq gl�huhqfh ehwzhhq wkh OV frqvwlwxwlrq dqg wkh
phfkdqlvp wkh| frqvlghu lv wkdw wkh OV frqvwlwxwlrq doorzv wkh uxohv Ep>q> v� wr eh ghwhuplqhg rswlpdoo|/ zkloh
Mdfnvrq dqg Vrqqhqvfkhlq � xvlqj wkh qrwdwlrq ri rxu prgho � vhw v ' E�3 �� w dqg hpsor| wkh �uvw0ehvw pdmrulw|
uxohv1

5;Dv|pswrwlf h!flhqf| lv qrw vx!flhqw wr jxdudqwhh wklv uhvxow1 D surri ri wkh vwdwhphqw lv dydlodeoh xsrq
uhtxhvw1
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uhdvrqdeoh wr frpsduh rswlpdo LV dqg OV frqvwlwxwlrqv iru d �{hg w1 Zh irfxv rq wkh hpslulfdoo|

uhohydqw fdvh lq zklfk } lv odujh uhodwlyh wr |15< Wr ehjlq wkh dqdo|vlv/ gh�qh wkh iroorzlqj

h!flhqf| vfruhv=

HVLV +�>z> |> }> I , @ HXLV +�>z> |> }> I ,�HXPU +�>z> |> }> I , >

HVOV +w> �> z> |> }> I , @ HXOV +w> �>z> |> }> I ,�HXPU +�>z> |> }> I , =

Wkhvh h!flhqf| vfruhv phdvxuh wkh shu0ghflvlrq lqfuhdvh lq h{shfwhg xwlolw|/ dv vhhq iurp ehklqg

wkh yhlo ri ljqrudqfh/ ri wkh +rswlpdo, LV dqg OV frqvwlwxwlrq/ uhvshfwlyho|/ uhodwlyh wr wkh +rswl0

pdo, PU frqvwlwxwlrq1 Wkh h!flhqf| vfruhv duh erxqghg ehwzhhq }hur dqg HXIE +=,�HXPU +=,

dqg duh ixqfwlrqv ri wkh nh| sdudphwhuv ri wkh prgho1 Vlqfh dq h{solflw h{suhvvlrq iru HXOV fdq0

qrw eh ghulyhg/ lw lv qrw srvvleoh wr frpsduh HVLV dqg HVOV dqdo|wlfdoo|/ dqg zh pxvw wxuq wr

qxphulfdo vlpxodwlrqv163 Zh vhw w @ 63 dqg z @ | @ 4 wkurxjkrxw/ dqg vwxg| krz wkh h!flhqf|

vfruhv ghshqg rq }> � dqg I 1

Zh ehjlq e| vwxg|lqj HVLV dqg HVOV dv ixqfwlrqv ri } � wkh pdjqlwxgh ri wkh orvv dvvrfldwhg

zlwk fulwlfdo uhirupv � dqg suhvhqw/ lq Iljxuhv E140E16/ vrph vlpxodwlrq uhvxowv iru gl�huhqw ydoxhv

ri �164 Wkh vlpxodwlrqv duh edvhg rq wkh dvvxpswlrq wkdw I lv xqlirup/ exw vlplodu uhvxowv rewdlq

iru pdq| rwkhu glvwulexwlrqv1 Wkh pdlq lqvljkw iurp wkhvh vlpxodwlrqv fdq eh vxppdul}hg dv

iroorzv=

Uhvxow 4 Zkhqhyhu HVLV A 3>

41 HVLV dqg HVOV duh lqfuhdvlqj lq }1

51 HVLV �HVOV lv lqfuhdvlqj lq }1

LQVHUW ILJXUHV E140E16 KHUH

5<Sursrvlwlrq 7 vkrzv wkdw iru } vx!flhqwo| odujh/ wkh LV frqvwlwxwlrq zlwk qrq0wudqvihudeoh exw hyhqo| glvwule0

xwhg uhvrxufhv lv vxshulru wr wkh LV frqvwlwxwlrq zlwk wudqvihudeoh exw xqhyhqo| glvwulexwhg uhvrxufhv1 Lq doo wkh

vlpxodwlrqv uhsruwhg ehorz/ zh irfxv rq ydoxhv ri } vxfk wkdw wkh LV frqvwlwxwlrq zlwk � ' � ' � grplqdwhv dq|

