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Preface

NF is an unpopular system, and no wonder. However,
the criticism usually made of it 1s ideological rather
than mathematical - it is said that NF has no standard
model. This goes back to a misleading remark of Rosser
and Wang [k1] where they also point out that in IF
there are classes of Russell-Whitehezd ordinals without
least members, which proves conclusively that Russell-
Whitehead ordinals are not entirely suitable objects
with which to conduct ordinal arithmetic in NF, It does
not seem to establish much else, A "standard model" is
a second-order, alias platonistic, notion, and nobody
would recognise one if they saw 1t any more than anyone
will ever know what the power of the continuum is
(whatever that means). It seems rather unfair to ignore
NEF on philosophical grounds when philosophical
considerations play so little part in modern, technical,
set theory. *

And the technical reasons for studying NI are
good: it continually reminds us of the arbitrariness
of mathematics and 1s good practice for formally-
minded logicians. With NF @ -incompleteness is an
everyday fact of life, not a remote theoretical event

on the boundaries of the system as it is in ZF, There



are no easy appeals to AC,

NF is said to be counterintuitive, but what does
this add up to? 'Intuition' after 2ll, is just the
name we give to our way of thinking about our subject -
and that is at least as much a result of what we have
been taught as of what we were born with (if anything)
What mathematicians actually mean (or ought to mean)
when they say NF is counterintuitive is that it is not
what they are used to. This is not leading up %o a
grand plea that NF is in any way better, or to use WF
as the set theory: notoriously it makes no difference
whatever to group theorists, analysts, number theorists
topologists etc what set theory they use. No
mathematician ever uses set theory because 1t is useful
— it isn't: he/she uses it because it is fun. And NF
is just as much fun as ZF

* * ¥ * * * * * * * * * *

Chapter 1 is devoted to the cardinal arithmetic
of NF, The two main ftheorems concern consequences of
Rosser's Axiom of counting ("Axcount" here) and the
curious hehaviour of lurge cardinals with respect to
exponentiation.

Chapter 2 is concerned with the model theory of
NF and the consistency problem in particular. The two

main approaches to it (Scott [42] and Specker [¢5] )



are synthesised and a number of partial results
obtained in the direction of Con(NF) - e.g., the
consistency of EZ?ST - ambiguity. Also a new product
construction is introduced, a hybrid between possible
world semantics and wltraproducts which can be used

to give consistency results for certain intuitionist .
subsystems of NF with the existence of fixed points
for a number of inhomogeneous functions.

Chapter 3 discusses speculatively some natursal
possible ways of enriching NF and examines some
consequences of each of the proposals,

The bibliography lists all material on XF known
to me whether it is referred to in the body of the
thesis or not. A separate bibliography contains other
technical literature not directly related to NF bui
referred to here.

All results are original unless otherwise stated,
at any rate, all but one of the proofs are new (Boffa
produced a nicer proof of a result of mine which appears
here), Prior proofs of results are acknowledged whan
known to me, Results quoted but without references
arise from the activities of the Séminaire Henefiste.
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comments have not been acknowledged in the text,
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Professor D.S.Scott especially, who, by finding a

igtake in an a2lleged proof of mine of ~ Con(NF)
made this thesis possible. I would like %o thank
the other members of the Séminaire Hénéfiste in
Belgium for their helpful comments, and also the
other members of the Cambridge Logic Seminar.

The Science Research Council kept me Tfor one

year of my researches, and my parents for the other

two: I am deeply grateful to them.
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% There are some further rude comments in this

vein in Lake [2!]