LV frqvwlwxwlrq zlwk � ' � ? �1 Iru wkh ydoxhv ri � frqvlghuhg/ } D D| lv vx!flhqw1

63Wkh vlpxodwlrqv duh suhiruphg zlwk Pdwkhpdwlfd yhuvlrq 8131 Wkh surjudp lv dydlodeoh xsrq uhtxhvw1 Lq doo

wkh vlpxodwlrqv/ wkh rswlpdo OV frqvwlwxwlrq lv xqltxh1 Pruhryhu/ wkh vlpxodwlrqv gr qrw pdnh xvh ri wkh qrupdo

dssur{lpdwlrq ri wkh elqrpldo glvwulexwlrq1

64Doo �jxuhv duh froohfwhg lq Dsshqgl{ E1
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Erwk h!flhqf| vfruhv duh lqfuhdvlqj lq }1 Wklv lv ehfdxvh lw lv pruh lpsruwdqw wr kdyh wzr

vhsdudwh pdmrulw| uxohv zkhq fulwlfdo uhirupv duh pxfk pruh frvwo| wkdq qrq0fulwlfdo rqhv1 Pruh

lqwhuhvwlqjo|/ wkh h!flhqf| vfruh ri wkh OV frqvwlwxwlrq lqfuhdvhv pruh vorzo| wkdq wkdw ri wkh LV

frqvwlwxwlrq/ l1h1/ HVLV �HVOV lv lqfuhdvlqj lq }1 Wklv uh hfwv wkh fuxfldo wudgh0r� ehwzhhq wkh

wzr frqvwlwxwlrqv= wkh LV frqvwlwxwlrq lv ehwwhu wkdq wkh OV frqvwlwxwlrq dw vhsdudwlqj uhirupv

ri gl�huhqw w|shv iurp hdfk rwkhu/ exw wklv dgydqwdjh frphv dw wkh frvw �1 Wkh rswlpdo OV

frqvwlwxwlrq doorzv wkh �zurqj� uxoh wr eh xvhg zlwk srvlwlyh suredelolw|1 Wkh frqvwlwxwlrqdo

ghvljqhu wdnhv wkdw lqwr dffrxqw e| doorzlqj pW

OV
+zklfk lv xvhg zkhq wkhuh lv qr yhwr, dv zhoo

dv qW
OV

+zklfk lv xvhg zkhq wkhuh lv yhwr, wr eh lqfuhdvlqj ixqfwlrqv ri }165 Lq frqwudvw/ wkh

rswlpdo LV frqvwlwxwlrq qhyhu doorzv d ghflvlrq wr eh pdgh zlwk wkh �zurqj� pdmrulw| uxoh1 Wkh

lpsolfdwlrq/ wkhq/ lv wkdw wkh pdmrulw| uxoh/ pW

LV
/ xvhg wr ghflgh wkh idlwk ri qrq0fulwlfdo uhirupv lv

lqghshqghqw ri } dqg rqo| qW
LV

lv dq lqfuhdvlqj ixqfwlrq ri }1 Wkxv/ dv } lqfuhdvhv/ wkh gl�huhqfh

ehwzhhq wkh wzr pdmrulw| uxohv lqfuhdvhv dw d idvwhu udwh iru wkh LV frqvwlwxwlrq wkdw iru wkh

OV frqvwlwxwlrq dqg wkdw dffrxqwv iru wkh idfw wkdw HVLV � HVOV lv lqfuhdvlqj lq }1 Zh qrwh/

wkhuhiruh/ wkdw wkh LV frqvwlwxwlrq shuirupv zhoo uhodwlyh wr wkh OV frqvwlwxwlrq iru kljk ydoxhv

ri }1

Qh{w/ zh suhvhqw lq Iljxuhv E170E19 vrph vlpxodwlrqv ri HVLV dqg HVOV dv ixqfwlrqv ri

� � wkh suredelolw| wkdw uhirupv duh qrq0fulwlfdo � iru gl�huhqw ydoxhv ri }1 Djdlq/ zh dvvxph

wkdw I lv xqlirup/ exw vlplodu uhvxowv rewdlq iru rwkhu glvwulexwlrqv1 Wkh nh| lqvljkwv iurp wkhvh

vlpxodwlrqv fdq eh vxppdul}hg dv iroorzv=

Uhvxow 5 Iru HVLV A 3

41 HVOV dqg HVLV duh lqfuhdvlqj lq � iru orz ydoxhv ri � dqg ghfuhdvlqj lq � iru kljk ydoxhv

ri �1

51 HVLV �HVOV lv lqfuhdvlqj lq �1

LQVHUW ILJXUHV E170E19 KHUH

65Wkh vlpxodwlrqv vkrz wkdw v
W

OV lv dovr lqfuhdvlqj lq }1 Wklv sduwldoo| r�vhwv wkh lpsdfw ri dq lqfuhdvh lq } rq

erwk p
W

OV dqg q
W

OV1 Krzhyhu/ wklv h�hfw lv qrw vwurqj hqrxjk wr fkdqjh wkh frqfoxvlrqv glvfxvvhg lq wkh wh{w1
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Wkh uhodwlrqvkls ehwzhhq wkh h!flhqf| vfruhv dqg � lv kxps0vkdshg1 Wklv lv ehfdxvh wkh

dgydqwdjh ri kdylqj wzr vhsdudwh pdmrulw| uxohv udwkhu wkdq d vlqjoh uxoh lv odujhvw zkhq wkh

xqfhuwdlqw| derxw wkh w|sh ri uhirup lv kljk +l1h1/ iru lqwhuphgldwh ydoxhv ri �,1 Zh uhfdoo iurp

Sursrvlwlrq 6 wkdw wkh LV frqvwlwxwlrq lv rxwfrph htxlydohqw wr wkh PU frqvwlwxwlrq � HVLV @ 3

� iru � � �W1 Krzhyhu/ zkhq � A �W/ wkh gl�huhqfh/ HVLV � HVOV / lv lqfuhdvlqj lq �1 Wklv

lv ehfdxvh wkh h!flhqf| vfruh ri wkh LV frqvwlwxwlrq lv d�hfwhg gluhfwo| e| wkh suredelolw| ri

fulwlfdo uhirupv= wkh orzhu lv � wkh pruh olnho| lw lv wkdw wkh frvw � lv lqfxuuhg1 Wkh h!flhqf|

vfruh ri wkh OV frqvwlwxwlrq lv/ lq frqwudvw/ rqo| d�hfwhg lqgluhfwo| � wkurxjk wkh dgmxvwphqw

ri wkh pdmrulw| uxohv dqg wkh qxpehu ri yhwrhv1 Dffruglqjo|/ wkh LV frqvwlwxwlrq shuirupv zhoo

uhodwlyh wr wkh OV frqvwlwxwlrq iru kljk ydoxhv ri �/ l1h1/ zkhq fulwlfdo uhirupv duh xqolnho|1

Wkh h!flhqf| vfruhv duh dovr d�hfwhg e| fkdqjhv lq #/ wkh h{shfwhg ydoxh ri s1 Wkh sdudphwhu

# fdq eh lqwhusuhwhg dv d phdvxuh ri dyhudjh vxssruw iru uhirup lq d vrflhw|1 D vrflhw| zlwk

# A
�

2
/ iru h{dpsoh/ lv �uhirup iulhqgo|� ehfdxvh/ rq dyhudjh/ wkh pdmrulw| ri flwl}hqv ehqh�wv

iurp d fkdqjh wr wkh vwdwxv txr/ zkloh d vrflhw| zlwk # ?
�

2
lv �uhirup xqiulhqgo|� iru wkh

rssrvlwh uhdvrq1 Pruhryhu/ lq d �uhirup iulhqgo|� vrflhw|/ wkh frqvwlwxwlrqdo ghvljqhu lv pruh

rswlplvwlf derxw klv fkdqfhv ri uhsuhvhqwlqj wkh zlqqhuv diwhu wkh frqvwlwxwlrqdo uxohv kdyh ehhq

gudzq xs dqg ylfh yhuvd lq d vrflhw| wkdw lv �uhirup xqiulhqgo|�1 Lq Iljxuhv E1:0E1;/ zh suhvhqwv

vlpxodwlrqv ri HVLV � HVOV dv d ixqfwlrq ri � dqg } iru gl�huhqw ydoxhv ri #1 Wr lvrodwh wkh

lpsdfw ri d fkdqjh lq wkh h{shfwhg ydoxh ri s iurp d fkdqjh lq wkh yduldqfh/ zh dvvxph wkdw s

lv gudzq iurp ehwd glvwulexwlrqv zlwk wkh vdph yduldqfh dv wkh xqlirup glvwulexwlrq/ exw zlwk

gl�huhqw h{shfwhg ydoxhv166 Wkh lqvljkwv iurp wkhvh vlpxodwlrqv fdq eh vxppdul}hg dv iroorzv=