I would like to thank Dr. A.R.D. Mathias, my
supervisor, for going through the final version
of this dissertation with me and suggesiing a number

of improvements and spotting a number of mistakes.
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Chapter O

Definition 0.4

Definition 0,2

Definition 0.8

Definition O.4

Definition 0.5

Definition 0,6

Definition 0,7

Definition 0.8

Definition 0,9

Definition 0,10

Definition O, 11

Vo= e {xgizxax ]

A= {xixéx }

Jx o= art {x}
This gives rise by recursion to HFrx o,
Also to ("x ={ ¢yt yeEx}

flx =af (ry)( <y,x € f) when f is a
variable ranging over functions., This
notation will also be used when f 1is a
constant for a class abstract by a mild
abuse of notation,
c{yiyex}
X =3¢ { v : v is the same size as x|
X is a cardinal
Xy =45 set of functions from x into y
NC =,¢ {X:xeV}
No'< when < is a wellordering is the
set of 211 R orderisomorphic to < ‘
NO =4 { Wo'< : < is a wellordering }
BElements of N0 are ordinals
card'a for o & NO is the cardinal of
any X such that some wellordering <
of ¥ 15 B &

- 1 -
WC =g4p { card'a : o« & NO }



Definition

Definition

Definition

Definition

Definition

Definition

Definition

Definition

Definition

Definition

Definition

Definition

0, 12
0.1%

0.14

0.15

0.16

.17
0.18

.19
0, 20

0.21

)22
Qw3

oH

(HX _—

= af 'x  (Wote that 2% is

not defined for o £ Y

a< 4, B for a, B € NC is to be read

X E oAy e B, D, Jmap from y onto =x.
RIS where R and S are relations is )
{{x,y>: @z)(z,y> € 8 a {x,2> € R)}
Beth numbers  l'a = .

Cij+ j 8 = égn ) ;jn is ;%n'égb

'a is the last member of ¢'a

when ¢'a is finite, (see below)

pla = 4o { B : @)=, ')

When a is a cardinal, a + 1 =35

{x: (Wyex)(x-{y}ea)l

0 =g, 18} (d.ea, A)

Mo =, (({xENC:0c¢ xa(vn)( me x, D
.m+ 1 e x)}

SM = : p'a ¢ Nn} This set was

af { o :
first characterised by Specker [44]
and the initials are intended to
recall "SpeckerlMenge".

can(x) =40 X =T%

stecan(z) = 4. «|x exists., Here ¢ is

the class abstract, the singleton

function, as in definition 0,1



The predicates stcan( ) and can( ) will both be
applied to cardinals and ordinals by an abuse of
notation to mean that the underlying sets are can
or stcan. -
Definition 0.24 When R is a relation RUSC'R =af
{ =), {y}>: <x,y>e R}
When R is a wellordering and No'R = «, I shall
often write To to be No'RUSC'R, This is a
sufficiently mild abuse of definition 0.12 not
to cause any confusion, ‘
Definition 0,25 “x =3, { ¥y i ¥y £ % }
Definition 0,26 Q'a (for a & HC) =4¢ least B € W
such -that B \;é 5
Detisditieon U.27 F,is a'least' operator on wellfounded
structures.
Definition 0,28 X Cr ¥ = 4» Fwex)(WwelNn A
X -wgy)
Definition 0.29 When & is an n-place relation (X)?
is an abbreviation for ré(x1 ...Xn)7
Definition 0,30 If R is a relation J'R =4,
{ &xyy ¢ x=R"Y
Although NP is a2 set theory I shall sometimes
in an informal fashion use the notation " %(...)" to
do duty for the class of all x such that (,...) when

o i |
(...) is unstratified. %§(...)7 is a class notation



for relational abstraction
Definition 0.3
Axcount = g (¥n € ¥n)( n = Tn) (Rosser [39])
Axcount_ = 4p (vn € Wn)( n < Tn)
Axcount, = . (Vn & Tn)( n> Tn)
NFC is NF + Axcount.

Except where otherwise stated, ordered pairs are

Quine ordered pairs as in 271,

Definition 0.32 W =g { « e NC ¢ ¢'a e n +1 !
(written this way it looks as though " N 7 is the
result of a definition scheme. It is rather just

a shorter way of writing ' Y'n 7 if we have
defined Y'n to be { o« ENC : ¢'a €En + 1 }. This

makes sense of quantification over the N which will

be necessary later on. )


























































































































































































































































