Uhvxow 6 Zkhqhyhu HVLV A 3/ HVLV �HVOV lv lqfuhdvlqj lq #1

LQVHUW ILJXUHV E1:0E1; KHUH

Dq lqfuhdvh lq # � wkh frqvwlwxwlrqdo ghvljqhu ehfrphv pruh rswlplvwlf derxw uhirup srv0

66 Vshfl�fdoo|/ zh frqvlghu wkh xqlirup glvwulexwlrq dqg ehwd glvwulexwlrqv zlwk sdudphwhuv
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Erwk ri wkhvh glvwulexwlrqv kdyh wkh vdph yduldqfh dv wkh xqlirup glvwulexwlrq exw lq wkh �uvw fdvh # ' 2I
��3�

E f=.�

+wkh rswlplvwlf fdvh, dqg lq wkh vhfrqg # '
I
��3DI
��3�

E f=2. +wkh shvvlplvwlf fdvh,1
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vlelolwlhv dqg klv fkdqfhv ri uhsuhvhqwlqj wkh zlqqhuv � lpsuryhv wkh h!flhqf| vfruh ri wkh LV

frqvwlwxwlrq uhodwlyh wr wkdw ri wkh OV frqvwlwxwlrq1 Dffruglqjo|/ wkh LV frqvwlwxwlrq shuirupv

zhoo uhodwlyh wr wkh OV frqvwlwxwlrq zkhq # lv kljk/ l1h1/ lq �uhirup iulhqgo|� vrflhwlhv1

Wkh suhfhglqj dqdo|vlv doorzv xv wr uhodwh wkh fkrlfh ri frqvwlwxwlrqdo uxohv wr wkh xqghuo|lqj

hqylurqphqw1 Lq sduwlfxodu/ iru wkh hpslulfdoo| uhohydqw fdvh zkhuh } lv odujh uhodwlyh wr | dqg

wkh qhhg iru dq dowhuqdwlyh wr wkh PU frqvwlwxwlrq lv juhdwhvw/ wkh LV frqvwlwxwlrq shuirupv zhoo

uhodwlyh wr wkh OV frqvwlwxwlrq lq vrflhwlhv lq zklfk=

� ghflvlrq pdnhuv kdyh d vkruw wlph krul}rq +w lv orz,>

� fulwlfdo uhirupv uduho| dsshdu rq wkh djhqgd +� lv kljk,>

� vxssruw iru uhirup lv/ rq dyhudjh/ kljk +# A �

2
,1

Wr jlyh dq h{dpsoh ri krz wkhvh suhglfwlrqv fdq eh dssolhg lq sudfwlfh/ frqvlghu wkh gdwd

uhsruwhg lq Vkxjduw dqg Fduh| ^4;` +Wdeoh ;15,1 Lw vkrzv wkdw wkh suhvlghqw ri pdq| Odwlq

Dphulfd frxqwulhv kdv vwurqjhu yhwr srzhuv wkdq wkh suhvlghqw ri wkh Xqlwhg Vwdwhv ru khdgv ri

vwdwh lq vhpl0suhvlghqwldo v|vwhpv lq Hxursh/ vxfk dv Iudqfh/ Sruwxjdo ru Luhodqg1 Wkh yhwr srzhuv

ri Odwlq Dphulfdq suhvlghqwv duh dovr vwurqj frpsduhg wr Hxurshdq sduoldphqwdu| ghprfudflhv

zkhuh yhwr srzhuv duh riwhq uhvwulfwhg wr vhqglqj ohjlvodwlrq edfn wr wkh sduoldphqw +h1j1/ lq

Lwdo|, ru zkhuh rqh fkdpehu kdv olplwhg uljkwv wr yhwr ghflvlrqv pdgh e| dqrwkhu fkdpehu

+h1j1/ lq Jhupdq|,167 Wklv vxjjhvwv wkdw OV frqvwlwxwlrqv duh pruh suhydohqw lq Odwlq Dphulfdq

ghprfudflhv wkdq hovhzkhuh1 Li zh lghqwli| d orz � zlwk srolwlfdo lqvwdelolw| � d vrflhw| lv srolwlfdoo|

xqvwdeoh li fulwlfdo dqg srwhqwldoo| glvuxswlyh uhirupv riwhq dsshdu rq wkh djhqgd � dqg zh qrwh

wkdw srolwlfdo lqvwdelolw| lv uhodwlyho| kljk lq Odwlq Dphulfdq/ wklv h{dpsoh lv frqvlvwhqw zlwk wkh

suhglfwlrqv ri rxu prgho1

67Wkh Exqghvudw fdq yhwr ghflvlrqv pdgh e| wkh Exqghvwdj iru zklfk lwv frqvhqw lv qrw uhtxluhg dffruglqj wr d
frpsoh{ vhw ri uxohv1 D yhwr iurp wkh Exqghvudw fdq eh ryhuulgghq e| d vlpsoh pdmrulw| lq wkh Exqghvwdj li wkh
yhwr lwvhoi zdv rqo| vxssruwhg e| d vlpsoh pdmrulw| lq wkh Exqghvudw/ zkloh d 526 pdmrulw| lq wkh Exqghvwdj lv
uhtxluhg wr ryhuuxoh lw li wkh yhwr lwvhoi zdv vxssruwhg e| d 526 pdmrulw| lq wkh Exqghvudw1 Qhyhuwkhohvv/ wkhvh uxohv
jlyh wkh Exqghvudw frqvlghudeo| zhdnhu yhwr srzhuv wkdq wkrvh hqmr|hg e| doprvw doo Odwlq Dphulfdq suhvlghqwv1
Vhh Frqvwlwxwlrq Ilqghu ^:` iru pruh ghwdlov1
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;1 Frqfoxvlrqv

Zh kdyh ghyhorshg d wkhru| ri frqvwlwxwlrqdo ghvljq iurp ehklqg wkh yhlo ri ljqrudqfh1 Frqwudu|

wr wkh uhfhqw olwhudwxuh rq wkh wrslf/ zh gr qrw irfxv rq d vlqjoh h{rjhqrxvo| jlyhq frqvwlwxwlrqdo

uxoh1 Lqvwhdg/ vwxg| rswlpdo sdfndjhv ri frqvwlwxwlrqdo uxohv1 Zh frqvlghu wzr sdfndjhv ri uxohv

� LV dqg OV frqvwlwxwlrqv � lq ghwdlo exw wkh jhqhudo dssurdfk ri wkh sdshu fdq eh h{whqghg wr

h{sodlq rwkhu w|shv ri uxohv wkdw duh riwhq irxqg lq uhdo zruog frqvwlwxwlrqv vxfk dv eloov ri uljkwv/

fkhfnv dqg edodqfhv/ hphujhqf| srzhuv dqg dphqgphqw uxohv1

Dlgw dqg Jlrydqqrql ^6`/ iru h{dpsoh/ vwxg| krz frqvwlwxwlrqdo ghvljqhuv wkurxjk eloov ri

uljkwv fdq sduwldoo| ryhufrph wkh sureohp wkdw wkh w|sh ri uhirup lv xqyhul�deoh1 Wkh lghd lv

wkdw lw lv srvvleoh wr yhuli| +dw d frvw, li d uhirup ehorqjv wr eurdg duhdv ri srvvleoh uhirupv/ fdoohg

d srolf| duhd1 Dv d frqvhtxhqfh/ wkh frqvwlwxwlrqdo uxohv fdq eh srolf| duhd vshfl�f/ dqg wr wkh

h{whqw wkdw srolflhv zlwklq fhuwdlq srolf| duhdv duh pruh ru ohvv olnho| wr eh fulwlfdo/ wklv fdq eh wkh

rswlpdo wklqj wr gr1 Iru h{dpsoh/ d eloo ri uljkwv fdq vshfli| wkdw srolflhv wkdw ylrodwh wkh uljkw

wr d iuhh wuldo fdq rqo| eh sdvvhg rqo| wkurxjk vrph vshfldo +h1j1 vxshupdmrulwduldq, surfhgxuh1

Vlploduo|/ Dlgw dqg Jlrydqqrql ^7` vkrz krz dphqgphqw uxohv dqg hphujhqf| srzhuv fdq dulvh

dv vroxwlrq wr d +gl�huhqw, yhul�delolw| sureohp1 Lq wkh vhw xs ri wkdw sdshu/ frqvwlwxwlrqv pd|

qhhg wr doorz iru d fkdqjh ri uxohv lq rughu wr dyrlg ixwxuh frqvwlwxwlrqdo fulvhv exw zkhwkhu d

fulvlv lv srvvleoh ru qrw lv jhqhudoo| qrw yhul�deoh1 Wkh| vkrz wkdw li wkh suredelolw| wkdw fulvhv

duh vxffhvvixo lv yhu| kljk/ wkhq frqvwlwxwlrqdo dphqgphqwv frqvwlwxwh dq rswlpdo uhvsrqvh zkloh

li wkh suredelolw| wkdw fulvhv duh vxffhvvixo lv qrw vr kljk/ wkhq doorzlqj iru hphujhqf| srzhuv

pd| eh d ehwwhu uhvsrqvh1

Lw lv fohdu/ krzhyhu/ wkdw rxu dqdo|vlv ohdyhv pdq| lpsruwdqw ihdwxuhv ri wkh froohfwlyh ghflvlrq

sureohp wkdw vrflhwlhv idfhv lq uhdolw| wr ixwxuh uhvhdufk1 Lq sduwlfxodu/ lq rxu prgho/ zh ljqruh

doo wkh djhqf| sureohpv wkdw dulvh zkhq ghflvlrq pdnlqj srzhu lv ghohjdwhg wr srolwlfldqv168

Lq dgglwlrq/ rxu srolf| vsdfh lv yhu| vlpsoh= lq h�hfw zh kdyh rqo| wzr dowhuqdwlyhv fkrvhq e|

Qdwxuh/ zklfk gl�hu e| wkh orvv lq lfwhg xsrq orvhuv1 Wklv phdqv wkdw djhqgd vhwwlqj lv qrw

dq lvvxh dqg wkdw Frqgrufhw f|fohv fdqqrw dulvh1 Ilqdoo|/ zh gr qrw wdfnoh wkh lvvxh ri zkr

68Djklrq hw do1 ^5` wdnh d vwhs lq wklv gluhfwlrq e| doorzlqj wkh rswlpdo pdmrulw| uxohv wr uhvsrqg wr srolwlfldqv*

lqfhqwlyhv1 Vlplodu|/ Shuvvrq hw do1 ^4:` dqdo|}h wkh uroh ri fkhfnv dqg edodqfhv lq vroylqj djhqf| sureohpv lq d

uhsuhvhqwdwlyh ghprfudf|1
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hqirufhv wkh frqvwlwxwlrq1 Rq wkh rwkhu kdqg/ doo wkhvh vlpsol�fdwlrqv doorzv xv wr lvrodwh zkdw

zh eholhyh wr eh d ixqgdphqwdo frqvwlwxwlrqdo sureohp= uhirupv gl�hu lq wkhlu zhoiduh h�hfwv>

wkhvh h�hfwv fdqqrw eh yhul�hg/ dqg/ wkhuhiruh/ wkh frqvwlwxwlrqdo uxohv pxvw eh ghvljqhg zlwk

wklv lq plqg1 Xqghuvwdqglqj zk| d vlpsoh ghflvlrq surfhgxuh vxfk dv wkh pdmrulw| uxoh lv/

w|slfdoo|/ qrw vx!flhqw wr hqdeoh vrflhwlhv wr uhvroyh wklv sureohp dghtxdwho| lv ri wkhruhwlfdo dv

zhoo dv ri sudfwlfdo lpsruwdqfh1

Uhihuhqfhv

^4` Djklrq/ S1 dqg S1 Erowrq +5336, �Lqfrpsohwh Vrfldo Frqwudfwv�1 Mrxuqdo ri wkh Hxurshdq

Hfrqrplf Dvvrfldwlrq 4+4,= 6;09:1

^5` Djklrq/ S1/ D1 Dohvlqd dqg I1 Wuheel +5337, �Hqgrjhqrxv Srolwlfdo Lqvwlwxwlrqv�1 Txduwhuo|

Mrxuqdo ri Hfrqrplfv 44<+5,= 89809441

^6` Dlgw/ W1 dqg I1 Jlrydqqrql +5337, �Frqvwlwxwlrqdo Uxohv�1 FPSR zrunlqj sdshu 37243<1

^7` Dlgw/ W1 dqg I1 Jlrydqqrql +5338, �D Wkhru| ri Dphqgphqw Uxohv dqg Hphujhqf| Srzhuv�1

Plphr1

^8` Eduehud/ V dqg P1 R1 Mdfnvrq +5337, �Fkrrvlqj Krz wr Fkrrvh= Vhoi0Vwdeoh Pdmrulw| Uxohv

dqg Frqvwlwxwlrqv�1 Txduwhuo| Mrxuqdo ri Hfrqrplfv 44<+6,= 43440437;1

^9` Exfkdqdq/ M1P1 dqg J1 Wxoorfn +4<98, Wkh Fdofxoxv ri Frqvhqw= Orjlfdo Irxqgdwlrqv ri

Frqvwlwxwlrqdo Ghprfudf|1 Dqq Dueru= Xqlyhuvlw| ri Plfkljdq Suhvv1

^:` Frqvwlwxwlrq Ilqghu1 Dydlodeoh dw kwws=22frq�qghu1ulfkprqg1hgx21 Odvw dffhvvhg Pd| 4<wk/

53371

^;` Gl{lw/ D1N1 +4<<9, Wkh Pdnlqj ri Hfrqrplf Srolf|1 D Wudqvdfwlrqv0frvw Srolwlfv Shuvshfwlyh1

Pxqlfk Ohfwxuhv lq Hfrqrplfv1 Fdpeulgjh/ PD= PLW Suhvv1

^<` Jhuvedfk/ K1 +5335, �Ghprfudwlf Phfkdqlvpv= Grxeoh Pdmrulw| Uxohv dqg Ioh{leoh Djhqgd

Frvwv�1 FHVlir Zrunlqj Sdshu Vhulhv Qr1 :7</ Pxqlfk1
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^43` Juhhq/ H1M1 +4<<7, �Lqglylgxdo0Ohyho Udqgrpqhvv lq d Qrq0Dwrplf Srsxodwlrq�/ Plphr1

^44` Kduw/ R1 dqg Prruh/ M1 +4<<<, �Irxqgdwlrqv ri Lqfrpsohwh Frqwudfwv�1 Uhylhz ri Hfrqrplf

Vwxglhv 99= 448�46;1

^45` Mdfnvrq/ P1 R1 dqg Vrqqhqvfkhlq K1 I1 +5338, �Ryhufrplqj Lqfhqwlyh Frqvwudlqwv e| Olqn0

lqj Ghflvlrqv�1 Iruwkfrplqj/ Hfrqrphwulfd1

^46` Od�rqw/ M10M1 +5333, Lqfhqwlyhv dqg Srolwlfdo Hfrqrp|1 Foduhqgrq Ohfwxuhv lq Hfrqrplfv1

R{irug= R{irug Xqlyhuvlw| Suhvv1

^47` Pdjjl/ J1/ P1 Pruhool1 +5336, �Vhoi0hqiruflqj Yrwlqj lq Lqwhuqdwlrqdo Rujdql}dwlrqv�1 QEHU

zrunlqj sdshu qr1 z434351

^48` Phvvqhu/ P1 dqg P1N1 Sroeruq +5337, �Yrwlqj rq Pdmrulw| Uxohv�1 Uhylhz ri Hfrqrplf

Vwxglhv :4= 44804651

^49` Pxhoohu/ G1 +4<<9, Frqvwlwxwlrqdo Ghprfudf|1 R{irug Xqlyhuvlw| Suhvv/ R{irug dqg Qhz

\run1

^4:` Shuvvrq/ W/ J1 Urodqg dqg J1 Wdehoolql +4<<:, �Vhsdudwlrq ri Srzhuv dqg Srolwlfdo Dffrxqw0

delolw|�1 Txduwhuo| Mrxuqdo ri Hfrqrplfv 445= 4496045351

^4;` Vkxjduw/ P1V1 dqg Fduh|/ M1P1 +4<<5, Suhvlghqwv dqg Dvvhpeolhv1 Frqvwlwxwlrqdo Ghvljq dqg

Hohfwrudo G|qdplfv1 Fdpeulgjh/ XN= Fdpeulgjh Xqlyhuvlw| Suhvv1

^4<` Wlffkl/ G1 dqg Ylqgljql/ D1 +5336,/ �Hqgrjhqrxv Frqvwlwxwlrqv�/ LLHV Vhplqdu Sdshu Qr1

:59/ Vwrfnkrop Xqlyhuvlw|1

^53` Yrljw/ V1 +4<<:,1 �Srvlwlyh frqvwlwxwlrqdo hfrqrplfv= D Vxuyh|�1 Sxeolf Fkrlfh <3= 44�861
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Dsshqgl{ D= Surriv

Surri ri Sursrvlwlrq 61 Jlyhq wkh dvvxpswlrq wkdw flwl}hqv yrwh vlqfhuho|/ s uhsuhvhqwv wkh

iudfwlrq ri vrflhw| wkdw yrwhv iru D dqg djdlqvw E1 Wklv doorzv xv wr ljqruh wkh yrwlqj vwdjh +vwdjh

8, dqg ghvfuleh wkh LV frqvwlwxwlrq dv d phfkdqlvp k	m>	n> �> � +�m > �n> �,l zkhuh 	m @ 	n @ ?n

duh wkh vwudwhj| vsdfhv iru wkh uhsuhvhqwdwlyhv/ �o d jhqhulf vwudwhj| iru uhsuhvhqwdwlyh o/

� +�m> �n> �, @

;AA?
AA=

q li �m b �n � �

p rwkhuzlvh

dqg � � 31

Iluvw/ frqvlghu wkh fdvh zkhuh wkh frqvwlwxwlrq vhwv � � 3 dqg q � p1 Wr ghwhuplqh wkh

fkrlfh ri �m dqg �n lq vwdjh 7/ ohw z1o1r1j1 m eh wkh uhsuhvhqwdwlyh iru wkh zlqqhuv dqg n wkh

uhsuhvhqwdwlyh iru wkh orvhuv1 Lw lv d grplqdqw vwudwhj| iru m wr sod| �m @ 31 Jlyhq wkdw/ iru n dq|

�n ? � lv grplqdwhg e| �n @ 3 dqg dq| �n A � lv grplqdwhg e| �n @ �1 Wkxv/ lq htxloleulxp/

n hlwkhu sod|v �n @ 3 ru �n @ �1 E| sod|lqj �n @ �/ n rewdlqv

;AA?
AA=

U
�

q
�}gI +s,� � li f @ f

U
�

q
�|gI +s,� � li f @ f

zkloh e| sod|lqj �n @ 3> n rewdlqv

;AA?
AA=

U
�

p
�}gI +s, li f @ f

U
�

p
�|gI +s, li f @ f

=

Zh uhvwulfw dwwhqwlrq wr Qdvk htxloleuld lq zklfk n sod|v �n @ 3 li lqgl�huhqw ehwzhhq �n @ �

dqg �n @ 31 Jlyh wkdw/ n�v htxloleulxp vwudwhj| lv

�n +�> f, @

;AAAAAA?
AAAAAA=

� li

;AA?
AA=

+} ^I +q,� I +p,` A � � | ^I +q,� I +p,`, a +f @ f,

ru +| ^I +q,� I +p,` A � � 3,

3 � � } ^I +q,� I +p,`

Li | ^I +q,� I +p,` A � � 3/ wkhq �n +�> f, @ � iru doo f dqg uxoh q lv xvhg iru doo ghflvlrqv/

luuhvshfwlyho| ri wkh w|sh ri srolf| D1 Olnhzlvh/ li � � } ^I +q,� I +p,`/ wkhq �n +�> f, @ 3 iru
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doo f dqg uxoh p lv xvhg iru doo ghflvlrqv1 Lw iroorzv iurp sursrvlwlrq 5 wkdw lw lv rswlpdo lq vwdjh

4 wr vhw q @ pW

PU lq wkh �uvw fdvh dqg p @ pW

PU lq wkh vhfrqg1 Wkh uhvxowlqj LV frqvwlwxwlrqv

duh rxwfrph0htxlydohqw wr wkh rswlpdo PU frqvwlwxwlrqv1

Qrz/ frqvlghu wkh uhpdlqlqj fdvh lq zklfk } ^I +q,� I +p,` A � � | ^I +q,� I +p,`1 Vlqfh

� lv d ghdgzhljkw frvw/ lw lv vx!flhqw wr frqvlghu wkh vpdoohvw ydoxh ri � vxfk wkdw wklv frqvwudlqw

lv vdwlv�hg=

� @ | ^I +q,� I +p,` =

Zh fdq wkhq zulwh wkh remhfwlyh ixqfwlrq ri wkh frqvwlwxwlrqdo ghvljqhu lq vwdjh 4 dv

�

] �

p

+s +z . |,� |,gI +s, . +4� �,

] �

q
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